JORDAN BLOCKS OF H?*(D")
JAYDEB SARKAR

ABSTRACT. We develop a several variables analog of the Jordan blocks of the Hardy space
H?(D). In this consideration, we obtain a complete characterization of the doubly commuting
quotient modules of the Hardy module H?(D"). We prove that a quotient module Q of
H?(D") (n > 2) is doubly commuting if and only if
Q=0p, ® ®Qe,,

where each Qg, is either a one variable Jordan block H?(D)/©,; H?(D) for some inner function
©; or the Hardy module H?(D) on the unit disk for all i = 1,...,n. We say that a submodule
S of H?(D™) is co-doubly commuting if the quotient module H?(D")/S is doubly commuting.
We obtain a Beurling like theorem for the class of co-doubly commuting submodules of
H?(D™). We prove that a submodule S of H?(D") is co-doubly commuting if and only if

S = i 0,H*([D"),
i=1

for some integer m < n and one variable inner functions {©;}" ;.

1. INTRODUCTION

Let C* = C x --- x C be the n-dimensional complex Euclidean space with n > 1 and
D™ ={(z1,...,2n) : |zs] < 1,i=1,...,n} be the open unit polydisc. We denote the elements
of C" by z = (21,...,2,) where z; € C for all i = 1,...,n. The Hardy space H*(D") on the
polydisc is the Hilbert space of all holomorphic functions f on D™ such that

1
| fll g2 (ny == ( sup /|f(rz)\2d0> < 00,
0<r<1 S

where d@ is the normalized Lebesgue measure on the torus T", the distinguished boundary
of D™ and rz := (rz1,...,rz,) (cf. [14], [7]).

The multiplication operators by the coordinate functions turns H?(D") into a Hilbert module
over C[z] = Clzy, ..., 2], the ring of polynomials in n variables with complex coefficients in
the following sense:

Clz] x H*(D") — H*(D"), (p, f) > p(M.,,...,M.,)f,

for all p € C[z] and f € H*(D") (cf. [6]). We also call the Hilbert module H?(D") over C|z]
as the Hardy module. A closed subspace S C H*(D") is said to be a submodule of H*(D") if
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M, S CSforalli=1,...,n. A closed subspace @ C H*(D") is said to be a quotient module
of H?(D") if @+ (= H*(D")/Q) is a submodule of H?*(D").

Let S be a submodule and Q be a quotient module of H?*(D"). Then the module multipli-
cation operators on S and Q are given by the restrictions (R.,, ..., R,,) and the compressions
(C,,,...,C.,) of the module multiplications of H?(D"), respectively. That is,

Rzi = le|3 and sz = PQMz,-

Qs

forall © =1,...,n. Here, for a given closed subspace M of a Hilbert space H, we denote the
orthogonal projection of H onto M by Pj,. Note that

R; = PSM:Z’S and C:Z = M;JQ,

foralle=1,...,n.

Jordan blocks of H%(D): A closed subspace Q C H?*(D) is said to be a Jordan block of H*(D)
if Q is a quotient module and Q # H?*(D) (see [13], [12]). By Beurling’s theorem [3], a closed
subspace Q(# H?*(D)) is a quotient module of H?(DD) if and only if the submodule Q* is given
by Q1 = ©H?(D) for some inner function © € H*(D). In other words, the quotient modules
and hence the Jordan blocks of H?(ID) are precisely given by

Qo := H*(D)/OH*(D),
for inner functions © € H>* (D).

Jordan blocks of H%(D") (n > 1): First we note that the Hardy module H*(D") (with n > 1)
can be identified with the n-fold Hilbert space tensor product of the Hardy space H?(ID) on
the disc

H*D)® ---® H*(D),

N

vV
n times

via the unitary map U : H*(D") = H*(D)®---® H*(D), where U(z} -+ - 2ln) =21 @ - - @ 2l

n

for all Iy, ...,l, € N. Moreover, H*(D) ® --- ® H?*(D) is a Hilbert module over C[z] with the
module multiplication operators
= ®...®MZ®...®[2 ?_.
{12y ¢ H2(D) Fim1
Therefore, that U is a module map
UM,, = (I;ppy ® - @ M, ®---® Ip2my)U,
ith

7

for all 1 <17 < n. It is easy to see that
MZMZ*] = MZ*J,MZ“
for all 7 # 7.

