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Abstract. We initiate a study of Toeplitz operators and asymptotic Toeplitz operators on
the Hardy space H2(Dn) (over the unit polydisc Dn in Cn). Our main results on Toeplitz
and asymptotic Toeplitz operators can be stated as follows: Let Tzi denote the multiplication
operator on H2(Dn) by the ith coordinate function zi, i = 1, . . . , n, and let T be a bounded
linear operator on H2(Dn). Then the following hold:

(i) T is a Toeplitz operator (that is, T = PH2(Dn)Mφ|H2(Dn), where Mφ is the Laurent

operator on L2(Tn) for some φ ∈ L∞(Tn)) if and only if T ∗
ziTTzi = T for all i = 1, . . . , n.

(ii) T is an asymptotic Toeplitz operator if and only if T = Toeplitz + compact.
The case n = 1 is the well known results of Brown and Halmos, and Feintuch, respectively.
We also present related results in the setting of vector-valued Hardy spaces over the unit disc.

1. Introduction

Although concrete bounded linear operators on Hilbert spaces exist in great variety and
can exhibit interesting properties, one of the main concerns of function theory and operator
theory has generally been the study of operators which are connected with the spaces of
holomorphic and integrable functions. The class of Toeplitz and analytic Toeplitz operators
have turned out to be one of the most important classes of concrete operators from this point
of view.

Toeplitz operators on the Hardy space (or, on the l2 space) were first studied by O. Toeplitz
(and then by P. Hartman and A. Wintner in [16]). However, a systematic study of Toeplitz
operators was triggered by the seminal paper of Brown and Halmos [4] on algebraic properties
of Toeplitz operators on H2(D). Here H2(D) denote the Hardy space over the open unit disc
D in C. The study of Toeplitz operators on Hilbert spaces of holomorphic functions, like
the Hardy space, the Bergman space and the weighted Bergman spaces, on domains in Cn

is also one of the very active area of current research that brings together several areas of
mathematics. For more information on this direction of research, we refer the reader to [8],
[9], [10], [11], [17], [21] and the references therein.

Recall that a bounded linear operator T on H2(D) is said to be a Toeplitz operator if
T = PH2(D)Mφ|H2(D), where Mφ is the Laurent operator on L2(T) for some φ ∈ L∞(T).
Here PH2(D) denotes the orthogonal projection of L2(T) onto H2(D). The well-known Brown-
Halmos theorem characterizes Toeplitz operators on H2(D) as follows (see the matricial char-
acterization, Theorem 6 in [4]): Let T be a bounded linear operator on H2(D). Then T is a
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Toeplitz operator if and only if
T ∗
z TTz = T.

One of the main results of this paper is the following generalization of Brown-Halmos
theorem (see Theorem 3.1): A bounded linear operator T on H2(Dn) is a Toeplitz operator
if and only if

T ∗
zj
TTzj = T,

for all j = 1, . . . , n (see Section 2 for notation and background definitions).
The notion of Toeplitzness was extended to more general settings by Barŕıa and Halmos

[2] and Feintuch [12]. Also see Popescu [13] for Toeplitzness in the non-commutative setting.
Accordingly, following Feintuch (and Barŕıa and Halmos [2]) we shall say that a bounded linear
operator T on H2(D) is (uniformly) asymptotically Toeplitz if {T ∗m

z TTmz }m≥1 converges in
operator norm. The following theorem due to Feintuch [12] gives a remarkable characterization
of asymptotically Toeplitz operators: A bounded linear operator T onH2(D) is asymptotically
Toeplitz if and only if T = Toeplitz + compact.

After a preliminary section (Section 2) on the Hardy space over unit polydisc, in Section
3, we introduce the asymptotic Toeplitz operators in polydisc setting (see Definition 3.3). In
Theorem 3.4, we prove the following generalization of Feintuch’s theorem: A bounded linear
operator T on H2(Dn) is asymptotically Toeplitz if and only if T = Toeplitz + compact.

