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CONTRACTIONS WITH POLYNOMIAL CHARACTERISTIC FUNCTIONS
I. GEOMETRIC APPROACH

CIPRIAN FOIAS AND JAYDEB SARKAR

ABSTRACT. In this note we study the completely non unitary contractions on separable
complex Hilbert spaces which have polynomial characteristic functions. These operators are
precisely those which admit a matrix representation of the form

S % %
T=1(0 N x|,
0 0 C

where S and C* are unilateral shifts of arbitrary multiplicities and NV is nilpotent. We prove
that dimension of kerS* and dimension of ker C' are unitary invariants of T' and that N, up
to a quasi-similarity is uniquely determined by T'. Also, we give a complete classification of
the subclass of those contractions for which their characteristic functions are monomials.

1. INTRODUCTION

One of the central problems in operator theory is the classification (up to unitary equiv-
alence) of bounded linear operators on an infinite dimensional separable Hilbert space. In
all this generality the problem may not have a satisfactory solution. Therefore, the focus of
research on this problem was (and it still is) on classes of operators for which one can identify
useful (unitary) invariants (e.g. [2], [4], [7], [8], [9], [11] and [12]). The topic of this article is
the class of all c.n.u. contractions for which the characteristic functions are operator-valued
polynomials.

To be more specific, we recall the following basic concepts. A contraction T on a Hilbert
space H, (i.e. ||Th|| < ||h|| for all A in H) is completely non unitary (or also, c.n.u.) if there
is no non-trivial T-reducing subspace M of H such that T’ is unitary. An operator valued
analytic function ©: D — L(&, &,) for some Hilbert spaces £ and &, is said to be contractive
if

[O)Al <|All,  hek,
and purely contractive when it satisfies also

1) F <lIfll,  fe&andf#0.

It is known (see [9], Chapter VI) that there is a bijective correspondence between the class of
purely contractive operator valued analytic functions “modulo coincidence” and the class of
c.n.u. contractions “modulo unitary equivalence”. More precisely, for a given contraction T,
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one can define the defect operators Dy = (I, — T*T)% and Dp- = (I, — TT*)? with defect
spaces Dr = RanDr and D7« = RanDp«. Then the characteristic function of the contraction
T is the L(Dr, Dy+)-valued purely contractive analytic function defined by

(1.1) Or(2) = [T + 2Dy (I — 2T*) "' D1 |p,,

for all z in D. Two operator valued analytic functions ©: D — LM, M,) and ¥ : D —
L(N, N,) are said to coincide if there exist two unitary operators 7: M — AN and 7,: M, —
N, such that 7,0(z) = ¥(2)7. Two c.n.u. contractions T on H and R on K are unitarily
equivalent (that is, there is a unitary operator U from H to K such that 7= URU), if and
only if the characteristic functions ©7(z) and ©g(z) coincide. The converse of this fact is also
true (see [9], Theorem 3.4). Moreover, for a given L(&, &,)-valued purely contractive analytic
function O(z) defined on D, there exists a c.n.u. contraction 7' on some Hilbert space such
that ©r(z) coincide with ©(z).

In this paper we prove that a c.n.u. contraction 7" has a polynomial characteristic function
of degree n if and only if 7" admits a matrix representation

S % %
(1.2) T=10 N |,
0 0 C

where S and C* are unilateral shifts of arbitrary multiplicities and N is a nilpotent operator
of order n. We stress that the spaces on which one (or two) of the diagonal entries of (L2
acts may be {0} and the representation (I.2)) becomes one of the following

N B e B S AR Gl

For convenience, we will refer to these representations as degenerate forms of (L.2).

One of our aims is to identify some properties of the diagonal entries in (L.2)) which are
unitary invariant of 7.

In the next section, we study some relatively simple examples which inspired our research,
namely the c.n.u. contractions for which the characteristic function is a scalar polynomial of
degree < 1. We point out that even for this simple case there are natural questions which are
not trivial.

In Section 3, we give the results already mentioned before, namely - the c.n.u. contractions
with a polynomial characteristic function are precisely those which have a upper triangular
representation (L2)). Moreover, we define and study two canonical such representations.

In Section 4 we show that the multiplicities of the shift S and the co-shift C'in the triangular
representation ((L2]) are unitary invariants of 7.

In Section 5 we define the "minimal” versions of the canonical upper triangular represen-
tations of type (I.2)) considered in Section 3 and show that their ”central” nilpotent entries
are quasi-similar.

In Section 6 we study the degenerate forms of the representation (I.2), and characterize
them in term of the characteristic function of 7.

Then, in Section 7, we consider the special case of the monomial characteristic functions.
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2. AN ILLUSTRATIVE EXAMPLE

In this section, we give a concrete example for which the resolution of our general problem
presented in the introduction can be obtained by elementary computations. In particular,
this example serves as a paradigm for our general considerations, since it provides a complete
picture of the c.n.u. contractions for which the characteristic functions coincides with a scalar
polynomial of degree one.

Let [*(Z) be the Hilbert space of all square summable sequences given by

1*(Z) = {(an) =(...,00,00,0,_1,0_9,...): ap in C and Z o2 < oo} ,
keZ

with the standard orthonormal basis {e,, e, €_n}n>1. First we construct a bounded linear
operator on [%(Z) as follows:

DEFINITION 2.1. Let a,b,c be in D and T,y be the bounded linear operator on 1?(Z) defined
by

aeq ifn=20
(2.1) Topcen =< bey+ ceq ifn=-—1
€n+1 an%ov_l
The adjoint of T, .. is given by
C_Le(]:'— ce_q ifn=1
(2.2) wbcbn = be_4 ifn=20
en_1 if n#1,0.

It is easy to see that with respect to the decomposition of [*(Z) as
P(Z)=Hi®HoDH_,

where H; = span{ej, ey, ...}, Ho = span{ep} and H_y; = span{e_j,e_s,...}, Top. can be
expressed as the upper triangular matrix
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S0 1 0/0[0 0 0

S0 0 1]0[0 0 0
S x % 0 0 O|lalc 0 O

(2.3) Tope=| 0 N x| =200 0[0]b 00 ,

0 0 C )

S0 0 0/0[0 1 0

S0 0 0/0[0 0 1

S0 0 0/0[0 0 O

where S is the shift of multiplicity one on H;, N (= 0) is the nilpotent of order one on H,
and C' is the co-shift of multiplicity one on H_;.
Observe that T} ;.. is a contraction if and only if the matrix

a ¢
Qa,b,c: |:0 b:|

is a contraction. It is elementary to check that (4. is a contraction if and only if

(2.4) lal? + [ef?, b2+ e <1
and
(2.5) c=~(1—la®)z(1 - |b%)z,

where 7 is in D. We assume the conditions (Z4) and (Z.3]) on a,b and ¢ so that the operator
T p.c 1s a contraction.

