TOEPLITZ AND ASYMPTOTIC TOEPLITZ OPERATORS ON H?*(D")
AMIT MAJI, JAYDEB SARKAR, AND SRIJAN SARKAR

ABSTRACT. We initiate a study of Toeplitz operators and asymptotic Toeplitz operators on
the Hardy space H?(D") (over the unit polydisc D" in C"). Our main results on Toeplitz
and asymptotic Toeplitz operators can be stated as follows: Let T, denote the multiplication
operator on H2(D") by the i" coordinate function z;, i = 1,...,n, and let T be a bounded
linear operator on H?(D"). Then the following hold:
(i) T is a Toeplitz operator (that is, T" = Py2@pn)yMy|g2@n), where M, is the Laurent
operator on L?(T™) for some ¢ € L>(T™)) if and only if T3 TT,, =T for all i = 1,...,n.
(ii) T is an asymptotic Toeplitz operator if and only if 7' = Toeplitz + compact.
The case n = 1 is the well known results of Brown and Halmos, and Feintuch, respectively.
We also present related results in the setting of vector-valued Hardy spaces over the unit disc.

1. INTRODUCTION

Although concrete bounded linear operators on Hilbert spaces exist in great variety and
can exhibit interesting properties, one of the main concerns of function theory and operator
theory has generally been the study of operators which are connected with the spaces of
holomorphic and integrable functions. The class of Toeplitz and analytic Toeplitz operators
have turned out to be one of the most important classes of concrete operators from this point
of view.

Toeplitz operators on the Hardy space (or, on the [* space) were first studied by O. Toeplitz
(and then by P. Hartman and A. Wintner in [16]). However, a systematic study of Toeplitz
operators was triggered by the seminal paper of Brown and Halmos [4] on algebraic properties
of Toeplitz operators on H?(D). Here H?(D) denote the Hardy space over the open unit disc
D in C. The study of Toeplitz operators on Hilbert spaces of holomorphic functions, like
the Hardy space, the Bergman space and the weighted Bergman spaces, on domains in C"
is also one of the very active area of current research that brings together several areas of
mathematics. For more information on this direction of research, we refer the reader to [§],
9], [10], [11], [17], [21] and the references therein.

Recall that a bounded linear operator T on H?*(D) is said to be a Toeplitz operator if
T = Puzm)My|u2m), where M, is the Laurent operator on L*(T) for some ¢ € L>™(T).
Here Py (p) denotes the orthogonal projection of L*(T) onto H?(ID). The well-known Brown-
Halmos theorem characterizes Toeplitz operators on H?(ID) as follows (see the matricial char-
acterization, Theorem 6 in [4]): Let T be a bounded linear operator on H*(D). Then T is a
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Toeplitz operator if and only if
1T, =T.

One of the main results of this paper is the following generalization of Brown-Halmos
theorem (see Theorem 3.1): A bounded linear operator T on H?*(D") is a Toeplitz operator
if and only if

7T, =T,

for all j =1,...,n (see Section 2 for notation and background definitions).

The notion of Toeplitzness was extended to more general settings by Barria and Halmos
[2] and Feintuch [12]. Also see Popescu [13] for Toeplitzness in the non-commutative setting.
Accordingly, following Feintuch (and Barria and Halmos [2]) we shall say that a bounded linear
operator T on H?*(D) is (uniformly) asymptotically Toeplitz if {T*™TT™},,> converges in
operator norm. The following theorem due to Feintuch [12] gives a remarkable characterization
of asymptotically Toeplitz operators: A bounded linear operator T' on H?(ID) is asymptotically
Toeplitz if and only if T'= Toeplitz + compact.

After a preliminary section (Section 2) on the Hardy space over unit polydisc, in Section
3, we introduce the asymptotic Toeplitz operators in polydisc setting (see Definition 3.3). In
Theorem 3.4, we prove the following generalization of Feintuch’s theorem: A bounded linear
operator T on H?(D") is asymptotically Toeplitz if and only if T' = Toeplitz + compact.