In Section 4, we investigate Toeplitzness and asymptotic Toeplitzness of compressions of the
n-tuple of multiplication operators (Tz1 , . . . , Tzn) to Beurling type quotient spaces of H2(Dn).
More specifically, let θ ∈ H∞(Dn) be an inner function, that is, |θ| = 1 on the distinguished
boundary Tn of Dn. Set

Qθ = H2(Dn)⊖ θH2(Dn),

and
Czi = PQθ

Tzi|Qθ
,

where PQθ
denotes the orthogonal projection from H2(Dn) onto Qθ. A basic question is now

to characterize those T ∈ B(Qθ) for which

C∗
zi
TCzi = T.

Similarly, characterize those T ∈ B(Qθ) for which

C∗m
zi
TCm

zi
→ A,

in norm, for some A ∈ B(Qθ) and for all i = 1, . . . , n (given a Hilbert space H, we denote by
B(H) the C∗-algebra of all bounded linear operators on H). In this general setting, to remedy
the subtlety of the product domain Dn, we modify the above condition by adding another
natural condition. The main content of Section 4 is the following: Let T,A ∈ B(Qθ). Then
C∗
zi
ACzi = A for all i = 1, . . . , n, if and only if A = 0. Moreover, the following are equivalent:
(i) C∗m

zi
TCm

zi
→ A and C∗m

zi
(T − A)Cm

zj
→ 0 in norm for all i, j = 1, . . . , n;

(ii) C∗m
zi
TCm

zi
→ 0 in norm for all i = 1, . . . , n;

(iii) T is compact.
In Section 5, we study the above questions in the vector-valued Hardy space over the

unit disc setting. To be precise, let E be a Hilbert space, and let Θ ∈ H∞
B(E)(D) be an
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inner multiplier [18]. Then the model space and the model operator are defined by QΘ =
H2

E(D)⊖ΘH2
E(D) and SΘ = PQΘ

Tz|QΘ
, respectively. We prove that for every T ∈ B(QΘ), the

following holds: (i) S∗
ΘTSΘ = T if and only if T = 0, and (ii) {S∗m

Θ TSmΘ }m≥1 converges in
norm if and only if T is compact.

2. Preliminaries

Let n ≥ 1 and Dn be the open unit polydisc in Cn. In the sequel, z will always denote a
vector z = (z1, . . . , zn) in Cn. The Hardy space H2(Dn) over Dn is the Hilbert space of all
holomorphic functions f on Dn such that

∥f∥H2(Dn) :=

(
sup

0≤r<1

∫
Tn

|f(reiθ1 , . . . , reiθn)|2 dθ
) 1

2

<∞,

where dθ is the normalized Lebesgue measure on the torus Tn, the distinguished boundary
of Dn. Let (Tz1 , . . . , Tzn) denote the n-tuple of multiplication operators by the coordinate
functions {zi}ni=1, that is,

(Tzif)(w) = wif(w),

for all w ∈ Dn and i = 1, . . . , n. We will often identify H2(Dn) with the n-fold Hilbert space
tensor product of one variable Hardy space as H2(D) ⊗ · · · ⊗ H2(D). In this identification,
Tzi can be represented as

IH2(D) ⊗ · · · ⊗ Tz︸︷︷︸
ith place

⊗ · · · ⊗ IH2(D),

for all i = 1, . . . , n. Also one can identify the Hardy space (via the radial limits of functions
in H2(Dn)) with the closed subspace of L2(Tn) in the following sense: Let {ek : k ∈ Zn} be
the orthonormal basis of L2(Tn), where k = (k1, . . . , kn) ∈ Zn and ek = eiθ1k1 · · · eiθnkn . Then
a function ∑

k∈Zn

akek ∈ L2(Tn),

is the radial limit function of some function in H2(Dn) if and only if ak = 0 whenever at least
one of the kj, j = 1, . . . , n, is negative. In particular, the set of all monomials {zk : k ∈ Zn+}
form an orthonormal basis for H2(Dn), where k = (k1, . . . , kn) ∈ Zn+ and zk = zk11 · · · zknn (cf.
[1], [20]). We use PH2(Dn) to denote the orthogonal projection from L2(Tn) onto H2(Dn), that
is,

PH2(Dn)(
∑
k∈Zn

akek) =
∑
k∈Zn

+

akek,

for all
∑
k∈Zn

akek in L2(Tn).