The above fact is one of the motivations to introduce the following notion and the title of the
paper.
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DEFINITION 1.1. Let Q be a quotient module of H*(D") and n > 1. Then Q is said to
be a Jordan block of H*(D") if Q is doubly commuting, that is, C.CL = CLC;, for all
1<i<j<nand Q+# H*D"). Also a closed subspace S of H*(D") is said to be co-doubly
commuting submodule of H*(D") if H*(D")/S is a doubly commuting quotient module.

However, in most of the following we will simply regard a Jordan block of H?(D") as a doubly
commuting quotient module of H?(D").

The study of the doubly commuting quotient modules of the Hardy module H?(D?) was
initiated by Douglas and Yang in [4] and [5] (also see [2]). Later in [11] Izuchi, Nakazi and
Seto obtained a classification of the doubly commuting quotient modules of the Hardy module
H?*(D?) (see Theorems 2.1 and 3.1 in [11]).

In this paper we completely classify the doubly commuting quotient modules of H?(D")
for any n > 2. In this consideration, we provide a more refined analysis compared to [11].
More specifically, our method is based on the Hilbert tensor product structure of the Hardy
module H?(D") which also yield new proofs of earlier results by Izuchi, Nakazi and Seto [11]
concerning the base case n = 2.

A key example of doubly commuting quotient modules over C|z] is the Hilbert tensor
product of n quotient modules of the Hardy module H?(D). That is, if we consider n quotient
modules {Q;}" ; of the Hardy module H?(D) then

Q=0:® - ®Q,,

is a doubly commuting quotient module of H?(D") with the module multiplication operators
as

{[Q1 @ ®PQzMZ’Qz® ®IQn zn:l'
!
ith place

We prove that a doubly commuting quotient module of H?(D") can be also represented by
the Hilbert space tensor product of quotient modules of H*(ID) in the above form. This result
is then used to prove a Beurling type theorem for the co-doubly commuting submodules.

We now summarize the contents of this paper. In Section 2, we give relevant background for
the main results of this paper. In Section 3, we prove that a quotient module Q of H?(D") is
doubly commuting if and only if Q is the n times Hilbert tensor product of quotient modules
of the Hardy module H?(ID). In Section 4, we characterize the class of co-doubly commuting
submodules of H?(D").

2. PREPARATORY RESULTS

In this section, we gather together some concepts and results concerning various aspects of
the Hardy modules that are used frequently in the rest of this paper. Some of the results of
the present section are of independent interest.

We first recall that the module multiplication of the Hardy module H?(D) satisfies the
following relation

M. M = Iy — Fe,
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where P denotes the orthogonal projection of H?*(ID) onto the space of constant functions.
Moreover, if Qg = H*(D)/©H?*(D) is a Jordan block for some inner function © € H*(D),
then we have
PQ@ = [H2(]D)) - MGME) and P@HQ(]D)) = M@Mé.
We also have
Ig — C.C7 = Po(Iy2m) — M.M7)|g = PoFcle,

where Q is a quotient module of H%(DD).

The following lemma is well known.
LEMMA 2.1. Let Qg be a Jordan block of H*(D) for some inner function © € H*®(D). Then

Py, 1=1-06(0)6,
and
(PoePePos)1 = (1= 10(0)[*)(1 — ©(0)8).
Proof. By virtue of M1 = ©(0) we have
Poo1 = (Ig2m) — MeMg)1 =1 — Me(Mgl) =1 —6(0)0.

For the second equality, we compute

(Poo PcPos)1 = (Pog Pe)(1 = ©(0)8) = Po, (1 — [0(0)]*) = (1 — [©(0)]*)(1 — ©(0)6).
This completes the proof. [

This lemma has the following immediate corollary.

COROLLARY 2.2. Let Q be a quotient module of H*(D). Then
Pyl e mn(PQPCPQ).

Proof. If Q@ = H?(D) then the result follows trivially. If @ # H?*(D) then Q is a Jordan block
and hence the conclusion follows from Lemma 2.1. ]

The following lemma is a variation on the theme of the isometric dilation theory of con-
tractions.

LEMMA 2.3. Let Q be a quotient module of H*(D) and L = ran(Ig — C.C%) = ran(PgPcPg).
Then -
Q= V PoM!L.