Notice that T, . is the bilateral shift when |a| = [b] = 1 and ¢ = 0. Thus to avoid this
special case, in what follows we will assume that {a,b} ND # ¢.

The squares of the defect operators of the contraction 7, . are given by

0 ifn#0,-1
(2.6) (I =15 Tape)en = (1 —|a|*)eq — ace_, ifn=0
—aceg + (1 —|b]* —|c]?)ey ifn=—1,
and
0 ifn#1,0
(2.7) (I = TopeTyyo)en =19 (1—lal* = [c[*)er —biey ifn=1

—bcey + (1 —|b]*)eg  if n=0.
LEMMA 2.2. The defect spaces Dr,, . and Dr=, —of Tup. are one dimensional if and only if

(2.8) (1= laf)(X =o)L = ]2[*) = 0.
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In particular, if a,b are in D, then (2.8) is equivalent to |y| = 1 in the representation (2.5)
of c.

Proof. Due to (2.6) and (Z7), the defect spaces of T, are of dimension one if and only if
the determinants of the matrices

1— |al? —ac and 1—la]* —|cf* —bc
—ac 1 —|b)* = |c|? —bc 1—1b?
are zero, which is equivalent to the condition (2.§]). |

According to this last result 75, . will have a scalar characteristic functions if and only if
(Z8) holds. Therefore, throughout this Section 2 we will assume that (2.8) holds.

Now we study the special case when ¢ = 0. In this case, by (2.1) we have either |a| = 1
or |b| = 1. Let |a] < 1 and |b] = 1. By ([26) and ([7) it follows that Dr,, , = Cey and
DT;beO = Ce;. Moreover, O, , ((2) = alce,sce, for all z in D, where Ice,sce, maps eg into e;.
Thus O7, , ,(2) coincides with the scalar constant function ©(z) = a for all z in D. Similarly,
if la| = 1 then ©r,, (2) coincides with the scalar constant function ©(z) = b for all z in D.

We have thus obtained the following proposition.

PROPOSITION 2.3. Let max{|al,|b|} = 1 or equivalently, ¢ = 0 and {|al,|b|} ND # ¢. Then
the characteristic function of T, o coincides with the scalar characteristic function O(z) =
m = min{|al|, |b|} for all z in D.

Thus we have the following complement to Proposition 2.3]

REMARK 2.4. (i) In case m > 0, (%, ¢

a W) can be any fixed element of T? and all 7, b0 are

unitarily equivalent with Ty | 0-
(ii) In case m = 0, then if a # 0, T, is unitarily equivalent to 7}, 00 and [a] can be any
fixed element of T while if b # 0, the similar fact holds for 7g .

We shall now consider the case when ¢ # 0.
PROPOSITION 2.5. Let a,b and ¢ satisfy the condition (2.3) with |y| =1 and ¢ # 0. Then
Or. , (2) = (—ab) + cz,

or equivalently,
Or,,.(2) = (=ab) + (1 — |a*)Z(1 — [b]*)2z.

Proof. We conclude from (2.3]), (2.6) and (2.7)) that

0 if n#0,—1
Df, o0 = {022 (a1 — ey — ceq) =0
ala(l —1b]*)e_1 — cep) if n=-1

and
0 ifn=+#1,0

D3 e, = 1:|bb6|2((1 — \b|2)eoj beey) ifn =1
(1 —|b|*)eg — beey if n = 0.
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In particular, the defect spaces are given by Dr,, = Cu and Dr-, = Cuv, where u =
a(l — |b|?*)e_; — ceg and v = (1 — |b|?)ey — beey. Moreover, we have

Topeuw = (—ab)v, Dr,, u=+/1—|a|?[b]*u, Dr-, v=1+/1~- la|?|b|?v,

Cc

Dy 4= ————.
o T T a PP
Thus Dr- Dr,, u = cv and hence by virtue of (L)), the characteristic function of T,
is given by

and

@Ta,b,c(z) = (_a'b) _I_ CzZ.
|

It is elementary to check the following characterization of a purely contractive scalar poly-
nomial of degree one.

LEMMA 2.6. Let a, 8 € C. Then the one degree polynomial

O(z) =a+ fz (z in D)
1s purely contractive if and only if
(2.9) lal + 8] < 1 and la| < 1.
REMARK 2.7. Since each characteristic function is pure, so « and 8 given by @ = —ab and

B = ¢ with a, b, ¢ as in Proposition [2.3] or Proposition will satisfy the conditions in (Z9).
Conversely if two complex numbers « and [ satisfy (29) then it is easy to check that there
exist two real numbers a and b satisfying o = —ab and (Z35) with ¢ = § and |y| = 1.

Since the unitary part of T, . can not be connected to the characteristic function O, , (2),
we need to determine when that unitary part is not present, that is, when 7, ;. is c.n.u. The
answer to this question is given by the following.

PROPOSITION 2.8. Let a,b and ¢ satisfy the condition (2.3) with |y| =1 and ¢ # 0. Then the
contraction Typ.. is c.n.u. if and only if |c| < 1.

Proof. If |¢| = 1 then due to (24) we have a = b = 0. So Ty, is the direct sum of the
operator 0 on Hy and the bilateral shift U defined on H; & H_, by
Ue _{ enp1  ifn# —1

ceq if n=-1.

Thus the contraction T} . is not c.n.u.

Conversely, assume |c| < 1. Consider a T, reducing subspace M of [*(Z) such that
Tap.clm is unitary operator and let (ay) be a vector in M.

Case 1 (when a = 0): We know from (ZI) that ag = 0. As T}, (ax) is in M for all [ > 1,
(2.6)) says precisely that oy = 0 for all [ > 1. Also oy = 0 for all [ < 0 follows from the fact
that 7., .(ax) is in M for all [ > 0. Hence M = {0}.

Case 2 (when b = 0): This follows from Case 1 by considering 77, . instead of Tj .
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Case 3 (when all a,b,c # 0): By (2.7) and ([2.6) we have

- [\ 2 4 q 1—la?\? 7
o] = — an a_1 = — Q.
A= ap) b \a=ppr) a

By repeated application of T, . and T, ;. on (ax) we obtain that

i 1= [op? T(ya)kﬂao - 1= a2\ & /36" aq
g L J— o_ — - - -
T = af b a A E a b’

for all £k > 1. Therefore for all £ > 1

1-— |b|2 k21 a (67 1-— |(l|2 k21 b (07
k+1, &0 k+1) 40
o = - and a_ =\ —5 -

This with Cauchy-Schwarz inequality gives

N N 2 N %
a 2
20l _ S oo < (3 el al)
allo

k=2 k=2 k=2

for all N > 2 and hence since (a3) is in [*(Z), we must have ag = 0 and so (a3) = 0.
Therefore, M = {0} and this completes the proof. [ ]

[N

N

REMARK 2.9. Proposition and [2.§ entail that if the polynomial ©(z) in Lemma is a
characteristic function of a c.n.u. contraction 7, ;. then g € D.

