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Abstract. We present complete characterizations of Toeplitz operators that are complex
symmetric. This follows as a by-product of characterizations of conjugations on Hilbert
spaces. Notably, we prove that every conjugation admits a canonical factorization. As a
consequence, we prove that a Toeplitz operator is complex symmetric if and only if the
Toeplitz operator is S-Toeplitz for some unilateral shift S and the transpose of the Toeplitz
operator matrix is equal to the matrix of the Toeplitz operator corresponding to the basis
of the unilateral shift S. Also, we characterize complex symmetric Toeplitz operators on the
Hardy space over the open unit polydisc. Our results answer the well known open question
about characterizations of complex symmetric Toeplitz operators.
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1. Introduction

All Hilbert spaces in this paper are complex and separable, with scalar product ⟨·, ·⟩ linear
in the first entry. Let H be a Hilbert space. A map C : H → H is said to be a conjugation if

(1) C is anti-linear, that is, C(αf + g) = ᾱCf + Cg for all α ∈ C and f, g ∈ H,
(2) C is involutive, that is, C2 = IH, and
(3) C is isometric, that is, ∥Cf∥ = ∥f∥ for all f ∈ H.

We will denote by C(H) the space of all conjugations on H. Besides general interest, added
motivation for conjugations on Hilbert spaces comes from mathematical physics (cf. [1, 22, 23]
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and the survey [11]). Moreover, conjugations patched up with bounded linear operators give
the central object of this paper:

Definition 1.1. Let H be a Hilbert space, C ∈ C(H), and let T ∈ B(H). We say that T is
C-symmetric if

CT ∗C = T.

We say that T is a complex symmetric if T is C-symmetric for some C ∈ C(H).

Throughout this paper, B(H) denotes the algebra of all bounded linear operators on H. It
is well known that T ∈ B(H) is symmetric if and only if there exists an orthonormal basis
{fn}n∈Λ of H such that

⟨Tfi, fj⟩ = ⟨Tfj, fi⟩,
for all i, j ∈ Λ. Equivalently, this means that

(1.1) [T ]{fn}n∈Λ
= [T ]t{fn}n∈Λ

,

where
[T ]{fn}n∈Λ

= (⟨Tfj, fi⟩)i,j∈Λ,
the formal matrix representation of T with respect to the basis {fn}n∈Λ, and [T ]t{fn}n∈Λ

denotes

the transpose of the matrix [T ]{fn}n∈Λ
. Note that Λ is either a finite set or a countably infinite

set (depending, of course, on the dimension of H).
The notion of complex symmetric operators is classic in linear analysis and mathematical

physics. Nevertheless, a systematic study in this direction began only in 2006 with the
work of Garcia and Putinar [7, 8]. Since then, researchers have rigorously studied questions
about complex symmetric operators, and more specifically, models and concrete examples of
complex symmetric operators (cf. [6, 9, 10, 14, 15] and the references therein). For instance,
normal operators, binormal operators, Volterra operators, and Hankel operators are complex
symmetric. And, notably, every N ×N Toeplitz matrix, N ≥ 2, is symmetric corresponding
to the Toeplitz conjugation CToep on CN (see also Corollary 9.2), where

(1.2) CToep(z1, z2, . . . , zN) = (zN , zN−1, . . . , z1).

In fact, the starting example of complex symmetric operators in the seminal paper [7, page
1286] is Toeplitz matrices with complex entries, an amplification of the classic work by Schur
and Takagi [30].

Besides, Toeplitz operators are one of the most important and most studied classical oper-
ators in mathematics including mathematical physics. The origin of Toeplitz operators (more
specifically, Toeplitz matrices) can be traced back to the work of Otto Toeplitz at the be-
ginning of the 20th century. However, the theory of Toeplitz operators has been profoundly
influenced by the work of Brown and Halmos [2], followed by a series of papers by L. Coburn,
R. Douglas, I. Gohberg, D. Sarason, H. Widom, and many other mathematicians (see the
monograph [4]).

The purpose of this paper is to connect these two classes of operators. More specifically,
here we aim to solve the natural question (also known to be an open question) of the char-
acterizations of symmetricity of Toeplitz operators. Toeplitz operators are defined on the
Hardy space H2(D) [24]. Recall that H2(D) is the Hilbert space of all analytic functions
f =

∑∞
n=0 anz

n on D = {z ∈ C : |z| < 1} such that

∥f∥ :=
( ∞∑
n=0

|an|2
) 1

2
<∞.
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We denote by L2(T) the Hilbert space of square integrable functions with respect to the
normalized Lebesgue measure on the unit circle T. From the radial limits point of view (cf.
Fatou’s theorem [24]), one can identify H2(D) with a closed subspace (denoted by H2(D)
again) of L2(T) formed by all functions with vanishing negative Fourier coefficients. Also de-
note by L∞(T) the C∗-algebra of C-valued essentially bounded Lebesgue measurable functions
on T.

Definition 1.2. The Toeplitz operator Tφ with symbol φ ∈ L∞(T) is defined by Tφf =
PH2(D)(φf) for all f ∈ H2(D), or equivalently

Tφ = PH2(D)Lφ|H2(D),

where Lφ is the Laurent operator on L2(T), and PH2(D) denotes the orthogonal projection of
L2(T) onto H2(D).

We are now in a position to state the central question of this paper more precisely which
was also formally raised in [13, Problem 4.5] in the context of examples and the complexity
of Toeplitz operators in the theory of symmetric operators:

Question 1.3. Classify φ ∈ L∞(T) such that Tφ is a complex symmetric operator.

In this paper, we give a solution to the above question. Note that up until now, this
problem has been solved only by fixing a specific class of Toeplitz operators along with a
specific class of conjugations (cf. [3, 13, 18]). Here we consider the above question in its full
generality, that is, we deal with an arbitrary conjugation and an arbitrary Toeplitz operator
at a time. Indeed, a closer look at Question 1.3 reveals that the problem has two parts. First,
and perhaps the most intricate one, is the precise representations of conjugations. This part
is indeed relevant as a Toeplitz operator could be symmetric with respect to one conjugation
but need not be with respect to another (see the examples following Theorem 9.1). And even
more, there are Toeplitz operators that are not symmetric with respect to any conjugations.
The second question is the classification of symmetric Toeplitz operators in terms of a concrete
conjugation.

We employ a couple of different approaches: First, we connect symmetric Toeplitz operators
with the classical notion of S-Toeplitz operators [26]. Let S ∈ B(H2(D)) be a unilateral shift.
That is, there exists an orthonormal basis {fn}n∈Z+ of H2(D) such (see Definition 4.1) that

Sfn = fn+1 (n ∈ Z+).

When we wish to emphasize the orthonormal basis, we often call S the shift corresponding to
the basis {fn}n∈Z+ . The simplest example to give is the multiplication operatorMz on H

2(D),
where

Mzf = zf (f ∈ H2(D)).
An operator T ∈ B(H2(D)) is said to be S-Toeplitz if

S∗TS = T.

We quickly observe that symmetric Toeplitz operators are necessarily S-Toeplitz (see Propo-
sition 4.5): If C is a conjugation on H2(D), and

fn := Czn (n ∈ Z+),

then
S := CMzC,
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is a shift corresponding to the orthonormal basis {fn}n∈Z+ of H2(D). Moreover, if Tφ, φ ∈
L∞(T), is C-symmetric, then Tφ is S-Toeplitz.

However, the S-Toeplitz condition appears to be not sufficient to maintain the symmetricity
of Toeplitz operators. To remedy this situation, we introduce canonical factorizations of
conjugations which is a careful refinement of factorizations of unitary operators by Godič and
Lucenko [12], and Garcia and Putinar [8]. We prove that for a conjugation C on H2(D), there
is a unique unitary U ∈ B(H2(D)) such that

C = UJH2(D),

which we call the canonical factorization of C (see Proposition 2.6 and Definition 2.7). Here

JH2(D)

( ∞∑
n=0

anz
n
)
=

∞∑
n=0

ānz
n (

∞∑
n=0

anz
n ∈ H2(D)),

is the canonical conjugation on H2(D). Finally, in Theorem 5.1, we connect symmetricity of
Tφ, φ ∈ L∞(T), with formal Toeplitz matrices: Let C ∈ C(H2(D)). Then Tφ is C-symmetric
if and only if

[Tφ]{fn}n∈Z+
= [Tφ]

t
{zn}n∈Z+

,

where fn := Uzn = Czn, n ∈ Z+, and C = UJH2(D) is the canonical factorization of C. Since
[Tφ]

t
{zn}n∈Z+

is also a formal Toeplitz matrix, the above equality in particular implies that Tφ

is S-Toeplitz. In other words:

Theorem 1.4. Tφ is C-symmetric if and only if Tφ is S-Toeplitz and

[Tφ]{fn}n∈Z+
= [Tφ]

t
{zn}n∈Z+

.

Here [T ]{gn}n∈Z+
denotes the formal matrix representation of T ∈ B(H2(D)) with respect to

a given orthonormal basis {gn}n∈Z+ of H2(D). For instance, if φ =
∑∞

n=−∞ φnz
n ∈ L∞(T),

then we have

[Tφ]{zn}n∈Z+
=



φ0 φ−1 φ−2 φ−3 . . .

φ1 φ0 φ−1 φ−2
. . .

φ2 φ1 φ0 φ−1
. . .

φ3 φ2 φ1 φ0
. . .

...
...

...
...

. . .


,

the familiar Toeplitz matrix representation of the Toeplitz operator Tφ. We believe that the
perspective of S-Toeplitz operators in the theory of the symmetric operators is completely
new.

Our second approach to the characterization of symmetric Toeplitz operators follows the
line of existing routes and substantially improves and unifies all the known partial results. We
make use of coordinate-free representations of conjugations. More specifically, given a Hilbert
space H, we denote by BH the set of all ordered orthonormal bases of H. We also denote
by (Ba(H)) La(H) the space of (bounded) anti-linear operators on H. The following is our
second classification of conjugations (see Proposition 3.1), which also unifies all the existing
results about representations of conjugations: Let C ∈ La(H). Then C ∈ C(H) if and only if
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there exists {gn}n∈Λ ∈ BH (in fact, Cgn = gn for all n ∈ Z+) such that

C(
∑
n

anτn) =
∑
n

∑
m

ānc
(τ)
n,mτm,

for all τ = {τn}n∈Λ ∈ BH and
∑

n anτn ∈ H, an ∈ C, where

c(τ)n,m =
∑
k

⟨gk, τn⟩⟨gk, τm⟩ (m,n ∈ Λ).

It is evident that |c(τ)n,m| ≤ 1 and

c(τ)n,m = c(τ)m,n (m,n ∈ Λ).

With this classification in hand, we again turn to Toeplitz operators on H2(D). We first fix
the canonical basis of H2(D) as

ζ := {zn}n≥0 ∈ BH2(D).

The following summarizes our characterizations of symmetric Toeplitz operators:

Theorem 1.5. Let C be a conjugation on H2(D). Suppose C = UJH2(D) is the canonical
factorization of C. Define the unilateral shift S on H2(D) by S := CMzC. Let

un,m = ⟨Uzn, zm⟩,
and

fn := Uzn,

for all m,n ∈ Z+. If φ =
∑∞

n=−∞ φnz
n ∈ L∞(T), then the following are equivalent:

(1) Tφ is C-symmetric.
(2) Tφ is S-Toeplitz and

[Tφ]{fn}n∈Z+
= [Tφ]

t
{zn}n∈Z+

.

