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1. Introduction

An important problem in multivariable operator theory and function the-
ory of several complex variables is the question of a Beurling type represen-
tations of joint invariant subspaces for the n-tuple of multiplication operators
(Mz,,...,M,) on H*(D"), n > 1. Here H?(D") denotes the Hardy space over
the unit polydisc D" in C" (see Section 2 for notation and definitions). The main
obstacle here seems to be the subtleties of the theory of holomorphic functions
in several complex variables. This problem is compounded by another difficulty
associated with the complex (and mostly unknown) structure of n-tuples, n > 1,
of commuting isometries on Hilbert spaces.

In this paper, we answer the above question by providing a complete list
of natural conditions on closed subspaces of H?(D"). Here we use the analytic
representations of shift invariant subspaces, representations of Toeplitz operators
on the unit disc, geometry of tensor product of Hilbert spaces and identification
of bounded linear operators under unitary equivalence to overcome such diffi-
culties.
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As motivation, recall that if n = 1, then the celebrated Beurling theorem [3]
says that a non-zero closed subspace S of H?(DD) is invariant for M, if and only if
there exists an inner function § € H* (D) such that

S = 0H?(D).

Note also that it follows (or the other way around) in particular from the above
representation of S that

S©6z8 =6C,
and so
S = é‘i;ozm(sezsy

One may now ask whether an analogous characterization holds for invariant sub-
spaces for (M;,,..., M;,) on H?(D"), n > 1. However, Rudin’s pathological ex-
amples (see Rudin [20], page 70) indicates that the above Beurling type properties
does not hold in general for invariant subspaces for (Mx,,..., M;,) on H?(D"),
n > 1: There exist invariant subspaces S; and S, for (M;,, M;,) on H(D?) such
that

(1) 5 is not finitely generated, and

@) 8 N H=(D?) = {0}.
In fact, Beurling type invariant subspaces for (M,,,..., M;,) on H?>(D"), n >
1, are rare. They are closely connected with the tensor product structure of the
Hardy space (or the product domain D").

Therefore, the structure of invariant subspaces for

(Mz,,...,Mz,) on H*(D"), n > 1,

is quite complicated. The list of important works in this area include the papers
by Agrawal, Clark, and Douglas [1], Ahern and Clark [2], Douglas and Yan [6],
Douglas, Paulsen, Sah and Yan [5], Guo [9, 10], Fang [7], Guo, Sun, Zheng and
Zhong [11], Rudin [21], Guo and Yang [12], Izuchi [14], Mandrekar [17] etc. (also
see the references therein).

In this paper, first, we represent Hz(]]])”“), n > 1, by the HZ(D”)-Valued
Hardy space Hil2 (o) (D). Under this identification, we prove that

(Mz;, Ms,,...,M,,.,) on H*(D"*1),

corresponds to

(Mz, My, .., My,) on Hp 0 (D),

where k; € Hg’(Hz (D)

B(H?(D"))-valued analytic function (see Theorem 3.1, or part (i) of Theorem 1.1
below). Then we prove that a closed subspace & C HIZ{Z(D,,) (D) is invariant for
(Mz, My,, ..., My,) if and only if S is of Beurling [3], Lax [15] and Halmos [13]
type and the corresponding Beurling, Lax and Halmos inner function solves, in

(D),i=1,...,n,is a constant as well as simple and explicit
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an appropriate sense, n operator equations explicitly and uniquely (see Theorem
3.2, or part (ii) of Theorem 1.1 below, and Theorem 5.2).

Recall that two m-tuples, m > 1, of commuting operators (Ay,...,Ay) on
‘H and (By, ..., By) on K are said to be unitarily equivalent if there exists a unitary
operator U : H — K such that UA; = B;U foralli =1,...,m.

We now summarize the main contents, namely, Theorems 3.1 and 3.2 re-
stricted to the scalar-valued Hardy space case, of this paper in the following state-
ment.