Summarizing the previous results we obtain the following.

THEOREM 2.10. The scalar polynomial ©(z) = a+ [z is a characteristic function of a c.n.u.
contraction if and only if |a| < 1 and |a|+ |B] < 1. In this case a c.n.u. contraction for which
the characteristic function coincides with © is unitarily equivalent to any contraction T, .
defined by the equation (21)), where c = 3 and a,b € D satisfy ab = —a and (1—|a|?)(1—|b]?) =
8%

A natural question related to Theorem .10 is whether the diagonal terms in a triangular
representation of

S o*x %
T = Ta,b,c = 0 N = ,
0 0 C

where S and C* are shifts and N is a nilpotent operator of order one are unitary invariants of
T. To have a good indication that the question is not trivial, let us consider the case a = 0,
or to be more specific, the case @ = 0. Then b # 0 and the operator 7T, . has the triangular
representation (2.3)) and as well the following
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o O O

(2.10) Type =

oo Wn
o=
Q * *

O O O | o o | o o
O O OO O | O =
O O O |0 O |0 = O
O O O 1O O |k O O
O O O |0 o |lo o o
O O Ol O

O O = | O O | o O©
O = OO O | o O

for which the shift and the co-shift are unitarily equivalent to their analogues in (2.3]) but the
two "central” nilpotent operators are

(0]  and [8 8}

which are not even similar.
In what follows, we will study the general variant of the above question for the class of
c.n.u. contractions with operator valued polynomial characteristic functions.

3. POLYNOMIAL CHARACTERISTIC FUNCTIONS

To start the study of the c.n.u. contractions with polynomial characteristic functions, we

need to recall that the order of a nilpotent operator N is the smallest power p for which
NP = 0.

PROPOSITION 3.1. Let H be a Hilbert space with the decomposition H = Hi D HoBH_1. Also
let S in L(H1) be an isometry, N in L(Hy) be a nilpotent of order n and C' be a co-isometry
in L(H_1). Then the characteristic function of any contraction of the form

* %
N x
0 C

T —

o o W\

s a polynomial of degree < n.

Proof. It is easy to see that

2
Il
* % O
* % %
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Let -
A B C
DT = B* * ES ,
c* % %
where A is a self adjoint operator. Then,
A2+ BB*+CC* * x| 0 * =*
D% = * x x| = |*x % %
* *x ok x ok %

Thus the sum of positive operators A% + BB* + C'C* is the zero operator and consequently
A=0,B=0and C =0, and

0 0
DT =10 *x =
0 *
In a similar way we deduce
* x 0
Dpre =[x % 0
000
Moreover,
S0 0

* x Ok

so that Dp-T**Dp = 0 for all k > n. Thus from (L)) we obtain

Or(A) = [T+ > NDp.T*'Ds] | Dy
k=1
which is a polynomial of degree < n. [ ]

REMARK 3.2. If in Proposition B.J] we consider the representation of the operator 7, ;. with
a,b,c € D\ {0} in which Hy = Ce; + Cey + Ce_; then N is of order 3. Although the
characteristic function is a polynomial of degree one. Thus in Proposition B.I], the degree of
the characteristic function can be less than the order of .

Next we consider a converse of Proposition B.11

THEOREM 3.3. Let T be a c.n.u. contraction on H such that the characteristic function O
is a polynomial of degree n. Then there exists three subspaces Hi, Ho, H_1 of H such that
H =H1DHoDH_1 and with respect to that decomposition, T" admits the matrixz representation

S x %
(3.1) T=10 N =«
0 0

Q
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where S in L(H1) is a pure isometry, N in L(Hy) is a nilpotent of order n and C in L(H_1)
1s a pure co-isometry; in particular, S and C* are shifts of some multiplicities on H, and
H_1 respectively.

Furthermore in the class of representations [B.1) with the above specified properties there
exist unique representations

[§(e)

* k

(3.2) T=1]0 NO on H=HoH oH",
0 0 CUY
B

(3.3) T=10 N9 s« | on H=HaHeH",
0o 0 Y

such that

(3.4) 1y, HY o> H_,

(3.5) HY D H, HY, CHoy

holds for all other representations ([B.1l) in the class; moreover H(_Ci, respectively Hgi), is the
maximal invariant subspace of T™, respectively T', on which T™, respectively T, is isometric.

Proof. By the given assumption, it follows that Dp.T*"+¥) D = 0, which is equivalent to
DyT® %) Dp. = 0 for all k > 0. Define

ch) =span{T"h: h € in Dp.,k > n}.

It is easy to see that the subspace ”ch) of H is an invariant subspace of T and T'|, is a pure
isometry. The last claim follows directly from the fact 7' is c.n.u. and that |[|Th| = ||h| if
and only if Drh = 0 for h in H. Now we construct another 7" invariant subspace M D ”Hic)
defined by

M =spaa{T*h: h € Dp-,k >0},
and a semi-invariant subspace of T" as H(()c) =Meo ch). We claim that the operator N(¢) =

Ok —
H

P, TF| 24 for any £ > 0, that 7" M C ’ch) and then by Theorem [3.Il Therefore, we obtain
0 0
that

P (C)T|H<c> on ’H(()C) is a nilpotent of order n. The claim follows once we observe that N
0 0

S«
T|H§c>@agc> - [ 0 N(C)} ’

where S(©) = T|H(c> is a pure isometry. Now we prove that the operator C® on the T co-
1

invariant subspace ’H(_C% = H & M defined by C©) = P,

h is in ’H(_Ci if and only if Dp~T**h L H for all k > 0, or in other wards
H) = {heH: Dr-T*h =0,k >0}

o1 |H(C) is a co-isometry. Note that
-1 -1

(3.6)
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As a result, for h in ”H(_Ci and for k > 0, we have ||T**+V|| = || T**h]|, or equivalently
(3.7) H) = M_y:={heM: |T*h| = T, k >0},

clearly the largest co-invariant subspace of H such that the restriction of 7" on it is isometric.
It remains to prove the minimality property of 7—[9. For this let

S x %
(3.8) T=1|0 N x|,
0 0o C

be a representation of 7" on H = H| ® Hy @ H', such that S’ on H] is an isometry, N’ on
H; is a nilpotent operator of order n and C' on H’ ; is a co-isometry. Then the computation
in the proof of Proposition B.1] yields

* x 0
DT*: k * 0
0 0 0
Now observe that
STk % x *x 0 * % 0
T'Dp-= [0 0 x *x x 0l =10 0 0
0O 0 C™ |0 0 O 0 00

Then we must have TF*" Dy H C H, for all k£ > 0 and hence ’ch) C H;. This completes the
proof concerning the representation ([3.2). For the representation (B3]), the proof is similar
once we define

H = {heH: ||TH'h| = | T*h||, k > 0},
(3.9) 1), = span{T**h: h e Dr k> m}, n
Hy) =Ho H on,).

