INVARIANT SUBSPACES AND THE Cy)-PROPERTY OF BROWNIAN
SHIFTS
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ABSTRACT. We introduce Brownian shifts on vector-valued Hardy spaces and describe
their invariant subspaces. We then consider the restriction of Brownian shifts to their
invariant subspaces and classify when they are unitarily equivalent. Additionally, we
prove an asymptotic property stating that normalized Brownian shifts belong to the
classical Cyo-class.
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1. INTRODUCTION

Let 0 > 0 and 6 € [0,27). The Brownian shift of covariance o and angle 6 is the
bounded linear operator B, .o : H*(T) ® C — H?*(T) & C, defined by

Bo.7ei0 = |:§ 0(1 % 1):|

where S : H*(T) — H?*(T) is the shift operator on H?*(T) and H*(T) denotes the Hardy
space of complex-valued square integrable functions on the unit circle T in C. Recall that

Sf=zf,

for all f € H?(T). Moreover, the operator 1®1 : C — H?(T) is defined by ((1®1)a)(z) =
a for all & € C and z € T. Brownian shifts were introduced by Agler and Stankus in the
context of m-isometries [1, Definition 5.5]. These operators are related to the time-shift
operators associated with Brownian motion processes.

)
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Determining the lattice of closed subspaces that are invariant under a given bounded
linear operator is always an interesting problem. When the underlying operator is sim-
ple—particularly for naturally occurring operators—the problem becomes even more in-
triguing. In the case of the Brownian shifts, Agler and Stankus resolved the invariant
subspace problem [1]. In this paper, we introduce Brownian shifts acting on vector-valued
Hardy spaces, and solve the invariant subspace problem for them. These are generaliza-
tions of the settings and results of Agler and Stankus. Furthermore, we investigate the
restrictions of Brownian shifts to their invariant subspaces in vector-valued Hardy spaces
and determine when they are unitarily similar.

Let us first introduce Brownian shifts on vector-valued Hardy spaces. Given a Hilbert
space E (all Hilbert spaces in this paper are separable and over C), denote by Hz(T) the
E-valued Hardy space over T. By Sg, we refer to the shift operator on H%(T). When
E = C, we simply write HZ(T) as H*(T), and Sc as S. The Brownian shift on Ha(T)® E
of covariance ¢ and angle # is the bounded linear operator

BE , = Sp %F | HYT)® E — HA(T)® E,
g€ 0 (& IE

where ip : E — H%(T) is the inclusion map defined by (igx)(z) = x for all x € FE and

z € T. Clearly, in the scalar case £ = C, we have Bfew = B, .i». We often refer to

B, .0 as a Brownian shift on H*(T). Throughout the paper, E will denote an arbitrary
but fixed Hilbert space, with the possibility that £ = C. One motivation for studying
Brownian shifts on vector-valued Hardy spaces is that they are unitarily equivalent to the
Brownian shifts tensored with identity operators. That is,

BE s on HE(T)® E = B, .0 ® Iy on (H*(T) & C) ® E,

where “2”denotes unitary equivalence between operators. Invariant subspaces of Brow-
nian shifts can be partitioned into two distinct types:

Definition 1.1. Let M be a closed subspace of Hz(T) & E that is invariant under B .
We say that:

(1) M is Type Iif M C H%(T) & {0}.

(2) M is Type ITif M & HZ(T) @ {0}.

Our first goal is to classify the invariant subspaces of Brownian shifts, which will exhibit
fundamentally different structures in the Type I and Type II cases. To proceed, we first
recall the basic and commonly used terminology: Given a Hilbert space E,, let H B(E..F) (T)
denote the Banach space of B(E,, E')-valued bounded analytic functions on the open unit
disc D, where B(FE,, E) is the space of bounded linear operators from FE, to E (we write
Hyp, p)(T) as H>(T) whenever E, = E = C). Each ® € Hp, 4 (T) induces a bounded
linear operator Mg : Hz (T) — Hz(T), defined by

Mq)f = (bf7
for all f € Hy, (T). It is important to note that
M@SE* = SEMq)

A function ® € H B(E. E)(']I‘) is called inner it Mg is an isometry. This is equivalent to the
condition that ®(z) is an isometry from F, to E for almost every z € T. Recall that for
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an inner function ® € Hyy 1) (T), the model space Ko (cf. [9]) is defined by
Ks = Hz(T) © ®Hy, (T).
Fix a Brownian shift BY ,,. Given an inner function ® € H, e ) (T), we set

dxr — oy

Go = { B] €eHLT)QE:ye E,g=——+ € Hp(T) for some z € E*} . (LY
z—e€
In Theorems 2.1 and 2.6, we establish the following invariant subspace theorem for Brow-
nian shifts: Let M be a nonzero closed subspace of Hz(T) @ E. Then, the following are
true:

(1) M is a Type I invariant subspace of Bfew if and only if
M = @H;, (T) @ {0},

for some inner function ® € Hg ' 5 (T) and nonzero Hilbert space Ej.

(2) M is a Type II invariant subspace of BY ,, if and only if there exists an inner

function ® € Hyp, E)(T) for some nonzero Hilbert space E,, and a nonzero subset
G C Gg such that

M =(G)® (PHE,(T) & {0}).

Given a set N in a Hilbert space H, we denote by (N') the closed linear span of the
elements of N

Definition 1.2. The representations of M in (1) and (2) above are referred to as the
canonical representations of Type I and Type II invariant subspaces of Bfew, respectively.

The inner function ¢ in the canonical representation given in part (2) also exhibits a
certain boundary behavior, similar to the scalar case studied by Agler and Stankus. We
refer the reader to Remark 2.4 for more details. See also Section 5 for a detailed analysis
of how the full-length invariant subspace theorem of Agler and Stankus can be recovered
using the above result and Remark 2.4.

