PRODUCTS OF TWO ORTHOGONAL PROJECTIONS

JAYDEEP BHATTACHARJEE AND JAYDEB SARKAR

ABSTRACT. We study operators that are products of two orthogonal projections. Our results
complement some of the classical results of Crimmins and von Neumann. Particular emphasis
has been given to projections associated with inner functions defined on the polydisc.
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1. INTRODUCTION

Elements from an algebra that are finite products of special elements from the same algebra
are of general significance. One of the more specific cases would be the ring of all square
matrices or the ring of all bounded linear operators acting on a Hilbert space H, which we
denote by B(H). The present investigation focuses on operators that are products of pairs
of projections on Hilbert spaces. Here, all Hilbert spaces are assumed to be separable and
defined over C, and all projections are orthogonal projections. Therefore, P € B(H) is a
projection if

P=p*=P
Our aim is to study operators T € B(H) such that
T'= PP,

for some projections Py and P, in B(H). Operators that admit the above factorizations have
been examined in multiple contexts. Aronszajn, Browder, Dixmier , Kakutani, and Wiener
are among the many more eminent names who have contributed to illuminate this subject (see
[17, 27] for a thorough historical description). Two additional notable contributions relevant
to our work are von Neumann’s formula for iterated products of projections and Crimmins’
analysis of products of two projections. Let us first revisit two characterizations from the list
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provided by Crimmins [8, 19, 27]: An operator T € B(#H) is the product of two projections if
and only if

T? =TT*T,
if and only if
T - PMTTPmTT* .

Given a closed subspace S of a Hilbert space H, we denote the orthogonal projection of H
onto & by Ps. The preceding factorization of T is referred to as the canonical factorization
and will be crucial in the subsequent discussion. We present somewhat independent proofs of
the above equivalence properties. Additionally, we offer the following new characterization:
T € B(H) is a product of two projections if and only if

TT* =T Panr+.

Before turning to von Neumann’s perspective, we pause for Nagy-Foias and Langer’s view-
point on contractive operators acting on Hilbert spaces. This is relevant because, if T' € B(H)
is a product of two projections, then 7' is necessarily a contraction (that is, ||Th| < ||h|| for
all h € H). Consequently, the Sz.-Nagy and Foias theory of contractions [22] applies to
operators that are products of two projections. This paper presents some new perspectives
on the structure of contractions that are products of two projections. Given a contraction
T € B(H), the celebrated canonical decompositions of T is the orthogonal decomposition of
closed subspaces

H= Hu % chua

where both #H,, and H,, reduce T'; and T'|4, is unitary and 7|3, is completely non-unitary
(c.n.u., for short); that is, T'|3,,, on Hen, has no nontrivial unitary summand. Moreover, the
unitary summand H,, is given by

Hy = {h € H: ||T"h|| = |T""h] = |[All,m € N}.

This decomposition is due to Nagy-Foias and Langer [14, 23]. The spaces H, and H.,, are
designated as the unitary part and the cnu part of T', respectively.

Now we assume that T' = P, P, for some projections P, and P, in B(H). Theorems 3.1 and
3.2 give a concrete description of the canonical decomposition of such operators: The unitary
and cnu parts of T are given by

H, = ker(I — P, Py) = ranP; NranP;,

and
Henu = ker T \/ ker T,

respectively, where \/ denotes the span closure of subspaces. The above results also comple-
ment the classical von Neumann’s alternating orthogonal projection formula. In fact, if P,
and P, are projections, then the von Neumann’s alternating orthogonal projection formula
tells us that

SOT- lim T™ = PranPlﬂranPQ-

m—ro0

From this perspective and in view of our results outlined above, we further assert that (see
Theorem 4.1 for more details)

SOT- lim T™ = Py,

m—r0o0
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where H, is the unitary part of the canonical decomposition of the contraction T = P P.
In the context of canonocial decomposition, we additionally include the following asymptotic
properties of the cnu part of 7' (see Theorem 4.2):

SOT — lim (T, )™ = SOT — lim (T
m—r0o0 m—00

chu)m - O

Following standard notations [22], we write the above asymptotic properties simply as:
T*
Now we look into a more concrete infinite dimensional Hilbert space, H?(D"), the Hardy

space of square summable analytic functions defined on the polydisc D”. The commutative
Banach algebra of all bounded analytic functions on D" is denoted by H*(D"):

Hm@W)Z{weﬂd@W%Hﬂhﬁzsgﬂwﬁﬂ<aﬂ~
zeDm

Henuos T|chu e CO

For each ¢ € H>(D"), the analytic Toeplitz operator T, on H?*(D") is defined by

T%’f = (zpfa
for all f € H*(D"). One knows that T, € B(H?*(D")) for all ¢ € H*>*(D"). The function
p € H>°(D") is said to be inner if |p| = 1 a.e. on T™ (the distinguished boundary of D")
in the sense of radial limits. It is known that ¢ is inner if and only if 7, is an isometry on
H?(D™). In this case, we have
T, T = Pogon.

A projection P € B(H?*(D")) is said to be an inner projection [9] if there exists an inner
function ¢ € H>*(D") such that P =T, T%. Equivalently, we have

(11) P — PcpHQ(]D)”)-

Here our goal is to classify a class of operators that are products of two inner projections.
Of course, our aim is to obtain an analytic answer to this problem. To achieve this, for
each nonzero operator T' € B(H?(D")), we associate an inner function that acts as the least
common multiple within a suitable class of inner functions. Our approach is as follows: Given
a bounded linear operator 7' on H?(D"), define the set

Ir = {p € H*(D") : ¢ is inner, and ranT C @H*(D")}.

Whenever Zr admits a least common multiple (Icm), it is unique, and we denote it by @1 €
H>(D"). That is,

or = lemZy.
Under this notation, we similarly denote by
Q7 = ICIHIT*,

whenever the lem of Z7- exists. We also define
Jr ={p € H*(D") : o is inner and o H*(D") C ker T*}.
Whenever it exists, we denote by 11 the greatest common divisor (ged) of Jr; that is,
Y = gedJr.