Combining Proposition 3.1l and Theorem [3.3 we can readily obtain the following.

COROLLARY 3.4. Let T be a c.n.u. contraction on a Hilbert space H. Then the characteristic
function Or of T' is a polynomial if and only if there exists three closed subspaces Hq, Ho, H_1
of H with H = H1 ® Ho D H_1 and a pure isometry S in L(H1), a nilpotent N in L(Hg) and
a pure co-isometry C in L(H_1) such that T has the following matrixz representation

S x %
T=1{0 N «x
0 0 C

Moreover the degree of O is the smallest order of N possible in the matrix representations

B4) of T.
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REMARK 3.5. Due to their uniqueness, it is convenient to call the representations (3.2]) and
B3) the canonical and respectively x-canonical representations of the operator 1" considered
in Theorem [3.3l Note that the latter can be obtained also from the canonical representation
of T™ by passing to the adjoint and by flipping the extreme spaces. In the sequel we will omit
the superscripts (¢) (indicating that we are dealing with a canonical or %-canonical matrix
representation) whenever no confusion can occur.

REMARK 3.6. Let T'€ L(H),T" € L(H') be c.n.u. contractions and assume that their char-
acteristic functions are polynomials of degree n. Let

S x %

T=10 N x on H=H ®HoDH_1,
0 0 C
[S" % %

T"=10 N x| on H=H oH,oH,
0 0 C

be their canonical representations. If U € L£(H,H’) is a unitary operator such that UT = T'U,
then from the definitions ([3.6]), (B.1) and (B.9)) it readily follows that
UH; = H,, (1=-1,0,1)

and consequently

S"(UHy) = (UHL)S, N'(UHo) = (UHo)N and C'(UH_,) = (UlH_1)C,
that is, the diagonal entries S and S’, N and N’,C and C’ are unitarily equivalent too.
Obviously the similar fact holds true for *-canonical representations.
REMARK 3.7. We point out that the canonical and the *x-canonical representations of the
contraction 7" in Theorem [3.3 may be different, since a priori ch) (resp. ’H(_c%*) may not equal
”Hgi) (resp. ’H(_C%) This is well illustrated by the properties of the operator 7., considered
in Section 2 (see also Theorem 2.I0) presented below.
PROPOSITION 3.8. Let a,b,c € D\ {0} satisfy ¢ = (1 — |a|2)2(1 — |b|2)2 with |7| = 1 and
let Top.e be the operator introduced in Definition[21. Then the matriz representation (2.3) of
Tupe i canonical, respectively x-canonical if and only if |a| > |b|, respectively |b| < |a|. In
particular, the canonical and the *-canonical representations of Ty . coincide if and only if
la| = |b| and in this case they coincide with (2.3).

Proof. Let (ay) be a vector in ’H(_Ci = N2 ker DT;’b’CT*l D Ho1 As Dy, (ag) =0, by 2.7)

a,b,c

1—[B2\? 1
o =|—"=] —.
F\I—aP) by

on (ay) and then using Dp+. T*(cy) = 0 we obtain that

we have

By repeated application of T°*

a,b,c

1 k—1
o 1-p*\? a
FEIN\TSe) | O
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for all k> 1. As 322 |au|? < oo, we deduce that H') 2 H_, if and only if
1
1—1[6*\2 a
— 1
(i) i<t

la] < b].

or, equivalently

Consequently, H(_c% = H_; if and only if |a| = |b|. Proceeding in a similar way with Hgi), one
can obtain the proof of the remaining part of the statement. [ ]

4. UNIQUENESS OF THE SHIFT AND THE CO-SHIFT

In this section we discuss the uniqueness problem for the diagonal of the upper triangular
representations of a c.n.u. contraction 7" on ‘H with a polynomial characteristic function of
degree n. It will be convenient to denote the family of these contractions by P,,.

First, we need to recall the following fact observed by Sz.-Nagy and the first author (see
Remark 3.3, page 134 in [5]) and Parrott (see [10]) on the isometric commutant lifting theorem.

Let T in L(H,K) and U in L(H',K') be two operators. Then we say that U is a lifting of
TifH DOH,K DK and PcU = TPy, or equivalently, U has a matrix representation of the
form
(4.1) U—{T O}-”H’—H@’#%K’—K@Kl

) =14 Bl: = = )

In addition, if U is an isometric operator (and hence T is a contraction), then we say that U is
an isometric lifting of 7. The minimal isometric dilation of a contraction is also an isometric
lifting of the contraction. With this preliminary, the fact alluded above is the following. If U
on K is an isometric lifting of a contraction 7" in H, then U admits a decomposition of the
form U = U,, ® U, on K = (\/;—,U*H) & K, where U, is the minimal isometric dilation of
the contraction 7.

THEOREM 4.1. Let T be a c.n.u. contraction on H such that the characteristic function Or
s a polynomial of degree n and

S x % S, *
0 N = and 0 N, =«
0 0 C 0 0 C,

be the canonical and *-canonical matrixz representations of T on H = Hi1 B Ho D H_1 and on
H = Hi. ® How D H_14, Tespectively. Moreover, let

S ox %
T=10 N x|,
0o o0 '

be another representation of T on H = H| ® Hy ® H', where S is a pure shift on H}, N’
is a nilpotent operator of order n on H{, and C'" is a pure co-shift on H' . Then the pure
shifts S, S" and S, are unitarily equivalent and the pure co-shifts C,C" and C, are unitarily
equivalent.
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Proof. It is enough to prove that S, and S’ are unitarily equivalent. The proof will be
separated in three steps in which the result in Step 2 has an independent interest.
Step 1: First observe that if we view T as

/
=05
on H} @ H:, where
o-[i e
on Hy = H{ & H', then
B¥ =0
strongly as kK — oo. Indeed if
C"n' =0,
for some [ (=1,2,...) and b’ = h{ & h'_|, then we obviously have that
BN =0,

provided k& > n + [+ 1. Thus
|B*H|| =0  for k — oo

on a dense set in 5. But | B|| < 1 and thus the claim follows.
Step 2: Let T € L(H, @ Hsz) be a c.n.u. contractions such that

r-[; 4

on H; @ Hy where S is an isometry and B € Cj. (that is, B¥ — 0 strongly as k — 00). Let
moreover M be the largest invariant subspace of T" on which the restriction of T is isometric.
Then

(4.2) dim ker S* = dim ker (T'|pm)".

To establish this fact let G = M & H; and X = PgT|g. Then T'|p is a c.n.u. isometric lifting
of X and

X = (T|m)lg-

Thus X** — 0 strongly as k — oo, that is, X € Cy. Moreover it is easy to see that
X* = PgB*g,

for all k > 0. Hence X* — 0 strongly as & — 0. Thus X € Cy and therefore

(4.3) dim Dy = dim Dyx-.