In Section 4, we investigate Toeplitzness and asymptotic Toeplitzness of compressions of the
n-tuple of multiplication operators (1%,, ..., T,,) to Beurling type quotient spaces of H?*(D").
More specifically, let § € H*°(ID™) be an inner function, that is, |#] = 1 on the distinguished
boundary T™ of D". Set

Q) — HA(D") & OH2(D"),
and
C., = Po,T% o,
where Pg, denotes the orthogonal projection from H?(D") onto Qp. A basic question is now
to characterize those T € B(Qy) for which

CrTC,, =T.
Similarly, characterize those T € B(Qy) for which
CImTCl — A,

in norm, for some A € B(Qy) and for all i = 1,...,n (given a Hilbert space H, we denote by
B(H) the C*-algebra of all bounded linear operators on H). In this general setting, to remedy
the subtlety of the product domain D", we modify the above condition by adding another
natural condition. The main content of Section 4 is the following: Let T, A € B(Qy). Then
C; AC,, = Aforalli=1,... n,if and only if A= 0. Moreover, the following are equivalent:
) Ci'TCY — Aand CZ"(T — A)CY — 0 in norm for all i,j = 1,...,n;
i) C;"TCT — 0 in norm for all i = 1,...,n;

(ili) 7" is compact.

In Section 5, we study the above questions in the vector-valued Hardy space over the
unit disc setting. To be precise, let £ be a Hilbert space, and let © € Hg‘zg)(]D)) be an

(i
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inner multiplier [18]. Then the model space and the model operator are defined by Qg =
H3(D)©OHZ(D) and Se = Po,T:|o,, respectively. We prove that for every T' € B(Qg), the
following holds: (i) S§TSe = T if and only if 7' = 0, and (ii) {S§"T'SG }m>1 converges in
norm if and only if 7" is compact.

2. PRELIMINARIES

Let n > 1 and D" be the open unit polydisc in C". In the sequel, z will always denote a
vector z = (z1,...,2,) in C". The Hardy space H*(D") over D" is the Hilbert space of all
holomorphic functions f on D" such that

0<r<1 JTn

1
) . 2
Il = (sup [ 1stre.core) d0) < o,
where d@ is the normalized Lebesgue measure on the torus T", the distinguished boundary
of D". Let (T,,,...,T,,) denote the n-tuple of multiplication operators by the coordinate
functions {z;}, that is,
for all w € D" and i = 1,...,n. We will often identify H?(D") with the n-fold Hilbert space

tensor product of one variable Hardy space as H*(D) ® --- ® H*(D). In this identification,
T, can be represented as