Definition 1.1. A nonzero operator T' € B(H?(D")) satisfies the lem property (respectively,
the ged property) if both Zp and Zp« (respectively, Jr and Jr+) contain a lem (respectively,
a ged).
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In the one-variable setting, it follows from Beurling’s theorem that every nonzero operator
satisfies both the lem and ged properties (see Sections 5 and 6). In the spirit of canonical
factorizations, Theorem 5.2 yields an analytic characterization of products of two inner pro-
jections: Let T € B(H?*(D")) be a nonzero operator satisfying the lem property. Then T is a
product of two inner projections if and only if

T'= Pormzm Py 2mm)-

Moreover, we observe in Corollary 3.3 that if 7' € B(H?*(D")) is a cnu contraction, then T
cannot be expressed as a product of two inner projections.

We also obtain similar results in the context of model spaces. A model space Q,, is defined
as the closed subspace obtained by quotienting H?*(ID") by an inner function ¢ € H>*(D") in
the sense that

Q, = H*(D") © pH*(D").
We refer to Pg,, the projection onto the model space Q,, as a model projection. We prove the
following (see Theorem 6.2): Let T' € B(H?*(D")) be a nonzero operator satisfying the ged
property. Then T is a product of two model projections if and only if

T=Py, Po, .

We note that, unlike Zr, the set Jr has the potential to be empty. Therefore, part of the
above result also guarantees that the set Jr remains nonempty. The final section of this
paper presents some examples illustrating some of our results.

The results of this paper can be divided into three parts.

(1) Characterizations of operators that can be represented as products of two projections.
Most of the results presented here are known; however, the proofs provided offer new
insights that are useful for developing other results in the paper. This material is
covered in Section 2.

(2) Applications of these characterizations to the classical Nagy—Foias and Langer or-
thogonal decompositions of contractions, as well as to von Neumann’s alternating
orthogonal projection formula. These applications are discussed in Sections 3 and 4.

(3) The study of more specialized classes of products of orthogonal projections, particu-
larly those related to the Hardy space and to inner functions on the polydisc. These
topics are developed in Sections 5, 6, and 7.

2. CRIMMINS’ PERSPECTIVE

In this section, we prove some results on operators that can be represented as products
of two projections. We take Crimmins’ point of view and dedicate a part of the section
to reproving his results. However, we address this within a marginally wider framework,
anticipating more realistic uses in the structure of operators that can be expressed as products
of operators.

In the context of Crimmins’ perspective, we remark that the equivalence of (1), (2), and
(4) in Theorem 2.6 of this section is attributed to Crimmins and is referred to in [8, 19, 27].
However, we were unable to locate the original paper of Crimmins. It appears that Crimmins’
result was first mentioned, without an explicit reference, by Radjavi and Williams in their
1969 paper [19].

Let us start with a lemma that states that operators with projection factors on the left side
are obligated to have a canonical choice for the left projection factors.
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Lemma 2.1. Let T € B(H). If T = PX for some projection P € B(H) and linear operator
X € B(H), then

T= PmnTX
Proof. Since T = PX, by Douglas’ lemma, it follows that ranT C ranP. Then
PPranT = PranT PranTP
Now, T' = P71, and hence T' = P_7PX. This implies T' = P_7X, which completes the
proof of the lemma. 0

As a result, operators admitting the left and right side projection factors can be represented
as follows:

Proposition 2.2. Let T' € B(H). If T = P,XP, for some projections Py, P, € B(H) and
linear operator X € B(H), then

T'=Par ranTX P rand™ *
Proof. By Lemma 2.1, we know that 7' = P._+X P, and hence
T" = PLX"P_—+.

The proof can now be obtained by applying Lemma 2.1 one more time to 7™ and the above
factorization of T™. O

In particular, if X = I, then we have the following classification of operators as products
of two projections:

Corollary 2.3. Let T € B(H). Then T is a product of two projection if and only if
T =P—=P—=

ranT'* ranT*

Crimmins is credited with this result [8, page 1595]. Here, we draw the conclusion from a
rather broad perspective.

The following result is from [21, Corollary 2]. The present proof, compared to [21], is more
elementary (the sufficient part) and is also presented for completeness. The result is clearly
in line with Douglas’ range inclusion theorem.

Proposition 2.4. Let T\,T, € B(H). Then there exists a projection P € B(H) such that
T =1TP,
if and only if
T =TT},
Proof. If Ty = T, P for some projection P € B(H), then
T\T* = TyPPT; = ToPT} = TyT".

Conversely, assume that 1717} = 13Ty, then Th f = T f for all f € ranT}. Pick f € H and
write

f=Penl® Pl
Then 71 f = T1 Ppps f- Since Pppef € ranTy, we have
I f = TParf,
which completes the proof by choosing the projection P = PanT*. O
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In addition to its more elementary nature, the proof above also adds to our understanding,
revealing that the projection P is given by
P=P_ =+

ranT}’

whenever 77 = T5 P. The above proposition, though simple, is important for our purposes, as
will become evident in a later section of the paper when we characterize operators that are
products of two inner or model projections.

The subsequent corollary is yet another characterization of operators that are products of
two projections.

Corollary 2.5. Let T € B(H). Then T is a product of two projections if and only if

TT" = P+T".
Proof. If T' is a product of two projections, then Corollary 2.3 implies T" = P 7P7. We
now compute
1T° = PranTPranT* PranT = PranT(PranT* PranT) = PranTT*‘
For the converse direction, assume that 77" = P__T1". The conclusion now follows directly
from the sufficient part of Proposition 2.4. O

Next, we assemble all the results obtained so far, along with a new one.

Theorem 2.6. Let T' € B(H). The following are equivalent:

(1) T is a product of two projections.
(2) T — PWTPWT*'
(3) TT* = TP—.

(4)

TT*T = T>.

Proof. The equivalences (1) < (2) and (1) < (3) are simply Corollary 2.3 and Corollary 2.5,
respectively. Next, assume (1), that is, 7" is a product of two projections, say, T'= P(Q. Then

TT*T = PQ(QP)PQ = PQPQ = T".