But according to the discussion preceding the statement of Theorem A1l T'|y admits the
decomposition

T\m =T, © T|p1,
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with respect to the orthogonal splitting M = M,, & M, where
Mo =\ (T|m)*G
k>0
is the minimal isometric dilation space of X and My C H;. By the uniqueness of the minimal
isometric dilation (see [5], page 135), M,, admits a decomposition of the form
My =G @ M—i—(QPDX)a

where ¢ is a unitary operator from Dx to ker((Twm,,)|m,,00)* and M, (¢Dx) = ¢Dx &
Tm,, (¢Dx) @ ---. Hence

M = (G & My (¢Dx)) & My,
which implies that

7‘[1 = (Hl N Mm) @D Mo = M+(QDD)() D Mo.

Hence,

kerS* = ¢Dx @ ker(T'|pm,)"
On the other hand (see [5], page 136), there exist a unitary operator ¢, from Dx- to
ker(T'| p,,)* such that

\/ (T|m)*G = M (9. Dx-),
k>0
so that
(4.4) ker(T'|pm)* = ker(T|m,,)" @ ker(Tha,)* = pDx+ @ ker(T| pm,)"

Finally, by (4.3]) there exists a unitary operator from Dy to Dx«. Therefore, the relation (4.2))
follows from (4.4]). This completes the proof of Step 2.
Step 3: Applying Step 2 to the setting in Step 1 we see that

dim ker S = dim ker S*,

where S = Ty, and M is the maximal subspace invariant to 7" on which the restriction of T
is isometric and this completes the proof of the theorem. [

5. ON THE UNIQUENESS OF THE NILPOTENT OPERATORS

In this section we will discuss the uniqueness of the nilpotent operators in the represen-
tations of c.n.u. contractions with polynomial characteristic functions. We start with the
following proposition.

PROPOSITION 5.1. Let T on H be in P,, with two different matricial representations

S x % ST ox o«
(5.1) T=10 N | andT=|0 N x|,
0 0 C 0o o0

onH =H1®HeDH_1 and H = HYSHLDH',, respectively, with MiNHy = {0} = HoNM _4
and My NHy = {0} = HyNM_,. Define

Y = PH&@HLl‘H1@H07
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ﬁl = 7‘[1 o (Hl N Hll) and ﬁl_l = Hl_l S, (H_l N 7‘[/_1)
Then:
(i) kerY =HiNOH|, ker Y* =H_1NH ;.
(i) kerY = {0} and (ran V)~ = H) @ L', where

Y =Yl|gen: LidMHo— Hy@ L.

In particular, Y is a quasi-affinity.

(iii) YT =T'Y , where
T = PE1€BH0T|E1®H()’ T = PH6@£L1T|7{{)®E’,1‘

Proof. (i) Let h = hy + hg € H1 @ Hp such that Yh = 0. Then h € H/, and hence (since
Hi, H), € My), hg = h — hy € M;. Consequently, hy € M; N Hy and from the condition
MiNHy = {0} we see that hg = 0. Therefore, kerY = H; NH}. The second equality follows
as above with the observation that Y™ = Py, e, |l en |-

(ii) kerY = {0} follows from the definition of ¥. The second equality follows from the
equalities

(ran )" = (ran Y)” = (ker Y)' = (Hp o H )OO (HaNH ) =H,® L.
(iii) We first notice that, since
T(H,®Ho) CHi @ Ho, and THH,OH ) CH,OH ,,
we have

YT yem, = Py, Tlen, = Prujern T Puyen  |lmiomn, = Pryen [ TY.

But .
(ran V)" = (ran V)™ =Hy® L |,
therefore
YT wan, = Pryoc YT lwen, = Pryoc \ TY = Pyor Thyec Y,
that is

YT | HidHo — T,Y

Moreover, we have

YT‘?-h@?—lo = Y<] - Pker Y)T‘?h@?-lo = Y(I - Pkery)T<I - Pker y)hh@?—lo = Y/TP£1@7{0|7{1697{07
and thus

YT =YT|r a1, =T'Y | cem, =T'Y.

This finishes the proof of the proposition. ]
Let
S x x S, ok
(5.2) 0 N «x and 0 N, =«
0 0 C 0 0 C.
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be the matrix representations of T"on H = H,1 ® Ho ® H_1 and on H = H1, D Hosx D H_14
considered in Theorem and Remark [3.5] respectively. As observed in Section 3 we have
that
Ho1=M_; and Hi. = My,

thus

Ho N M_1 == {0} and M1 N Ho* = {0}
However, we do not know if

M1 N Ho = {O} and 7‘[0* N M_1 = {0}
Therefore, the representations in (5.2) may not satisfy the hypotheses of Proposition [G.]1
However, note that by defining
(53) Hm = Hl @D (M1 N 7‘[0), Hoo = Ho o (M1 N 7‘[0), H_m = 7‘[_1
and

(5.4) Hiwo = Hiv, Howo = How © (Hoe N M_1), Horvo = Hore @ (Hoo N M),

the representations

So *  x* S % *
(55) 0 NO * and 0 N*O * )
0 0 Gy 0 0 Cu

onH =Hio®HooDH_10 and H = Hi.0D Hoso D H_140, respectively satisfy those hypotheses.

THEOREM 5.2. The ”"central” nilpotent operators Ny and N.o in the representations (5.3) are
quasi-similar.

Proof. Let the representations in (5.5) play the role of the representations in (5.1, that is,
with Hy = Hio, Ho = Hoo, H-1 = H_10 and H} = Hi., Hy = Howo, H_1 = H_1.0, respectively.
Then due to (5.3]) we have

Ly =MHip© (HioNHi) ={0} and L | = H_ 1.0 © (H_1.0 N H_1) = {0}

Therefore, T = Ny, T' = N,y and Proposition 511 (ii) and (iii) shows that N is a quasi-affine
transform of N,q, or, in the standard notation, Ny < N,q. Since these operators are of class
Cy, it follows that Ny and N,y are quasi-similar (see Proposition 5.1 in [2]). This concludes
the proof. [ ]
To state the next result we recall that T} € L(H;) is said to be injected in Ty € L(H,)
which is denoted by Ty < Ty if there is an injective X € L(H1, Hz) such that XT} = T, X.

THEOREM b5.3. Let

S % %
(5.6) T=10 N =/,
0 0 C

be any matriz representation on H = Hi ® Ho® H_1 such that MyNHo = {0} = HoNM_;.
Then . .
N,y <*' N <" N,.
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Proof. We will apply Proposition [5.1] with the representation (5.0) in the role of the first
representation in (5.0) and with the second representation in (5.1I) replaced by the second
representation in (5.5]). Then we have

Ly =M1 0 (HiNHiw) =Hi© (HiNnM;) = {0}.
Consequently, by applying Proposition [5.1], (ii) and (iii) we obtain
N = T < T’ = PHO*O@£L1T|HO*O€BEL17
where
Ly =H 106 (HaNH 1),

and we infer that T’ is a nilpotent operator and then, since both T and T" are of class Cp,
that T' ~ T". Observe now that

H 1.0 = (Hox @ H_1.) N M_y,

and
HorwoNHoy = Hoe ®Horo) VHoy = (Hos NHL) @ Hovs,
by the minimality property of H_1,. (see Remark B.6]). Therefore,
Ly =[HoeNM_ ) BH 1O [(Hoe NH_1) D H_1.]