Theorem 1.1. Let n be a natural number, and let H, = H>(D"). Let x; € H;SO(H,,) (D)
denote the B(Hy,)-valued constant function on D defined by
ki(w) = M, € B(Hy),
forallw € D, and let My, denote the multiplication operator on H%{n (D) defined by
My f = «xif,

forall f € Hy (D) and i =1,...,n. Then the following statements hold true:

(i) (Mz,, Mz, ..., Mz, ) on H*(D"*1) and (Mz, My, ..., My, ) on Hy; (D) are
unitarily equivalent.

(ii) Let S be a closed subspace of Hﬁn (D), and let W = S ©z8. Then S is invari-
ant for (Mz, My, ..., My, ) if and only if (Mo,, ..., Mg, ) is an n-tuple of commuting

shifts on H3,(D) and there exists an inner function © € H%Q(W Ha) (D) such that

S = OH;, (D),
and
Ki@ = @(Pi,
where
®;(w) = Py (Is — wPsMZ) ™ My |w,
forallw e Dandi=1,...,n
The representation of S, in terms of W, © and {Mg, }"_,, in part (ii) above

is unique in an appropriate sense (see Theorem 5.2). Furthermore, the multiplier
®; can be represented as

@;(w) = PwMo (I () — wMZ) ™ MoMy|w,

forallw € Dandi = 1,...,n. For a more detailed discussion on the analytic
functions {®;}" ; on D we refer to Remarks 3.3 and 3.5.

As an immediate application of Theorem 1.1 we have (see Corollary 3.6): If
S C HIZJV, (D) is a closed invariant subspace for (M;, My, ..., My,), then the tu-
ples (M:|s, My, |s, .., My,|s) on S and (Mz, Mo,, ..., Mg,) on H3, (D) are uni-
tarily equivalent, where W = S © zS and

@;(w) = Py (Is — wPsM2) ™ My, |y,
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forallw € Dand i = 1,...,n. Our approach also yields a complete set of
unitary invariants for invariant subspaces: The n-tuples of commuting shifts
(Mg,, ..., Mg,) on H3,(D) is a complete set of unitary invariants for invariant
subspaces for (Mz, My, ..., M, ) on HIZ{H (ID)) (see Theorem 6.1 for more details).

We also contribute to the classification problem of commuting tuples of
isometries on Hilbert spaces. On the one hand, n-tuples of commuting isome-
tries play a central role in multivariable operator theory and function theory,
whereas, on the other hand, the structure of n-tuples, n > 1, of commuting
isometries on Hilbert spaces is complicated. In Corollary 3.6, as a byproduct
of our analysis, we completely classify n-tuples of commuting isometries of the
form (M;|s, My, |s, ..., Mx,|s) on' S, where S is a closed invariant subspace for
(Mz, My,, ..., My, ) on H%n (D).

This paper is organized as follows. In Section 2 we give various background
definitions and results on the Hardy space over the unit polydisc. In Section 3, we
prove the central result of this paper - representations of invariant subspaces of
vector-valued Hardy spaces over polydisc. In chapter 4 we study and analyze the
model tuples of commuting isometries. Section 5 complements the main results
on representations of invariant subspaces and deals with the uniqueness part.
In Section 6 we give some applications related to the main theorems. The final
section of this paper is devoted to an appendix on a dimension inequality which
is relevant to the present context and of independent interest.

2. Prerequisites

We start by briefly recalling the relevant parts of the Hardy space over the
unit polydisc. Let n > 1, and let D" be the open unit polydisc in C". The Hardy
space H2(D") over D" is the Hilbert space of all holomorphic functions f on D"
such that

1Al 2y = | sup / If(re®, ... re®)|2do | < oo,
o<r<1/T"
where d0 is the normalized Lebesgue measure on the torus T”, the distinguished
boundary of D". It is well known that H?(D") is a reproducing kernel Hilbert
space corresponding to the Szeg® kernel S,; on D", where
n
Su(zw)=]]1- zi;) ! (z,w € D").
i=1

Clearly
S;l(z,w): Z (—1)‘k|zkwk,

0<[k|<n
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where |[k| =Y ;kjand 0 < k; < 1foralli =1,...,n. Here we use the notation z
for the n-tuple (zy,...,z,) in C". Also for any multi-index k = (ky, ..., k,) € Z',
and z € C", we write zk = zlfl . -z]fl".