For φ ∈ L∞(Tn), the Toeplitz operator with symbol φ is the operator Tφ ∈ B(H2(Dn))
defined by

Tφf = PH2(Dn)(Mφf) (f ∈ H2(Dn)),
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where Mφ is the Laurent operator on L2(Tn) defined by Mφg = φg for all g ∈ L2(Tn).
Therefore

Tφ = PH2(Dn)Mφ|H2(Dn).

For the relevant results on Toeplitz operators on H2(Dn) we refer the reader to [3, 6, 9, 17, 19]
and references therein.

The following lemma will prove useful in what follows.

Lemma 2.1. Let H be a Hilbert space and A ∈ B(H) be a compact operator. If R is a
contraction on H, and if R∗m → 0 in strong operator topology, then R∗mA→ 0 in norm.

Proof. This is a particular case of ([3], 1.3 (d), page 3). �
In what follows, for each k ∈ Zn+ and l ∈ Zn, we write T k

z = T k1z1 · · ·T knzn , M
l
eiθ

=

M l1
eiθ1

· · ·M ln
eiθn

, T ∗k
z = T ∗k1

z1
· · ·T ∗kn

zn and M∗l
eiθ

=M∗l1
eiθ1

· · ·M∗ln
eiθn

.

3. Toeplitz operators in several variables

In the following we prove a generalization of Brown and Halmos characterization [4] of
Toeplitz operators on H2(D). This result should be compared with the algebraic characteri-
zation of Guo and Wang [15] which states that T in B(H2(Dn)) is a Toeplitz operator if and
only if T ∗

φTTφ = T for all inner function φ ∈ H∞(Dn).

Theorem 3.1. Let T ∈ B (H2(Dn)). Then T is a Toeplitz operator if and only if T ∗
zj
TTzj = T

for all j = 1, . . . n.

Proof. For each k ∈ Z+, define kd ∈ Zn+ by kd = (k, . . . , k). From T ∗
zj
TTzj = T , j = 1, . . . n,

we obtain that
T ∗kd
z TT kd

z = T,

which implies that

⟨Tei+kd
, ej+kd

⟩ = ⟨TT kd
z ei, T

kd
z ej⟩

= ⟨Tei, ej⟩,
for all k ∈ Z+ and i, j ∈ Zn+. Now for each l,m ∈ Zn, there exists t = (t1, . . . tn) ∈ Zn+ such
that l + kd,m+ kd ∈ Zn+ for all kd ≥ t (that is, k ≥ tj for all j = 1, . . . , n). Hence setting

Ak =M∗kd

eiθ
TPH2(Dn)M

kd

eiθ
,

for each k ≥ 1, we have

⟨Akel, em⟩L2(Tn) = ⟨TPH2(Dn)M
kd

eiθ
el,M

kd

eiθ
em⟩L2(Tn)

= ⟨TPH2(Dn)el+kd
, em+kd

⟩L2(Tn),

and therefore, for all kd ≥ t, we have that

⟨Akel, em⟩L2(Tn) = ⟨Tel+kd
, em+kd

⟩H2(Dn)

= ⟨Tel+t, em+t⟩H2(Dn).

This implies in particular that

⟨Akel, em⟩ → ⟨Tel+t, em+t⟩ as k → ∞.
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Let the bilinear form η on the linear span of {es : s ∈ Zn} be defined by

η(el, em) = lim
k→∞

⟨Akel, em⟩,

for all l,m ∈ Zn. Since ∥Ak∥ ≤ ∥T∥, k ≥ 1, it follows that η is a bounded bilinear form.
Therefore, η can be extended to a bounded bilinear form (again denoted by η) on all of
L2(Tn), and hence there exists a unique bounded linear operator A∞ on L2(Tn) such that

η(f, g) = ⟨A∞f, g⟩ = lim
k→∞

⟨Akf, g⟩,

for all f, g ∈ L2(Tn). Now let j ∈ {1, . . . , n}, l,m ∈ Zn and set

ϵj = (0, . . . , 1︸︷︷︸
jth place

, . . . , 0).