We take the above invariant subspace result to the next natural step. Specifically,
given a pair of closed subspaces M; and M, of H%(T) & E that are invariant under the
Brownian shifts Bfl it and BUE2 0 respectively, we consider the restriction operators
Bfl Lo, and Bf; Lo, 00 My and My, respectively, and determine when they are unitarily
equivalent. In Theorem 3.1, we prove: There exists a unitary U : M; — M such that

UBE = B iGQ‘MQU,

Ul,eiel }M 09,€e
if and only if any one of the following conditions is true:
(1) Both M; and M, are Type I, and if M; = ®;HE (T) & {0} for i = 1,2, then
dim F; = dim FEj.
(2) Both M; and My are Type II. Furthermore, 6; = 6, and if M; = (G;) ®
(<I>jH]23j(T) @ {0}) is the canonical representation of M;, j = 1,2, then there
exist a pair of unitaries Ug : (G1) — (G2) and Ug : E; — Es, such that

/ /
Ugpz, = x5,
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whenever

where B’} € (G,) with

j

. (I)jl’; — O'jyj

T
for some unique 2 € Ej, j = 1,2.

We refer to Theorem 5.2 for the scalar version of the above result.

Given such a pair of invariant subspaces M; and M, as above, we say that M; and
My are unitarily equivalent if there exists a unitary operator U satisfying the above
intertwining relation. Similarly, one can define unitarily equivalent invariant subspaces of
the shift operator on the Hardy space, the Bergman space, the Dirichlet space, and many
more. Invariant subspaces of the shift on H?(T) are always unitarily equivalent, whereas
they are never unitarily equivalent for the Bergman or Dirichlet spaces [11]. From this
perspective, the Brownian shift exhibits a mixture of invariant subspaces—a property that
is highly distinctive compared to other classical operators (see the examples in Section 7).

Now we turn to an asymptotic property of Brownian shifts. Let T be a contraction on
a Hilbert space H. We say that T is pure, denoted by T" € C, if

SOT — lim 7" = 0.

m—0o0

Furthermore, we say that 7" satisfies the Cyyp-property, which we simply write as 7" € Cyy,
if both T" and T™ are pure.

Operators in class Cy or Cyg are of interest. The asymptotic property is often useful in
representing these operators [9]. Examples of operators in Cyg include strict contractions.
Moreover, any operator can be scaled by a scalar so that the resulting operator belongs
to Cpo. However, scaling an operator is not always a desirable method for revealing
its structure. In our present context, we first prove that Brownian shifts are not power-
bounded and, hence, in particular, are not even similar to contractions. Next, we highlight
a peculiar property of Brownian shifts: namely, we prove in Theorem 4.2 that for any
covariance o > 0 and angle 6 € [0, 27), the normalized operator

1 E
[BE, | et € Co

There are many reasons to study Brownian shifts, as also pointed out by Agler and
Stankus in their paper [1]. For instance, Brownian shifts play a crucial role in under-
standing the structure of 2-isometries, a notion introduced by Agler decades ago (cf. [7]).
We refer the reader to [1] for representations of 2-isometries and to [8] for some recent
developments. In addition, we highlight that a Brownian shift on H?(T) can be thought
of as a rank-one perturbation of an isometry. Indeed:

B, .o = Bs + R, (1.2)
where
S 0
wefp
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is an isometry, and

0 e?—1

is a rank one operator on H%(T)@®C. The theory of perturbed operators and their invariant
subspaces is certainly of interest. From this perspective, the result of Agler and Stankus
on the invariant subspaces of Brownian shifts is particularly notable. Subsequently, the
present work aims to shed new light on the general theory of operators and functions for
Brownian shifts.

The remainder of the paper is organized as follows. In Section 2, we describe the
invariant subspaces of Brownian shifts and classify them into two types (following Agler-
Stankus): Type I and Type II. In the next section, Section 3, we determine when such
pairs of invariant subspaces are unitarily equivalent. In Section 4, we prove that normal-
ized Brownian shifts are always in Cpg. Section 5 presents the results obtained this far
in the context of the scalar-valued Hardy space. In particular, it highlights the unitary
equivalence result for Brownian shifts on H?(T). Section 6 presents the structure of re-
ducing subspaces for B¥ ,, and points out that Brownian shifts on H*(T) are irreducible.

0761‘0 9

In the final section, Section 7, we illustrate our results with some concrete examples.

R [0 0(1®1)]’

2. INVARIANT SUBSPACES

This section presents a complete description of the invariant subspaces of Brownian
shifts BY ,, on Hy(T)& E. In particular, this description recovers the invariant subspaces
obtained by Agler and Stankus in the scalar-valued Hardy space setting. Moreover, our
proof technique is new, even in the case considered by Agler and Stankus.

We begin with Type I invariant subspaces. Before proceeding, we note that M C
HZ(T)® {0} is a nonzero closed subspace if and only if M = M@ {0} for some nonzero
closed subspace M of H%(T).

Theorem 2.1. Let M be a nonzero closed subspace of H&(T) & E. Assume that M C
H(T) ® {0} Then BE (M) € M if and only if
M = @H;, (T) @ {0},

for some inner function ® € Hg?El,E)(T) and nonzero Hilbert space L.

Proof. We know that M = M, @ {0} for some nonzero closed subspace My C Hz(T).
Since
_|Se 0
HEMa{0} | 0 0f’
. . . E
the fact that M is invariant under Bg’ew H2,(T)s{0}

under Si on H%(T). The classical Beurling-Lax-Halmos theorem (cf. [5, Theorem 2.1, p.
239]) guarantees that this is same as saying

Moy = ®H} (T),

for some inner function ® € Hgy 5 (T) and nonzero Hilbert space Ey. The converse
follows from the upper triangular representation of the Brownian shifts, and we thus
conclude the proof. O

BE

0,ei0

is equivalent to M being invariant




6 DAS, DAS, AND SARKAR

We now proceed to the other type of invariant subspaces. For a fixed Brownian shift

BE ., and an inner function ® € H, B(5,.m)(T), recall the construction of Gg from (1.1):

bxr — oy

g(b:{[ﬂ EH?E(T)@E;yeE,g:Z—,eH]%;(’]I‘)forsomexEEQ}.