(3) U∗TφU is a Toeplitz operator and

[U∗TφU ]{zn}n∈Z+
= [Tφ]

t
{zn}n∈Z+

.

(4) For all m,n ∈ Z+, we have

φm−n =
∑
i,j

um,iφi−juj,n.

(5) For all j, k ∈ Z+, we have

∞∑
n=0

φn−kc
(ζ)
n,j =

∞∑
n=1

φnc
(ζ)
k,n+j +

j∑
l=0

φ−lc
(ζ)
k,j−1,

where
c(ζ)n,m =

∑
k

⟨gk, zn⟩⟨gk, zm⟩ (m,n ∈ Z+),

and Cgp = gp, p ∈ Z+, for some {gn}n∈Z+ ∈ BH2(D).
(6) For all j, k ∈ Z+, we have

∞∑
n=0

φn−kun,j =
∞∑
n=1

φnuk,n+j +

j∑
l=0

φ−luk,j−l.
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In addition to the above and following the wish list of [7, Section 10], we also present
results on symmetric operators in several variables. We first introduce S-Toeplitz operators
in several variables and then prove similar characterizations of symmetric Toeplitz operators
on the Hardy space over the open unit polydisc in Cn.
It is worth pointing out that there have been many attempts to provide (partial) answers to

Question 1.3 (for instance, see [3, 18, 20]). However, our approach and objective are somehow
different. As already pointed out, the key to our analysis is concrete representations and
canonical factorizations of conjugations. Our answer to Question 1.3 unifies all known partial
results in the literature.

Moreover, our approach yields a new characterizations of complex symmetric operators:
Given a basis {en}n∈Λ ∈ BH, we define the conjugation JH on H by (see Definition 2.1)

JH(
∑
n

anen) =
∑
n

ānen,

for all
∑

n anen ∈ H. In this setting, if C is a conjugation on H, then there is a unique unitary
U ∈ B(H) such that

(1.3) C = UJH.

Theorem 5.3 then states:

Theorem 1.6. Let H be a Hilbert space, {en}n∈Λ ∈ BH, and let C ∈ C(H). Then T ∈ B(H)
is C-symmetric if and only if

[T ]t{en}n∈Λ
= [U∗TU ]{en}n∈Λ

,

where C = UJH is as in (1.3).

The rest of the paper is organized as follows. In the following section, we will discuss a
method of factorizations of conjugations. Along the way, we will introduce the necessary
terminology and record some observations that will be useful in the sequel. Here we also
present a pair of characterizations of conjugations.

In Section 3, we present our third and final characterization of conjugations. Such charac-
terizations essentially generalize and unify all the existing results concerning representations
of conjugations.

Section 4 deals with the notion of S-Toeplitz operators. We prove that a symmetric Toeplitz
operator is necessarily S-Toeplitz. The converse, however, does not hold in general. Section
5 identifies the missing link and proves that the converse holds if the matrix representation
of the Toeplitz operator corresponding to the basis of the shift S equals the transpose of the
matrix representation of the given Toeplitz operator.

In Section 6, we present our final characterization of symmetric Toeplitz operators. Here we
follow the analysis of Section 3. The key is the representations of conjugations on the Hardy
space with respect to the canonical basis. Section 7 classifies symmetric Toeplitz operators on
the Hardy space over the unit polydisc. One of the keys is the notion of S-Toeplitz operators
in several variables.

In Section 8, we connect complex symmetric Toeplitz operators and a class of composition
operators. We construct a conjugation via a unitary weighted composition operator and dis-
cuss the symmetricity of Toeplitz operators corresponding to composition-based conjugations.

Section 9 consists of more assorted examples of symmetric Toeplitz operators. The appen-
dix, Section 10, at the end of the paper contains some results on intertwiners that are not
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directly related to Toeplitz operators, but fit well in the context of symmetric operators and
may be of independent interest.

2. Factorizations of conjugations

In this section, we describe natural methods of factorizations of conjugations on Hilbert
spaces. This will be a key tool in our first characterizations of symmetric Toeplitz opera-
tors. Some of the results of this section may be of independent interest and may have other
applications.

We begin with some notation. Given a Hilbert space H, we fix an element {en}n∈Λ ∈ BH,
and we call it the canonical basis of H. Depending on the dimension of H, the index set Λ
is either a finite set or a countably infinite set. Recall also that BH is the set of all ordered
orthonormal bases of H. The choice of the canonical basis {en}n∈Λ ∈ BH might depend on
the class of operators under consideration. For instance, in the context of Toeplitz operators
on H2(D), we set, by convention

ζ = {zn}n∈Z+ ∈ BH2(D),

the canonical basis of H2(D).

Definition 2.1. Let H be a Hilbert space. Suppose {en}n∈Z+ ∈ BH is the canonical basis of
H. The canonical conjugation of H is the conjugation JH defined by

JH(
∑
n

anen) =
∑
n

ānen,

for all
∑

n anen ∈ H.

In the case that H = H2(D), it can be easily proved that

(2.1) JH2(D)Mz =MzJH2(D),

where Mz denotes the multiplication operator by the coordinate function z on H2(D), that is

(Mzf)(w) = wf(w) (w ∈ D).

Also note that in view of the polarization identity, a map C ∈ Ba(H) is isometric if and only
if (cf. [11, Page 4])

⟨Cx,Cy⟩ = ⟨y, x⟩ (x, y ∈ H).

In particular, if C is a conjugation, then

⟨Cx, y⟩ = ⟨Cx,C2y⟩
= ⟨Cx,C(Cy)⟩
= ⟨Cy, x⟩,

and hence

(2.2) ⟨Cx, y⟩ = ⟨Cy, x⟩ (x, y ∈ H).

We also need one of the most elementary facts about conjugations [7, Lemma 1]:

Lemma 2.2. Let C ∈ La(H). Then C is a conjugation if and only if there exists {fn}n∈Λ ∈
BH such that Cfn = fn for all n ∈ Λ.
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Recall that La(H) (Ba(H)) denotes the space of all anti-linear (bounded anti-linear) oper-
ators on H.

In view of the above lemma, we introduce:

Definition 2.3. Let C ∈ C(H). We say that C is a conjugation corresponding to {fn}n∈Λ ∈
BH if Cfn = fn for all n ∈ Λ.

Up to (linear) unitary equivalence, canonical conjugation is the only conjugation on a
Hilbert space:

Lemma 2.4. Let C ∈ La(H). Then C is a conjugation if and only if there exists a unitary
U ∈ B(H) such that C = U∗JHU .

Proof. If C = U∗JHU , then it is easy to see that C satisfies all the conditions of conjugations.
For the reverse direction, by Lemma 2.2, there exists {fn} ∈ BH such that Cfn = fn for all
n. For each x ∈ H, we know that x =

∑
n⟨x, fn⟩fn. Then

Ux =
∑
n

⟨x, fn⟩en (x ∈ H),

defines a unitary U ∈ B(H). It is now easy to check that JHU = UC. �
The same is true up to anti-linear unitary equivalence. In other words, if we define U on

H by

Ux =
∑
n

⟨fn, x⟩en (x ∈ H),

then U is an anti-unitary operator, and hence UC = JHU , that is, C is anti-unitarily equiv-
alent to JH. This and Lemma 2.4 clearly imply that all conjugations on a Hilbert space are
unitarily equivalent:

Corollary 2.5. Conjugations are unitarily as well as anti-unitarily equivalent.

We now justify the canonicity of canonical conjugations, which also yields the first charac-
terization of conjugations in this paper.

Proposition 2.6. Let H be a Hilbert space, and let C ∈ La(H). Then C is a conjugation if
and only if there is a unique unitary U on H such that

C = UJH = JHU
∗.

Proof. Let C ∈ La(H). If C = UJH = JHU
∗ for some unitary U ∈ B(H), then clearly C is

a conjugation. On the other hand, if C is a conjugation, then the required equality follows
from the fact that U := CJH is a unitary on H.
If Ũ ∈ B(H) is a unitary such that C = ŨJH, then ŨJH = UJH, and hence Ũ = U . This
proves the uniqueness part and completes the proof of the proposition. �

This observation is essentially a refinement of the classical factorizations of unitaries by
Godič and Lucenko [12] (also see Garcia and Putinar [8, Lemma 1]).

The above result motivates us to introduce canonical factorizations of conjugations.

Definition 2.7. Let H be a Hilbert space, and let C ∈ C(H). Then

C = UJH,

is called the canonical factorization of C, where U ∈ B(H) is a unitary.
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The unitary part of the canonical factorization of the conjugation C enjoys a rather special
property, namely

⟨Uen, em⟩ = ⟨Uem, en⟩ (m,n ∈ Λ),

that is, U is symmetric with respect to the canonical basis.

Proposition 2.8. Let U ∈ B(H) be a unitary. Then C = UJH defines a conjugation on H
if and only if U is JH-symmetric.

Proof. Suppose C = UJH is a conjugation. For each m,n ∈ Λ, we have

⟨Uen, em⟩ = ⟨UJHen, em⟩ = ⟨Cen, em⟩ = ⟨Cem, en⟩,
where the latter equality follows from (2.2). By reversing the argument, it follows that
⟨Uen, em⟩ = ⟨Uem, en⟩. For the converse, suppose ⟨Uen, em⟩ = ⟨Uem, en⟩ for all m,n ∈ Λ. We
need to prove that C := UJH is a conjugation on H. Clearly, C is anti-linear and isometry.
Moreover, for each m,n ∈ Λ, we have

⟨UJHen, em⟩ = ⟨Uen, em⟩
= ⟨Uem, en⟩
= ⟨em, U∗en⟩
= ⟨JHem, U∗en⟩
= ⟨JHU∗en, em⟩,

as JH is a conjugation. Therefore, C = UJH = JHU
∗, and hence

C2 = (UJH)(JHU
∗) = UU∗ = I.

Consequently, C is a conjugation. �
The above yields our second characterization of conjugations.

3. Representations of conjugations

This section presents our third and final characterization of conjugations, which also yields
useful representations of conjugations. We will also illustrate how one can recover the com-
monly used conjugations from our representations of conjugations (cf. Examples 3.3 and
3.4).

Given a Hilbert space H and a fixed basis {en}n∈Λ ∈ BH, we define

c(τ)n,m =
∑
k

⟨ek, τn⟩⟨ek, τm⟩ (m,n ∈ Λ),

for all τ = {τn}n∈Λ ∈ BH. Usually, the basis {en}n∈Λ ∈ BH will be clear from the context and
we do not include it in the above notation. We are now ready for our third characterization
of conjugations.

Proposition 3.1. Let C ∈ La(H). Then C is a conjugation if and only if there exists
{fn}n∈Λ ∈ BH such that

C(
∑
n

anτn) =
∑
n

∑
m

ānc
(τ)
n,mτm,

for all τ = {τn}n∈Λ ∈ BH and {an}n∈Λ ∈ ℓ2, where

c(τ)n,m =
∑
k

⟨fk, τn⟩⟨fk, τm⟩ (m,n ∈ Λ).
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Proof. Let C be a conjugation on H. By Lemma 2.2, there exists {fn}n∈Λ ∈ BH such that
Cfn = fn for all n ∈ Λ. Fix a basis {τn}n∈Λ ∈ BH. For each m,n ∈ Λ, we have

τm =
∑
j

⟨τm, fj⟩fj,

and

Cτn =
∑
k

⟨Cτn, fk⟩fk

=
∑
k

⟨Cfk, τn⟩fk

=
∑
k

⟨fk, τn⟩fk.