Proof. The result is trivial if @ = {0}. Let Q # {0}. Notice that
V PoMILC Q.

Let now f € Q be such that f L V,PoM.L. Then for all [ > 0 we have that f L
PoM!PoPcQ, or equivalently, Pc M f € Q*. Since Q' is a proper submodule of H?(D), it
follows that
PeM:'f =0,
for all [ > 0. Consequently,
F=o0.
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This concludes the proof. [ ]
In the following, we employ the standard multi-index notation that N* = {(ki,...,k,) :
ki € Ni = 1,...,n} and for any k = (ki,...,k,) € N* we denote zF = 2F ... 2 and
ME = M
We now present a characterization of M., -reducing subspace of H?*(D"). However the
technique used here seems to be well known in the study of the reducing subspaces.

PROPOSITION 2.4. Letn > 1 and S be a closed subspace of H*(D"). Then S is a (M.,, ..., M,)-
reducing subspace of H*(D™) if and only if

S=8HD®- - @ H* D),
(n—lx),times

for some closed subspace S, of H*(D).

Proof. Let Sbea (M.,, ..., M, )-reducing closed subspace of H?(D"), that is, forall2 < i <mn
we have

M.,Ps = PsM,,.
Following Agler’s hereditary functional calculus (cf. [1])

(I = z@)(Me, M) = Y (1) o2y -0 (M, M)
1= 0<i1<...<yy<n
11,4271
S SR VYA VAP VR TS
i1 Y 1 “

ogiii;ﬁlgn
= Pp) @ Fc® -+~ ® I,
where M, = (M,,,..., M, ). Consequently,
(Pr2my @ Pc ® -+ ® Pc)Ps = Ps(Pr2my @ Pc ® - - ® Fe),
which yields that Ps(Pg2m) ® Pc ® -+ ® Pc) is an orthogonal projection and
Ps(Pr2mp) @ Pc® -+ ® Pe) = (P2 ® Pc ® - ® Pc)Ps = Pg,,
where S := (H?(D)® C®---®@C)NS. Let
Si=850C®- ®C,
for some closed subspace S; of H?(D). We claim that
S =span{M?2 - M!S, :ly,...,1, e N} =S @ H*(D" ).

Now for any

we have
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where a3 € C for all kK € N*. But Pg(akzl ) = Ps(Pr2my ® Pc ® -+ - ® P@)(akzl ) € S, and

hence f € S; @ H2(D™ ). That is, S € S; ® H*(D" ). On the other hand, since S; C S

and that S is a (M,,, ..., M, )-reducing subspace, we see that S = §; ® H?(D"!).

The converse part is immediate. This concludes the proof of the proposition. [
The following result will be used in the final section.

LEMMA 2.5. Let {P;}I, be a collection of commuting orthogonal projections on a Hilbert

space H. Then
L= Z ranp;,
=1

1s closed and the orthogonal projection of H onto L is given by
Pr=P(UI-P)---I-P)+PI—-PFP3)---I-P)+ --+FP,1(I—-P,)+ P,
=P,(I—-P, 1) (I—-P)+ P 1(I—-P, o) (I—-P)+ -+ P(I—P)+ P.

Moreover,

Proof. We let

so that .
O;= 1 (I-P)—T(I-P),
j=it1 j=i
foralli=1,...,n—1and O, = P,. By the assumptions, {O;}!, is a family of orthogonal
projections Wlth orthogonal ranges. We claim that

L =ran0O; & - - - d ranO,,.

From the definition we see that £ O ranO; & - - - @ ran0,,. To prove the reverse inclusion, first

we observe that
ZO =1—11(I-P).

Nowletf:f1+---+fn€£vvherefzEraanorallizl,...,n. Then

Zo — MU =P)f=f=T(I-P)f

n

=f- ZﬁIP on

=

and hence the equality follows. This implies that £ is a closed subspace and

PL_ZO =1 11(I - F).
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This completes the proof of the lemma. [ ]

3. QUOTIENT MODULES

In this section we prove the central result of this paper that a doubly commuting quotient
module of H?(D") is precisely the Hilbert tensor product of n quotient modules of the Hardy
module H?(D).

We begin by generalizing the fact that a closed subspace M of H?(D") is M,,-reducing if
and only if

M=HD)RE,
for some closed subspace £ C H(D"™1).