= (Hos " M_1) & (Ho N H_1),

and
Howo B L1 = [How © (Hoxe " M_1)] @ [(Hoxe " M_1) © (How N H_1)]

= Ho. © (Hox NH_1),

and thus we see that
T' = Pyy. oo T |40 oot 1)
= Pryooto.nn—1) Neltoro (ot _1)-
But N (Ho« N H_1) = Py, T*(Ho« N H_1) and for h € Ho. N H_1 we have
T*h € (Hoe ®DH_1.) N H_1 = (Hoxe NH_1) D H_14,

where

N.h = PHO*T*h € Ho* N Hl;
consequently we have

N*(HO* N H—l) g HO* N H—l'

Therefore, we infer

N (How © (Ho« NH-1)) € How © (Hox NH_1).
Now it follows that
(5.7) N ~T' = N.|so.(Hont_1)-

In particular, (5.7) shows that N <® N,. Also since Ho.o = Hox © (Ho. N M_1), we have that
HO*O g HO* S/ (HO* N H—l) and B
N* |HO*O = T’|HO*O'
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Consequently,

/
N*O =T H0S(HwoNH-1)>

and the relation (5.7) implies that N,o <* N. ]
The following remark follows by applying Theorem B3] to T*.

REMARK 5.4. Under the conditions of Theorem one obtains
N§ <" N* <" Ny,

where N; denotes the canonical nilpotent operator as in Theorem [3.3l Note that since Ny ~
N,o we have Ny <* N and N}, <" N;.

Let T be a c.n.u. contraction with polynomial characteristic function of degree n and let

S % *
T=10 Ny, =x
o o (¢

Then N,,, is said to be ultra-minimal if N, <* N for any other nilpotent operator N of the
upper triangular matrix representations of 7.

By Theorem [£.3] the canonical N,q is ultra-minimal. If N is any other ultra-minimal
nilpotent operator in a upper triangular matrix representation of 7', then we will have

N’ < N,y <" N',

so there exists injective bounded linear operators X : H{ — How and Y: Ho — H{ such
that

(5.8) XN' = NyX,
and

(5.9) Y N,y = N'Y.
Thus

NoXY = XY Ny,
hence

Ny < Nyo|ranxy)- = Neolranx)--
But since N,o and Nyo|ranx)- are Cy-operators we have (see [2])

Nyo ~ Nyo|ranx)--
Since (5.8) yields also
N’ < N.o|ranx)-,
we have
N’ ~ Ny|ranx)- ~ Nuo-

Consequently all ultra-minimal nilpotent operators are quasi-similar and hence we have the
following theorem.
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THEOREM 5.5. The family of all ultra-minimal nilpotent operators in the representations of
type (L.3) is a quasi-similar equivalence class (containing Ny and N.o) which moreover, is a
unitary invariant of T .

REMARK 5.6. Recall that in the diagonal of the representations (I.2) of 7', dim (ker S*) and
dim (ker C') are unitary invariants of 7. Obviously, they can be replaced by the unitary
equivalent classes of S and C'. Thus we still have the following open problem. Can the
quasi-similar class considered in Theorem be replaced with the unitary equivalence class?

6. DEGENERATE FORMS

Let T € L(H) be a c.n.u. contraction with a operator-valued polynomial characteristic
function O7. Then, as was proved in [14], [15], [3] and [I] that the representation (L2]) take
the degenerate form

S %
0 C}|’

Or(z) =07(0), (z€D).
For the other degenerate forms of (L2)) we have the following.

if and only if

PROPOSITION 6.1. Let T € L(H) be a c.n.u. contraction with an operator-valued polynomial
characteristic function. Then (1.2) has the degenerate form

(i) T = [g ;\}] if and only if T € C.q.

(ii) T = ﬁ\; 2] if and only if T € C..

(ii) T = [S] if and only if T € Chy, that is if and only if O = 0 € L({0},&,) for some
Hilbert space &, # {0}.

(iv) T = [C] if and only if T € Co1, that is if and only if O = 0 € L(E,{0}) for some
Hilbert space £ # {0}.

(v) T = [N} if and only if T € Cyy.

S

Proof. (i) If T' = {0 N

} , then

X 0
for some X € L(Hy, H1) and hence

(T*)*(hy ® ho) = S*"*hy ® XS * Vg, (h1 @ ho € H1 ® Ho).
Therefore,

Lo |7 (ha@ho) | = Lo | (1) (ha @ho ) |I* = limgoo (1|57 ha ||+ X 8™ Dhg %) = 0.
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So T € C' (. Conversely if

then for any h_; € H_;, we have that
[hall = [IC**ha|| = [T* (0@ 0@ hoy)[| = 0,  ask — oo.

Thus we obtain that H_; = {0} and T takes the degenerate form 7" = {O N
T € C. if and only if O is inner (see [9], Chapter VI).

(ii) follows from (i) applied to 7.

(iii) follows from the fact that the characteristic function of any shift coincides with 0 €
L(Dgs, Dg+) = L({0}, kerS*).

(iv) Apply (iii) to T™.

(v) T = [N] if and only if the representation is a degenerate representations of both forms
in (i) and (ii), hence if and only if T" € Cyy.

S *} Finally,

7. THE CASE OF MONOMIAL CHARACTERISTIC FUNCTIONS

In this section we study the the c.n.u. contraction 7" such that ©r(z) is a non-constant
monomial (for the case of constant monomials, see Section 6). This particular case, although
quite concrete, allow us to show that the nilpotent central entries in the two canonical repre-
sentations may not be quasi-similar. For this purpose, we explicitly (in terms of ©7) calculate
the two canonical triangular representations of 7. First, we need the following simple fact,
which, for instance, can be obtained by using (L]).

LEMMA 7.1. Let m > 1 and U be an unitary operator in L(E,E,) and O(z) = Uz™. Then
the c.n.u contraction Jy,(Ey) for which ©;,,&.y(2) coincides with ©(z) is a nilpotent operator
of order m. Moreover,

0 Ie. 0 0 0 0]
0 0 I -~ 0 0 0
oo o0 --- 0 0 0
Im(E) =11 1 Do
00 0 0 Ie. 0
00 0 -~ 0 0 I
00 0 -~ 0 0 0]

Let Ain £L(M,N) be a non-zero contraction. Then it is easy to see that Alp 1 : Dyt —
DT is an unitary operator and A|p,: D4 — Dy is pure contraction, that is, ||Ah|| < |||
for all h # 0 in D4. Now, if O(z) = Az™ is a given non-constant monomial where A in
L(M,N) is a contraction then ©(z) = Alp,2™ @ A|p,12™. In what follows, we will assume
that m > 1. In view of Lemmal[7.Tl we have that, T" is unitarily equivalent to 7,,& .J,,,(€,) where
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T, is the c.n.u. contraction whose characteristic function coincides with A|p,2™. Now for a
given pure contraction A in £(M,N'), we will construct the two canonical upper triangular
representations 74 and T4 with the characteristic function (coinciding with) ©(z) = Az™ for
zin D.