In the above, we have used the fact that ⟨Cf, g⟩ = ⟨Cg, f⟩ for all f, g ∈ H (see (2.2)).
Therefore

⟨Cτn, τm⟩ = ⟨
∑
k

⟨fk, τn⟩fk,
∑
j

⟨τm, fj⟩fj⟩

=
∑
k

⟨fk, τn⟩⟨τm, fk⟩

=
∑
k

⟨fk, τn⟩⟨fk, τm⟩

= c(τ)n,m,

and finally

C(
∑
n

anτn) =
∑
n

ānCτn

=
∑
n

∑
m

ān⟨Cτn, τm⟩τm

=
∑
n

∑
m

ānc
(τ)
n,mτm.

To show the converse, we choose, in particular, that τn = fn for all n ∈ Λ. Then

c(τ)n,m =

{
1 if m = n

0 otherwise,

which yields

C(
∑
n

anτn) = C(
∑
n

anfn) =
∑
n

∑
m

ānc
(τ)
n,mfm =

∑
n

ānfn,

that is, C(
∑

n anτn) =
∑

n ānτn for all
∑

n anτn ∈ H. This proves that C is a conjugation and
completes the proof of the proposition. �

The above proposition should be compared with [5, Proposition 6], which gives representa-
tions of conjugations on H2(D) with non-explicit coefficients. In the present case, the result

is complete in the sense that it holds for general conjugations, and the coefficients {c(τ)n,m}
are explicit and completely determined by the basis {fn}n∈Λ ∈ BH corresponding to C and
arbitrary basis τ ∈ BH.
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We also observe, in view of Proposition 3.1, that if H is infinite-dimensional Hilbert space
and C ∈ C(H), then necessarily

{c(τ)n,m}m∈Λ ∈ ℓ2,

for all n ∈ Λ and τ ∈ BH. The necessary part of the above proposition yields representations
of conjugations which we record for future references:

Corollary 3.2. Let τ = {τn}n∈Λ ∈ BH, and let C be a conjugation on H corresponding to
{fn}n∈Λ ∈ BH. Then

C(
∑
n

anτn) =
∑
n

∑
m

ānc
(τ)
n,mτm,

where

c(τ)m,n =
∑
k

⟨fk, τn⟩⟨fk, τm⟩,

for all m,n ∈ Λ.

The following example illustrates importing representations of conjugations with respect to
a suitable basis ({zn}n∈Z+ ∈ BH2(D) in this case).

Example 3.3. Fix θ, ξ ∈ R, and consider the basis {fn}n∈Z+ ∈ BH2(D), where

fn = e
iξ
2 e

−inθ
2 zn (n ∈ Z+).

Let Cθ,ξ denote the conjugation corresponding to {fn}n∈Z+ ∈ BH2(D), that is, Cθ,ξfm = fm for
all m ∈ Z+. Now we consider the canonical basis ζ = {zn}n∈Z+ ∈ BH2(D). We compute

c(ζ)n,m =
∞∑
k=0

⟨fk, zn⟩⟨fk, zm⟩

=

{
0 if m ̸= n

eiξe−inθ if m = n.

Consequently, for each f =
∑∞

n=0 anz
n ∈ H2(D), we have

Cθ,ξ(
∞∑
n=0

anz
n) =

∞∑
n=0

∞∑
m=0

ānc
(ζ)
n,mz

m

=
∞∑
n=0

ānc
(ζ)
n,nz

n

= eiξ
∞∑
n=0

āne
−inθzn,

and hence

(Cθ,ξf)(z) = eiξf(eiθz̄) (f ∈ H2(D)).
In particular, if θ = ξ = 0, then we get back the canonical conjugation JH2(D) of H

2(D).

The conjugation Cθ,ξ on H2(D) was introduced in [18]. The above example asserts that
the representation of Cθ,ξ can be fully recovered from our general approach. The following
example is another instance [20, Proposition 2.6]:
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Example 3.4. Let {αn}n∈Z+ ⊆ T, and suppose

fn = αnz
n (n ∈ Z+).

Clearly, {fn}n∈Z+ ∈ BH2(D). Let Cα denote the conjugation corresponding to {fn}n∈Z+ ∈
BH2(D), that is, Cαfn = fn for all n ∈ Z+. As in the above example, with the canonical basis
ζ = {zn}n∈Z+ ∈ BH2(D), we have

c(ζ)n,m =

{
0 if m ̸= n

αn
2 if m = n.

A similar computation leads to the representation of Cα as

Cα(
∞∑
n=0

anz
n) =

∞∑
n=0

ānαn
2zn,

for all
∑∞

n=0 anz
n ∈ H2(D).

Clearly, Example 3.3 follows from the above example with αn = e
iξ
2 e

−inθ
2 for all n ∈ Z+.

We shall return to this theme in Section 5, where we will present one of the characterizations
of symmetric Toeplitz operators.

4. S-Toeplitz operators

This short section aims to introduce the notion of S-Toeplitz operators and signal its role
to symmetric Toeplitz operators. From now onwards, all Hilbert spaces are assumed to be of
infinite-dimensional, unless specified otherwise or clear from the context.

We begin with the definition of shift operators, and refer the reader to the monograph [26]
for a more detailed treatment of shift operators. An operator S ∈ B(H) is called shift if S
is an isometry (that is, S∗S = IH) and S is pure (that is, ∥S∗mh∥ → 0 for all h ∈ H). The
multiplicity of a shift S is the number

mult(S) := dim(kerS∗) ∈ N ∪ {∞}.
In view of the generating wandering subspace property, an operator S on H is a shift of
multiplicity one if and only if there exists {fn}n∈Z+ ∈ BH such that

Sfn = fn+1 (n ∈ Z+).

Shifts of multiplicity one are commonly known as unilateral shift:

Definition 4.1. We say that S ∈ B(H) is a unilateral shift corresponding to {fn}n∈Z+ ∈ BH
if Sfn = fn+1 for all n ∈ Z+.

Clearly, Mz on H
2(D) is a unilateral shift corresponding to the canonical basis {zn}n∈Z+ ∈

BH2(D). Recall that an operator T ∈ B(H2(D)) is a Toeplitz operator if and only if (see the
monographs [4, 26])

M∗
zTMz = T.

With this motivation in mind, we now introduce S-Toeplitz operators which also include all
the classical Toeplitz operators (see [26, Chapter 3]).

Definition 4.2. Let S be a shift on H. An operator T ∈ B(H) is called S-Toeplitz if

S∗TS = T.



COMPLEX SYMMETRIC TOEPLITZ OPERATORS 13

Recall that for a Hilbert space H with the canonical basis {en}n∈Z+ ∈ BH, the canonical
conjugation JH ∈ C(H) is defined by (see Definition 2.1)

JH(
∞∑
n=0

anen) =
∞∑
n=0

ānen,

for all
∑∞

n=0 anen ∈ H. We define the canonical shift SH ∈ B(H) by

SHen = en+1 (n ∈ Z+).

Then, as in (2.1), it follows that
JHSH = SHJH.

Given a conjugation on a Hilbert space, there is a natural way to construct a unilateral
shift on the same Hilbert space:

Lemma 4.3. Let C ∈ C(H). Suppose C = UJH is the canonical factorization of C, and
fn := Uen for all n ∈ Z+. Then

S := CSHC,

is a unilateral shift corresponding to {fn} ∈ BH.

Proof. Since {en}n∈Z+ ∈ BH is the canonical basis of H, and C = UJH, it follows that

Cen = UJHen = Uen,

that is

(4.1) Cen = Uen (n ∈ Z+).

By the definition, we then have fn = Uen = Cen, and consequently

Sfn = CSHC(Cen)

= CSHen

= Cen+1

= Uen+1

= fn+1,

for all n ∈ Z+. Now the conclusion follows from the fact that S is a linear isometry. �
Specializing the above lemma to the case that H is the Hardy space we conclude:

Corollary 4.4. If C is a conjugation on H2(D), then CMzC is a unilateral shift on H2(D).

Our entry point to address Question 1.3 is that symmetric Toeplitz operators are S-Toeplitz.

Proposition 4.5. Let φ ∈ L∞(T), C a conjugation on H2(D), and suppose S = CMzC. If
Tφ is C-symmetric, then Tφ is S-Toeplitz.

Proof. By Corollary 4.4, we know that S = CMzC is a unilateral shift. Moreover, CTφC = T ∗
φ,

by definition, and M∗
zTφMz = Tφ, as Tφ is a Toeplitz operator. Then

Tφ = CT ∗
φC

= CM∗
zT

∗
φMzC

= CM∗
zCTφCMzC

= S∗TφS,

as S∗ = CM∗
zC. This completes the proof of the proposition. �
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The converse is not true in general. Before we present a counterexample, we recall a few
facts concerning the Hardy space. Denote by H∞(D) the Banach algebra of all bounded
analytic functions on D. Given θ ∈ H∞(D), denote by Mθ the multiplication operator on
H2(D). That is

Mθf = θf (f ∈ H2(D)).
It then follows that for X ∈ B(H2(D)), that X =Mθ for some θ ∈ H∞(D) if and only if

XMz =MzX.

Equivalently

{Mz}′ = {Mθ : θ ∈ H∞(D)}.
Also note that Tθ = Mθ for all θ ∈ H∞(D). Now we turn to the counterexample. Let
φ ∈ H∞(D) be a nonconstant function, and let

S = JH2(D)MzJH2(D).

Since JH2(D)Mz = MzJH2(D) (see (2.1)), it follows that S = Mz, and hence S∗TφS = Tφ.
However, Tφ is not C-symmetric for any conjugation C on H2(D) (see [18, Corollary 2.2] and
[25, Proposition 2.2]).

The following section will furnish the missing link that would unlock the complete classifi-
cation of C-symmetric Toeplitz operators.

5. Symmetric and S-Toeplitz operators

In this section, in continuation of Proposition 4.5, we present our first characterization of
symmetric Toeplitz operators. Our answer connects symmetric Toeplitz operators with the
classical S-Toeplitz operators. Let

φ =
∞∑

n=−∞

φnz
n ∈ L∞(T).

Denote by [Tφ]{zn}n∈Z+
the formal matrix representation of the Toeplitz operator Tφ with

respect to the canonical basis {zn}n∈Z+ ∈ BH2(D). Therefore, we have the familiar Toeplitz
matrix representation

[Tφ]{zn}n∈Z+
=



φ0 φ−1 φ−2 φ−3 . . .

φ1 φ0 φ−1 φ−2
. . .

φ2 φ1 φ0 φ−1
. . .

φ3 φ2 φ1 φ0
. . .

...
...

...
...

. . .


.

For each p, q ∈ Z+, observe that

⟨Tφzp, zq⟩ = ⟨PH2(D)Lφz
p, zq⟩

= ⟨φzp, zq⟩

= ⟨
∞∑

n=−∞

φnz
n+p, zq⟩

= φq−p,
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that is

(5.1) ⟨Tφzp, zq⟩ = φq−p (p, q ∈ Z+).

Now, suppose {fn}n∈Z+ ∈ BH2(D). Denote by S ∈ B(H2(D)) the unilateral shift corresponding
to {fn}n∈Z+ ∈ BH2(D), that is (see Definition 4.1)

Sfn = fn+1 (n ∈ Z+).