_ 619

In the following, we prove that the set G is special:

Lemma 2.2. Let ® € Hl‘;‘()E%E) (T) be an inner function. If L‘(j] € Go 1s a nonzero element,
then g € Kg and y # 0. Moreover, Gg is a closed subspace of Ho(T) & E.
Proof. Suppose g = 2% ¢ H%(T) for some © € Ey and y € E. We have zg + oy =

z—e?
e?g + ®x. Let {f; : j > 1} be an orthonormal basis for Fy. Then for any n > 1 and
j > 1, we have (note that ®(0)* € B(FE, E»))

{y, @(=" 1)) = (2(0)"y, 2" f3) = 0,
and similarly, we also have (note that x € Ey) (®x, ®(2"f;)) = 0. Then
(29 + 0y, D(2"f))) = (g + Pz, D(=" f;)),

implies ‘
(29, 2(z"f;)) + oy, ®("f;)) = €”(g, R("f;)) + (P, ®(2" f;)),
which gives

(Mgg, 2" f;) = " (Mgg, 2" f;). (2.1)
Let -
Mzg = Z z;2,
=0

where z; € E, for all j > 0. If any one of these z;’s is nonzero, then by (2.1) we get
[Mggll = oo,

which is not possible. This shows that Mg = 0, thereby proving the claim that g € Ks.
Next, assume that y = 0. Then zg = ®x + g, which implies

lzgll* = l@=[* +1lg]I*,
as g € Ko. As ||zg]| = ||g|| and ||®z|| = ||z||, we conclude that z = 0, and consequently
g = 0.
Now we turn to prove that Ge is a closed subspace. It is easy to see that Gg is indeed
a subspace. To show that it is closed, we pick a sequence {[g"}} € Gg such that

n

Yn
each g,, there is x,, € Fy such that

[g”} o B} € H%(T) @ E. Equivalently, g, — ¢ in H%(T) and y, — y in E. Now for

ZGn + O0Yn = oz, + ewgna
which means {®x,} is convergent, and this implies {z,} is a Cauchy sequence in E.
Thus z, — x € E5, and hence ®x,, — ®x. From the above identity, by passing over to
the limit we see that '
29+ oy = Px + ey,
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that is, g = q;x_;%y. This completes the proof of the lemma. O

Given a closed subspace M C H%(T) & E, the defect space of M is defined by
Dy = ME (M0 (HE(T) &{0})).
Theorem 2.3. Let M be a nonzero closed subspace of Hy(T) ® E. Assume that M ¢
HZ(T)®{0}. If BE ,,(M) C M, then there exists an inner function ® € Hgip, 1) (T) for

0,eif
some nonzero Hilbert space Ey, and a set G C Gg such that

M =Dy & (PHE,(T) @ {0}),

and
Dy =(G).
Moreover, if {‘Z} € Dy, then there exists unique x € Ey with ||z| = ol|y| such that
9=t
Proof. Set

Mgy = Mn (HE(T) @ {0}),
and decompose M as

Since M € HZ(T)®{0}, Dy # {0}. We need to show that M, is also a nonzero subspace
of M. If possible, let My = {0}. By the assumption, there exists

= {f,] eM
x
such that ' # 0. Let us observe that
/ 10 !
Bf,ew Lf/} _ it [f/} _ [zfjgczx] i {f/} _ {(z e )f+aa:} € Mo,

T ex T 0

As My = {0}, we have (z — ) f + o2’ = 0, that is,

7= fe HYT),

el — 2

which is a contradiction, as (e — 2)~! is not square integrable over T. Thus, M, # {0}.
As BE ,,(M) C M and M, C H(T) & {0}, in view of the upper triangular block matrix
representation of Bfew, it follows that

BE ,(My) C M.

0,10

Theorem 2.1 ensures the existence of a nonzero Hilbert space Fy and an inner function
® € Hyp, p)(T) such that

Mo = @HE,(T) & {0}.
We can therefore rewrite M as

M =Dy @ (PHE,(T) & {0}).
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Now for any nonzero B] € D, it is easy to check that g € K¢ and y # 0 in E. Moreover,

e ] 7] - e[ e

we have
y ey y 0
which, in particular, implies
(z—€e’)g+ oy € H;, (T),
and hence, there exists a unique h € Hz, (T) (note that ® is an inner function) such that
2g+ oy =eg + Oh. (2.2)

Let {f; : 7 > 1} be an orthonormal basis for E,. Then for any n > 1 and j > 1, we have
(note that ®(0)* € B(E, E»))

{y, (=" f;)) = (®(0)"y, 2" f;) = 0,
and (note again that ® is an inner function)
(®h, (I)(anj)> = (h, anj>'
By (2.2), we now have
(h, 2" fj) = (®h, ®(2" f;))

((zg + oy) — g, (" ;)
= (29, 2(2" f;)) — (g, ®(" ;)

= (9. @(=" 7 f)) — ”(g, 2(" ;)

=0,
as g € Kg. In other words, h € E,. Let us rename h by z. Since y € E, by (2.2), we have

lgll* + o*llyll* = llgll* + [l=]I*,
dr—oy

and consequently ||z| = ol|y||. Finally, again by (2.2), we have g = =¥, completing
the proof of the theorem. O

We emphasize that for a Type II invariant subspace M, as described in the above
theorem, both Dy and ®H7, (T) are nonzero.

The description of invariant subspaces of Brownian shifts on H?*(T) by Agler and
Stankus also includes a certain boundary property of the associated inner functions. A
similar result holds in the setting of vector-valued Hardy spaces. However, to establish
this, we need to use the identification of H%(T) with the Hardy space H% (D) of E-valued
square-summable analytic functions on D [9, Chapter V].

Remark 2.4. We remain with the setting of Theorem 2.3. We have
dx — oy = (2 — )y,

where g € K¢, y € E\ {0}, and z € F5. We treat g as an element of Hz(D) and write
the power series expansion g(z) = Y z,2" on D (note that z, € E for all n). Then

1 1
[ee) 2 00 2
n n 1
lg(= |<Z||xn|||2| (Z IIxn||2> (ZIZP) =||g||z—1_|z|2,
n=0

n=0
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for all z € D. Therefore, we have

gll2

VI

12(2)z — oyl < |2 — €’

which after putting z = re? becomes

. 1—r
@ 0 _ < .
(e — oyl < llly -
Finally, letting r — 1— we get that ®(e)x := lim,_,;_ ®(re?)x exists and

O = oy.
In particular, if £ = C, then ®(e?) refers to the existence of the radial limit value of ®
at e?.