This proves (4). To prove (4) = (3), we assume that TT*T = T?, equivalently, T*TT* = T*2.
Then

0= (1T = T%) = T*(Pagy + (I = Pragep))(IT" = T*) = T* Pegyr(TT* — 1),
implies

(TT* —TP7)T = 0.
This says TT* = T P—= on ranT. Since the identity holds trivially on (ranT)* = ker T*, we
conclude that 77" = T'P.+. This completes the proof of the theorem. O

The equivalence of (1) and (4) above is due to Crimmins [8, page 1595]. The present proof
is once again different. In this context, we also refer the reader to [8, Theorem 3.1]. The same
paper contains results (cf. [8, Corollary 3.8]) related to parametrizations and the uniqueness
of pairs of projections whose products yield a given operator.
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3. NAGY-Fo1As AND LANGER’S PERSPECTIVE

Note that if a bounded linear operator acting on a Hilbert space is a product of two
projections, then it is necessarily a contraction. Consequently, the theory of contractions,
widely recognized as being extremely rich, applies in this situation. This is a vast domain,
and a thorough application of the theory of contractions to this particular class of operators
and vice versa may not be entirely transparent. This requires a more in-depth investigation,
which ought to be carried out. However, in this section, we will address a fundamental
characteristic of the product of projections via the structure of contractions. To do that, we
revisit the classic Nagy-Foias and Langer orthogonal decompositions of contractions [14, 23].

Let T' € B(H) be a contraction. Then there is a unique orthogonal decomposition H =
Hy @ Henw such that both H, and H,,, reduce T, and Ty, is unitary whereas 1|y, , is
completely non-unitary (cnu in short). This amounts to saying that 7|4, does not have
unitary summand (see Section 1). As a result, we get the diagonal decomposition:

T, O
T‘{ 0 TH]

on H = Hy & Henw. Moreover, we have the representation of the unitary part #H, as [22,
Chapt. 1, Theorem 3.2]

Hoy = {h € H:[[T™h|| = [T""h][ = [|h]|,m € N}.

This decomposition is commonly known as the Nagy-Foias and Langer or the canonical de-
composition of contractions and stands as one of the most basic structures of contractions.
In the following, we connect this with our theory of the product of two projections. For
simplicity of notation, given projections P, and P, define the closed subspace Sp,p, as

(3.1) Sp,p, = ranP; Nrankps.
Theorem 3.1. Let P, and Py be projections defined on some Hilbert space H. Then
Hu = ker(Png - I) = SP1P2a
where H,, is the unitary part of the contraction P P;.
Proof. First, we claim that
(3'2) Spp, = {f cH: ||P1P2f|| = Hf”}
Let f € H, and assume that ||Py P f|| = || f||. Then
Il =P fl] < [P Sl < (I
Subsequently, each of the preceding inequities attains equality. Therefore
[1Pf || = 1P P = (L
Since P, is a projection, ||Pof|| = || f|| implies that f € ranP;, or equivalently

Bf =T
Again, ||Pof|| = ||P1 P f|| implies that P, f € ranP;. Therefore, P f = Py P, f and hence
Pf=F

This proves that f € ranP; NranP,. On the other hand, if f € ranP; NranP,, then
P1P2f = f7
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and evidently ||PyPyf|| = || f]|. This completes the proof of the identity (3.2). Now we turn
to the proof of the main body of the theorem. Let f € #,. In particular, |P Py f] = || fl,
and then, (3.2) implies

f €ranP, Nrankp;.

Therefore, P\Pf = f, and we conclude that f € ker(P,P, — I). This proves that H, C
ker(P Py, — I) and H, C Spp,. For the reverse inclusion, pick g € ker(P; P, — I). Then
| PPyl = |lg]] and (3.2) together imply that

g € ranP; NrankPs,
and hence P,P g = g. It follows that
PiPg = (PP)"g=g,

and hence g € H,. This proves that ker(P,P, — I) C Sp,p, and Sp,p, C H,. Therefore,
H, = ker(P,P, — I) = Sp,p,, which completes the proof of the theorem. O

In particular, the cnu part of P, P, is given by
Hena = (ker(P Py — 1))+,
However, some more can be said:
Theorem 3.2. IfT € B(H) is a product of two projections, then
Henuw = kerT\/kerT*.

Proof. By Corollary 2.3, we know that
T = PP

ranT = ranT™*
By Theorem 3.1, we know that
H, = ranT NranT™.
Since ker T' = (ranT™*)*, we have

Heny = Hr = (ranT NranT*)* = ker T \/ ker T,
which completes the proof of the theorem. O

Given this and Theorem 3.1, the canonical decompositions for contractions that are prod-
ucts of two projections are now concrete.

We end this section with an application of Theorem 3.1 to a concrete situation, like inner
projections defined on the polydisc (see the definition in (1.1)). Let T' € B(H?*({D")) be a
nonzero operator. Suppose 1" is a product of two inner projections, that is, there exist two
inner functions ¢ and ¢ in H>°(D") such that

T = PLpHQ(ID)")PdJHQ(]D)”)-
Theorem 3.1 yields
(3.3) ker(T — I) = H*(D"), = oH*(D"™) Ny H*(D").

On operators that cannot be expressed as a product of two inner projections, we have the
following result:

Corollary 3.3. If T € B(H*(D")) is a cnu contraction, then T cannot be expressed as a
product of two inner projections.
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Proof. Suppose, if possible, that 7" is a product of two inner projections. Since 7" is cnu, we
have that H?(D"), = {0} [22]. By (3.3), we conclude

{0} = H*(D") Ny H*(D"),
which is a clear contradiction as ¢y € H>(D") is an inner function and
P € pH*(D") Ny H*(D").
This completes the proof of the corollary. O

In a more general way, operators with unitary parts cannot be expressed as products of
inner projections.