Again, denote by [Tφ]{fn}n∈Z+
the formal matrix representation of Tφ with respect to the basis

{fn}n∈Z+ ∈ BH2(D). Observe that if Tφ is S-Toeplitz, then there exists a sequence {αn}n∈Z+

such that

Tφfk =
∞∑

n=−k

αnfn+k (k ∈ Z+),

which yields

[Tφ]
t
{fn}n∈Z+

=



α0 α1 α2 α3 . . .

α−1 α0 α1 α2
. . .

α−2 α−1 α0 α1
. . .

α−3 α−2 α−1 α0
. . .

...
...

...
...

. . .


.

Now we turn to C-symmetric Toeplitz operators. Let C ∈ C(H2(D)). In view of Proposition
2.6 (also see Definition 2.7), C admits the canonical factorization, that is, there is a unique
unitary U ∈ B(H2(D)) such that

C = UJH2(D) = JH2(D)U
∗.

Moreover, by Lemma 4.3, we know that

S := CMzC,

is a shift corresponding to {fn}n∈Z+ ∈ BH2(D), where fn := Uzn, n ∈ Z+. We now connect
the formal Toeplitz matrix [Tφ]{fn}n∈Z+

with symmetricity of Tφ.

Theorem 5.1. Let φ ∈ L∞(T), and let C ∈ C(H2(D)). Suppose C = UJH2(D) is the canonical
factorization of C, and let fn := Uzn, n ∈ Z+. Then Tφ is C-symmetric if and only if

[Tφ]{fn}n∈Z+
= [Tφ]

t
{zn}n∈Z+

.

Proof. By the definition of symmetric operators, Tφ is C-symmetric if and only if CTφz
k =

T ∗
φCz

k for all k ∈ Z+. In view of the canonical factorization

C = UJH2(D),
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for each k ∈ Z+, we compute

CTφz
k = CPH2(D)(

∞∑
n=−∞

φnz
n+k)

= UJH2(D)(
∞∑

n=−k

φ̄nz
n+k)

= U(
∞∑

n=−k

φ̄nz
n+k)

=
∞∑

n=−k

φ̄nfn+k,

as Uzn = fn for all n ∈ Z+. On the other hand, since

UJH2(D)z
k = Uzk = fk,

we have
T ∗
φCz

k = T ∗
φfk.

This implies that Tφ is C-symmetric with C = UJH2(D) if and only if

T ∗
φfk =

∞∑
n=−k

φ̄nfn+k (k ∈ Z+).

Equivalently, we have

[Tφ]{fn}n∈Z+
=



φ0 φ1 φ2 φ3 . . .

φ−1 φ0 φ1 φ2
. . .

φ−2 φ−1 φ0 φ1
. . .

φ−3 φ−2 φ−1 φ0
. . .

...
...

...
...

. . .


.

Therefore, Tφ is C-symmetric with C = UJH2(D) if and only if

[Tφ]{fn}n∈Z+
= [Tφ]

t
{zn}n∈Z+

,

which completes the proof of the theorem. �
Recall Lemma 4.3: If C is a conjugation on H2(D) with the canonical factorization C =

UCH2(D) for some unitary U ∈ B(H2(D)), then
S := CMzC,

is the shift corresponding to {fn}n∈Z+ ∈ BH2(D), where fn := Uzn, n ∈ Z+. Suppose φ ∈
L∞(T). Evidently, if

[Tφ]{fn}n∈Z+
= [Tφ]

t
{zn}n∈Z+

,

then, in particular, Tφ is S-Toeplitz. This was already observed in Proposition 4.5. Here the
above equality of formal Toeplitz matrices is the missing link in the classification of symmetric
Toeplitz operators (see the paragraph following Proposition 4.5).

We now consider a variation of the above argument.
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Theorem 5.2. Let φ ∈ L∞(T), and let C ∈ C(H2(D)). Then Tφ is C-symmetric if and only
if

[Tφ]
t
{zn}n∈Z+

= [U∗TφU ]{zn}n∈Z+
,

where C = UJH2(D) is the canonical factorization of C.

Proof. Let C be a conjugation on H2(D), and let Tφ, φ ∈ L∞(T), be a Toeplitz operator. By
the canonical factorization of C, there is a unique unitary U ∈ B(H2(D)) such that

C = UJH2(D) = JH2(D)U
∗.

Therefore
CTφC = U(JH2(D)TφJH2(D))U

∗,

and hence, Tφ is C-symmetric if and only if

(5.2) U∗TφU = JH2(D)T
∗
φJH2(D).

For each m,n ∈ Z+, (5.1) and the above equality imply

φm−n = ⟨Tφzn, zm⟩
= ⟨zn, T ∗

φz
m⟩

= ⟨JH2(D)T
∗
φz

m, zn⟩
= ⟨JH2(D)T

∗
φJH2(D)z

m, zn⟩
= ⟨(U∗TφU)z

m, zn⟩.
Consequently, Tφ is C-symmetric if and only if [Tφ]

t
{zn}n∈Z+

= [U∗TφU ]{zn}n∈Z+
. This completes

the proof of the theorem. �
In particular, if Tφ is C-symmetric, then U∗TφU is also a Toeplitz operator. Moreover, a

closer inspection reveals that the same proof of the above theorem yields:

Theorem 5.3. Let H be a Hilbert space, {en}n∈Λ ∈ BH be the canonical basis, and let
C ∈ C(H). Then T ∈ B(H) is C-symmetric if and only if

[T ]t{en}n∈Λ
= [U∗TU ]{en}n∈Λ

,

where C = UJH is the canonical factorization of the conjugation C.

It is worthwhile to note that the canonical basis of H can be chosen as per convenience or
requirement. Therefore, the above observation is different from (1.1).

Now we proceed in unfolding the matrix equality of Theorem 5.2. For each n ∈ Z+, we
write

Uzn =
∞∑
j=0

un,jz
j,

where un,j = ⟨Uzn, zj⟩, j ∈ Z+. Since Uz
n = Czn, we have

un,j = ⟨Uzn, zj⟩ = ⟨Czn, zj⟩ (n, j ∈ Z+).

By Proposition 2.8, it follows that

(5.3) um,j = uj,m (m, j ∈ Z+).

Then, by (5.1) and Theorem 5.2, Tφ is C-symmetric if and only if

φm−n = ⟨U∗TφUz
m, zn⟩ (m,n ∈ Z+).
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For each m,n ∈ Z+, we compute

⟨U∗TφUz
m, zn⟩ = ⟨TφUzm, Uzn⟩

=
∞∑

i,j=0

um,jun,i⟨Tφzj, zi⟩

=
∞∑

i,j=0

um,jun,iφi−j

=
∞∑

i,j=0

um,jφi−jui,n.

Thus we have proved:

Corollary 5.4. Let φ =
∑∞

n=−∞ φnz
n ∈ L∞(T), and let C be a conjugation with canonical

factorization C = UJH2(D). The following are equivalent:

(1) Tφ is C-symmetric.
(2) φm−n = ⟨U∗TφUz

m, zn⟩ for all m,n ∈ Z+.
(3) φm−n =

∑∞
i,j=0 um,jφi−jui,n for all m,n ∈ Z+, where

ui,j := ⟨Uzi, zj⟩ = ⟨Czi, zj⟩ (i, j ∈ Z+).

We now illustrate Corollary 5.4 in the setting of Example 3.3. Fix θ, ξ ∈ R. Recall that

(Cθ,ξf)(z) = eiξf(eiθz̄) (f ∈ H2(D)),

defines a conjugation on H2(D) with respect to {e iξ
2 e

−inθ
2 zn} ∈ BH2(D). The following was

first proved by Ko and Lee [18].

Corollary 5.5. Let φ(z) =
∑∞

n=−∞ φnz
n ∈ L∞. Then Tφ is Cξ,θ-symmetric if and only if

φn = φ−ne
−inθ (n ∈ Z).

Proof. For each n ∈ Z+, note that

Uzn = Cθ,ξJH2(D)z
n = eiξe−inθzn.

Hence

⟨U∗TφUz
n, zm⟩ = ⟨TφUzn, Uzm⟩

= ⟨Tφ(eiξe−inθzn), eiξe−imθzm⟩
= ei(m−n)θ⟨Tφzn, zm⟩.

Then, by Corollary 5.4, Tφ is Cθ,ξ-symmetric if and only if

ei(m−n)θφm−n = φn−m,

for all m,n ∈ Z+, or equivalently

einθφn = φ−n (n ∈ Z+).

�
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Observe that the matrix representation [Tφ] of the Cξ,θ-symmetric Toeplitz operator Tφ
with respect to the basis {e iξ

2 e
−inθ

2 zn}n∈Z+ ∈ BH2(D) is given by

[Tφ] =



φ0 e
iθ
2 φ1 e

2iθ
2 φ2 e

3iθ
2 φ3 . . .

e
iθ
2 φ1 φ0 e

iθ
2 φ2 e

2iθ
2 φ1

. . .

e
2iθ
2 φ2 e

iθ
2 φ1 φ0 e

iθ
2 φ1

. . .

e
3iθ
2 φ3 e

2iθ
2 φ2 e

iθ
2 φ1 φ0

. . .
...

...
...

...
. . .


.

Evidently, as also follows from the fact that Tφ is Cξ,θ-symmetric, we have that

[Tφ]
t = [Tφ].

Remark 5.6. The above matrix representation was observed in [18, p 26] for a special class of
L∞(T) symbols.

Now we turn to Example 3.4. Recall that, for a fixed sequence {αn}n∈Z+ ⊆ T, Cα is a
conjugation on H2(D), where

Cα(
∞∑
n=0

anz
n) =

∞∑
n=0

ānα
2
nz

n,

for all
∑∞

n=0 anz
n ∈ H2(D). Again

Uzn = (CαJH2(D))z
n = Cαz

n = α2
nz

n (n ∈ Z+).

This implies

⟨U∗TφU(z
m), zn⟩ = ⟨Tφα2

nz
m, α2

mz
n⟩

= α2
mᾱ

2
n⟨Tφzm, zn⟩

= α2
mᾱ

2
nφn−m,

and hence, by Corollary 5.4, Tφ is Cα-symmetric if and only if

(5.4) φm−n = α2
mᾱ

2
nφn−m (m,n ∈ Z+).

On the other hand

ui,j = ⟨Uzi, zj⟩

=

{
α2
i if i = j

0 otherwise,

and hence, in this case, for each fixed m,n ∈ Z+, we have
∞∑

i,j=0

um,jφi−jui,n = α2
mᾱ

2
nφn−m,

which again, by Corollary 5.4, verifies that Tφ is Cα-symmetric if and only if (5.4) holds.
Therefore, we have:

Corollary 5.7. Let φ(z) =
∑∞

n=−∞ φnz
n ∈ L∞(T). Then Tφ is Cα-symmetric if and only if

φm−n = α2
mᾱ

2
nφn−m (m,n ∈ Z+).
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This was observed in [5, Theorem 9]. However, along with new proof, the present version
fixes an error in the statement [5, Theorem 9].

6. Yet another characterization

We continue to follow the analysis of Section 3 and present our final characterization of
symmetric Toeplitz operators. The key is the representations of conjugations on H2(D) with
respect to the canonical basis

ζ := {zn}n∈Z+ ∈ BH2(D).

Following our usual convention, given {fn}n∈Z+ ∈ BH2(D), we write

c(ζ)n,m =
∞∑
k=0

⟨fk, zn⟩⟨fk, zm⟩ (m,n ∈ Z+).

With this notation at hand we can now state the main result of this section.