Before we state and prove a converse to Theorem 2.3, we recall the following observation
from the setting of Lemma 2.2:

(G) L ®HE,(T) @ {0},

for all nonzero G C Gg. Moreover, if [g } € G is nonzero, then y # 0. In view of this, we
now present a converse to Theorem 2.3:

Theorem 2.5. Let ® € Hyp, 5\(T) be an inner function. Then (G) & (®H? (T) @ {0})
1s a Type II invariant subspace of Bfew for every nonzero subset G of Gg.

Proof. For any f € Hg, (T), we have

B i {(Ddf } = F)gf } € ®Hz (T) @ {0},

and for B] €g,

, it ,
Be |9 Z |29 oy| _ e 9] (=g +oy| _ o l9| , [22|
7y ey Y 0 y 0

for some = € E5. Therefore,

BE .u(span(G)) € M.

Since BY ,, is a bounded linear operator, M is a closed subspace, we have B” ,,((G)) C
M. This proves that (G) ® (PHE (T) & {0}) is a Type II invariant subspace of B O

0,ei0
Summarizing Theorems 2.3 and 2.5, we obtain the following characterization of Type
IT invariant subspaces of Brownian shifts:

Theorem 2.6. Let M ¢ H%(T) ®{0} be a nonzero closed subspace of Hz(T)@® E. Then
M is invariant under BaEew if and only if there exists an inner function ® € Hg‘()E%E) (T)
for some nonzero Hilbert space Es, and a nonzero subset G C Gg such that

M =(G) @ (PHp,(T) ® {0}) .

The results of this section, when specialized to the case ' = C (that is, the scalar case),
recover the results of Agler and Stankus. We will elaborate on this in Section 5.
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3. UNITARY EQUIVALENCE

Recall that the nonzero invariant subspaces of S in H?(T) are given by ¢ H*(T), where
¢ runs over all inner functions from H>(T) [2]. Given a pair of S-invariant subspaces
01 H*(T) and oy H*(T) for some inner functions ¢y, g € H*(T), we consider the restric-
tions S|,, g2(r) and S|g,m2(ry of S on ¢ H*(T) and o H*(T), respectively. It is now easy
to see that there exists a unitary operator U : o1 H*(T) — oo H*(T) such that

US|cp1H2(’]T) = Slez(T)U.

Therefore, as far as operators are concerned, restrictions of S on its invariant subspaces
do not yield anything new. This prompts the question of distinguishing the restrictions
of Brownian shifts on their invariant subspaces. We remind the reader that the invariant
subspaces of Brownian shifts are also described by inner functions. In view of this, we
now investigate the unitary equivalence of the invariant subspaces. At this point, it is
convenient to recall the definition of the canonical representations of invariant subspaces
of Bf:ew’ as given in Definition 1.2.

Theorem 3.1. Fiz angles 01,605 € [0,27) and covariances 01,09 > 0. Let My and My be
nonzero closed invariant subspaces of the Brownian shifts Bfl i and Bi e respectively.
Then

BOE.;7€’L'91 ‘M
if and only if any one of the following conditions is true:
(1) Both My and My are Type I, and if M; = ®;Hg (T) & {0} for i = 1,2, then
(2) Both My and My are Type II. Furthermore, 0; = 65, and if M; = (G;) &
(<I>jH%j(T) @ {0}) is the canonical representation of M;, j = 1,2, then there
exist a pair of unitaries Ug : (G1) — (Ga) and Ug : By — E5, such that

I E
~ B ol 0
1 g2,€ Mo

/ /
Ugx) = 5,

whenever

where {gj] € (G;) with
Yj

o CI)]ZL’; — 05Y;

AR

for some unique z’; € Ej, j =1,2.
Proof. Let us start with the proof of the “if” part. Provided that condition (1) holds, we
assume M; = ®;H% (T) © {0} for some inner functions ®; € Hggp 5 (T), ¢ = 1,2, with

dim £y = dim F5. Then there exists a unitary operator U between E; and E,. Consider
the operator U : M; — M, defined by

o[-
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for all h € H3, (T), where U : H3 (T) — H,(T) is the unitary operator induced by U,
acting on h as follows:

Uh=>Y 2"Uky, (3.1)
n=0
for all h = > #,2" € H% (T). Note that
U = Uzkh,

for all £k > 0. It is clear from the construction that U is a surjective isometry between
M and My and therefore, is unitary. Moreover,

5 Oih|  [20,UR]  [®,U(2R)] _ ,, [®12h] g ®1h
Baz,e”?U{o =L o [T 0 7Y o T o)

~ BF

. . . E
which implies BU1 i ! M

it }Ml ,- Next, we assume that (2) is true. Set
0 =06, =0,.

Define a linear operator U : M; — My by

o(I5]+ B) - [ e )

for h € Hg (T) and Bl] € (Gy), where Ug is the unitary operator from H}, (T) to Hz, (T),
1
induced by Ug in the same way as in (3.1). It is evident from the construction that U is

surjective. In addition, since Ug zl € (Ga), we have

1
,Ugh g1
U
H[ 0 % g[yj

This implies that U is an isometry, and therefore, is a unitary operator as well. For

notational simplicity, set
S
0 Y1

Assuming Ug [z 1} = {g 2] , we observe that
1

2 2

D1 h
= 18l + g ll® + Iy |1* = H[ 0 }+ M
Y1

Y2
Bf eigUF:Bf o OURh i 92|\ _ [2P2Ugh n zggj(;@yz |
v > 0 Y2 0 €Y
P —0;y;

At this point, we recall that g;(2) = 7 for a unique 2, € Ej, j = 1,2. This yields

2g; + oy = eiegj + <I>jx;,
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for j = 1,2. Therefore, recalling that Ugz), = Uga, = x, whenever Ug {Z 1} = {Z 2], and
1 2
that kuEh = UEzkh for any £ > 0, we have