IH2(]D))®® Tz ®®IH2(D)7
~~~

ith place

for alli =1,...,n. Also one can identify the Hardy space (via the radial limits of functions
in H%(D")) with the closed subspace of L?(T") in the following sense: Let {es : k € Z"} be
the orthonormal basis of L?(T"), where k = (ki,...,k,) € Z" and ¢}, = e1F1 ... ¢¥Fn Then
a function

Z kel € LZ(Tn),

kezn
is the radial limit function of some function in H?*(D") if and only if ax = 0 whenever at least

one of the k;, j = 1,...,n, is negative. In particular, the set of all monomials {z* : k € yAY:
form an orthonormal basis for H2(D"), where k = (ki,...,k,) € Z" and 2% = 2" -+ 2k (cf.

[1], [20]). We use Pyzpny to denote the orthogonal projection from L*(T") onto H*(ID"), that

is,
PHQ(ID)")(Z akek) = Z k€L,
kezn kezn
for all Z ager, in L*(T™).
kezn
For p € L>*(T"), the Toeplitz operator with symbol ¢ is the operator T, € B(H*(D"))

defined by
T,f = Pu2ony (M, f) (f € H*(D")),
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where M, is the Laurent operator on L?(T") defined by M,g = g for all g € L*(T").
Therefore
Tcp = PHQ(]D)n)M‘p’H2(Dn).
For the relevant results on Toeplitz operators on H?(ID") we refer the reader to [3, 6, 9, 17, 19]
and references therein.
The following lemma will prove useful in what follows.

Lemma 2.1. Let H be a Hilbert space and A € B(H) be a compact operator. If R is a
contraction on H, and if R*™ — 0 in strong operator topology, then R*™A — 0 in norm.

Proof. This is a particular case of ([3], 1.3 (d), page 3). O

In what follows, for each k € Z7 and I € Z", we write Tk = Tzkl1 e Tfn”, Méw =
MUy Ml TR =Tk TR and MY, = MY - M
3. TOEPLITZ OPERATORS IN SEVERAL VARIABLES
In the following we prove a generalization of Brown and Halmos characterization [4] of
Toeplitz operators on H?(D). This result should be compared with the algebraic characteri-
zation of Guo and Wang [15] which states that 7" in B(H?(D")) is a Toeplitz operator if and
only if T3TT, =T for all inner function ¢ € H>(D").

Theorem 3.1. Let T € B(H?*(D")). Then T is a Toeplitz operator if and only if 1T, =T
forallj=1,...n.

Proof. For each k € Z,, define kg € Z7 by kq = (k,...,k). From 1T, =T,j=1,...n,
we obtain that
TrkarTke = T,
which implies that
(Tesing iing) = (TTes, Ties)
= (Tei, e5),
for all k € Z; and 4,5 € Zy. Now for each I, m € Z", there exists t = (t1,...t,) € Z such
that I + kg, m + kg € Z7, for all k; > t (that is, k > ¢; for all j =1,...,n). Hence setting

Ay, = MX54T Pro ooy MY,
for each k > 1, we have
<Akel, em>L2(’]I"n) = <TPH2(Dn)Mk

et

set, Mg‘éemh%w)
= (T Pr2(om)€14kys Cmtky) L2(T7)
and therefore, for all k; > t, we have that
(Arer, em) r2(rny = (Te1iky, Cmtky) H2(D7)
= <T€l+ta €m+t>H2(Dn)-
This implies in particular that

(Arer, em) = (Teiqt, myt) as k — oo.
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Let the bilinear form 1 on the linear span of {es : s € Z"} be defined by
n(er, em) = Um (Ager, em),
k—o0

for all I,m € Z". Since |Ag|| < ||T]|, & > 1, it follows that 1 is a bounded bilinear form.
Therefore, n can be extended to a bounded bilinear form (again denoted by 7) on all of
L?(T™), and hence there exists a unique bounded linear operator A,, on L*(T") such that

n(f.9) = (Auf,g) = lim (Aif, 9),
for all f,g € L*(T"). Now let j € {1,...,n}, l,m € Z™ and set
Gj:(o,...7 1 ,...,0).

jth place

Then for all k sufficiently large (depending on I, m and j ), we have

<<M*dePH2 Dn Msg)€l+e]-7em+6j>L2(T") = <TPH2 (D) Elt-kgtes €m+kd+ﬁj>L2(T")
<T6l+kd+€J ) Cmtkgte; >H2(]D)")
= (T2 1T, €14k, Cmtky) H2(D7)
<T61+kd7 Crmtky) H2(D")
<Ak617 €m>L2(1rn)
Therefore

<Aoo€l+ej,€m+5j>L2(1rn) = l}glolo<(M:i’ZdTPH2(Dn)M:iZ)€l+ej7 €m+ej>L2(11‘n)

- <Aooel7 €m>L2(']I‘”)7
and consequently Me*iej AsoM io; = Aso, that is, Ao M ie; = M ie; Ay Hence there exists ¢ in
L>(T") such that A, = M,, [18]. Finally, we note that for f,g € H*(D"),

(Ao f9) r2(rmy = lim <M 20" T Pry2pn)y fi‘éf, g)L2(Tm

k—o0

= hm <T*dedef 9) H2(Dm)

that is,
<Aoof7 g>L2(’]1‘”) = <Tf7 9>H2(]D)”)7
and hence
(Pr2mn)yAse fr 9) 2mr) = (Aso f, 9) 12(1m)

=(Tf,9) 2.
Therefore, T' = Pp2(pn)Aco| m2(n) = PrzonyMy|p2ony, that is, T'is a Toeplitz operator.