4. VON NEUMANN’S PERSPECTIVES

When discussing products of two projections, one immediately draws a connection with the
classical von Neumann’s alternating orthogonal projections formula [24]. This formula relates
to the limit of powers of products of two projections. We begin with recalling a notation.
Given projections P; and P, defined on some Hilbert space H, the closed subspace Sp, p, is
the common range space defined by (see (3.1))

Sp,p, = ranP; Nranks.

The iterated product of projections then satisfies the following property, which was proved
by von Neumann in 1933 [24]:

(4.1) SOT- lim (PiPy)"™ = Ps, .

m— 00

where SOT refers to the strong operator topology. This result, known as von Neumann’s al-
ternating orthogonal projections formula, has historically been associated with notable math-
ematicians, including Aronszajn [1], Browder [6], Kakutani [13], Nakano [16], and Wiener [26],
among others. We direct the reader to [17] for a comprehensive account of the development
and a proof. There is more to say in this line, and it will be crucial to our understanding. In
fact, we further have (see the proof of Theorem 1 in [17])

SP1P2 = ker([ - PQPl).
Now we bring in Theorem 3.1, which tells us, in addition, that
Hu = ker(] - PQPl) = SPlPQ'

This proves the following, which appears to be new information to von Neumann’s alternating
projection formula:

Theorem 4.1. Let P, P, € B(H) be two projections. Then
SOT- lim <P1P2)m = PHu7
m—0o0
where H,, is the unitary part of the canonical decomposition of the contraction PyPs.

Next, we introduce another significant class of contractions that serves a profound role in
the theory of operators. Let T € B(H) be a contraction. If in addition

SOT — lim T*™ = 0,

m—r0o0
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then we say that T is a Cy contraction. If both 7" and T™ are in C, then we simply write
22, page 72
T € Cy.
Evidently, if T € B(H) is a Cyy contraction, then its unitary part is zero, that is, H, = {0}.
In the following, we focus on contractions that are products of pairs of projections. In fact, in

the following result, we have added yet another new information to von Neumann’s iterated
products of projections:

Theorem 4.2. Let T € B(H) be a product of two projections. Then
T‘chu e COO

Proof. Assume without loss of generality that 7" € B(H) is a nonzero operator. Suppose
T = P, P, for some projections Py and P in B(H). By part (4) of Theorem 2.6 (which is due
to Crimmins), we know that

TT*T = T2

Consider the canonical decomposition of T"as H = H, ® Henu. We know that T, ;=T
is a cnu contraction. Since H,,, reduces T, it follows that

T, O
r= [ 0 T} ’
where T, := T3, is the unitary part of 7. This immediately implies that
Tcnu (Tcnu)*Tcnu - T2

cnu’

chu

Applying Theorem 2.6 again to T.,, on Hc,., we conclude that it is the product of two
projections. In particular, T, on H.,, is a contraction. We write the corresponding canonical
decomposition of T, as

%cnu - 712’11, @ ﬂcmm

where ﬂu is the unitary part of T,,,. Theorem 4.1 now tells us that

SOT- lim T, = Py .
m—o00 w

However, T.,, is a cnu contraction, and hence, its unitary part is trivial, that is,
H, = {0},

which says that T|e,, € Co. Finally, the fact that T is a product of two projections implies
that 7% is also a product of two projections, thereby proving that T, is in C. This
completes the proof of the theorem. O

Recall from Theorem 3.2, given T' € B(H), which is a product of two projections, we have
Henu = ker T\ ker T,

Therefore, we have somewhat clear picture of the cnu part T'|y,,, of 7. This observation
shows significant potential for exploring the structure of this class of operators. However, we
save this topic and direction for future work.
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5. INNER PROJECTIONS

This section presents a specific scenario of the product of projections where one might expect
analytic solutions. The objective is to relate the concept of inner functions to projections,
which was first explored under the name of inner projections in [9]. Recall that a projection
P € B(H?*({D")) is called an inner projection if there exists an inner function ¢ € H>(D")
such that

P = P 2mr,
or equivalently, P = T,T7.

Let T € B(H?*(D")). We already have learned from Corollary 2.3 that T is a product of two
projections if and only if 7" = PP+ In this section, we additionally demand that the
factors be inner projections, and in exchange we look for an analytic answer. Stated differently,
our focus will be on identifying analytic interpretations of the projection factors. For this, we
introduce the notion of lem of bounded linear operators on H?(D"). Given a nonzero operator
T € B(H*(D")), define the set

Ir = {p € H®(D") : ¢ is inner, and ranT C pH?*(D")}.

Since the constant function 1 € H>(D") is also in Zr (as, of course, ranT C H?*(D")), it
readily follows that

Tr £ 0.

We need to recall the notion of the lem of inner functions. In what follows, our index set will
always be nonempty, and the collection of functions will never be a singleton zero function.

Definition 5.1. Given a set of inner functions {¢,}aen € H*(D"), an inner function ¢ €
H>(D") is said to be the least common multiple (or lem in short) of {Ya }aen if

(1) @, divides ¢ for all & € A, and
(2) if ¢, divides an inner function ¢ € H*(D) for all a € A, then ¢ also divides .

Clearly, the lem function ¢, if it exists, is unique up to a unimodular constant. We simply
denote it as

¢ = lem{pa faea-

Returning to the range of inner projections, we now want to investigate when the lem exists.
The result is a straightforward application of Beurling’s theorem for the case when n = 1,
but becomes complex when n > 1. We record the following well-known lemma and include a
proof for completeness.

Recall that a nonzero operator T' € B(H?*(D")) is said to satisfy the lcm property if both Zr
and Zp« contains a lem. We define the unique inner function (unique upto the multiplication
by a unimodular scalar constant) ¢r € H*(D) by

YT = ICI’IIIT.
Given this notation, we also have the following:

where Zr- is given by (as per the definition of Zr)
Ir- = {¢p € H*®(D") : ¢ is inner, and ranT™ C @ H*(D")}.