BE ) UF — Zq)QUEh + z232 + 02Y2
o2,e% 0 ey,

U ( (@, 2h] 4 it {Eh}) n {@201536'1]
i 0 ] U1 0
o ("5 e o]+ )
0 Y1 0
_ ( 21 h] {291 + U1y1}>
- 0 + 10
i ] €

:UBE » -(I)lh 4 9
o1,e’ I 0 yl ’

BE wUF =UBZ F,

Ul,eie

that is,

~ E

|./\/l1 - Bo’z,ei92|f\/l2'
simplicity, we divide the proof into three parts:

Step 1: We claim that if we assume, without loss of generality, that M; = ®H%,(T)®{0}
is of Type I, and My = (G) & (VH2,(T) & {0}) is of Type II, for certain inner functions

which again ensures that BUE1 401 We now turn to the converse. For

® and U, then BY | and BF , ‘ are not unitarily equivalent. Indeed, if it is not
J1,€ Ml g2,e""2 M2
true, then, in particular, we will have the norm identity
E _ || nE
|22l | = Bl

However, for any h € Hz,(T), we have

dh
o 2]

=0

that is, HBE igl‘ H = 1. On the other hand, we have
o1,e My
g ’ 29 + o2y ’ g ’ g ’
E _ T 02 _ 2 2 21,112 — 20,112
|52 2] = ||| =2 vt oo = [2] |+ oo 2]

for any nonzero B } € (G) (recall that y # 0 in this case), and hence

which leads to a contradiction. Therefore, M; and My must be of same type.
Step 2: Suppose both of them are Type I with the canonical decomposition
M; = ®;HE, (T) ® {0},
for some inner function ®; € ch()Ei,E)(T)’ 1 = 1,2. Now according to our hypothesis, there
exists a unitary operator U : M; — M, such that Utheigl = BP U. First,

O'2,€i02 |M2

02,€

BE “’2|M2H > 1,

[t
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let us observe that for hy € Hf, (T), if

Q1hy| _ [ Poho
o =)
for some hy, € Hg, (T), then

3 P e - () ]

that is,

0 0

for all n > 0. Now, we take any z{ € F4, and assume that
(Dl.flj/ll i (I)Qh/
v { o | | 0 |’

~!
U {@ng} — [Cb k} for some g, € Hj, (T). Therefore, ||Z}]|* = (®oh/, Po2*F}) implies

= (5[5 - o ] o [y - (][]

and hence |7} |> = (2, 2Fgy) = 0 for any k > 1, which ensures that A’ € E,. On the
other hand, given x4 € E», there exists h(z) = Y -, 2"%, € Hz, (T) such that

CI)lh_(DQIg
o=

5] "
If 2, # 0 for some £ > 1, and if U {(Dbiﬁk _ {q)goh

U [an)1h1:| _ |:an)2h2:| ’

} for some h” € Hz (T), then

12| = (P1h, P125Ey) implies

. P, h kP, 7 KA Pty
||xk||2=<U[5],U[ . }>=<OH : ]>=<wg,zkh">:o,

thereby implying h € E;. The above information allows us to define U; : Ey — E5 by

Uiz = x4,

Oy Qoo
o =)
It is easy to check that U; is a well-defined, surjective as well as isometric linear map
between E; and F,, and therefore, is unitary. Thus, dim F; = dim E.
Step 3: Let us now assume that both M; and M, are Type II, with the canonical
representations M; = (G;) ® (fij]%Jj(T) ® {0}), 7 = 1,2, as described in the statement
of this theorem, and, like in the previous part of the proof, U : M; — M is the unitary

whenever
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operator satisfying the intertwining relation U Bfl ewl}
for a given hy € Hy, (T),

_ npE
= B ‘M2U. Suppose now

00,6102

M

D1hy| | P2l gé
o) =) 1
/
for some hy € Hg, (T) and B?] € (Gy). In particular, we have
2
1hall* = N2 ll* + lgall* + llyall*.
At the same time, we have
2®1hy E D1 hy E D1y 2®ohy 29y + 02y
U[ 0 } =UB, i, 0 | = B, o, U 0 | = 0o |t 262-92% 2,
and consequently,
1Rl = all® + [lgall* + llyall* + o3 llyal*:
Therefore, y, = 0, and then
/
] € Man (13,1  (0)) = a1, () & {0}
2
forcing g5 = 0 as well. Therefore,
U(®Hy, (T) & {0}) C ®.H, (T) & {0}
Using exactly similar lines of argument for U*, we get
U*(®2HE,(T) ® {0}) € @1 H, (T) @ {0},

and hence U is a unitary mapping between ®H, (T) @ {0} and ®,HZ (T) @ {0}, such
that

E _ npE
UBal,eiﬁ ‘¢1H,2;1 (M@{o} Bo‘z,er ‘¢2H2E2 (']I‘)GB{O}U'
Looking at the Step 2, where M; and M, both are taken to be Type 1, it readily follows

SR . Doz
0 - 0
ro € Fy there exists x1 € E; such that the above equality holds. This now guarantees

the existence of a unitary map Ug : E1 — E», defined as follows:

that for any 1, € Ei, U { for some xy € F5, and conversely, for any

Ug(x1) = xg,

(Plxl i @21‘2
o7 = %)

for 1 € E1, x5 € F5. For a given B] € (Gy), suppose now

Bl

for some h' € H}, (T) and B,} € (G,). This implies

whenever

gll® + Ny ll* = 1811 + g/l + ly/1I*. (3.2)
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Do b/
0

oo 3]+ )

Now there exists h € Hg (T) such that U [q)(l)h] = [ } . As a result,

that is,

r, !