Theorem 6.1. Let φ(z) =
∑∞

n=−∞ φnz
n ∈ L∞(T), and let C be a conjugation on H2(D)

corresponding to {fn}n∈Z+ ∈ BH2(D). Then Tφ is C-symmetric if and only if

∞∑
n=0

φn−kc
(ζ)
n,j =

∞∑
n=1

φnc
(ζ)
k,n+j +

j∑
l=0

φ−lc
(ζ)
k,j−l,

for all j, k ∈ Z+.

Proof. By Proposition 3.1, we know that

C(
∞∑
n=0

anz
n) =

∞∑
n=0

∞∑
m=0

ānc
(ζ)
n,mz

m,

for all {an} ∈ ℓ2, where ζ = {zn}n≥0 ∈ BH2(D) and c
(ζ)
n,m are defined as above. Note that

CTφC = T ∗
φ if and only if CTφ = T ∗

φC, which is equivalent to the condition that

CTφz
k = T ∗

φCz
k (k ∈ Z+).

Fix k ∈ Z+. We compute

CTφz
k = CPH2(D)(

∞∑
n=−∞

φnz
n+k)

= C(
∞∑

n=−k

φnz
n+k)

=
∞∑

n=−k

∞∑
m=0

φnc
(ζ)
n+k,mz

m

=
∞∑
j=0

(
∞∑
n=0

φn−kc
(ζ)
n,j)z

j.
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On the other hand

T ∗
φCz

k = T ∗
φ(

∞∑
m=0

c
(ζ)
k,mz

m)

= PH2(D)(
∞∑

n=−∞

φnz
−n

∞∑
m=0

c
(ζ)
k,mz

m)

= PH2(D)(
∞∑

n=−∞

φ−nz
n

∞∑
m=0

c
(ζ)
k,mz

m)

=
∞∑
n=1

φn

∞∑
m=n

c
(ζ)
k,mz

m−n +
∞∑
n=0

φ−n

∞∑
m=0

c
(ζ)
k,mz

m+n

=
∞∑
j=0

(
∞∑
n=1

φnc
(ζ)
k,n+j +

j∑
l=0

φ−lc
(ζ)
k,j−l)z

j.

Therefore, CTφz
k = T ∗

φCz
k if and only if

∞∑
j=0

(
∞∑
n=0

φn−kc
(ζ)
n,j)z

j =
∞∑
j=0

(
∞∑
n=1

φnc
(ζ)
k,n+j +

j∑
l=0

φ−lc
(ζ)
k,j−l)z

j.

By equating the coefficient of zj on either side of the above equality, we find that CTφ = T ∗
φC

if and only if
∞∑
n=0

φn−kc
(ζ)
n,j =

∞∑
n=1

φnc
(ζ)
k,n+j +

j∑
l=0

φ−lc
(ζ)
k,j−l,

for all j, k ∈ Z+, which completes the proof of the theorem. �

Like all the previous characterizations, Theorem 6.1 also unifies all the existing results
on classifications of specific classes of conjugate Toeplitz operators corresponding to specific
classes of conjugations. On the other hand, the above result transfers the problem of charac-
terization of symmetric Toeplitz operators to infinitely many equations, which also explains
the challenges to the classification problem and in all the partial findings in the literature (cf.
[13, 18]).

One can summarize the infinitely many conditions in the conclusion of Theorem 6.1 in a
simpler form. First, we rewrite the equality

∞∑
n=0

φn−kc
(ζ)
n,j −

∞∑
n=1

φnc
(ζ)
k,n+j =

j∑
l=0

φ−lc
(ζ)
k,j−l,

as
k∑
p=0

φ−pc
(ζ)
k−p,j +

∞∑
n=1

(c
(ζ)
n+k,j − c

(ζ)
k,n+j)φn =

j∑
l=0

φ−lc
(ζ)
k,j−l,

which implies
∞∑
n=1

(c
(ζ)
n+k,j − c

(ζ)
k,n+j)φn =

j∑
l=0

φ−lc
(ζ)
k,j−l −

k∑
p=0

φ−pc
(ζ)
k−p,j,
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for all j, k ∈ Z+. In particular, j = k yields

∞∑
n=1

(c
(ζ)
n+k,k − c

(ζ)
k,n+k)φn =

k∑
p=0

(c
(ζ)
k,k−p − c

(ζ)
k−p,k)φ−p.

And, in general, if we set
Φ+ = (φ1, φ2, φ3, . . .),

and
Φ− = (φ−1, φ−2, φ−3, . . .),

then the above set of equalities can be expressed in the following formal matrix equation

(6.1) X(k)Φ+ = Y (k)Φ− (k ∈ Z+),

where

X(k) =



(c
(ζ)
1+k,0 − c

(ζ)
k,1) (c

(ζ)
2+k,0 − c

(ζ)
k,2) (c

(ζ)
3+k,0 − c

(ζ)
k,3)

. . .

(c
(ζ)
1+k,1 − c

(ζ)
k,2) (c

(ζ)
2+k,1 − c

(ζ)
k,3) (c

(ζ)
3+k,1 − c

(ζ)
k,4)

. . .

(c
(ζ)
1+k,2 − c

(ζ)
k,3) (c

(ζ)
2+k,2 − c

(ζ)
k,4) (c

(ζ)
3+k,2 − c

(ζ)
k,5)

. . .
...

...
...

. . .

(c
(ζ)
1+k,k − c

(ζ)
k,1+k) (c

(ζ)
2+k,k − c

(ζ)
k,2+k) (c

(ζ)
3+k,k − c

(ζ)
k,3+k)

. . .
...

...
...

. . .


,

and

Y (k) =



−c(ζ)k−1,0 −c(ζ)k−2,0 −c(ζ)k−3,0 · · · −c(ζ)0,0 0 0
. . .

(c
(ζ)
k,0 − c

(ζ)
k−1,1) −c(ζ)k−2,1 −c(ζ)k−3,1 · · · −c(ζ)0,1 0 0

. . .

(c
(ζ)
k,1 − c

(ζ)
k−1,2) (c

(ζ)
k,0 − c

(ζ)
k−2,2) −c(ζ)k−3,2 · · · −c(ζ)0,2 0 0

. . .
...

...
...

...
...

...
...

. . .

(c
(ζ)
k,k−1 − c

(ζ)
k−1,k) (c

(ζ)
k,k−2 − c

(ζ)
k−2,k) (c

(ζ)
k,k−3 − c

(ζ)
k−3,k) · · · (c

(ζ)
k,0 − c

(ζ)
0,k) 0 0

. . .
...

...
...

...
...

...
...

. . .


,

for all k ∈ Z+. We summarize this as:

Corollary 6.2. A Toeplitz operator Tφ with symbol φ =
∑∞

n=−∞ φnz
n ∈ L∞(T) is C-

symmetric if and only if
X(n)Φ+ = Y (n)Φ− (n ∈ Z+).

We wish to point out that the results of this section do not depend on the canonical
factorizations of conjugations. The implication of the results of this section for (finite) Toeplitz
matrices will be explained in Theorem 9.1.

7. Toeplitz operators on the polydisc

In this section, we characterize complex symmetric Toeplitz operators on the Hardy space
over the unit polydisc Dd, where Dd = {z = (z1, . . . , zd) ∈ Cd : |zj| < 1, j = 1, . . . , d}. We
consider from now on d a natural number such that d ≥ 2. We carefully adopt the notion
of S-Toeplitz operators in several variables and extend the classification results of symmetric
Toeplitz operators of Section 5 to Dd.
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Recall that H2(Dd), the Hardy space over Dd, is the Hilbert space of all analytic functions
f =

∑
k∈Zd

+
akz

k on Dd such that (cf. [27])

∥f∥H2(Dd) = (
∑
k∈Zd

+

|ak|2)
1
2 <∞.

Here, k = (k1, . . . , kd) ∈ Zd+ and zk = zk11 · · · zkdd . As in the case of one variable, we often
identify H2(Dd) (via radial limits of square summable analytic functions) with the closed
subspace of all functions f =

∑
k∈Zd akz

k ∈ L2(Td) such that ak = 0 whenever kj < 0 for
some j = 1, . . . , d. Also recall that

{zk}k∈Zd
+
∈ BH2(Dd) and {zk}k∈Zd ∈ BL2(Td).

Denote by PH2(Dn) the orthogonal projection from L2(Td) onto H2(Dd), that is

PH2(Dd)(
∑
k∈Zd

akz
k) =

∑
k∈Zd

+

akz
k,

for all
∑

k∈Zd akz
k ∈ L2(Td). As in the case of one variable, the Toeplitz operator Tφ on

H2(Dd) with symbol φ ∈ L∞(Td) is defined by

Tφ = PH2(Dd)Lφ|H2(Dd),

where Lφ is the Laurent operator on L2(Td). In other words, Tφf = PH2(Dd)(φf) for all

f ∈ H2(Dd). Recall [19, Theorem 3.1] that an operator T ∈ B(H2(Dn)) is Toeplitz if and
only if

M∗
zi
TMzi = T (i = 1, . . . , d).

Note that the (Mz1 , . . . ,Mzd) is a d-tuple of commuting shifts on H2(Dd), where

Mzif = zif (f ∈ H2(Dd)),

and i = 1, . . . , d. For more on Toeplitz operators on the polydisc, we refer the reader to [17, 19]
and the reference therein. Before going further, we need a lemma in the line of Corollary 4.4.

Before going further, we record a simple observation: Let X ∈ B(H), and let C ∈ C(H).
Then

(CXC)∗n = CX∗nC (n ∈ Z+).

Indeed, for each f, g ∈ H, applying (2.2) repeatedly, we find

⟨(CXC)∗f, g⟩ = ⟨f, (CXC)g⟩
= ⟨XCg,Cf⟩
= ⟨Cg,X∗Cf⟩
= ⟨CX∗Cf, g⟩.

This implies that (CXC)∗ = CX∗C, and then, by induction, we conclude that

(7.1) (CXC)∗n = CX∗nC (n ∈ Z+).

We are now ready for a general version of Lemma 4.3. Recall that the multiplicity of a shift
S is the number (see the first paragraph of Section 4)

multS = dim(kerS∗) ∈ N ∪ {∞}.
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Lemma 7.1. Let C ∈ C(H), and let S ∈ B(H) be a shift. Then CSC is a shift, and

mult(CSC) = multS.

Proof. We already know that (CSC)∗n = CS∗nC for all n ∈ Z+. For each f ∈ H, we have

∥(CSC)∗nf∥ = ∥(CS∗nC)f∥ = ∥S∗n(Cf)∥ −→ 0,

as n→ ∞. This and
∥(CSC)f∥ = ∥SCf∥ = ∥Cf∥ = ∥f∥,

imply that CSC is a shift. Now we set

W := C(kerS∗).

Since C is a conjugation, it follows that C(W) = kerS∗, and

dimW = dim(kerS∗).

In particular, if f = Cg for some g ∈ kerS∗, then Cf = g, and hence

(CS∗C)f = CS∗g = 0,

which implies that W ⊆ ker(CS∗C). On the other hand, if f ∈ ker(CS∗C), then

S∗Cf = 0,

that is, Cf ∈ kerS∗. Since W = C(kerS∗), we conclude that

f = C2f ∈ W .

Therefore, ker(CS∗C) ⊆ W , which implies that ker(CS∗C) = W . In particular

dimW = dim(kerS∗) = dim(ker(CS∗C)).