Now that we have the pairs of inner functions 7 and 7« as constructed above, we are ready
to provide an analytic description of operators that arise as products of inner projections.
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Theorem 5.2. Let T € B(H*(D")) be a nonzero operator satisfying the lcm property. Then
T is a product of inner projection if and only if

T'= Pormzm Pope 2mm)-

Proof. We only need to prove the necessary part. Suppose there are inner functions ¢; and
@9 in H*(D") such that T" = P,, y2mr) Py, r2mn). We recall, based on the construction of the
set ZLps, that

ranT™* C ranT* C o H*(D"),
so that

(51) PranT* =P, o« H? ]D)")PranT*‘

In particular, P=
implies that

—= = Prape, or even the simple property of projections or set inclusions,

Py i2(om) Prgnre = Prawre Py m2(om).-
Similar to (5.1), or simply because ranT* C @7+ H*(D"), we have

TPy m2ny = T Pogpe P m2(Dm),
_p

ranT'* ranT™*

and then P, . g2 mn) Pagre P, r2(pn) implies

TP‘PT* HZ(JD)”) TP(,OT* H2(D")P7ranT* .

But, then (5.1) yields
TP‘PT* HQ(]D)”) - TP

ranT™**

Since T'|xerr = 0, we immediately conclude that
T =TP,,. g2

This identity is true for all nonzero T' € B(H?*(D")). Consequently, if we apply this to T,
then we see that

T* - T*PcpTHQ(]D)")'

Now, we first take the adjoint of this, and then apply the identity T' = T'P,, ., g2(pny to deduce
that

T == P@THQ(D”)TPgoT*HQ(D”)'
Because we began with the factorization T = P, g2mn) Py, r2(pny, for some inner functions
01,2 € H®(D"), we finally came to see that
T'= Porm2n)(Porm2wn) Lotz n)) Pope rr2om).

In addition, we are aware that ; divides ¢ and @9 divides ¢+ because of the property of
lem. This is equivalent to saying that

P

ert? @) Lo 2 m) = Porm2on),
and
Py r2n) Py m2on) = P 1r2(om).-

As a result, T' = P, g2 Py, m2(pn), Which concludes the proof of the theorem. O
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A comparison of Corollary 2.3 with the above shows that the latter corresponds to Crim-
mins’s variant of the product of inner projections.

One of the central questions addressed in [9] concerned the characterization of pairs of
inner functions ¢; and ¢y in H>°(D™) such that the inner projections P, gy2(pny and P, g2(pn)

are commuting; equivalently, when is the product P, g2mn) Py, 2 itself a projection? The

answer was given in [9] in terms of the inner functions themselves. Along this line, we ask
the following: Given T € B(H?*(D")) that is the product of two inner projections, how can
we determine whether 7" is also a projection? In this case, the answer is sought in terms of
the operator T itself. The following result provides our answer to this question.

Theorem 5.3. Let T € B(H*([D")) be a product of two inner projections. Then T is a
projection if and only if kerT' = Q..

Proof. Let T' = P, y2mn) Py, m2mn), where ¢ and o, are inner functions in /°°(D"). Suppose
T is a projection, that is,
T = Py 2 (D)nga H2(D7)-

By [9, Theorem 2.3|, or more precisely, by the discussion immediately following that theorem,
there exists an inner function §# € H*(D") such that

o1 H*(D") N H?(D") = 0H*(D").
In this case, it follows that
T = Py n).-
In particular, ranT = §H?(D"). Then the set Zy becomes
Iy ={p € H*(D") : ¢ is inner and 0H*(D") C H*(D")}.

This implies that ¢ = lemZr exists. By the definition of the lem, it follows that there exists
a scalar a € T such that

or = ab,
and hence
or HA(D") = OHA(D").
We conclude that T' = Pyp2pny = P,.m2n), and consequently
kerT = Qp = Q..
Conversely, suppose that kerT’ = Q.. In other words, the lem Zp exists, and
ranT™ = o H*(D").
Thus pr« = lemZp« also exists, where
Ir- = {p € H*(D") : p is inner and ranT* C oH?*(D")},
Thus, there exists a scalar a € T such that ¢« = agr, and hence
rH(D") = or. HX(D").
On the other hand, since T satisfies the lem property, Theorem 5.2 implies that
T'= Porm2m) Por. 12007,

and hence T' = P, g2mpny, which completes the proof. 0
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We remark that when n = 1, every nonzero operator satisfies the lem property. Thus, in
the one-variable setting, the hypothesis of Theorem 5.2 is automatic. Although this follows
(cf. [4, page 21, Proposition 2.3]) readily from the Beurling theorem, we include a detailed
proof for the reader’s convenience.

Proposition 5.4. lemZy exists for all nonzero T € B(H?*(D)).

Proof. Define
Sr = m eH 2(]@)‘
pELT
Since
[0} # ranT C pH(D),

for all ¢ € Zr, it follows that S; # {0}. Since pH?*(D) is a closed T,-invariant subspace
of H*(D) for all ¢ € Zr, it follows that Sy is also a closed T,-invariant subspace of H*(DD).
According to the Beurling theorem, there exists an inner function ¢ € H*(D) such that
S = H?*(D). It is now easy to see that ¢ = lemZp. O

In particular, every nonzero operator in H*(ID) automatically satisfies the lem property.
The main obstacle to extending the above argument to several variables, n > 1, is that, given
two inner functions p; and @ in H*°(ID™), it is not always the case that there exists an inner
function 6 € H>°(D") such that

w1 H*(D") N2 H*(D") = 0H*(D").

We conclude this section with the canonical decompositions of operators that result from
products of inner projections, allowing us to once more link orthogonal decompositions with
analytic objects. We focus on the single variable case. Let T' € B(H?*(D)) be a product of
inner projections. By (3.3), we know that H?(D), = prH?*(D) N @7« H*(D). Now, we know
that

Yr = ged{er, o},
is an inner function in H*>°(D), and consequently, with respect to the Hilbert space decompo-
sition H%(D) = ¢¥rH*(D) @ Qy,., we can write

0 Tlo,,

This decomposition bears some resemblance to the structure of matrices that result from the
finite products of projections (see Wu [27, Theorem 4.6] and Oikhberg [18]).