P11

oy y

Consequently,
2 2
— O1h !
o2+ 112+ 1ol = o |2 =20 | = (2] = o+ e

which, combined with (3.2) yields h = A" = 0. In other words, U((G1)) C (Gs). Imitating
this argument line by line with U replaced by U*, it immediately follows that U*({Gs)) C
(G1). We therefore conclude that there exists a unitary map Ug = U| (G, Detween (Gy)

and (Gy). Now consider any BJ] € (G,), j = 1,2, such that U {91] = [92], and recall
J

hn Y2
that
2g; + ojy; = € g + ®jal, (3.3)

(Eram ] [5]):
- ([ 1)),
() 5] Ll

2

for a unique z’; € E£;. Then

(o [o] v [2]) -

The above identity implies

zg1 + o] g
6191y1 ] ) _yl_
or, equivalently,

<€i91 {91] + [@1331 , -91->

h 0 |7 |v1]

2 2

gl U gl 92
n Y1 Yo

It follows that ¢t = 2. Since 0,60, € [0,27), we conclude that §; = . Let us set
again 6 = 0; = 6,. Using this information and (3.3), we finally observe that

o {@11’/1} 4 il {91] —U {291 ;Z U1y1] UBUI o Bl _ BE {52] .
1 2

and so

0
0 yl e yl o2,e"

92 292 + o2ya | _ | Dol L 92
|y ey, 0 y2]’

. @ﬂ’l (1)21]/2 / / :
it follows that U = . As a consequence, Ugx] = x5,. This completes the

0 0
proof. |
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This result becomes more concrete in the scalar case, which we will explain in Section

d.

1 E
4. = Ba,eif’ € Coo

The aim of this section is to prove that Brownian shifts, when scaled by their reciprocal
norms, belong to Cyg. Scaling an operator by its reciprocal norm does turn it into a
contraction, but does not necessarily place it in the class Cyp (nor even C.y). Simply
consider a unitary operator or the shift operator. This is where Brownian shifts exhibit
different behavior.

We first prove that Brownian shifts are not even similar to contractions, and we establish
this by showing that they are not power bounded. Recall that a bounded linear operator
A acting on a Hilbert space H is said to be power bounded if the sequence of real numbers

A3

is bounded. It is evident that any bounded linear operator similar to a contraction is
power bounded; however, the converse is far from being true. Let us fix a Brownian shift
BE ., on HE(T) @ E. Observe that for any nonzero y € E with ||y|| = 1:

ge (0] _ |5k oig | |0 _ |oy
o,etf y 0 eZGIE Y ezey .

In general, by the principle of mathematical induction, we conclude that

(Byew)” M = {U 2o akezm . ly] , (4.1)

0y

for all m > 1. Using the norm of functions in H%(T), we conclude that

m—1 m— 2
l"zk o &MEmE ly} =14 mo”.

im0

ey

As

Lﬂ H =1, it follows that

2
=14+ mo? — oo,

(52" = | 820" [}

as m — oo. This proves the following:

Proposition 4.1. B? ,, on H}(T) & E is not power bounded for all covariance o > 0
and angle 6 € [0, 27).

This in particular shows that B few is not similar to contractions. However, the following
is true:

Theorem 4.2. ———B¥ ., € Cy for all covariance o > 0 and angle § € [0,2m).

) o,et
G.’e19

Proof. For simplicity of notation, we set B = B ;. Let us begin by computing the norm

of B. For any [ﬂ € H%(T) @ F with unit norm || f]|* + ||y||*> = 1, we have, in particular,
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that |ly|| < 1. Moreover,
-1

ey
and equality occurs for f =0 and any y € E with [|y|| = 1. Therefore,

Bl = V1402,

2
= llzf +oyll* + [ly]* =1+ oyl <1+ 07,

and consequently, the operator
- 1

B:=——B,
V14 o2

becomes a contraction on H%(T) & E. Pick u € H5(T) & E and write

_ |0 S g 2
u-[%}—i—;{ 0 €e Hy(T)® E,
for some z;, € E for k > 0. Making use of (4.1), a little computation reveals, for each
n > 1, that

2

- 2 1 0 © kak .
B" ) =——||B" B" +
[ = s |2 ) 2> o
00 2
_ 1 [a Zz;é Qikeznklajo} N |:Zn+kl,k+1:|
(14 o2)" e — 0
1 (e}
= Ao (L nedlimol+ 3 uxkﬂw) ,
k=0

and hence

HB”U

2 2 2 2 2 20, |12
_ el + mllzoll®o” 2wl ol
(14 o2)" ot \nn—-1) n-1

as n — oo. This implies that B* € Cy. On the other hand, we know that

L [ss o
B = |:O'Z*E G_ZBIE:|7

on H%(T) @ E. Therefore, we have

~ 1 —inb
g [0] 1 paf0]_ ™ Jo]
Zo (1+02)2 o (1+02)z [To

for all n > 1. Moreover, if 0 < k < n, then

S L2 1 2Fxy
B + — _ B*" +1
5 e [
1 T
_ _ B*nfk k+1
(1+02)2 { 0

— g B*n—k—l 0
(14 02)2 Trt1]
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that is,

%N kak—l-l O-e_i(n_k_l)e 0
B = .
0 (14+02)2 [Trt1

Finally, for £ > n, we have

- | 2Frg 1 2k, } 1 [zk”x
B*n + — _ B*n +1 — _ k+1 )
[ 0 (1+02)z 0 (1+02)2 0

Therefore, we have

i gl

_ 1 —ino | 0 —i(n—k—1)0 - 2k 33k;+1
-t o ] e [ ]

2

~ 2
HB*nu

2

k=0 k=n
2

oo
+ >zl
k=n

B 1
(1402

n—1 2 0o
1
< [ [Nl + 03 meu) 5 el
2\n
(1 to ) ( k=0 k=n
1
< (1+o2)n 1+ no® (Z kaH2> + Z [y )

n
emexO P E :efl(nfkfl)Okarl

2 4+ no?
<l 5
(14 o2)"
< 2||u||? 2 N o?
- o \nn—-1 n-1)"
But
2 + o —0
nn—1) n-1 ’
as n — 0o. As a result, B € C'y, which completes the proof of the theorem. O
As we have proved in the theorem above that ’Bg oll = V1402, it follows that

\/#Bmew € Cyo. In particular, if M is an invariant subspace of Bgew, then the com-

pression operator

1
V1+ o2

Compressions of this type, in the context of shifts on vector-valued Hardy spaces, are
fundamental in the theory of linear operators. We refer the reader to the classic reference
9] for further details.