Conversely, let ¢ € L®(T") and T' = PyzmnyMy|g2pn). Then for f,g € H*(D") and j =
1,...n, we have

(TITT) [, 9) w2y = (pe’ f, €i9j9>L2(11‘")
= (pf, >L2 ")
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that is,
(TZTT) . 9) r2ony = (P2 My m2mn) f, 9) 20m),
and therefore >TT, =T for all 7 =1,...n, as desired. O

We now characterize compact operators on H%(D") in terms of the multiplication operators
{T.,,,...,T.,}. This characterization was proved by Feintuch [12] in the case of n = 1.

Theorem 3.2. A bounded linear map T on H*(D") is compact if and only if ZrTT — 0

in norm for all i,5 € {1,....,n}.

Proof. Let T on H*(D") be a bounded operator. First observe that for each m > 1, we have
T"T™ = In2my — Pr,,,

where
Fn=Ca®2C8---02""'C,
is an m-dimensional subspace of H%(ID). For each m > 1, set

H Lippny — T TE™).

Then

5
I
qamp

s
Il
—

T2y ® - - - ®£IH2(D) - T?T:m)l(@ - @ Iy my)
ith];lrace

I

@
Il
—

([HQ(D) ®--® Pr, @...@[HQ(D))
~~

ithplace

Pr, ®---® Pr,,
which gives that F}, is a finite rank operator and hence
F,=TF,, + F,T — E,, TF,,
is a finite rank operator, m > 1. Moreover
T-F,=T-(TF,+F,T — F,,TF,,)
= (In2m) = Fin)T(In2m) — Fin).

Finally, observe that

Ipey = F = > ()T T T T

Ziq Zi) " Zig Z;
1<ig<-<ij<n

- Z (_1)Z+I(T2i1 T TZil)m(Tzn T Tzil)*m7
1< <--<y<n

for all m > 1. Hence, by hypothesis and the triangle inequality we have
1T — Full = |(Ta2my — Fon) T(Tr2ny — Fin)|| = 0,
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as m — oo, that is, T' is a compact operator.
The converse follows from Lemma 2.1. This completes the proof. U

In view of the preceding theorem, it seems reasonable to define asymptotic Toeplitz oper-
ators as follows (compare this with Feintuch [12] and Barria and Halmos [2]):

Definition 3.3. A bounded linear operator 7' on H?(D") is said to be an asymptotic Toeplitz
operator if there exists A € B(H?(D")) such that T;"TT" — A and T;™(T — AT — 0 as
m — oo in norm, 1 <14,7 < n.

We close this section by characterizing asymptotic Toeplitz operators on H?(D") as analo-
gous characterization of asymptotic Toeplitz operators on H*(D) (see [12] and also Theorem
5.4 in Section 5).

Theorem 3.4. Let T be a bounded linear operator on H*(D"). Then T is an asymptotic
Toeplitz operator if and only if T is a compact perturbation of Toeplitz operator.
Proof. Let A € B(H*(D")), T;"TT — A and T;™(T' — A)T" — 0 in norm, as m — 0o, and
1 <i,5 <n. Then for all m > 1,
|A =T AT, || < |A = T2 TT | 4 || T DT — T AT ||
<A =T OTTI | 4+ || T2 T — A,
yields T2 AT,; = Afor all j =1,...,n. Also by Theorem 3.2, T'— A is compact on H?(D").

The converse follows from Lemma 2.1 and Theorem 3.1. This completes the proof. U

The more interesting question now is to describe bounded linear operators 7" on H?(D") (in
terms of Toeplitz and Hankel operators) such that 72" TT" — A and T;"(T' — A)T7" — 0 for

some A € B(H?*(D")) and as m — oo, 1 <4,j <n, in the weak or strong operator topology.

4. QUOTIENT SPACES OF H?(D")

The purpose of this section is to extend some of the results of Section 3 in the case when the
ambient operator is the compression of (7%,,...,T%.,) to a quotient space of H?(D"), that is,
ajoint (T7%,...,T: )-invariant closed subspace of H*(ID"). Note that a rich source of n-tuples
of commuting contractions comes from quotient Hilbert spaces of H?*(D").

Let Q be a joint (17, ..., T )-invariant subspace of H*(D"). Set
C., = Pl o,
for all i = 1,...,n. Note that Q' is a joint invariant subspace for (T,,...,T%.,) and so
C; =T o € B(Q).

In the case n = 1, C, is called a Jordan block [18]. In the several variables quotient space
setting, we have the following analogue of Theorem 3.4.

Theorem 4.1. Let T, A € B(Q). Then C;"TCT — A and CZ"(T' — A)CTY — 0 in norm
foralli,j=1,....,n if and only if T = A+ K, where K € B(Q) is a compact operator and
CrAC,, =Aforalli=1,...n.
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Proof. We first note that, as in the proof of Theorem 3.4, the assumption C;"T'C" — A as
m — oo implies that

CLAC,, = A,
for all « = 1,...n. Now it follows from the definition of C, that

Cr=1"e,
and hence