This completes the proof of the lemma. �
A d-tuple of commuting isometries S = (S1, . . . , Sd) on a Hilbert space H is said to be

doubly commuting shift if St is a shift, t = 1, . . . , d, and

S∗
i Sj = SjS

∗
i (i ̸= j).

The multiplicity of a doubly commuting shift S = (S1, . . . , Sd) is defined by

multS = dim
[ d∩
i=1

kerS∗
i

]
.

Of course, (Mz1 , . . . ,Mzd) on H
2(Dd) is a doubly commuting shift of multiplicity one (cf. [28]).

We now present yet another context in which doubly commuting shift appears naturally: Let
C ∈ C(H2(Dd)), and suppose

Si = CMziC (i = 1, . . . , d).

Lemma 7.1 implies that Si is a shift, i = 1, . . . , d. Moreover, by (7.1), for each i ̸= j, we have

SiS
∗
j = (CMziC)(CM

∗
zj
C)

= CMziM
∗
zj
C

= CM∗
zj
MziC

= CM∗
zj
CCMziC

= S∗
jSi.
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Finally, since (see (7.1) again)

ker(CMziC)
∗ = ker(CM∗

zi
C) = C(kerM∗

zi
),

for all i = 1, . . . , d, it follows that

d∩
i=1

kerS∗
i =

d∩
i=1

(C(kerM∗
zi
))

= C
( d∩
i=1

(kerM∗
zi
)
)
.

As we mentioned earlier, the multiplicity of (Mz1 , . . . ,Mzd) on H
2(Dd) is one. Consequently

mult(S1, . . . , Sd) = 1,

and thus we have proved:

Lemma 7.2. Let C ∈ Ba(H2(Dd)), and suppose Si = CMziC for all i = 1, . . . , d. Then
(S1, . . . , Sd) on H

2(Dd) is a d-tuple of doubly commuting shift of multiplicity one.

This sets the stage for the notion of S-Toeplitz operators in several variables.

Definition 7.3. Let S = (S1, . . . , Sd) be a d-tuple of doubly commuting shift on H. An
operator T ∈ B(H) is said to be S-Toeplitz if

S∗
i TSi = T (i = 1, . . . , d).

Therefore, T ∈ B(H) is S-Toeplitz if and only if T is Si-Toeplitz for all i = 1, . . . , d. In
view of Lemma 7.2 above, the proof of the following proposition is now essentially the same
as that of Proposition 4.5.

Proposition 7.4. Let φ ∈ L∞(Td), and let C ∈ C(H2(Dd)). If Tφ is C-symmetric, then Tφ
is S-Toeplitz, where S = (CMz1C, . . . , CMzdC).

Let C ∈ C(H2(Dd)). Suppose

C = UJH2(Dd),

the canonical factorization of C for a unique unitary U ∈ B(H2(Dd)), and let Si := CMziC,
i = 1, . . . , d. For each k ∈ Zd+, we define

z̃k := Czk = Uzk.

Clearly, {z̃k}k∈Zd
+
∈ BH2(Dd). Also

Siz̃
k = CMziC(Cz

k)

= C(zk+ϵi)

= z̃k+ϵi ,

where ϵi ∈ Zd+ is the multi-index with zero everywhere but 1 in the i-th slot, and i = 1, . . . , d.
In other words, (S1, . . . , Sd) forms a d-unilateral shift on H2(Dd) corresponding to {z̃k}k∈Zd

+
∈

BH2(Dd). Next, assume that

φ =
∑
k∈Zd

φkz
k ∈ L∞(Td).
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As in the proof of (5.1), it follows that

φk−l = ⟨Tφzl, zk⟩ (k, l ∈ Zd+),
and in view of {z̃k}k∈Zd

+
∈ BH2(Dd), we define

φ̃k−l := ⟨Tφz̃l, z̃k⟩ (k, l ∈ Zd+).
We are now ready for characterizations of symmetric Toeplitz operators on H2(Dd). Along
with the tools described above, the proof is similar to that of Corollary 5.4.

Theorem 7.5. Let φ =
∑

k∈Zd
+
φkz

k ∈ L∞(Td), and let C be a conjugation with canonical

factorization C = UJH2(D). The following are equivalent:

(1) Tφ is C-symmetric.
(2) φk−l = φ̃l−k for all k, l ∈ Zd+.
(3) φk−l = ⟨U∗TφUz

k, zl⟩ for all k, l ∈ Zd+.

Proof. By definition, Tφ ∈ B(H2(Dd)) is C-symmetric if and only if CTφC = T ∗
φ. Therefore,

Tφ is C-symmetric if and only if for all k, l ∈ Zd+, we have

⟨CTφCzk, zl⟩ = ⟨T ∗
φz

k, zl⟩,
equivalently

⟨Czl, TφCzk⟩ = ⟨zk, Tφzl⟩,
as C is a symmetry. This equality is further equivalent to the condition that

⟨TφCzk, Czl⟩ = ⟨Tφzl, zk⟩,
that is

⟨Tφz̃k, z̃l⟩ = ⟨Tφzl, zk⟩,
and consequently, Tφ is C-symmetric if and only if φk−l = φ̃l−k for all k, l ∈ Zd+. Finally, as
in (5.2), Tφ is C-symmetric if and only if

U∗TφU = JH2(Dd)T
∗
φJH2(Dd).

which, as in the proof of Corollary 5.4, is further equivalent to the condition that φk−l =
⟨U∗TφUz

k, zl⟩ for all k, l ∈ Zd+. This completes the proof of the theorem. �
As an application of the above result, in Section 9, we will study a class of conjugations

along the lines of Example 3.3. We refer the reader to [31] for complex symmetric operators
on the open unit ball in Cn.

8. Composition operators

In this example-based section, we apply our results to a nontrivial class of symmetric
operators. Essentially, we connect complex symmetric Toeplitz operators and a special class
of composition operators [29].

Let φ =
∑∞

n=−∞ φnz
n ∈ L∞(T). Let θ be a holomorphic self-map of D, and let ψ ∈

H∞(D). The weighted composition operator Wψ,θ with weight ψ is defined by (cf. [16])
Wψ,θf = ψ · (f ◦ θ), f ∈ H2(D). That is

Wψ,θf(z) = ψ(z)f(θ(z)) (f ∈ H2(D), z ∈ D).
By [21, Theorem 2.11], Wψ,θ is JH2(D)-symmetric if and only if either of the following hold:

(1) There exist α, λ ∈ T such that ψ(z) = λ and θ(z) = αz for all z ∈ D.
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(2) There exist α ∈ D \ {0} and λ ∈ T such that ψ(z) = λ

√
1−|α|2
1−zα and θ(z) = ᾱ

α
α−z
1−ᾱz for

all z ∈ D.
We consider the nontrivial case, that is, we fix α ∈ D \ {0} and define (by assuming that

λ = 1)

ψ(z) =

√
1− |α|2
1− zᾱ

, and θ(z) =
ᾱ

α

α− z

1− ᾱz
(z ∈ D).

Define the (Szegö) kernel function kα ∈ H2(D) by

kα(z) =
1

1− ᾱz
(z ∈ D).

Since ∥kα∥ = 1√
1−|α|2

, we have

ψ(z) =
1

∥kα∥
kα(z) (z ∈ D).

Since Wψ,θ is JH2(D)-symmetric, by Proposition 2.8, we conclude that

(8.1) Cψ,θ := Wψ,θJH2(D),

defines a conjugation on H2(D). Clearly

Cψ,θf(z) = ψ(z)f(θ(z)) (z ∈ D, f ∈ H2(D)).
Since θ(z) = ᾱ

α
α−z
1−ᾱz , z ∈ D, is a Blaschke factor, it follows that Mθ is an isometry and

kerM∗
θ = Ckα.

Throughout the sequel, Cψ,θ will denote the conjugation on H2(D) as defined in (8.1). We
need a lemma.

Lemma 8.1. If T ∈ B(H2(D)) is a Toeplitz operator, then W ∗
ψ,θTWψ,θ is also a Toeplitz

operator.

Proof. Let us first verify that
Wψ,θMz =MθWψ,θ.

For each f ∈ H2(D), we have

Wψ,θMzf = Wψ,θ(zf)

= ψ(z)θ(z)f(θ(z))

= θ(z)ψ(z)f(θ(z))

=MθWψ,θf,

which completes the proof of the claim. Now let φ ∈ L∞(T). Then
M∗

z (W
∗
ψ,θTφWψ,θ)Mz = W ∗

ψ,θM
∗
θTφMθWψ,θ.

Since θ is an inner function, by the Brown-Halmos criterion [2], Tφ is Mθ-Toeplitz, that is,
M∗

θTφMθ = Tφ. The above equality then implies

M∗
z (W

∗
ψ,θTφWψ,θ)Mz = W ∗

ψ,θTφWψ,θ,

and completes the proof of the lemma. �
We apply this to symmetric Toeplitz operators:
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Proposition 8.2. Let φ =
∑∞

n=−∞ φnz
n ∈ L∞(T). Then Tφ is Cψ,θ-symmetric if and only if

φn = ⟨TφWψ,θz
n, Wψ,θ1⟩ and φ−n = ⟨TφWψ,θ1, Wψ,θz

n⟩,
for all n ≥ 1.

Proof. Note that, by definition, Cψ,θ = Wψ,θJH2(D) the canonical factorization of Cψ,θ. By
Corollary 5.4, Tφ is Cψ,θ-symmetric if and only if

(8.2) φn−m = ⟨TφWψ,θz
n, Wψ,θz

m⟩ (m,n ∈ Z+).

In particular, if Tφ is Cψ,θ-symmetric, then the conditions hold. For the converse, we first
note, in view of Lemma 8.1, that W ∗

ψ,θTWψ,θ is a Toeplitz operator. Suppose n ≥ 1. For all
i, j ∈ Z+ such that n = i− j, we have

⟨TφWψ,θz
i, Wψ,θz

j⟩ = ⟨TφWψ,θz
n, Wψ,θ1⟩,

and hence, by assumption

φn = ⟨TφWψ,θz
n, Wψ,θz

0⟩.
Therefore

φi−j = ⟨TφWψ,θz
i, Wψ,θz

j⟩ (i ≥ j ≥ 1).

Similarly, by using the second condition φ−n = ⟨TφWψ,θ1, Wψ,θz
n⟩, we find

φi−j = ⟨TφWψ,θz
i, Wψ,θz

j⟩ (j ≥ i ≥ 1).

The above two equalities yield

φi−j = ⟨TφWψ,θz
i, Wψ,θz

j⟩ (i, j ≥ 1),

which implies Tφ is Cψ,θ-symmetric and completes the proof. �
Recall the third part of Corollary 5.4: For φ =

∑∞
n=−∞ φnz

n ∈ L∞(T) and a conjugation
C = UJH2(D) on H

2(D), that Tφ is C-symmetric if and only if

φm−n =
∞∑

i,j=0

um,jφi−jui,n (m,n ∈ Z+),

where

ui,j := ⟨Uzi, zj⟩ = ⟨Czi, zj⟩ (i, j ∈ Z+).

In the following, we compare this with Cψ,θ-symmetric Toeplitz operators. Clearly, we need
to compute ui,j for all i, j ∈ Z+. First, observe that

Wψ,θz
n = θ(z)n

kα
∥kα∥

(n ∈ Z+).