Py B

ML € Cly.

o, et
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5. THE SCALAR CASE

The purpose of this section is to recover the representations of invariant subspaces of
Brownian shifts on H?(T), as obtained by Agler and Stankus (see [1, pp. 21-24]). More
specifically, in the particular case of E = C, by using Theorem 2.1 and combining Theo-
rems 2.3 and 2.5 with Remark 2.4, we retrieve the representations of invariant subspaces
of Agler and Stankus:

Theorem 5.1. Let M be a nonzero closed subspace of H*(T) & C. Then M is invariant
under B, .o if and only if it admits one of the following representations:

M = pH*(T) & {0},

for some inner function ¢ € H*(T), or
m=cli]e @rme o),
where 1 € H®(T) is an inner function with the condition that 1 (e®) exists, and

oo (w(e”)w -1

z — el

) € H*(T).

Proof. We start with the proof of “only if” part. Suppose M C H?*(T) @ {0}. If
B, ci0(M) € M, then setting £ = C in Theorem 2.1, we find that £, = C (note that
M #{0}), and

M = oH*(T) & {0},

for some inner function ¢ € H*®(T). Next, assume that M ¢ H?(T) ® {0}. Under the
assumption £ = C, Theorem 2.3 asserts that

M =Dy @ (WH*(T) @ {0}),
for some inner function ¢ € H*(T), where

Dy =M (M (H(T) & {0})) # {0}.
It now remains to show that any element of Dy, is a scalar multiple of {‘ﬂ , g as given in
the statement of the theorem. Making use of Theorem 2.3 and Remark 2.4, we see that
for any nonzero {%} € Dy, there exists unique a € C with |a| = o|f| > 0 such that
(5.1)

and

Since |a| = o|B] > 0, |[¢(e?)] = 1. As a result,
a=op(e”)p.
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Using this value of « in (5.1), we deduce that

g = Bo <—¢(ei9)¢ - 1) :

z — et
which means {%1 =0 {ﬂ . The “if” part follows trivially from Theorems 2.1 and 2.5. [

In the scalar case, the unitary equivalence of invariant subspaces established in Theorem
3.1 takes the following form:

Theorem 5.2. Fiz angles 01,05 € [0,27) and covariances 1,09 > 0. Let My and
My be nonzero closed invariant subspaces of the Brownian shifts B, e and By, .o, in
H?*(T) & C, respectively. Then

Bal’ewl ‘Ml = BU2761'92 |fvl2’

if and only if any one of the following conditions is true:

(1) Both My and My are Type I.
(2) Both My and My are Type II, along with the facts that

91 - 927
and

o3 (L+ lg1ll*) = o7 (1 + [lg2*),

where M; = C {gf] @ (o;H*(T) @ {0}) is the canonical representation of M;, and

—
gj = O'J (—ij(e ]).;’;_j_l) fOTj = 1,2

7
z—e€

Proof. 1t is clear that we can now assume F; = Fy = C and G, = C {gf] , G, =C {gf in

the statement of Theorem 3.1. All we have to verify is that condition (2) of Theorem 3.1
becomes equivalent to condition (2) of this theorem for £ = C. In both cases 6; = 6, is
common in condition (2), so we only need to concentrate on the rest. Suppose

][

for some a € C. Tt is evident that 1+ [|g1]|> = |a]*(1 + ||g2]|*), and at the same time,
according to condition (2) of Theorem 3.1

Ug (01901(€i6)> = aozpa(e”),
which gives |a| = 01/09. As a result,

o3(1+ llgall*) = o1 (1 + [lg2l®). (5.2)

Conversely, if we start by assuming (5.2), then it is immediately seen that

gi| _ 91 |92
wli] =5 15
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and

Us (1()) = eale?)
define surjective isometries (G;) — (Gs) and E; — Es, respectively, and therefore, they
are unitaries. Our proof is therefore done. ([l

Setting o = 1, go = 0 in the above theorem, we get that for any Type Il invariant
subspace My of B, s,
By, vt |

~
o1,e L = B I1 ,67’91 .

M 5
I+l

This was previously observed by Agler and Stankus in [1, Proposition 5.75].

Therefore, in contrast to the shift operator on H?(T), the invariant subspaces of the
Brownian shifts have the potential to lead to different operators. In the final section of
this paper, we illustrate these results with concrete examples.

6. REDUCING SUBSPACES

Given a bounded linear operator A on a Hilbert space H, a closed subspace S C H is
said to be reducing for A (or A-reducing) if S is invariant under both A and A*. Our goal
here is to classify all reducing subspaces of Brownian shifts.

Recall that a closed subspace M of Hz(T) is reducing for Sg if and only if there exists a
closed subspace F' C F such that M = HZ(T) (cf. [10, Theorem 3.22]). For the question
of reducing subspaces of a Brownian shift Bfew on Hi(T) @ E, the answer is as follows:

Theorem 6.1. Let M be a closed subspace of H&(T)®E. Then M is a reducing subspace
for BE ., if and only if there exists a closed subspace G of E such that

M = HZ(T) & G.

Proof. Given the adjoint operator <Bfew> = [SE 0

oit, e IE:| , the sufficiency is straight-

forward. Suppose M is a reducing subspace for BY ,,. Let / € M. Then
og,e €T

AR

O_Qx +x et et

o] = o] - [f] e

As o > 0, this implies {2] € M. On the other hand, since BY {0] = {Ux} e M, it

0,60 i
follows that
ox 010 T
5] e
/

} — [0} € M. Therefore, for each {f] e M,

X

(o] [ o)) = o)

and hence

and hence, {g

we have
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Write f = 5% f(n)zn’ where f(n) € E for all n > 0. Then <B£ei9>* {g] = Lb}z(g)] €

M, and hence (6.1) implies { V(OO)} , LE?O)} : {S%f} } C M. Assuming that

e A R P

10
0 af(m)

(5] [ 75 e

The principle of mathematical induction now yields

(9] ] veoh e

for any m > 1, we observe that (BE

0,ei0

} € M, and again from
(6.1), it follows that

Set G = (G), where

Goz{x,f(n): B EM,nEO}.
Therefore, GG is a closed subspace of E. Moreover, we let
0l [0 [
et A . >
G1 {_:E_’_f(n)_ Ny GM,TL_O},

and

ng{g,f(on) i EM,nZO}.