Then for all k sufficiently large (depending on l,m and j ), we have

⟨(M∗kd

eiθ
TPH2(Dn)M

kd

eiθ
)el+ϵj , em+ϵj⟩L2(Tn) = ⟨TPH2(Dn)el+kd+ϵj , em+kd+ϵj⟩L2(Tn)

= ⟨Tel+kd+ϵj , em+kd+ϵj⟩H2(Dn)

= ⟨T ∗
zj
TTzjel+kd

, em+kd
⟩H2(Dn)

= ⟨Tel+kd
, em+kd

⟩H2(Dn)

= ⟨Akel, em⟩L2(Tn).

Therefore

⟨A∞el+ϵj , em+ϵj⟩L2(Tn) = lim
k→∞

⟨(M∗kd

eiθ
TPH2(Dn)M

kd

eiθ
)el+ϵj , em+ϵj⟩L2(Tn)

= ⟨A∞el, em⟩L2(Tn),

and consequently M∗
eiθj
A∞Meiθj = A∞, that is, A∞Meiθj =MeiθjA∞. Hence there exists φ in

L∞(Tn) such that A∞ =Mφ [18]. Finally, we note that for f, g ∈ H2(Dn),

⟨A∞f, g⟩L2(Tn) = lim
k→∞

⟨M∗kd

eiθ
TPH2(Dn)M

kd

eiθ
f, g⟩L2(Tn)

= lim
k→∞

⟨T ∗kd
z TT kd

z f, g⟩H2(Dn),

that is,

⟨A∞f, g⟩L2(Tn) = ⟨Tf, g⟩H2(Dn),

and hence

⟨PH2(Dn)A∞f, g⟩H2(Dn) = ⟨A∞f, g⟩L2(Tn)

= ⟨Tf, g⟩H2(Dn).

Therefore, T = PH2(Dn)A∞|H2(Dn) = PH2(Dn)Mφ|H2(Dn), that is, T is a Toeplitz operator.
Conversely, let φ ∈ L∞(Tn) and T = PH2(Dn)Mφ|H2(Dn). Then for f, g ∈ H2(Dn) and j =
1, . . . n, we have

⟨(T ∗
zj
TTzj)f, g⟩H2(Dn) = ⟨φeiθjf, eiθjg⟩L2(Tn)

= ⟨φf, g⟩L2(Tn),
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that is,
⟨(T ∗

zj
TTzj)f, g⟩H2(Dn) = ⟨PH2(Dn)Mφ|H2(Dn)f, g⟩H2(Dn),

and therefore T ∗
zj
TTzj = T for all j = 1, . . . n, as desired. �

We now characterize compact operators on H2(Dn) in terms of the multiplication operators
{Tz1 , . . . , Tzn}. This characterization was proved by Feintuch [12] in the case of n = 1.

Theorem 3.2. A bounded linear map T on H2(Dn) is compact if and only if T ∗m
zi
TTmzj → 0

in norm for all i, j ∈ {1, ...., n}.

Proof. Let T on H2(Dn) be a bounded operator. First observe that for each m ≥ 1, we have

Tmz T
∗m
z = IH2(D) − PFm ,

where
Fm = C⊕ zC⊕ · · · ⊕ zm−1C,

is an m-dimensional subspace of H2(D). For each m ≥ 1, set

Fm =
n∏
i=1

(IH2(Dn) − Tmzi T
∗m
zi

).

Then

Fm =
n∏
i=1

(IH2(D) ⊗ · · · ⊗ (IH2(D) − Tmz T
∗m
z )︸ ︷︷ ︸

ithplace

⊗ · · · ⊗ IH2(D))

=
n∏
i=1

(IH2(D) ⊗ · · · ⊗ PFm︸︷︷︸
ithplace

⊗ · · · ⊗ IH2(D))

= PFm ⊗ · · · ⊗ PFm ,

which gives that Fm is a finite rank operator and hence

F̃m = TFm + FmT − FmTFm,

is a finite rank operator, m ≥ 1. Moreover

T − F̃m = T − (TFm + FmT − FmTFm)

= (IH2(Dn) − Fm)T (IH2(Dn) − Fm).