By recalling that θ(z) = ᾱ
α
α−z
1−ᾱz , z ∈ D, we compute θ(z)nkα as

θ(z)nkα =
( ᾱ
α

)n (α− z)n

(1− ᾱz)n+1

= ᾱn
(
1− z

α

)n
(1− ᾱz)−(n+1)

= ᾱn
n∑
p=0

(−1)p

αp

(
n
p

)
zp

∞∑
q=0

ᾱq
(
n+ q
q

)
zq.
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For each p, q ≥ 0, set

βp =
(−1)p

αp

(
n
p

)
, and γq = ᾱq

(
n+ q
q

)
.

It follows that

θ(z)nkα = ᾱn
n∑
p=0

βpz
p

∞∑
q=0

γqz
q

= ᾱn
∞∑
r=0

crz
r,

where

cr =

min{n,r}∑
m=0

βmγr−m (r ∈ Z+).

Now we are ready to compute ui,j. Let i, j ∈ Z+. Then

ui,j = ⟨Wψ,θz
i, zj⟩

=
√

1− |α|2ᾱi
min{i,j}∑
m=0

βmγj−m

= ᾱi
√
1− |α|2

min{i,j}∑
m=0

(−1)m

αm

(
i
m

)
ᾱ(j−m)

(
i+ j −m
j −m

)

=
√

1− |α|2
min{i,j}∑
m=0

(−1)m

αm

(
i
m

)
ᾱ(i+j−m)

(
i+ j −m
k −m

)

=
√

1− |α|2
min{i,j}∑
m=0

(−1)m

αm

(
i
m

)
ᾱ(i+j−m)

(
i+ j −m

i

)
.

Therefore

ui,j =
√

1− |α|2
min{i,j}∑
m=0

(−1)m

αm

(
i
m

)
ᾱ(i+j−m)

(
i+ j −m

i

)
,

for all i, j ∈ Z+. In particular, we have

(8.3) ⟨Wψ,θ1, z
j⟩ =

√
1− |α|2ᾱj.

This also follows directly from the fact that ⟨Wψ,θ1, z
j⟩ =

√
1− |α|2⟨kα, zj⟩. Recall also from

(5.3) that ui,j = uj,i. Therefore, we have proved:

Proposition 8.3. Let φ =
∑∞

n=−∞ φnz
n ∈ L∞(T). Then Tφ is Cψ,θ-symmetric if and only if

φm−n =
∞∑

i,j=0

um,jφi−jui,n (m,n ∈ Z+),

where

ui,j =
√

1− |α|2
min{i,j}∑
m=0

(−1)m

αm

(
i
m

)
ᾱ(i+j−m)

(
i+ j −m

i

)
,
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for all i, j ∈ Z+.

Now we consider a special case: Let

φ(z) = φ−1z̄ + φ0 + φ1z ∈ L∞(T).
By Proposition 8.3, Tφ is Cψ,θ-symmetric if and only if

(8.4) φ1 =
∑
i,j

u1,jφi−jui,0, and φ−1 =
∑
i,j

u0,jφi−jui,1,

and

φ0 =
∑
ij

u0,jφi−jui,0.

In view of (8.3), the latter condition can be further simplified. Indeed, we have

φ0 = φ−1(
∞∑
k=0

(1− |α|2)ᾱk+1αk) + φ0 + φ1(
∞∑
k=0

|(1− |α|2)ᾱkαk+1),

and hence

0 = φ−1(
∞∑
k=0

|(1− |α|2)ᾱk+1αk) + φ1(
∞∑
k=0

(1− |α|2)ᾱkαk+1)

= (
∞∑
k=0

(1− |α|2)|α|2k)(ᾱφ−1 + αφ1)

= ᾱφ−1 + αφ1.

Therefore, φ0 =
∑

ij u0,jφi−jui,0 if and only if

φ1 = − ᾱ
α
φ−1.

Moreover, the first equality in (8.4) implies

φ1 = φ−1

∞∑
k=0

u1,k+1ū0,k + φ0δ1,0 + φ1

∞∑
k=0

u1,kū0,k+1,

that is

(8.5) φ1 =
√

1− |α|2
[
φ−1

∞∑
k=0

αku1,k+1 + φ1

∞∑
k=0

αk+1u1,k

]
,

whereas the second equality in (8.4) yields

φ−1 = φ−1

∞∑
k=0

u0,k+1ū1,k + φ0δ0,1 + φ1

∞∑
k=0

u0,kū1,k+1,

that is

(8.6) φ−1 =
√

1− |α|2
[
φ−1

∞∑
k=0

ᾱk+1ū1,k + φ1

∞∑
k=0

ᾱkū1,k+1

]
.

This implies that Tφ is Cψ,θ-symmetric if and only if φ1 = − ᾱ
α
φ−1 and both (8.5) and (8.6)

hold.
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Now, if possible, suppose that Tφ is Cψ,θ-symmetric. Plugging φ1 = − ᾱ
α
φ−1 into (8.5) and

then cancelling the factor φ1 out from each side, we get

1 =
√
1− |α|2

[
−α
ᾱ

∞∑
k=0

αku1,k+1 +
∞∑
k=0

αk+1u1,k

]

=
√
1− |α|2

[
− 1

ᾱ

∞∑
k=0

αk+1u1,k+1 +
∞∑
k=0

αk+1u1,k

]

=
√
1− |α|2

∞∑
k=0

αk+1

[
u1,k −

1

ᾱ
u1,k+1

]
,

and hence

(8.7) 1 =
√

1− |α|2
∞∑
k=1

αk+1

[
u1,k −

1

ᾱ
u1,k+1

]
+
√

1− |α|2α
[
u1,0 −

1

ᾱ
u1,1

]
.

Now we compute u1,k− 1
ᾱ
u1,k+1, k ≥ 0. Set, for the shake of simplicity, β =

√
1− |α|2. Recall

ui,j = β

min{i,j}∑
m=0

(−1)m

αm

(
i
m

)
ᾱ(i+j−m)

(
i+ j −m

i

)
.

Therefore, for each k ≥ 1, we have

uk,1 = β

min{k,1}∑
m=0

(−1)m

αm

(
k
m

)
ᾱ(k+1−m)

(
k + 1−m

k

)
,

which implies

uk,1 −
1

ᾱ
u1,k+1 = β

[
1∑

m=0

(−1)m

αm

(
k
m

)
ᾱ(k+1−m)

(
k + 1−m

k

)

−
1∑

m=0

(−1)m

αm

(
k + 1
m

)
ᾱ(k+1−m)

(
k + 2−m
k + 1

)]

= β

[
ᾱ(k+1)

(
k + 1
k

)
− 1

α

(
k
1

)
ᾱk − ᾱ(k+1)

(
k + 2
k + 1

)
+

1

α

(
k + 1
1

)
ᾱk
]

= β

[
ᾱk

α
− ᾱ(k+1)

]
= (1− |α|2)3/2 ᾱ

k

α
.

On the other hand

u1,0 −
1

ᾱ
u1,1 =

(1− |α|2)3/2

α
.
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Consequently, (8.7) yields

1 =
√

1− |α|2
∞∑
k=1

αk+1

[
(1− |α|2)3/2 ᾱ

k

α

]
+
√
1− |α|2α

[
(1− |α|2)3/2

α

]

= (1− |α|2)2
∞∑
k=1

|α|2k +
√
1− |α|2α

[
(1− |α|2)3/2

α

]

= (1− |α|2)2
(

∞∑
k=1

|α|2k + 1

)
= 1− |α|2,

which contradicts the fact that α ̸= 0. Thus we have proved:

Proposition 8.4. Let

φ(z) = φ−1z̄ + φ0 + φ1z ∈ L∞(T).
Then Tφ is Cψ,θ-symmetric if and only if φ is a constant function.

9. Examples

In this section, we present more examples of symmetric Toeplitz operators and comment on
some of our results and methodology. We begin with the easy case: finite Toeplitz matrices.
Recall that a Toeplitz matrix of order N + 1, N ≥ 1, admits the following representation

(9.1) T =


a0 a−1 a−2 · · · a−N

a1 a0 a−1
. . . a−N+1

a2 a1 a0
. . . a−N+2

...
. . . . . . . . .

...
aN aN−1 aN−2 · · · a0

 .

Consider the standard orthonormal basis of CN+1 as

ζ = {en}n∈Λ ∈ BCN+1 ,

where

Λ = {0, 1, . . . , N}.
Suppose C is a conjugation on CN+1 corresponding to {fn}n∈Λ ∈ BCN+1 , that is, Cfn = fn
for all n ∈ Λ (see Definition 2.3). By Proposition 3.1, we have

(9.2) C(
N∑
n=0

anen) =
N∑
n=0

N∑
m=0

ānc
(ζ)
n,mem,

for all (a0, a1, . . . , aN) ∈ CN+1, where

c(ζ)n,m =
N∑
k=0

⟨fk, en⟩⟨fk, em⟩,

for all m,n ∈ Λ. We are now ready for characterizations of C-symmetric Toeplitz matrices.
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Theorem 9.1. Let T be a Toeplitz matrix, and let C be a conjugation on CN+1 as in (9.1)
and (9.2), respectively. Then T is C-symmetric if and only if

N∑
m=0

c(ζ)m,pām−k =
N∑
m=0

c
(ζ)
m,kām−p,

for all k, p ∈ Λ.

Proof. Note that T is C-symmetric with C as in (9.2) if and only if

CTek = T ∗Cek,

for all k ∈ Λ. The proof now follows in a manner similar to the proof of Theorem 6.1. �

We illustrate this with two simple examples of conjugations. Let fn = en for all n ∈ Λ.
Then C becomes the standard canonical conjugation JCN+1 , where

JCN+1(z0, z1, z2, . . . , zN) = (z̄0, z̄1, z̄2, . . . , z̄N),

for all (z0, z1, z2, . . . , zN) ∈ CN+1. In this case, we have

c(ζ)m,n =

{
1 if m = n

0 otherwise,

which, along with Theorem 9.1, implies: the Toeplitz matrix T in (9.1) is JCN+1-symmetric if
and only if

ap−k = ak−p (k, p ∈ Λ).

Of course, this follows straight from the definition of symmetric operators. Next, we verify
the above corresponding to the Toeplitz conjugation CToep on CN+1. Recall from (1.2) that

CToep(z0, z1, . . . , zN) = (zN , zN−1, . . . , z0),

for all (z0, z1, . . . , zN) ∈ CN+1. In this case, we have

c(ζ)m,n = ⟨CToepem, en⟩
= ⟨eN−m, en⟩

=

{
1 if m+ n = N

0 otherwise.

This implies
N∑
m=0

c(ζ)m,pām−k = āN−(p+k),

as well as
N∑
m=0

c
(ζ)
m,kām−p = āN−(p+k),

for all k, p ∈ Λ. Theorem 9.1 then recovers the well-known fact that:

Corollary 9.2. Toeplitz matrices are CToep-symmetric.

The following example illustrates Proposition 4.5 in view of Example 3.3:
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Example 9.3. Recall from Example 3.3, for each θ, ξ ∈ R, that Cθ,ξ is a conjugation on

H2(D) with respect to the basis {e iξ
2 e

−inθ
2 zn}n∈Z+ ∈ BH2(D), where

(Cθ,ξf)(z) = eiξf(eiθz̄) (f ∈ H2(D)).
If we set

Sθ,ξ = Cθ,ξMzCθ,ξ,

then a simple calculation reveals that

Sθ,ξ = e−iθMz.

Suppose Tφ, φ ∈ L∞(T), is a Cξ,θ-symmetric Toeplitz operator. Then Proposition 4.5 implies
that Tφ is a Sθ,ξ-Toeplitz operator.