6. MODEL PROJECTIONS

Recall that the model space Q. corresponding to an inner function ¢ € H*(D") is the
quotient space defined by
Q, = H*(D") & pH?*(D").
We refer to Pg,, the projection onto the model space Q, as a model projection. This section
seeks to understand operators that can be represented as products of two model projections.
Similarly to inner projections, if a nonzero operator T' € B(H?*(D")) can be represented as a

product of two model projections, we can conclude that both the ranT and ranT™ are nonzero.
For each nonzero T' € B(H?*(D")), we define

Jr = {p € H®D") : ¢ is inner and pH?*(D") C ker T*}.
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Clearly, the set Jr defined above could potentially be empty (for instance, whenever T is a
co-isometry).

Definition 6.1. Given a collection of inner functions {¢,}aeca € H*°(D"), an inner function
p € H>*(D") is said to be the greatest common divisor (or ged in short) of {@4 }aea if

(1) ¢ divides ¢, for all & € A, and
(2) if an inner function ¢ € H>°(D) divides ¢, for all & € A, then ¢ also divides ¢.

Recall that a nonzero operator T' € B(H?(D")) satisfies the ged property if both Jr and
Jr- contain a ged. In the one-variable case, Beurling’s theorem implies that every nonzero
operator T in B(H?(D)) for which both Jr and Jr« are nonempty automatically satisfies the
gcd property.

For a nonzero operator T' € B(H?*(D")) satisfying the gcd property, we denote the unique
(upto multiplication by a unimodular constant) ged by

'LbT = ngjT.
Similarly, we have
'le* = ngjT*'

Theorem 6.2. Let T € B(H?*(D")) be a nonzero operator satisfying the gcd property. Then
T is a product of two model projections if and only if

T'= Py, PQwT* .

Proof. Suppose there are inner functions ¢1, g € H*(D") such that T' = P, Po e Since

T satisfies the ged property, we know that i)y and ¥7« are inner functions in H*°(ID"). Since
Yr € Jr and is inner, it follows that

YrH*(D") C ker T,
and hence
ranT = (ker T*)* C Q..
In particular, ranT C Qy,. Now, we know in general that ran(7T'Pg,.) C ranT’, which
immediately implies that
ran(T'Pg,, ) € Qyr,

and hence we have the identity
Pg, TPg o = TPgo -
Again, we know the general fact that T' = T Py, 1y.. The above identity implies
TPQ#JT* - TP(kerT)LPQIpT*

Next, as ¢ € Jr+, we have ¢ H*(D") C ker T', equivalently, (ker T')* C Q,, .. This implies
PQWZ)T* P(kerT)L = P(kerT)L? and hence

TPg, , =TPyaryr =T.
This combined with Po, T'Pg o = T'Po, yields
T=PFg, TPy, ..
Now, as we know that T" is a product of projections T'= Pg, Pg oy the above implies

T =Py, Po, Po,, Po,,..
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Looking at the product of two projections Pg vp Py, we observe that both 7 and ¢ are in
Jr, which implies by the definition of ged that ¢, divides 97; equivalently, Q,, € Q,,. This
gives
Pg, Po, = Po,,
and also, similarly,
PQw(m PQq/;T* = PQwT* :

This completes the proof of the fact that T'= Pg, Pg g O

Similar to the case of inner projections, the above theorem is an analogue of Crimmins’s
factorization result, as stated in Corollary 2.3, but this time in the context of model projec-
tions.

At this time, we will make a general observation regarding kernels of product of two pro-
jections: When T' € B(H) is expressed as a product of two projections, T' = P; P, we obtain:

(6.1) ker(P, Py) = [ran(I — Py) NranPy] @ ran(I — P,).
Indeed, if P P,h = 0 for some h € H, then we write h = h,. & h,, € ranP, @ ker P,. Therefore
0= P Ph = Pih,,
implies (I — Py)h, = h, € ranP,, and consequently
h = h.® h, € ran(I — P,) NranP,] @ ran(I — P,),

proving that ker 7" is contained in the right side subspace of (6.1). The reverse set inclusion
is straightforward.

This, when combined with Proposition 2.4 in the context of inner projections, results in
the following characterization of operators as products of two inner projections:

Theorem 6.3. Let T € B(H?*(D")) be a nonzero operator satisfying the lcm property. Then
T is a product of two inner projections if and only if

IT" = Porznm ™,
and
ker T = [pp-H*(D") N Qp, ] ® Q.-
Proof. 1f T is a product of two inner projections, then Theorem 5.2 implies
T = Pormzmn) Pop. n2om)-
The representation of ker 7" then follows from (6.1). For the other identity, we compute:
IT" = Porzr)Pope 2m) Porm2om) = Pormzom T,

We now turn to prove the sufficient part. By Proposition 2.4 and TT* = P, g2@m1™, we
know that

T = Pyrr2m) Plert) L
Define
T = Porwn)Poge 1r2on).
We claim that 7' = 7. The given assumption about ker T and the identity (6.1) yield

ker T = ker T.
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In particular, Q,., C kerT, that is, (kerT)* C @pH?(D"). This implies Prerryr =

P, m2mn)Per)t, and hence

T= PwTHQ(D")P(kerT)l = P@THQ(]D)”)PcpT*HQ(]D)”)P(kerT)i = P(pTH2(]D)")Pg0T*H2(]D)”) =T.
This completes the proof of the theorem. O

Finally, we again consider model projections. The proof in this case is similar to the
previous one.

Corollary 6.4. Let T € B(H*(D")) be a nonzero operator satisfying the gcd property. Then
T is a product of two model projections if and only if and

TT* = Po, T,
and

ker T = [Qy,.. NpH?(D")] ® - H*(D").

In the following section, we will use the identity (6.1) to concrete examples of projections.
We will see that this simple observation brings some quick answers to questions related to
the product of two projections.

We now point out that operators which are products of inner projections cannot be ex-
pressed as products of two model projections.

Proposition 6.5. Let T € B(H*(D")) be a product of two inner projections. Then T is not
a product of two model projections.