Then (G1) = {0} & G and (Gs) = G @ {0}. Now (G2) C M implies HA(T) & {0} C M.
This and {0} & G = (G1) € M yields

H%(T) & G C M.
For the reverse inclusion, we pick {ﬂ € M, and assume [j: } 1 (HA(T)® G). In
particular, [i] 1 {0} & G implies z = 0. Similarly, [ﬂon)] 1 Go {0} for allm > 0
implies that f = 0. This proves H(T) ® G = M. O

Recall that a bounded linear operator A on H is irreducible if there is no nontrivial
closed subspace of H that reduces A. The following is now straightforward:

Corollary 6.2. B, .o on H*(T)®C is irreducible for all angle 6 € [0,27) and covariance
o> 0.
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7. EXAMPLES

The purpose of this section is to illustrate the classification results, Theorem 3.1 and
Theorem 5.2, using concrete examples. We aim to specifically show that Theorem 5.2,
which is the scalar-valued reformulation of Theorem 3.1, indeed provides examples of
unitarily as well as non-unitarily equivalent invariant subspaces of Brownian shifts.

We will present two examples, and Blaschke factors will play a role in both of them.
For each a € D, the Blaschke factor b, corresponding to « is defined by

ba(z) =

1—az’

zZ—Q

for all z € D. Blaschke factors are the simplest examples of inner functions.

Example 7.1. For {a;, 2} C (0,1), consider inner functions ¢; = b, j = 1,2. Also,
for each 01,0, € [0,27) and 01,09 > 0, define g; € H*(T) by

pj(2)pj(e) — 1
2z — et

gi(2) = 0,

Y

for 7 = 1,2. It is easy to see that

2 2

(1= aye)(1 — a;z)

2
2 10‘1’

2 _ 2
71+ a3 —2a;cosb;’

”9]‘”2 =0,

for 7 = 1,2. In particular, for the choice 6; = 65 = 0, we have

1+ a;
112 =221 %
Hg]H U] 1 —Oéj7

and therefore, a little computation reveals that o3(1+ ||g1||*) = 0%(1 + ||g2|?) is satisfied,
provided we have

1 1 . 2(0&2 — Oél)

o of (I—a)(l—ay)
In particular, in view of Theorem 5.2, if the pairs {a1, s} and {07, 09} fail to satisfy the
above identity, then B and B are not unitarily equivalent, where

Ul’l}Ml 0271|M2

My =c || @ m e o)
for y =1,2.
In the following example, we bring a singular inner function with a single atom.

Example 7.2. For a € (0,1), consider the inner function ¢; = b,, and the other inner

function as
() z+1
pa(2) = ex
2 p z2—1)"

for all z € D. As usual, for each 6,6, € [0,27) and oy, 09 > 0, define g; : D — C by

pi(2)p;(e?) =1
g9i(2) = 0; ~ - 0, (z € D),
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for j = 1,2. Clearly, gy € H?(T). Let us first assume 6; = 6y = 7. From the calculations
of our previous example, we know that
1—a? 1—
I? = o3 —— =l
14+ a2 —2acosm 1+«
Now, we prove that g, € H%(T). We do so by first proving that g, is indeed in L?(T)-the

space of complex-valued Lebesgue square integrable functions on T. First, we note that
_ e () —1
g2 = 02 241 )

is analytic on D and its radial limits exist a.e. on T. A straightforward calculation gives

||91

1—cosf

e? +1 1+ cosf cos2 g

. 2
exp (23i}> -1 _ 1 — cos (ﬂ) B sin? (% cot g)

We put € = %cot g, and change the variable from 6 to £ to see

A 2
2m | exp <z::ﬂ> —1 27 gin? (l cot Q) > sin?
/ d9:/ #dez/ dé = 7 < .
0 0 _

e +1 cos? g

Hence, g € L*(T). Consider the Fourier series expansion of g, on T as

o0
n
go = g anz -,

where «,, n € Z, are the Fourier coefficients. Now using the fact that
(2 +1)gs = 032 — 1) € H*(T),
we have, for any n > 1, that
((z 4+ 1)g2,2") = (o2(p2 — 1),2") = 0,
and consequently

O_(nt1) = —Q_pn.
In particular, if a_,, # 0, for some m > 1, then

a_, = (=1)"""a_,,

for all n > m. This implies that the series Y |a_,|* diverges, contradicting the fact
that go € L*(T). Therefore, we have

a_, =0,

for all n > 1, and hence g, € H*(T). Now, we compute the norm of g, as

. 2
2 610-‘(—1
e 1 o gl (EE) -1
g2l|* = o3 || ————|| == - do = 22
41 o J, el 4+ 1 2

Hence, the relation o3(1 + ||g1||?) = 02(1 + ||g2||?) is satisfied under the condition
1 1 3a—1

o o2 2(1+a)
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Therefore, in this case also, there is an abundance of examples of invariant subspaces of
Brownian shifts, both unitarily equivalent and non-equivalent.

The argument used to prove that g, belongs to H*(T) in the above proof is perhaps a
standard method. In a more general context, this conclusion follows from [6, Corollary
4.28], which is a more involved result.

In closing, we remark that unitary equivalence or nonequivalence of operators arising
from natural operators defined on Hilbert spaces is a fundamental and decades-old prob-
lem (cf. [3, 4]). On one hand, it raises the question of defining new classes of operators
from invariant subspaces, and on the other, it analyzes the characteristics of these opera-
tors under consideration. For instance, as already pointed out, among known operators,
the shift on H?(T) always yields unitarily equivalent invariant subspaces. At the other
extreme, the Bergman shift and the Dirichlet shift never yield unitarily equivalent invari-
ant subspaces [11]. We have now enlarged this list by observing that the Brownian shift
sometimes yields unitarily equivalent invariant subspaces and sometimes does not. This
is particularly intriguing, as we have pointed out in (1.2) that a Brownian shift on H?(T)
is a rank-one perturbation of an isometry.
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