In the context of the counterexample following Proposition 4.5, we now exhibit an example
of conjugation C /∈ {Mz}′ and a symbol φ ∈ L∞(T) such that Tφ is not C-symmetric.

Example 9.4. Consider the conjugation C on H2(D) defined by

C(
∞∑
n=0

anz
n) = ā0 + ā2z + ā1z

2 +
∞∑
n=3

ānz
n,

for all
∑∞

n=0 anz
n ∈ H2(D). Note that C(1) = 1, Cz2 = z, and Czn = zn+1 for n = 1 and all

n ≥ 3. Moreover, {fn}n∈Z+ ∈ BH2(D) and Cfn = fn for all n ∈ Z+, where

fn =

{
1 if n = 0
1√
2
(z2n−1 + z2n) otherwise.

Clearly
MzC ̸= CMz.

In this case, for the Toeplitz operator Tφ, with

φ(z) = iz̄2 + z̄ − z − iz2 (z ∈ T),
it follows that CTφ ̸= T ∗

φC, that is, Tφ is not C-symmetric.

We conclude this section with Toeplitz operators on H2(Dd). We follow the one variable
construction described in Example 3.3. Recall that (in view of the identification of H2(Dd)
as a closed subspace via radial limits)

{zk}k∈Zd
+
∈ BH2(Dd) and {zk}k∈Zd ∈ BL2(Td).

Fix θ = (θ1, . . . , θd) and ξ = (ξ1, . . . , ξd) in Rd, and set

fk = exp
( i
2

d∑
j=1

ξj

)
exp

(−i
2

d∑
j=1

kjθj

)
zk (k ∈ Zd+).

Since

⟨fk, fl⟩ = exp
( i
2

d∑
j=1

(lj − kj)θj

)
⟨zk, zl⟩,

for all k, l ∈ Zd+ and {ek}k∈Zd
+
∈ BH2(Dd), it follows that

{fk}k∈Zd
+
∈ BH2(Dd).
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Denote by Cθ,ξ the conjugation corresponding to {fk}k∈Zd
+
∈ BH2(Dd), that is

Cθ,ξfk = fk (k ∈ Zd+).
We now proceed to compute the representation of Cθ,ξ with respect to the canonical basis
ζ = {zk}k∈Zd

+
∈ BH2(Dd). In view of Corollary 3.2, we have

c
(ζ)
l,m =

∑
k∈Zd

+

⟨fk, zl⟩⟨fk, zm⟩

and hence

c
(ζ)
k,m =

{
0 if m ̸= k

exp
(
i
∑d

j=1 ξj

)
exp

(
− i
∑d

j=1 kjθj

)
if m = k.

Let f =
∑

k∈Zd
+
akz

k ∈ H2(Dd). As in Example 3.3, we compute

Cθ,ξf =
∑
k∈Zd

+

∑
m∈Zd

+

akc
(ζ)
k,mz

m

=
∑
k∈Zd

+

akc
(ζ)
k,kz

k

= exp
(
i

d∑
j=1

ξj

) ∑
k∈Zd

+

ak exp
(
− i

d∑
j=1

kjθj

)
zk.

Therefore, we have the following:

Proposition 9.5. For each θ = (θ1, . . . , θd) and ξ = (ξ1, . . . , ξd) in Rd, the map

Cθ,ξ(
∑
k∈Zd

+

akek) = exp
(
i

d∑
j=1

ξj

) ∑
k∈Zd

+

ak exp
(
− i

d∑
j=1

kjθj

)
zk,

defines a conjugation on H2(Dd).

Next, we characterize Cθ,ξ-symmetric Toeplitz operators on H2(Dd).

Theorem 9.6. Let θ, ξ ∈ Rd, and let φ =
∑

k∈Zd φ(k)zk ∈ L∞(Td). Then Tφ is Cθ,ξ-
symmetric if and only if

exp
(
i

d∑
j=1

kjθj

)
φ(k) = φ(−k) (k ∈ Zd).

Proof. We proceed as follows: First we consider the canonical factorization of Cθ,ξ as Cθ,ξ =
UJH2(Dd). Since U(z

k) = Cθ,ξ(z
k), by Proposition 9.5, it follows that

U(zk) = exp
(
i

d∑
j=1

ξj

)
exp

(
− i

d∑
j=1

kjθj

)
zk,

that is

U(zk) = λ exp
(
− i

d∑
j=1

kjθj

)
zk (k ∈ Zd+),
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where

λ := exp
(
i

d∑
j=1

ξj

)
.

For k, l ∈ Zd+, we compute

⟨TφUzk, Uzl⟩ = ⟨Tφ
(
λ exp

(
− i

d∑
j=1

kjθj

)
zk
)
, λ exp

(
− i

d∑
j=1

ljθj

)
zl⟩

= |λ|2 exp
(
− i

d∑
j=1

kjθj

)
× exp

(
− i

d∑
j=1

ljθj

)
⟨Tφzk, zl⟩

= exp
(
i(

d∑
j=1

(lj − kj)θj

)
⟨Tφzk, zl⟩

= exp
(
i(

d∑
j=1

(lj − kj)θj

)
φl−k.

Then, by Theorem 7.5, Tφ is Cθ,ξ-symmetric if and only if

φk−l = exp
(
i(

d∑
j=1

(lj − kj)θj

)
φl−k,

for all k, l ∈ Zd+, or equivalently

φn = exp
(
i(

d∑
j=1

(nj)θj

)
φ−n (n ∈ Zd+),

which completes the proof of the theorem. �

10. Appendix

In this section, we prove some results on intertwiners that are not directly related to Toeplitz
operators but fit well in the context of symmetric operators. Some of the results may be of
independent interest. We begin with some elementary observations.

Recall that (see Section 4) for X ∈ B(H2(D)), that X = Mθ for some θ ∈ H∞(D) if and
only if

XMz =MzX.

The anti-linear counter part of the above states:

Proposition 10.1. Let X ∈ La(H2(D)). Then XMz = MzX if and only if X = JH2(D)Mθ

for some θ ∈ H∞(D).

Proof. If X = JH2(D)Mθ, then XMz =MzX follows from the fact that MzJH2(D) = JH2(D)Mz.
Now suppose that XMz =MzX. Then JH2(D)XMz = JH2(D)MzX, and hence, by MzJH2(D) =
JH2(D)Mz, it follows that

(JH2(D)X)Mz =Mz(JH2(D)X).

This implies that JH2(D)X =Mθ for some θ ∈ H∞(D), and hence X = JH2(D)Mθ. �
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Similarly, one can prove: If X ∈ C(H2(D)), then M∗
zXMz = X if and only if X = JH2(D)Tφ

for some φ ∈ L∞(T). In particular, if C ∈ C(H2(D)) and CMz = MzC, then C = JH2(D)Mθ,
which implies

Mθ = CJH2(D),

and hence Mθ is a unitary. Therefore, θ ≡ λ for some λ ∈ T, which implies that

C = λJH2(D).

In Theorem 10.4, we will generalize this observation in the setting of shifts of multiplicity
one.

The following is a simple (and well known) application of change of coordinates.

Proposition 10.2. If S,X ∈ B(H2(D)), then:
(i) S is a unilateral shift if and only if there exists a unitary U ∈ B(H2(D)) such that

S = U∗MzU .
(ii) If S is a unilateral shift, then SX = XMz if and only if there exist θ ∈ H∞(D) such

that X = U∗Mθ, where U is as in (i).

Proof. To prove (i), assume that S ∈ B(H2(D)) is a unilateral shift. Then there exists
{fn}n∈Z+ ∈ BH2(D) such that Sfn = fn+1. Define the unitary operator U on H2(D) by

Ufn = zn (n ∈ Z+).

Clearly, S = U∗MzU . The converse part is straightforward. Part (ii) follows from (i) that
S = U∗MzU , and the fact that Mz(UX) = (UX)Mz if and only if UX = Mθ for some
θ ∈ H∞(D). �

Along with the unitary U as above, we now return to the issue of anti-linear operators.

Proposition 10.3. Let X ∈ Ba(H2(D)), and let S ∈ B(H2(D)) be a unilateral shift. Then
XMz = SX if and only if there exists θ ∈ H∞(D) such that X = U∗MθJH2(D).

Proof. In view of Proposition 10.2, we have S = U∗MzU . Observe that XMz = SX if and
only if XMzJH2(D) = SXJH2(D), which is equivalent to

(XJH2(D))Mz = S(XJH2(D)).

SinceXJH2(D) ∈ B(H2(D)), by Proposition 10.2 it follows that the above equality is equivalent
to XJH2(D) = U∗Mθ, that is, X = U∗MθJH2(D) for some θ ∈ H∞(D). This completes the proof
of the lemma. �

Recall the canonical factorization of conjugations (see Proposition 2.6): If C ∈ C(H), then
there is a unique unitary V ∈ B(H) such that

C = V JH = JHV
∗.

Also recall from Lemma 4.3 that if fn := Uen for all n ∈ Z+, then

S := CSHC,

is a unilateral shift corresponding to {fn} ∈ BH. Note also that S = CSHC is equivalent
to CS = SHC. This clearly motivates the question of the classification of conjugations that
intertwine Mz and shifts of multiplicity one. The following is our answer to this question in
a general setting:
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Theorem 10.4. Let C ∈ C(H), and let S ∈ B(H) be the unilateral shift corresponding to
{fn}n∈Z+ ∈ BH. Then

CSH = SC,

if and only if there exists a constant λ of unit modulus such that

C = λUJH,

where U on H is the unitary defined by Uen = fn, n ∈ Z+.

Proof. If C = λUJH, then CSH = λUSHJH, and hence

CSHen = λUSHen = λUen+1 = λfn+1,

where, on the other hand, SC = λSUJH, and hence

SCen = λSUen = λSfn = λfn+1,

for all n ∈ Z+. This proves that CSH = SC. For the reverse direction, suppose CSH = SC,
that is, SH = CSC. Consider the canonical factorization of C as

C = V JH = JHV
∗,

where V is a unique unitary on H. Then, as in the proof of Lemma 4.3, we have

SH = V ∗SV.

For each n ∈ Z+, we compute

SH(V
∗Uen) = V ∗SV (V ∗Uen)

= V ∗SUen

= V ∗Sfn

= V ∗fn+1

= (V ∗U)U∗fn+1

= (V ∗Uen+1).

Therefore, {V ∗Uen}n∈Z+ ∈ BH and SH(V
∗Uen) = (V ∗Uen+1) for all n ∈ Z+. Similarly, since

SHen = en+1, n ∈ Z+, by the definition of unilateral shifts, we have

kerS∗
H = Ce0 = C(V ∗Ue0).

Then there exists a constant λ of unit modulus such that

e0 = λ(V ∗Ue0).

Also
e1 = SHe0

= λSH(V
∗Ue0)

= λ(V ∗Ue1).

Then, by induction, we conclude that

en = λ(V ∗Uen) (n ∈ Z+).

Equivalently, we have
V = λU,

and hence C = λUJH. This completes the proof of the theorem. �
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In particular, if S ∈ B(H2(D)) is the unilateral shift corresponding to {fn}n∈Z+ ∈ BH2(D),
then a conjugation C ∈ C(H2(D)) satisfies CMz = SC if and only if

C = λU∗JH2(D),

where λ is a constant of unit modulus and U is the unitary defined by Ufn = zn, n ∈ Z+.
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