Proof. Let @1, v be inner functions in H*°(ID") such that
T'= Poym2wm Poor2m)-
By Theorem 3.1, we also have
H*(D"), = 1 H*(D") N . H*(D"),
where H?(D"), denotes the unitary part of the contraction 7. In particular, H?(D"), is a

nontrivial invariant subspace of H?(D"). Now, for a contradiction, suppose 7' is a product of
two model projections. Thus there are inner functions 6,6, € H>°(ID") such that

T = Pg, Po,,.
Again, by Theorem 3.1, we have
H*(D"),, = Qo, N Q.
This means that H%(D"), is a joint M, = (M,,, ..., M, ) reducing subspace of H(D"). This
forces H*(D"),, = {0}, which is a contradiction. O

We now revisit Theorem 5.3. A key step in that result relies on the fact that the product
of two commuting inner projections is again an inner projection. This, however, is not gen-
erally true: the product of two commuting model projections need not be a model projection
whenever n > 1. Nevertheless, in the spirit of Theorem 5.3, we obtain the following result
concerning model spaces.

Theorem 6.6. Let T € B(H?*(D")) be a product of two model projections. Then T is a model
projection if and only if
ker T = 1p H*(D").
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Proof. Suppose T = Pg, for some inner function § € H*(D"). Then ker T* = §H*(D"). As
Jr = {p € H*(D") : ¢ is inner and ¢ H*(D") C ker T*}

it readily follows (from the definition of ged) Jr has a ged. By our notation for the ged of
Jr, it follows ¢ H*(D") = §H?(D"). Therefore,

ker T = ker T* = 0H*(D") = ¢¥r H*(D").
For the converse direction, assume that ker T' = 17 H*(D"). Again, as
Jr- = {p € H*(D") : ¢ is inner and pH*(D") C ker T},
it clearly follows that Jr+ has a ged. As by our notation, ¥pr« = ged Jr+, it follows that
YrH?(D") = ¢r H*(D"),
and hence
Qur = Ly

Here, both Jr, Jr+« has a ged, thus T satisfies the ged property. Since T is a product of two
model projections, by Theorem 6.2, we know that

T = PQwTPQwT*.
Therefore, we have T'= Pg g This completes the proof. O

In closing this section, we remark that model spaces, and more generally, quotient modules
over the polydisc, present both significant importance and challenges. We refer the reader to
[5, 3, 9, 10] and the references therein for related results on this theme.

7. BLASCHKE PRODUCTS

This section aims to provide concrete examples that illustrate some of the results obtained
thus far. Given a € D, the function b, € Aut(D) defined by

ba(z) Z—

is known as a Blaschke factor. A finite Blaschke product is an inner function ¢ € H>*(D)

such that .
¥ = H bOéj)
j=1

for some finite subset {a;}72, C ID. We set the zero set of ¢ as follows:

Z(p) = {a;}ils,
counting the multiplicity. Blaschke products are important tools in Hilbert function spaces.
In our context, we recall that finite Blaschke products provide finite codimensional invariant

subspaces of H?(ID). More specifically, if Q, is a model space for some inner function ¢ €
H>(D), then

= D
1—az (z€D),

dimQ, < oo,
if and only if ¢ is a finite Blaschke product. Moreover, in this case, we have
dimQ, = [Z(p)].

The lemma that follows is elementary and well known. The cardinality of a set A is denoted
by the notation |A|.
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Lemma 7.1. Let @1 and py be two finite Blaschke products. Then
Q,, N2 H*(D) = {0},
if and only if
[Z(p1)] < [2(2)]-
Proof. In the present setting, condition (4.1), as pointed out in [2, Lemma 5.1], is equivalent

to the condition Q,, N2H?*(D) = {0}. The conclusion then follows directly from [2, Lemma
5.1]. O

In the following, we relate canonical factorizations of the products of inner projections with
corresponding range spaces.

Proposition 7.2. Let ¢, 0o € H®(D) be finite Blaschke products. Assume that

[Z(e1)] # [2(p2)].

Then there does not exist any T € B(H*(D)) that is the product of two inner projections with
the property that
ranT = o1 H*(D) and ranT* = @, H*(D).

Proof. Let T € B(H?*(D)) be a product of two inner projections. Moreover, assume that
tranl = p; H*(D) and ranT* = pyH?*(D). Since ranT = ¢; H*(D), by the definition of lem
(also see the construction of Zr), it follows that

Y2 = apr,

for some a € T. Similarly, we also have

¢1 = Per,

for some $ € T. In particular, we have

ranT = g, H*(D) = or H*(D),
and

ranT* = ¢, H*(D) = @7 H*(D).
The later identity implies ker 7' = Q... By (6.1), we also know that

ker T' = [QS@T N @T*HZ(D)] S QSOT*’
and consequently
QcpT N ¢T*H2(ID)) - {0}

In other words, we have Q,, N1 H?(D) = {0}, and hence, Lemma 7.1 implies that | Z(¢2)| <
|Z(p1)|. Similarly, as T* is also a product of two inner projections, working as above, we find

that | Z(p1)| < |Z(p2)|. This yields | Z(p2)| = | Z(p1)| — a contradiction, which completes the
proof of the proposition. O

For operators that are products of two inner projections, the corresponding kernel spaces
have a specific relationship with the set of all inner functions.

Lemma 7.3. Let T € B(H*(D)) be a product of two inner projections. Then there does not
exist any nonconstant inner function ¢ € H*(D) such that

ker T C o H*(D).
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Proof. Suppose T is a product of two inner projections. We have, in particular, that T =
P, 2@ Ppy. 2ny. We again use the identity (6.1) and observe that

ker T' = [QSOT N @T*Hz(D)] S QSOT*’
In particular, Q,, C kerT, and hence, by assumption, Q,, C @H?*(D). This can happen
only if ¢ is a constant function. Indeed, Q,, C ¢H?*(D) implies that z™Q,,, C ¢H?*(D) for
all m € Z,, and then

H2<D) = vm€Z+ZmQ¢PT g SOH2(D>7
proves the fact that ¢ is a constant function. OJ

As a consequence, we have the following result that says when an operator on H%(ID) can’t
be represented as a product of two inner projections.