Finally, observe that

IH2(Dn) − Fm =
∑

1≤i1<···<il≤n

(−1)l+1Tmzi1 · · ·T
m
zil
T ∗m
zi1

· · ·T ∗m
zil

=
∑

1≤i1<···<il≤n

(−1)l+1(Tzi1 · · ·Tzil )
m(Tzi1 · · ·Tzil )

∗m,

for all m ≥ 1. Hence, by hypothesis and the triangle inequality we have

∥T − F̃m∥ = ∥(IH2(Dn) − Fm)T (IH2(Dn) − Fm)∥ → 0,
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as m→ ∞, that is, T is a compact operator.
The converse follows from Lemma 2.1. This completes the proof. �

In view of the preceding theorem, it seems reasonable to define asymptotic Toeplitz oper-
ators as follows (compare this with Feintuch [12] and Barŕıa and Halmos [2]):

Definition 3.3. A bounded linear operator T on H2(Dn) is said to be an asymptotic Toeplitz
operator if there exists A ∈ B(H2(Dn)) such that T ∗m

zi
TTmzi → A and T ∗m

zi
(T − A)Tmzj → 0 as

m→ ∞ in norm, 1 ≤ i, j ≤ n.

We close this section by characterizing asymptotic Toeplitz operators on H2(Dn) as analo-
gous characterization of asymptotic Toeplitz operators on H2(D) (see [12] and also Theorem
5.4 in Section 5).

Theorem 3.4. Let T be a bounded linear operator on H2(Dn). Then T is an asymptotic
Toeplitz operator if and only if T is a compact perturbation of Toeplitz operator.

Proof. Let A ∈ B(H2(Dn)), T ∗m
zi
TTmzi → A and T ∗m

zi
(T −A)Tmzj → 0 in norm, as m→ ∞, and

1 ≤ i, j ≤ n. Then for all m ≥ 1,

∥A− T ∗
zj
ATzj∥ ≤ ∥A− T ∗(m+1)

zj
TTm+1

zj
∥+ ∥T ∗(m+1)

zj
TTm+1

zj
− T ∗

zj
ATzj∥

≤ ∥A− T ∗(m+1)
zj

TTm+1
zj

∥+ ∥T ∗m
zj
TTmzj − A∥,

yields T ∗
zj
ATzj = A for all j = 1, . . . , n. Also by Theorem 3.2, T − A is compact on H2(Dn).

The converse follows from Lemma 2.1 and Theorem 3.1. This completes the proof. �
The more interesting question now is to describe bounded linear operators T on H2(Dn) (in

terms of Toeplitz and Hankel operators) such that T ∗m
zi
TTmzi → A and T ∗m

zi
(T −A)Tmzj → 0 for

some A ∈ B(H2(Dn)) and as m→ ∞, 1 ≤ i, j ≤ n, in the weak or strong operator topology.

4. Quotient spaces of H2(Dn)

The purpose of this section is to extend some of the results of Section 3 in the case when the
ambient operator is the compression of (Tz1 , . . . , Tzn) to a quotient space of H2(Dn), that is,
a joint (T ∗

z1
, . . . , T ∗

zn)-invariant closed subspace of H2(Dn). Note that a rich source of n-tuples
of commuting contractions comes from quotient Hilbert spaces of H2(Dn).

Let Q be a joint (T ∗
z1
, . . . , T ∗

zn)-invariant subspace of H2(Dn). Set

Czi = PQTzi|Q,
for all i = 1, . . . , n. Note that Q⊥ is a joint invariant subspace for (Tz1 , . . . , Tzn) and so

C∗
zi
= T ∗

zi
|Q ∈ B(Q).

In the case n = 1, Cz is called a Jordan block [18]. In the several variables quotient space
setting, we have the following analogue of Theorem 3.4.