forall 4,5 =1,...,n and m > 1. By once again using the fact that

PoT?" Pg = Pl
one sees that
2T — A)PTT = T7(T — A)PoT" Po.
Hence C2™(T — A)CT" — 0 in B(Q) if and only if T™(T' — A)PoT" — 0 in B(H?*(D")) as
m — oQ.
Therefore, if C; (T — A)C’;’; — 0 as m — oo in norm for all 7,5 = 1,...,n, then T;™(T —
A)PeT" — 0 in B(H?*(D")) as m — oo, and consequently by Theorem 3.2, (T — A)|g is a
compact operator on H?(D"). Therefore
(T'=A) = (T' = Ao,

is a compact operator on Q, which proves the necessary part.
Conversely, let T'— A be a compact operator on Q and C7 AC,, = A foralli =1,...n.
Since C7™ — 0 as m — oo in the strong operator topology, Lemma 2.1 implies that

(T — A)CZ — 0,
as m — oo. In particular, foralli=1,...n
cnTrel — CIMACT.
But C; AC,, = A, 1 =1,...n, yields us
C;nTel — A
This completes the proof. O

Considering the particular case Qy = H?*(D") & §H*(D"), the so called Beurling type
quotient space of H?(D"), where § € H*(D") is an inner function, we get the following
result.

Theorem 4.2. Let § € H>®(D") be an inner function and Qp = H?*(D") & H?*(D") and
A€ B(Qy). Then C;AC,, = A for alli=1,...n, if and only if A= 0.

Proof. Let C7 AC,, = A for all i =1,...,n. Since
Qy = 0H*(D"),
is a joint invariant subspace for (75,,...,75, ), it follows that
Po,T |0, = 17 Po,,
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and hence
APg, = (C7 AC,) Po,
= (Po,T% |0y AP, T,
=T, APg,T., Po,
=T, APg,T.,
=17 (APg,)T,.

for all ¢ = 1,...,n. This and Theorem 3.1 implies that APg, is a Toeplitz operator. Conse-
quently, there exists ¢ € L*°(T") such that

QQ)PQe

APg, =Ty.
On the other hand, since Tj is an analytic Toeplitz operator, it follows that
APoTy = 0.
Hence, using [Theorem 1, C. Gu [14]], we conclude that
Tyo = TyTy
= APy, Ty
= 0.
This completes the proof of the theorem. ([l

Summing up the above two results and Lemma 2.1, we have the following generalization of
Theorem 1.2 in [5].

Theorem 4.3. For an inner function § € H*(D") and bounded linear operators T and A on
Qy = H*(D") © OH?*(D"), the following are equivalent:

(i) C;"TCT — A and CI™(T — A)CZ_L — 0 in norm for alli,j=1,...,n;

(ii) C;"TCT — 0 in norm for alli =1,...,n;

(11i) T is compact.

For asymptotic Toeplitzness of composition operators on the Hardy space of the unit sphere
in C™ we refer the reader to Nazarov and Shapiro [19], and Cuckovic and Le [7].

5. AsYMPTOTIC TOEPLITZ OPERATORS ON HZ(D)

The main purpose of this section is to characterize the compact operators on the model
space HZ,(D) © ©HE, (D), where © € H, (D) is an inner function. We note that this result

for p = 1 case can be found in [5]. Moreover, our proof seems more shorter and conceptually
different (for instance, compare Theorem 5.5 with Proposition 2.10 in [5]).
We begin with the definition of a Toeplitz operator with operator-valued symbol.

Definition 5.1. Let £ be a Hilbert space. A bounded linear operator T on HZ(D) is
said to be Toeplitz if there exists an operator-valued function @ in L) (T) such that
T = PyzyMs | 12 (y-
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Here let us observe, before we proceed further, the following characterization of Toeplitz
operators on a vector-valued Hardy space. The result is probably known to the experts but
we were not able to find a reference in the literature. Since the result follows from concepts
and techniques used in the proof of Theorem 3.1, we give a sketch of the proof.

Theorem 5.2. Let £ be a Hilbert space and T € B(H3(D)). Then T is a Toeplitz operator if
and only if T;TT, =T.

Proof. Note first that {e,,n: m € Z,n € £} is a total set in L2(T), where e,, = ™’ m € Z.
For each k£ > 1, set

Ay = METPME,,
where M, is the bilateral shift on LZ(T) and P is the orthogonal projection from L2(T) onto
HZ(D). U TTT, =T and k € Z, then
(Teirnn, ej+xC) = (Teim, €;¢),

for all 4,57 > 0. Then for each [,m € Z, as in the proof of Theorem 3.1, there exists ¢ > 0
such that [ + k,m + k > 0 for all £ > ¢, and so

<Akel77> emC> — <T€l+t777 €m+tc>7
as k — oo. Then
(eln7 €m<) = k:h—g)lo<Ak6ln7 emc>7

defines a bounded bilinear form on the span of {¢;n : | € Z,n € £}. Therefore, there exists