Corollary 7.4. Let T € B(H?*(D)) be a nonzero operator. If ker T is T,-invariant, then T is
not a product of two inner projections.

Proof. Suppose T is a product of two inner projections. If there exists an inner function
¢ € H*(D) such that ker T = ¢H?(D), then Lemma 7.3 will force that ¢ to be a constant
function, implying that 7' = 0. 0

For examples of bounded linear operators on H?(ID) that meet the criteria stated in the
above result, we note that for every inner function § € H*(D), there exists a Hankel operator
H,, ¢ € L*(T), such that [25, page 15]

ker H, = 0H*(D).

Clearly, there is now an abundance of examples of Hankel operators, as well as the operators
referenced in the above corollary.

Acknowledgement: We thank the referee for a careful reading of the manuscript and for
pointing out some issues in the previous version. We are also grateful to Zeyou Zhu from
Fudan University for identifying a serious error concerning Beurling-type invariant subspaces
on the polydisc in the original manuscript, which led us to substantially revise the paper.
The research of the second named author is supported in part by TARE (TAR/2022/000063)
and MATRICS (ANRF/ARGM/2025/000130/MTR) by ANRF, Department of Science &
Technology (DST), Government of India.

REFERENCES

—_

. N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68 (1950), 337—403.
. C. Benhida, E. Fricain, and D. Timotin, Reducing subspaces of Coq contractions, New York J. Math. 27
(2021), 1597-1612.
3. K. Bickel and C. Liaw, Properties of Beurling-type submodules via Agler decompositions, J. Funct. Anal.
272 (2017) 83-111.
4. H. Bercovici, Operator theory and arithmetic in H®, Mathematical Surveys and Monographs, Vol. 26,
Amer. Math. Soc., Providence, RI, 1988.
5. M. Bhattacharjee, B. K. Das, R. Debnath, and J. Sarkar, Beurling quotient modules on the polydisc, J.
Funct. Anal. 282 (2022), no. 1, Paper No. 109258, 18 pp.
6. F. Browder, On some approximation methods for solutions of the Dirichlet problem for linear elliptic
equations of arbitrary order, J. Math. Mech. 7 (1958), 69-80.
L. Brown, Almost every proper isometry is a shift, Indiana Univ. Math. J. 23 (1973/74), 429-431.
8. G. Corach and A. Maestripieri, Products of orthogonal projections and polar decompositions, Linear Al-
gebra Appl. 434 (2011), 1594-1609.

[\

~



PRODUCTS OF TWO ORTHOGONAL PROJECTIONS 21

9. R. Debnath, D. Pradhan, and J. Sarkar, Pairs of inner projections and two applications, J. Funct. Anal.
286 (2024), Paper No. 110216, 26 pp.

10. K. Guo and K. Wang, Beurling type quotient modules over the bidisk and boundary representations, J.
Funct. Anal. 257 (2009) 3218-3238.

11. J. Hawkins and W. Kammerer, A class of linear transformations which can be written as the product of
projections, Proc. Amer. Math. Soc. 19 (1968), 739-745.

12. Kh. D. Ikramov, Products of orthoprojectors and a theorem of Crimmins, (Russian) Zap. Nauchn. Sem.
S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 395 (2011), Chislennye Metody i Voprosy Organizatsii
Vychislenii. XXIV, 75-85, 174; translation in J. Math. Sci. (N.Y.) 182 (2012), no. 6, 787-792

13. S. Kakutani, On Nakano’s talk, Zenokuku Sugaku Danwakai Osaka 192 (1940) 42—44.

14. H. Langer, Ein Zerspaltungssatz fir Operatoren im Hilbertraum, Acta Math. Acad. Sci. Hungar. 12 (1961),
441-445.

15. V. Mandrekar, The validity of Beurling theorems in polydiscs, Proc. Amer. Math. Soc. 103 (1988), 145-148.

16. N. Nakano, Spectral theory in the Hilbert space, Japan Society for the Promotion of Science, Tokyo, 1953.

17. A. Netyanun and D. Solmon, [terated products of projections in Hilbert space, Amer. Math. Monthly 113
(2006), 644-648.

18. T. Oikhberg, Products of orthogonal projections, Proc. Amer. Math. Soc. 127 (1999), 3659-3669.

19. H. Radjavi and J. Williams, Products of self-adjoint operators, Michigan Math. J. 16 (1969), 177-185.

20. J. Sarkar, A. Sasane, B.D. Wick, Doubly commuting submodules of the Hardy module over the polydisc,
Studia Mathematica, 217(2013), no. 2, 179-192

21. Z. Sebestyén, Characterization of subprojection suboperators, Acta Math. Hungar. 56 (1990), 115-119.

22. B. Sz.-Nagy and C. Foiag, Harmonic analysis on operators on Hilbert space, North-Holland, Amsterdam,
1970.

23. B. Sz.-Nagy and C. Foias, Sur les contractions de la-espace de Hilbert, IV, Acta Sci. Math. (Szeged). 21
(1960), 251-259.

24. J. von Neumann, Functional Operators, Vol. 2, The Geometry of Orthogonal Spaces, Ann. of Math. Stud.,
Princeton University Press, Princeton, 1950.

25. V. Peller, Hankel operators and their applications. Springer Monogr. Math. Springer-Verlag, New York,
(2003).

26. N. Wiener, On the factorization of matrices, Comment. Math. Helv. 29 (1955), 97-111.

27. P.Y. Wu, The operator factorization problems, Linear Algebra Appl. 117 (1989), 35-63.

INDIAN STATISTICAL INSTITUTE, STATISTICS AND MATHEMATICS UNIT, 8TH MILE, MYSORE ROAD,
BANGALORE, 560059, INDIA
Email address: rs_math2102@isibang.ac.in

INDIAN STATISTICAL INSTITUTE, STATISTICS AND MATHEMATICS UNIT, 8TH MILE, MYSORE ROAD,
BANGALORE, 560059, INDIA
Email address: jay@isibang.ac.in, jaydebOgmail.com