Theorem 4.1. Let T,A ∈ B(Q). Then C∗m
zi
TCm

zi
→ A and C∗m

zi
(T − A)Cm

zj
→ 0 in norm

for all i, j = 1, . . . , n if and only if T = A +K, where K ∈ B(Q) is a compact operator and
C∗
zi
ACzi = A for all i = 1, . . . n.
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Proof. We first note that, as in the proof of Theorem 3.4, the assumption C∗m
zi
TCm

zi
→ A as

m→ ∞ implies that
C∗
zi
ACzi = A,

for all i = 1, . . . n. Now it follows from the definition of Czi that

C∗m
zi

= T ∗m
zi

|Q,
and hence

C∗m
zi

(T − A)Cm
zj

= T ∗m
zi

(T − A)PQT
m
zj
|Q,

for all i, j = 1, . . . , n and m ≥ 1. By once again using the fact that

PQT
m
zj
PQ = PQT

m
zj
,

one sees that
T ∗m
zi

(T − A)PQT
m
zj

= T ∗m
zi

(T − A)PQT
m
zj
PQ.

Hence C∗m
zi

(T − A)Cm
zj

→ 0 in B(Q) if and only if T ∗m
zi

(T − A)PQT
m
zj

→ 0 in B(H2(Dn)) as
m→ ∞.
Therefore, if C∗m

zi
(T − A)Cm

zj
→ 0 as m → ∞ in norm for all i, j = 1, . . . , n, then T ∗m

zi
(T −

A)PQT
m
zj

→ 0 in B(H2(Dn)) as m → ∞, and consequently by Theorem 3.2, (T − A)|Q is a

compact operator on H2(Dn). Therefore

(T − A) = (T − A)|Q,
is a compact operator on Q, which proves the necessary part.

Conversely, let T − A be a compact operator on Q and C∗
zi
ACzi = A for all i = 1, . . . n.

Since C∗m
zi

→ 0 as m→ ∞ in the strong operator topology, Lemma 2.1 implies that

C∗m
zi

(T − A)Cm
zj

→ 0,

as m→ ∞. In particular, for all i = 1, . . . n

C∗m
zi
TCm

zi
→ C∗m

zi
ACm

zi
.

But C∗
zi
ACzi = A, i = 1, . . . n, yields us

C∗m
zi
TCm

zi
→ A.

This completes the proof. �
Considering the particular case Qθ = H2(Dn) ⊖ θH2(Dn), the so called Beurling type

quotient space of H2(Dn), where θ ∈ H∞(Dn) is an inner function, we get the following
result.

Theorem 4.2. Let θ ∈ H∞(Dn) be an inner function and Qθ = H2(Dn) ⊖ θH2(Dn) and
A ∈ B(Qθ). Then C

∗
zi
ACzi = A for all i = 1, . . . n, if and only if A = 0.

Proof. Let C∗
zi
ACzi = A for all i = 1, . . . , n. Since

Q⊥
θ = θH2(Dn),

is a joint invariant subspace for (Tz1 , . . . , Tzn), it follows that

PQθ
T ∗
zi
|Qθ

= T ∗
zi
PQθ

,
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and hence

APQθ
= (C∗

zi
ACzi)PQθ

= (PQθ
T ∗
zi
|Qθ
APQθ

Tzi|Qθ
)PQθ

= T ∗
zi
APQθ

TziPQθ

= T ∗
zi
APQθ

Tzi

= T ∗
zi
(APQθ

)Tzi .

for all i = 1, . . . , n. This and Theorem 3.1 implies that APQθ
is a Toeplitz operator. Conse-

quently, there exists ψ ∈ L∞(Tn) such that

APQθ
= Tψ.

On the other hand, since Tθ is an analytic Toeplitz operator, it follows that

APQTθ = 0.

Hence, using [Theorem 1, C. Gu [14]], we conclude that

Tψθ = TψTθ

= APQθ
Tθ

= 0.

This completes the proof of the theorem. �
Summing up the above two results and Lemma 2.1, we have the following generalization of

Theorem 1.2 in [5].

Theorem 4.3. For an inner function θ ∈ H∞(Dn) and bounded linear operators T and A on
Qθ = H2(Dn)⊖ θH2(Dn), the following are equivalent:

(i) C∗m
zi
TCm

zi
→ A and C∗m

zi
(T − A)Cm

zj
→ 0 in norm for all i, j = 1, . . . , n;

(ii) C∗m
zi
TCm

zi
→ 0 in norm for all i = 1, . . . , n;

(iii) T is compact.