(again, following the proof of Theorem 3.1) A, € B(L2(T)) such that

<Aoof7 g> = khIIl <Akf7 g>7
— 00
for all f,g € L(T). This yields
AsoM o = Mo Ase .
Hence there exists a ® € Ly, (T) such that
Aoo = M<I>7
and hence
T= PHg(D)M<I> |H§(1D>) .

The proof of the converse part proceeds verbatim as that of Theorem 3.1. This completes the
proof of the theorem. O

Following Feintuch [12] we now define an asymptotic Toeplitz operator on a vector-valued
Hardy space.

Definition 5.3. Let £ be a Hilbert space. A bounded linear operator 7' on H3(D) is said to
be an asymptotic Toeplitz operator if there exists A € B(HZ(D)) such that T/™TT™ — A as
m — OO In norm.
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In the theorem below, we generalize the Feintuch’s characterization [12] (see also Theorem
F, page 195, [19]) of asymptotic Toeplitz operators on Hardy space to asymptotic Toeplitz
operators on CP-valued Hardy space. However, the method of proof here is adapted from the
original proof by Feintuch.

Theorem 5.4. Let T, A € B(HZ,(D)). Then T;™TT™ — A in norm if and only if A is a
Toeplitz operator and (T — A) is compact.

Proof. Suppose that T;™TT" — A in norm. It follows that
T ITT Y — TR AT < [T TT — Al = 0
as m — oo. This and the triangle inequality yields A = T} AT,. Now let R,, = T"17™ and
Qm=1-R,.

Further, let Pr» denote the orthogonal projection of HZ,(D) onto the space of (CP-valued)
constant functions. Since 17,77 =1 H2, (D) — Peor, it follows that

m—1

Qm =Y TPuT*  (m>1).

k=0
Then @,,, m > 1, is a finite rank operator, and therefore
Frn=T-A2)Qu+Qun(T —A) — Qun(T —A)Qn (m >1),
is also a finite rank operator. Moreover
(T'—A)—F,=Rn(T—- AR, (m >1),
yields
(T = A) = Full = | B (T = A) R | < |[TZ"TT" — All = 0,

as m — 00. So T — A is compact as desired.
The converse follows from Lemma 2.1. This completes the proof. O

Given a Hilbert space £ and an inner multiplier © € H Be) (D), the model space Qg and
the model operator Sg are defined by

Qo = Hg(D) © ©Hg (D),
and
Se = Po, Mg,

respectively. Model spaces (and hence model operators) represent a wide and very important
class of bounded linear operators [18]. We have the following result in the model space setting.

Proposition 5.5. Let © € Hy\ (D) be an inner multiplier and T € B(Qe). Assume that
O(e?) is invertible a.e. Then SgTSe = T if and only if T = 0.
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Proof. The proof goes exactly along the same lines as the proof of Theorem 4.2. Since
TPQ@ = T;k(TPQe)TZ?

it follows from Theorem 5.2 that TPy is a Toeplitz operator. Consequently, there exists
U € L) (T) [18] such that

TPy, =Ty.
Since T is an analytic Toeplitz operator, again as in the proof of Theorem 4.2, it follows that
Tye =0,
and hence
voe = 0.
Since O is invertible a.e., it follows that ¥ = 0 a.e. and hence T" = 0. This completes the
proof. OJ

Not only is this proposition a considerable generalization of Proposition 2.10 of [5], but our
proof is much simpler. The principal tool is the identity S§ = T |g,-

We have the following characterization which generalizes the characterization of compact
operators on Qg for p =1 (see the implication (i) and (iii) in Theorem 1.2 in [5]).

Theorem 5.6. Let © € Hyc,) (D) be an inner multiplier and T € B(Qe). Then T is compact
if and only if {SE"T'SE' },,>, converges in norm.

Proof. If T is compact on Qg, then by Lemma 2.1, ||S§"T'SE|| — 0 as m — oo. To prove the
converse, let A € B(Qg) and SE"TSE — A, as m — 0o, in norm. Then by the same argument
used in the proof of Theorem 4.1, we have S§ASe = A. It now follows from Proposition 5.5
that A = 0 and therefore 7T Po,T]" — 0 as m — oo. Now Theorem 5.4 implies that T'Pg,
is a compact operator on HZ,(D). Therefore T' = T Pg, is a compact operator on Qg. This
completes the proof. O

Theorem 5.6 and Lemma 2.1 give us the following generalization of Theorem 1.2 in [5].

Theorem 5.7. Let © € Hie,) (D) be an inner multiplier and T' € B(Qe). Then the following
are equivalent:

(1) {SE™TSE }m>1 converges in norm;

(i1) SE™TSE — 0 in norm;

(11i) T is a compact operator.
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