Define a Hilbert space H = &>,_L,,, where

- N ifn>0
"M ifn< -1

For convenience, the element h of H will be denoted by h = --- ® hy D hg Dh_1 P ---
where the subscript refer that h; € L£; for all j € Z. Also, we will denote the subspace
- a{0}e{0}eL; {0} {0} @ of H simply by L;.

We define a bounded linear operator T4 acting on H by

Dp: Loyy1 — L, ifn=m-—1
TA|£n = —A: L= L, ifn=-1
I: L, — L, ifn#—-1,m-—1.

Then T4 has the following matrix representation

Iy 0 O 0 0 0 0 0
0 Iy O 0 0 0 0 0
0 0 Iy 0 0 0[O0 0 0
0 0 O |Dy 0 0O 0|-A O 0
0O 0 O 0 Iy 0 0 0 0 0
L. 0 0 0 0 .- 0 0|0 0 0 -
(71)  Ta=|: ..o 1 rnr o

0 0 0] 0 0 0 Iy| 0 0 0
0O 0 O 0 0 0 O 0 0

0O 0 0 0 0 0 0 0 Iyn O
0O 0 0 0 0 0 0 0 0 Iy
0 0 0|0 0 0 0[O0 0 O
0O 0 O 0 0 0 0 0 0

where the central block matrix is of order m.
To compute the defect operators of T4, we first observe that
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0: £0—>£_1 ifn=0
Tile, =% Das®—A": Loy > Ly 1 ® Ly ifn=m
I: L,— L, if n #0,m,
SO
% . 0: ﬁo—)ﬁo fn=0
TATA%—{ I+ L, — L, ifn0,
and

Di* D —A*DA*Z ‘Cm—l — »Cm—l D ;C_l ifn=m-—1
Lo = —DpADAA: Ly Ly 1DL, ifn=-1 .
I: L,— L, ifn#m—1,-1

Thus, the defect operators are given by

TiTy

2 . I: Eo%ﬁo ifn=20
(7.2) DT;.;‘En—{ 0: L, — L, ifn#0,
AA*  AD
(73) D%A|Lm,1@£71 = |:DAA* DiA:| : ‘Cm—l D £—1 — £m—1 D £—1a
and

D} e, =0: Ly — Ly, ifn#m—1,-1

From ((Z.2]) we infer that T4 is a partial isometry and therefore, the defect spaces of T4 can
be expressed as

Dr, =---{0} @ {A(A 1 + Dah_1) 20D --- DO D Da(A hp—1 + Dah_y):
hm—1 € Hm—1,h.1 € H 1} {0} D---
={Av@® Dav € Ly 1 DL vE MY,
and
Dri=-®{0}®Lo® {0}
Also since A is a pure contraction, we have the following.

LEMMA 7.2. The operator Ty constructed as above is c.n.u.

Proof. Let R be a T4-reducing closed subspace of H such that T4|r is unitary. We need to
prove that R = {0}.

Consider a vector h = -+ @ hpy1 B hy B hy 1 Dhyyo®---BhiBhgBh_1Dh_o®--- from
R. Since R is Ts-reducing and T4 | is unitary, D%;h = 0, which yields hg = 0. On the other
hand, it is easy to see that

T/znh =.--P (hm)2m+1 b (DA*hm—l — Ah—1)2m d---P (DA*hO _ Ah—m)mﬂB
()1 BB (0)0 D (hem1)-1 B (hep2) 2 ® -~ .
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Since T}"R = R, it follows that for any h in R,
hm1=hmo=---=h; =hog=0.
Hence
TP h = @ (hm)omiz @ (—AR_)omi1 @ - @ (—Ah_ ) mi1 @ (AR _ 1) m
B0)p1@--®(0)0® (hopm2)-1 B (hppz)—2 B - .

Consequently, by the facts that Ts|g is unitary and A is a strict contraction, (7.4]) yields
h.y=h_o=---=h_,_1 =0. By repeated application of T4 on TX”lh we conclude that

h_, =0, forallk>1.

(7.4)

Therefore, we obtain for all h in R,
h=---®hp11®h,d0005---0B0B0OD---.
But now the (m — 1)-th component, (D 4+h.;)m—1, of
Tih = ® (hm1)m ® (Dashin)m—1 @ -+ & (h2)1 & (h1)o & (A )1 & (h-1)-2
@@ (hem)oma1 @ (0) 2 ® -+,

must be zero. Since ker D 4 = {0} then h,, must be the zero vector. Moreover, using the fact
T3R =R, we infer that

Finally, repeating the above argument replacing the role of Ty by 71", we obtain h; = 0 for
all k > m. Thus h = 0. ]

THEOREM 7.3. Let A: M — N be a pure contraction (that is, ||[Ah|x < ||h||m for all
he M and h #0). Then Ty is a c.n.u. partial isometry and the characteristic function of
Ty coincides with ©(z) = Az™. Moreover, the upper triangular representation of Ty in (7.1)
coincides with the canonical representation introduced in Theorem [3.3.

Proof. Let u = Av@® Dyv € L,,,_1 ® L_1 where v € M. Now
—Thu=—DysAv+ ADsv =0 € L,,.
First, we consider the case when m > 1. Since T is a partial isometry, we have
Dp,u= D%Au = u,

so that

Dy« Dryu = Dryu = Pryu = 0.
Notice that for 0 < j <m — 1,

Tiu=-®(0)mj @ (A0)j 1 ® (O)ja @~ (0); & (Dav) 5 1@ (0) ;2 ® -

Consequently for j =m — 1,

T Dy = g (0)1 @ (Av)o @ (0)1 & -+ B (0) g1 B (Dav) g B (0) ey B - - -
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so that
DTV Dy = P T Dy = Av € Lo,
and for j >m — 1,
DT;T*jDTAu = Pr,T"u
=Py ®(0)n @ (A j 1 ®(0)yj 0 @D
(0)—; ® (Dav)—j_1 ®(0)_j_a®--+)
=0.

To finish the proof, we will show that 7.Or,(z) = ©(z)7* for all z € D for some unitary
operators 7: M — Dr, and 7.: Dr; — N. For this purpose, we define

Te=©00 I, ®0® --: Dy = N
and
T = |:51A:| M —)DTA,
defined by
T0=Av@® Dav=u, veM.
Hence
(7.5) Or,(2)u = 2"Av = 770(2)T"u,

for all z in ID.
In the remaining case m = 1, taking u = Av ® Dv € Lo ® L_; we have

DTZDTAU = DT:‘U = PL:OU = Av.
Moreover, for all £ > 1,
DpT*Dru =0,
and the rest of the proof follows in the similar way as in the last part of the proof of () for
the m > 1 case.