PROPOSITION 3.1. Let Q; be a quotient module of H*(D) and M be a closed subspace of
Q=00 H’D)®---® H*(D) C H*D").

), =

~
(n—1) times

Then M is a PgM,,|g-reducing subspace of Q if and only if
M=9,®¢,

for some closed subspace € of H*(D"™1).
Proof. Let M be a PgM,, |o-reducing subspace of Q. Then
(3.1) (PoM.,|@) Pm = Pm(PoM.,|o),
or equivalently,

(Po, M|, @ T2y @ -+ ® Ig2()) Pm = Pm(Po, Mo, ® Ig2p) ® - -+ @ I2(p))-
Now

Ig — (PoM.,|o)(PoM.,|o)" = (Po, Pclo,) ® Inzm) ® -+ @ Ig2m).
Further (3.1) yields

Pu((Po, Felo,) @ In2p) ® - @I p2(m))
= ((Po,Pcla,) @ In2m) ® - -+ @ Tp2(my) Pum.

Consider
L:=Mnran ((Po,Pclo,) ® Inzm) ® -+ @ Ip2n))
=MN (L@ H*D)®---® H (D)),
where
Ly =ran (Pg, Pclg,) C Q.
Since

LCLi@HD)® - @ H (D),
and dim£; = 1 (otherwise, by Lemma 2.3 that £; = {0} is equivalent to Q; = {0}) we obtain
L=L®E,
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for some closed subspace & C H*(D"'). We claim that
-V !
M = v PoM; L.
Since M is PgM,, |o-reducing subspace and M D L, it follows that
M2 U PoM. L.

To prove the reverse inclusion, we let f € M and f = >, «» arz®, where a € C for all
k € N*. Then

f = PMPQf = PMPQ Z akzk.
keNn
Observe now that for all k € N,
PrpiPoz® = Py((Po, 1) (252 -+ 25m))
= Pp((Po, MF Po,1)(25* -+ - 2i"))
= (PuPoME! Po)(Po,1® 25% -+ 2})
= PQMfll(PM(PQ11 ® Z§2 T Zvlin))’

by (3.1), where the second equality follows from
<Zlf17 f) - <17 (M,fll)*f> - <PQ1M§11P9117 f>>
for all f € Q;. Now by applying Corollary 2.2, we obtain that Pg,1 € £; and hence
Pu(Po,1® 252 ... 2kny e .
Therefore, we infer
PMPQZk S li\70 PQlMil,C,

for all k € N* and hence f € V{2 PoM] L. Thus we get

M =V PoM. L.
Finally, £L = £, ® &€ yields

M = liv"o PoM! £ = (;v°0 Po,M!. L) ®E,
and therefore by Lemma 2.3,
M=Q,®E.

The converse part is trivial. This finishes the proof. ]
We are now ready to prove the main result of this section.

THEOREM 3.2. Let Q be a quotient module of H*(D"). Then Q is doubly commuting if and
only if there exists quotient modules Qy, ..., Q, of H*(D) such that

Q=0,® - ® Q.
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Proof. Let Q be a doubly commuting quotient module of H*(D"). Define
Q, =span{z2---2"Q:1l,,...,l, € N}

Then Q; is a joint (M.,,,..., M, )-reducing subspace of H*(D"). But Proposition 2.4 now
allows us to conclude that

Q=9 ®ff2(D) ® - @ H*(D),

-~

(n—1) times

for some closed subspace Q; of H*(D). Since Q; is M -invariant subspace, that Q; is a

M;-invariant subspace of H*(ID), that is, Q; is a quotient module of H?(D).

Note that Q C Q;. We claim that Q is a M} |5, -reducing subspace of Q;, that is,
Po(MZ]g,) = (M ]s,) Po.

In order to prove the claim we first observe that for all [ > 0 and 2 < i < n,

crcl =clcr

z1?
and hence
C.CL O =05 00,
for all ly,...,l, > 0, that is,
M Po Mt -+ MU P = Pl - MY M, P

1 1
or,
M, PoM - My Po = PoM:, M2 - My Po.
From this it follows that for all f € Q and I5,...,[,, > 0,
(PoM?|g,)(25 - - 20 f) = PoMZ (25 - 27 f) = (PoMZ, M2 - -- M) f
= (PoM;, M2 --- M Po)f = M}, PoM2 --- M_" Po f
= M PoM? - Ml f = (M}, Po)(z5 - - 2} f).