Let € be a Hilbert space, and let Hz (D") denote the £-valued Hardy space
over D". Then H2(DD") is the £-valued reproducing kernel Hilbert space with the
B(&)-valued kernel function

(z,w) — Sy(z,w)lg (z,w e D").

In the sequel, by virtue of the canonical unitary U : H3(D") — H?(D") ® &
defined by
Uy =20y (keZined),

we shall often identify the vector valued Hardy space H*(D") ® £ with Hz(D").
Let (M;,, ..., M;,) denote the n-tuple of multiplication operators on Hz(D") by
the coordinate functions {zi ?:1, that is,

(M, f)(w) = wif (w),

forall f € H% (D"), w € D"and i = 1,...,n. Itis well known and easy to check
that

Mz, fI| = £l

and
IMZ"fll — 0,

asm — oo and for all f € H%(]D”), that is, M, defines a shift (see the definition
of shift below) on H2(D"),i =1,...,n. If n > 1, then it also follows easily that

MZI'MZ]' - MZjMZi/

and
MZ MZ], = MZjM;:,

forall1 <i < j < n. Therefore, (M, ..., M,,) is an n-tuple of doubly commuting
shifts on HZ(D"). Evidently the shift M, on Hz (D") can be identified with M, ®
I¢ on H?(D") ® €. This canonical identification will be used throughout the rest
of the paper.
We recall that a closed subspace S C Hz(ID") is called an invariant subspace for
(Mz,, ..., Mz,) on H2(D") if

ZZ‘S - S,

foralli=1,...,n.

Now we review and adapt some standard techniques for shift operators
which are useful for our purposes (see [16] for more details). Let H be a Hilbert
space. Let V be an isometry on #, thatis, |[Vf|| = ||f|| for all f € H. Then
V is said to be a shift [13] if there is no non trivial reducing subspace of H on
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which V is unitary. Equivalently, an isometry V on H is a shift if V' is pure, that
is, ||V*" f|| — 0 for all f € H. Now if V is a shift on H, then

H= & V"W,
m=0
where W is the wandering subspace [13] for V, thatis, W = kerV* = H O VH.
Hence the natural map Iy : H — H%V(D) defined by
Iy (V™) = 2",
for allm > 0 and 7 € W, is a unitary operator and

I,V = M,ITy.

Following Wold [23] and von Neumann [22], we call I1y the Wold-von Neumann
decomposition of the shift V.

We will need the following representation theorem for commutators of shifts
proved in [16]. Here we only sketch this proof and refer the reader to [16] for more
details.

Theorem 2.1. Let ‘H be a Hilbert space. Let V be a shift on H and C be a bounded
operator on H. Let Iy be the Wold-von Neumann decomposition of V, M = 11y CIIy,,
and let

O(z) = Pyy(Iy —zV*)71C | (z € D).

Then CV = VCifand only if © € Hp ), (D) and

M = Mp.
Sketch of proof: For the necessary part, let CV = VC. Then MM, = M, M, and so
M = Mp,
for some (unique) bounded analytic function ® € H%"(W) (D) [18]. Letz € D and
7 € W. Since O(z)n = (Mpn)(z), it follows that
O(z)y = (IyCllyn)(z)
= (IvCn)(2),

as Il = 1. Now a simple computation shows that (cf. [16])

L= ) V"Pyv™,
m=0
in the strong operator topology, from which it follows that

Cnp= )Y V"PyV*™Cy,

m=0
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and so

O(2)y = (ITy( 3 V" PyV*"Cr))(2)

m=0
= () M (PwV™Ch))(2).
m=0
Using the fact that Py, V*™Cry € W for all m > 0, from here we get

()

Oz)y = )_ 2" (PwV™"Cy)

m=0
= Py (Iy —zV*)~1Cy.
The sufficient part easily follows from the fact that ITj; MIIyy = C. This proves

the theorem. m
As usual, here H%O(W) (D) denotes the Banach algebra of all B(E)-valued

bounded analytic functions on the open unit disc ID (cf. [18]).