Finally, recalling that A is a pure contraction, the last part of the theorem follows by inspec-
tion. [

In the following, we relate the class of operators with non-constant monomial characteristic
functions and the canonical upper triangular representations considered in Remark 3.5l First,
given a pure contraction A € L(M,N), define the bounded linear operator Ty on H = &>°_L,,

where
{ N ifn>0

Ln = M ifn< -1

and

—A@DAZ £—m_>£1@£—m+1 ifn=-m
Ln — 0: ﬁo—)ﬁl ifn=-1
I: L, — L, if n#£ 0, —m.

Then T4 admits the following matrix representation

Ta
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Iy 0 01]0 O o 0} 0 0 O
0 Iy O (0 O O 0,0 0 O
0 0 Ixy|0 O o 0} 0 0 O
0O 0 0|0 O 0 0|4 0 O
0 0 0|0 Iy o 0,0 0 O
0O 0 0|0 O 0 0 0 0
(7.6) T, = . . ) )
0 0 00 O 0 I 0O 0 O
0O 0 00 O 0 0 |Dy 0 O
0O 0 00 O 0 0| 0 Ipm O
0O 0 00 O 0O 0] 0 0 Ium
0 0 00 O 0 0] 0 0
0O 0 00 O 0O 00 O

The proof of the following theorem can be obtained by passing to the adjoint of the matrix
representation of T4 and using Theorem [7.3]

THEOREM 7.4. Let A: M — N be a pure contraction. Then Ty is a c.n.u. partial isometry
and the characteristic function of Ta coincides with ©(z) = Az™. Moreover, the upper trian-

gular representation of Ty in (7.8) coincides with the canonical representation introduced in
Remark[3.3.

Concerning the operators Tp ., it is easy to see that the representation (2.3]) is the canonical
representation considered in Remark and therefore the quasi-similarity class in Theorem
(.3 and Remark can be replaced with the dimension of Hy; thus for this very particular
case, the answer to the problem in Remark is positive. The following theorem extends
this observation from the scalar case to the vector valued case.

THEOREM 7.5. Let Ty be the c.n.u. operator with monomial characteristic function ©(z) =
z™A. Then the nilpotent operators Nog and N.o corresponding to the minimal representation
considered in Theorem [5.3 are unitarily equivalent.

Proof. Let h=---® ho B hi B hoDh_1Dh_o@®--- be a vector in the maximal T4-invariant
subspace M of H where T4 is an isometry. First, observe that for all 1 < k <m
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Thh =+ @ (Da*hu—(e-1) — Ab_ (1)) ms1 ® (DasPm—i — Ah_i)m @ (P (s 1) )1 @ - - -
(ho)k @ (0)k1 @ - ® (0), ® (00 ® (h_(ks1)) 1 D (h—_(hr2) 2 ® -~ -
and
Tih =@ (hp)ams1 ® (Dashm—1 — Ah_1) 9 @ -+ @ (Darhg — Ah_p)m
D (0)m-1® B (0)0® (hom-1)-1 ® (hoyp2) 2B -+ .

Thus D%ATX”h = 0 yields Dah_,,_1 = 0 and hence h_,,_1 = 0. Similarly, for all & > m we
have that D7 Thh = 0 and hence h_;_y = 0. Then

(7.7) h= @ hy@h ®hy@h @B Dy ®0BOD - .
By virtue of D7, Thh = 0 for each 0 < k < m we obtain that
A" M1y + Dah_ g1y = 0.

In other words, the elements of M are precisely those h =---@® hy B hi S hoDh 1 D---D
hem @0® 0@ --- such that A*h,_gi1) + Dah_41) = 0 for all k = 0,1,...,m — 1. Set
g = Dashp_(or1) — Ah_(ig1), then A1y = Daxg, h_gq1) = —A*g. Since for any given
g € N the vectors hy,_(p41) = Da-g and h_41) = —A*g satisfy the relation A*h,,_ 11y +
D 4h_(341) = 0, we can infer that

My =H1 © {(Dasgm-1)m-1 D (DasGm-2)m-2® - - D (Daxgo)o ® (—A"g-1) 1D

7.8
(7.8) (—A"g2) 2@ B (-A"Gp)-m POBOB---: g, €N,i=0,1,...,m—1}.
Consequently

Ml mHo :{(DA*gm—l)m—l ©--- D (DA*g())OI g € kerA*,z':O,l,...,m— 1}
={Ggm-1® - Dgo: g Eker A" i=0,1,...,m—1}.

Therefore, the minimal space Hqq is

Hoo =Ho © (M1 N Hy)
=(ranA)” @ (ranA)” & --- @ (ran A)".

Therefore the matrix representation of the nilpotent operator Ny is given by

0 Ipanay- O - 0 0 0

0 0  Igana --- 0 0 0

0 0 0O -0 0 0
NOZ . . . . . .

0 0 0 0 Igana- O

0 0 0 0 0  Igana-

0 0 0 0 0 0 |
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Similarly, the other minimal space can be obtained as

Howo =How © (Hox N M_1)
=Hox © {{(Dah-1)m-1P (Dah_2)pmo® - D (Dah_p)o: h_ €EkerAk=1,2,... m}
=(ran A*)” @ (ran A*)” & --- & (ran A") 7,

and

[0 ran a+)- 0 0 0 0 7

0 0 Iganao- 0 0 0

0 0 0 0 0 0

0 0 0 0 Iranas)- 0

0 0 0 0 0 Iran a+)-

10 0 0 0 0 0 |
It only remains to show that dim(ran A*)~ = dim(ran A)~. Indeed, with respect to the
decompositions M = (ran A*)~ @ ker A and N = (ran A)~ & ker A*, we have

. All 0
=)

where A1y = Prana)y- A|lrana-)- and ker A;; = {0} and ker A}, = {0}. This shows that
dim(ran A*)” = dim(ran A)~, as required and hence, the Jordan forms Ny and N,q are uni-
tarily equivalent. The proof is complete. [

We conclude with a simple observation on the spectrum of T4 which follows from the
relation of the spectrum o(T') of a contraction 7" and the invertibility of the characteristic
function O7(z) (see [9], page 259).

REMARK 7.6. The spectrum of the operator Ty with the characteristic function ©(z) coin-
ciding with Az™ is 0D U {0} if A is invertible or D if A is not invertible.

We thank Professor J. A. Ball for kindly pointing to us that our work is related to realization
theory for monic polynomials (see [6] and [13]). We note that the intersection of the class of
polynomials considered in this paper with that of monic polynomials is the set of monomials
Az" where A = I for which the state operators, namely, 77} are very particular.
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