1

Also by Pg@l C Ql we have
PoPs = Py PoPgs, .
This yields
(PoM? |5,)(25 - - 2 f) = (M, Po) (23 -+ 2,7 f)
= M}, PoPs, (2 -~ 2 f)
= M;, Py, PoPo, (5 -+ f)
= (M, |5, Po) (25 -+ 2 ),
for all f € Q and [y,...,l, > 0, and therefore

Po(M: |5,) = (M}, |5,)Po-
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Hence Q is a M |5 -reducing subspace of Q) = Q1 ® H2(D) ® --- @ H* (D). Applying

1

Proposition 3.1, we obtain a closed subspace & of H?(D" 1) such that
Q=0,®¢&.
Moreover, since
VAQ=VA(Qes)=H D) 8,

and Vi°, 21 Q is a doubly commuting quotient module of H%(D"), we have that & C H?*(D"!)
a doubly commuting quotient module of H?(D"™1).
By the same argument as above, we conclude that

&= Qr® &,
for some doubly commuting quotient module of H?(D"~?). Continuing this process, we have
Q=0:1® - ®Qy,,

where Qy, ..., 9, are quotient modules of H?(DD).
The converse implication follows from the fact that the module multiplication operators on
Q=0,® --® Q, are given by

{IQ1®“'®PQ¢MZ
———

Q,®- - ®Ig, }y,
ith place

which is certainly doubly commuting. This completes the proof. ]
As a corollary of the above model, we have the following result.

COROLLARY 3.3. Let Q be a closed subspace of H*(D"). Then Q is doubly commuting quotient
module if and only if there exists {©;}, C H>®(D) such that each ©; is either inner or the
zero function for all 1 <1 <n and

Q=0Qe, ® - ®Qe,.

Proof. Let Q be a doubly commuting quotient module of H?(D"). By Theorem 3.2, we know
that
Q=091 ® - ®Qy,,
where Q,...,Q, are quotient modules of H*(D). For each i € {1,...,n}, if Q; ¢ H?*(D)
then
Q; = Q@i = H2(D)/®ZH2(D>7
for some inner function ©; € H*(D). Otherwise, Q; = H?*(D) and we define ©; = 0 on D so
that
Qi = H*(D) = Qe, = H*(D)/(0 - H*(D)).

The converse part again follows from Theorem 3.2, and the corollary is proved. ]
This result was obtained by Izuchi, Nakazi and Seto in [11] for the base case n = 2 (also
see [10]).

We conclude this section by recording the uniqueness of the tensor product representations
of the doubly commuting quotient modules in Theorem 3.2. The same conclusion holds for a
more general framework. Here, we provide a proof using the Hardy space method.
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Let @ be a doubly commuting quotient module of H?(D") and
Q=010 09, =Ri1®...0R,,
for quotient modules {Q;}", and {R;}?, of H*(D). We claim that Q; = R, for all i. In fact,

O,:= V A AmQ=Q e D)@ H(D)= R0 H'(D)®- - H(D),

12 77777 n

mkerM:Z|Q1 = Q1®C®"'®C:R1®C®...®C
i=2
Consequently, Q; = R and similarly, for all other i =2,... n.

4. SUBMODULES

In this section we relate the Hilbert tensor product structure of the doubly commuting quo-
tient modules to the Beurling like representations of the corresponding co-doubly commuting
submodules.

To proceed further we introduce one more piece of notation. .

Let ©; € H*(DD) be a given function indexed by i € {1,...,n}. In what follows by ©; € H>(D")
we denote the extension function defined by

0,(z) = 64(),
for all z € D".

The following provides an explicit correspondence between the doubly commuting quotient
modules and the co-doubly commuting submodules of H?*(D").

THEOREM 4.1. Let Q be a quotient module of H*(D") and Q # H?*(D"). Then Q is doubly
commuting if and only if there exists inner functions ©;, € H*(D) for 1 <i; < ... <1y, <n
for some integer m € {1,...,n} such that

Q= H*(D")/[0;, H*(D") + - - - + ©,, H*(D")],
where ézy(z) = 0;,(2;,) for all z € D".