For asymptotic Toeplitzness of composition operators on the Hardy space of the unit sphere
in Cn we refer the reader to Nazarov and Shapiro [19], and Cuckovic and Le [7].

5. Asymptotic Toeplitz operators on H2
E(D)

The main purpose of this section is to characterize the compact operators on the model
space H2

Cp(D)⊖ΘH2
Cp(D), where Θ ∈ H∞

B(Cp)(D) is an inner function. We note that this result

for p = 1 case can be found in [5]. Moreover, our proof seems more shorter and conceptually
different (for instance, compare Theorem 5.5 with Proposition 2.10 in [5]).

We begin with the definition of a Toeplitz operator with operator-valued symbol.

Definition 5.1. Let E be a Hilbert space. A bounded linear operator T on H2
E(D) is

said to be Toeplitz if there exists an operator-valued function Φ in L∞
B(E)(T) such that

T = PH2
E(D)MΦ |H2

E(D).
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Here let us observe, before we proceed further, the following characterization of Toeplitz
operators on a vector-valued Hardy space. The result is probably known to the experts but
we were not able to find a reference in the literature. Since the result follows from concepts
and techniques used in the proof of Theorem 3.1, we give a sketch of the proof.

Theorem 5.2. Let E be a Hilbert space and T ∈ B(H2
E(D)). Then T is a Toeplitz operator if

and only if T ∗
z TTz = T .

Proof. Note first that {emη : m ∈ Z, η ∈ E} is a total set in L2
E(T), where em = eimθ, m ∈ Z.

For each k ≥ 1, set

Ak =M∗k
eiθTPM

k
eiθ ,

whereMeiθ is the bilateral shift on L
2
E(T) and P is the orthogonal projection from L2

E(T) onto
H2

E(D). If T ∗
z TTz = T and k ∈ Z+, then

⟨Tei+kη, ej+kζ⟩ = ⟨Teiη, ejζ⟩,

for all i, j ≥ 0. Then for each l,m ∈ Z, as in the proof of Theorem 3.1, there exists t ≥ 0
such that l + k,m+ k ≥ 0 for all k ≥ t, and so

⟨Akelη, emζ⟩ → ⟨Tel+tη, em+tζ⟩,

as k → ∞. Then

(elη, emζ) 7→ lim
k→∞

⟨Akelη, emζ⟩,

defines a bounded bilinear form on the span of {elη : l ∈ Z, η ∈ E}. Therefore, there exists
(again, following the proof of Theorem 3.1) A∞ ∈ B(L2

E(T)) such that

⟨A∞f, g⟩ = lim
k→∞

⟨Akf, g⟩,

for all f, g ∈ L2
E(T). This yields

A∞Meiθ =MeiθA∞.

Hence there exists a Φ ∈ L∞
B(E)(T) such that

A∞ =MΦ,

and hence

T = PH2
E(D)MΦ |H2

E(D) .

The proof of the converse part proceeds verbatim as that of Theorem 3.1. This completes the
proof of the theorem. �

Following Feintuch [12] we now define an asymptotic Toeplitz operator on a vector-valued
Hardy space.

Definition 5.3. Let E be a Hilbert space. A bounded linear operator T on H2
E(D) is said to

be an asymptotic Toeplitz operator if there exists A ∈ B(H2
E(D)) such that T ∗m

z TTmz → A as
m→ ∞ in norm.
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In the theorem below, we generalize the Feintuch’s characterization [12] (see also Theorem
F, page 195, [19]) of asymptotic Toeplitz operators on Hardy space to asymptotic Toeplitz
operators on Cp-valued Hardy space. However, the method of proof here is adapted from the
original proof by Feintuch.

Theorem 5.4. Let T,A ∈ B(H2
Cp(D)). Then T ∗m

z TTmz → A in norm if and only if A is a
Toeplitz operator and (T − A) is compact.