3. Main results

With the above preparation, we now turn to the representations of joint in-
variant subspaces of vector-valued Hardy spaces. Let n be a positive integer.
Let & be a Hilbert space, and consider the vector-valued Hardy space Hz(D"*1).
Our strategy here is to identify M,, on H (‘2: (D"*+1) with the multiplication operator
M, on the H%(D”)-Valued Hardy space on the disc D. Then we show that under
this identification, the remaining operators {M.,, ..., M;, ., } on H2(D"*1) can be
represented as the multiplication operators by n simple and constant B (H% (D"))-
valued functions on D. For this we need a few more notations.

For each Hilbert space L, for the sake of notational ease, define

L, =HD")® L.
When £ = C, we simply write £,, = Hy, that s,
H, = H*(D").
Also, foreachi =1,...,n, we define
Kei(w) =Mz ® I,

for all w € D, and write
Kei = Ki,
o0

when £ is clear from the context. It is evident that x; € H B(Ln) (D) is a constant
function and My, on H%n (D), defined by

Myf =xif  (f € HE (D)),
is a shift on H%n (D) foralli =1,...,n.
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Now we return to the invariant subspaces of H2(ID"*1). First we iden-
tify H2(D" 1) with H2(D) ® &, by the natural unitary map U : H2(D"*1) —
H?(D) ® &, defined by

u(zklzlzfz nn++1117) — g (21{2 . .Z’:lnﬂﬂ)’
forall ky,...,k,41 > 0and y € £. Then it is clear that
UM, = (M, ® I¢,)U.
Moreover, a simple computation shows that
aMZHi = (IH2(]D)) ® K,-)l:[,

where K; is the multiplicational operator M, on E,, thatis

Ki = MZ,'/
foralli = 1,...,n. Therefore, the tuples (M;,, Mx,,..., M, ,) on H2(D"™!) and
(M: @ Ig,, Iy @ Ky, -+, Iay © Ku) on H*(D) & &y are unitarily equivalent.
We further identify H*(D) ® &, with the £,-valued Hardy space Hz (D) by the
canonical unitary map U : H?>(D) ® &, — H%n (D) defined by

a@n) =2y,
forallk > 0 and 57 € &,. Clearly
(M, ®Ig,) = M, U.

Now for each i = 1,...,n, define the constant B(&,)-valued (analytic) function
on D by

xi(z) = K;,
for all z € D. Then x; € H D), and the multiplication operator My, on
Hél( ), defined by

(M (2"17)) (w) = w™ (Kin),
forallm >0,y € £, and w € D), is a shift on H%n (D). It is now easy to see that
a(IHz(]D)) ® K;) = My, U.

foralli =1,...,n. Finally, by setting

u=1ud,
it follows that U : Hz (D"*1) — H (D) is a unitary operator and

UMZl — Mzu,

and

ule+i == MK»U,

foralli = 1,...,n. This proves the vector-valued version of the first half of the
statement of Theorem 1.1:
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Theorem 3.1. Let £ be a Hilbert space. Then (Mz,, Mz, ..., M., ., ) on H2(D" ™) and
(Mz, My, ..., My,) on H%n (D) are unitarily equivalent, where x; € H%"(gn)(]D)) is the
constant function

ki(w) = Mz, € B(En),
forallw e Dandi=1,...,n.

Now we proceed to prove the remaining half of Theorem 1.1 in the vector-
valued Hardy space setting. Let S C H(%n (D) be a closed invariant subspace for

(Mz, My,, ..., My,) on H (D). Set

V = M,|s,
and

Vi= MK,-|5,

foralli =1,...,n. Clearly, (V,Vy,...,V,) is a commuting tuple of isometries on
S. Note thatif f € S, then

Vi flls = [IPs M s
< M flll ez ()
thatis, V;,i = 1,...,n, is a shift on S, and similarly V is also a shift on S. Let
W = § © VS denote the wandering subspace for V, that is
W =ker V"
= ker Ps M},

and letITy : S — H]%V (D) be the Wold-von Neumann decomposition of V on S
(see Section 2). Then I1y is a unitary operator and