Proof. Let Q be a doubly commuting quotient module of H?(D"). Then by Theorem 3.2 we
have

Q=91 ® - ®Q,,
where for each 1 <14 < n, Q; is a submodule of H?(D). Choose 1 < m < n such that

Qi # H*(D),
for1 <i; <...<4, <n. Then
Q=H'D)® - ®2,® - ®Q, ® @ HD),
where Q; & H*(D) for all 1 <4y < ... < iy < n. Let
Qi, = Qo,, = (ran]\/[@ij)l = ran(Ipzp) — Mo, Mgij),
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for some inner function ©;; € H>(D) for all j =1,...,m. Let (:)ij be the extension of ©;; to
H>(D"), that is, as a multiplier,

Me,, = I @+~ ® I ® Mo, ® Iz ® - @ Ii)-
Hence,
Lipom) = Mo, Mg = 12wy ® - ® Iz ® (L) = Mo, M, ) ® Iz © -+ © 2oy,

so that
I1 (IH2(Dn) — Méij Mg)

1<i1 <. <im<n
=I2m) ® - @ (In2) — Me, Mg, ) ® -+ ® (Ip2m) — Me,,, Mg, ) @ In2m) @ -+ @ I,
Taking into account that Q is the range of the right hand side operator, that is,
Q=H'D)R - ®Q;,® - ®Q;, @ o H (D)
= Tomny — Mg M
ran[1§i1<.1._.[<im§n< HAE) Oi Gij)]’

we deduce readily that
PQL = _[HQ(]D)n) — 11 (_[HQ(]D)n) — Méij Mgl)

1<i1<...<im<n

Consequently, by Lemma 2.5 we have

Qt =0, H*(D") 4 ---+ 6, H*D"),

im

or

Q = H2(D")/[0;, H*(D") + - -- + O, H*D")].

Conversely, let
Q = H*D") /[0, H*(D") + - + 6, H*(D")].
Then
Po= T (Lo — Mo, M, ).

1<i1<..<im<n
Also for all s # t,
PQMZSM;PQ — H (IHQ(]D)”) — MéZ]Mél )M,:tMZs H (IHQ(ID)") - Mélj Mg)l)

1<i1<...<im<n J 1<ii<..<im<n

= PoM?* I ny — Mg ME
e Zt[1§i1<.1._.[<im§n< (D) i 91']-)]
ij#t
Tr2mny — Mg MZ:2 VM, P,
1§i1<.1._.I<im§n( H2(Dr) i 61'1')] =0 Q
1578

1<i1 <...<im<n J
= PoM;, Po M., Po.
Consequently, for all s # ¢
C.,C;, = PoM. M g = PoM;, PoMM. |o = C ,C.,,

and hence Q is doubly commuting. This concludes the proof. [ ]
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This result is a generalization of Theorem 3.1 of [11] by Izuchi, Nakazi and Seto on the
base case n = 2.

To complete this section, we present the following result concerning the orthogonal projec-
tion formulae of the co-doubly commuting submodules and the doubly commuting quotient
modules of H?*(D").

COROLLARY 4.2. Let Q be a doubly commuting submodule of H*(D"). Then there exists an
integer m € {1,...,n} and inner functions ©;;, € H*(D) such that

1<i1 <o <im<n

where ©;(z) = ©y,(z;;) for all z € D". Moreover,

=3

PQ:IHQ(]DJ”)_ L
]:

(rzn) — Mo, Mg, ),

and
PQL = 'H1(1H2(D") —_— lwézlugl)
Jj= J 7

The above result is the co-doubly commuting submodules analogue of Beurling’s theorem
on submodules of H?(D).

We finally point out that the earlier classifications of the doubly commuting quotient mod-
ules by Izuchi, Nakazi and Seto [11] has many deep applications in the study of the submodules
and the quotient modules of the Hardy module over the bidisc (cf. [8, 9]). Some of these
extensions in n-variables (n > 2) will be addressed in future work. However, the issue of
essential doubly commutativity of the co-doubly commuting submodules of H?(D") will be
discussed in the forthcoming paper [15].

Acknowledgement: We are grateful to the referee for a very careful reading of the manuscript.
In particular, we would like to thank the referee for improving our proof of Proposition 3.1.
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