Proof. Suppose that T ∗m
z TTmz → A in norm. It follows that

∥T ∗(m+1)
z TTm+1

z − T ∗
zATz∥ ≤ ∥T ∗m

z TTmz − A∥ → 0

as m→ ∞. This and the triangle inequality yields A = T ∗
zATz. Now let Rm = Tmz T

∗m
z and

Qm = I −Rm.

Further, let PCp denote the orthogonal projection of H2
Cp(D) onto the space of (Cp-valued)

constant functions. Since TzT
∗
z = IH2

Cp (D)
− PCp , it follows that

Qm =
m−1∑
k=0

T kz PCpT ∗k
z (m ≥ 1).

Then Qm, m ≥ 1, is a finite rank operator, and therefore

Fm = (T − A)Qm +Qm(T − A)−Qm(T − A)Qm (m ≥ 1),

is also a finite rank operator. Moreover

(T − A)− Fm = Rm(T − A)Rm (m ≥ 1),

yields

∥(T − A)− Fm∥ = ∥Rm(T − A)Rm∥ ≤ ∥T ∗m
z TTmz − A∥ → 0,

as m→ ∞. So T − A is compact as desired.
The converse follows from Lemma 2.1. This completes the proof. �

Given a Hilbert space E and an inner multiplier Θ ∈ H∞
B(E)(D), the model space QΘ and

the model operator SΘ are defined by

QΘ = H2
E(D)⊖ΘH2

E(D),

and

SΘ = PQΘ
Mz|QΘ

,

respectively. Model spaces (and hence model operators) represent a wide and very important
class of bounded linear operators [18]. We have the following result in the model space setting.

Proposition 5.5. Let Θ ∈ H∞
B(E)(D) be an inner multiplier and T ∈ B(QΘ). Assume that

Θ(eiθ) is invertible a.e. Then S∗
ΘTSΘ = T if and only if T = 0.
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Proof. The proof goes exactly along the same lines as the proof of Theorem 4.2. Since

TPQΘ
= T ∗

z (TPQΘ
)Tz,

it follows from Theorem 5.2 that TPQ is a Toeplitz operator. Consequently, there exists
Ψ ∈ L∞

B(E)(T) [18] such that
TPQΘ

= TΨ.

Since TΘ is an analytic Toeplitz operator, again as in the proof of Theorem 4.2, it follows that

TΨΘ = 0,

and hence
ΨΘ = 0.

Since Θ is invertible a.e., it follows that Ψ = 0 a.e. and hence T = 0. This completes the
proof. �

Not only is this proposition a considerable generalization of Proposition 2.10 of [5], but our
proof is much simpler. The principal tool is the identity S∗

Θ = T ∗
z |QΘ

.
We have the following characterization which generalizes the characterization of compact

operators on QΘ for p = 1 (see the implication (i) and (iii) in Theorem 1.2 in [5]).

Theorem 5.6. Let Θ ∈ H∞
B(Cp)(D) be an inner multiplier and T ∈ B(QΘ). Then T is compact

if and only if {S∗m
Θ TSmΘ }m≥1 converges in norm.

Proof. If T is compact on QΘ, then by Lemma 2.1, ∥S∗m
Θ TSmΘ ∥ → 0 as m→ ∞. To prove the

converse, let A ∈ B(QΘ) and S
∗m
Θ TSmΘ → A, asm→ ∞, in norm. Then by the same argument

used in the proof of Theorem 4.1, we have S∗
ΘASΘ = A. It now follows from Proposition 5.5

that A = 0 and therefore T ∗m
z TPQΘ

Tmz → 0 as m→ ∞. Now Theorem 5.4 implies that TPQΘ

is a compact operator on H2
Cp(D). Therefore T = TPQΘ

is a compact operator on QΘ. This
completes the proof. �

Theorem 5.6 and Lemma 2.1 give us the following generalization of Theorem 1.2 in [5].

Theorem 5.7. Let Θ ∈ H∞
B(Cp)(D) be an inner multiplier and T ∈ B(QΘ). Then the following

are equivalent:
(i) {S∗m

Θ TSmΘ }m≥1 converges in norm;
(ii) S∗m

Θ TSmΘ → 0 in norm;
(iii) T is a compact operator.
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