ITyV = M.ITy.
Since
VVi=VV,
applying Theorem 2.1 to V;, we obtain
Iy V; = Mg, Iy,
where
@;(w) = Py(Is — wV*) Vi,
forallw € D, @; € H%O(W) (D), Mg, is a shift on H}, (D) since V; is a shift on S
andi =1,...,n. Now since Ily is unitary, we obtain that
Ty M, = VIT,
and
ITy,V; = Mg 1Ty,



INVARIANT SUBSPACES IN THE POLYDISC 9

foralli =1,...,n. Finally, if we let is denote the inclusion map is : & — H(zgn (D),
then ITs : H,(D) — H%n (D) is an isometry, where
IIg =igolly.

Clearly IIsITg = isig. This implies that

ran [Ig = ranig,
and so

ran[Ig = S.

Now, using isV = M;is and igV; = MK],iS, we have

IIsM; = M:Ils,
and

IIsMg, = My I1s,
foralli = 1,...,n. From the first equality it follows that there exists an inner
function © € H%Q(W,En) (D) such that

Ils = Me.
This and the second equality implies that
K® = O9;,
foralli=1,...,n. Moreover, ran IIg = S yields
S = OH3, (D).

To prove that (Mg,, ..., Mg, ) is a commuting tuple, observe that
Ma, Mg Iy = Mo I1yV;
=y VY]
=IIyV;V;
= Mo Mg I1y,

and so
Mo,Mo; = Mo, Mg,

forall i,j = 1,...,n. For the converse, let us begin by observing that if S =
©H%,(D) for some inner function © € H;S’O(W,En) (D), then S is invariant for M,
and
PsM:Pg = PsM:.
In particular
PsM;|s = PsM; € B(S),

and so {®, ..., P, } is a well-defined set of B()V)-valued analytic functions on .
Furthermore, if (Mg, ..., Mg, ) is an n-tuple of commuting shifts on H3,,(ID) (so,
in particular, @; € H;;(W) (D) foralli =1,...,n. See Remark 3.3) and x;0 = ©9;,
then it follows obviously that x;S C S foralli = 1,...,n, that is, § is invariant
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for (My,, ..., My, ). This proves the last part of Theorem 1.1 in the vector-valued
Hardy space setting:

Theorem 3.2. Let & be a Hilbert space, S C H%n (D) be a closed subspace, and let VW =
S ©1zS8. Then S is invariant for (Mz, My,, ..., My, ) if and only if (Me,, ..., Ms,)
is an n-tuple of commuting shifts on H3,(ID) and there exists an inner function © €

H;SO(W,S,,) (D) such that
S = @H)Z/V(D),
and
K0 = OP;,
where

®;(w) = Pyy(Is — wPsM;) " My,|w,
forallw e Dandi=1,...,n.

A few remarks are in order.

Remark 3.3. Note that since ||wPsM}| < 1 for all w € D, the B(WW)-valued func-
tion @;, as defined in the above theorem, is analytic on D. Here the boundedness
condition (or the shift condition) on Mg, on H,(D) assures that @; € H?SO(W) (D)
foralli=1,...,n.
Remark 3.4. Clearly, one obvious necessary condition for a closed subspace S of
H%n (D) to be invariant for (M, My,, ..., My,) is that S is invariant for M, and,
consequently

S = OH;,(D),
is the classical Beurling, Lax and Halmos representation of S, where W = S ©
zS is the wandering subspace for M;|s and © € H%O(W,EH)(D) is the (unique
up to a unitary constant right factor; see Section 5) Beurling, Lax and Halmos
inner function. Moreover, since x;S C &, another condition which is evidently
necessary (by Douglas’s range inclusion theorem) is that

k;® = OI;,

for some I; € B(H3,(D)), i = 1,...,n. In the above theorem, we prove that I} is
explicit, that is

I=o;¢€ Hlogo(w) (D),
foralli=1,...,n,and (I3,...,I}) is an n-tuple of commuting shifts on H)Z,V (D).
This is probably the most non-trivial part of our treatment to the invariant sub-
space problem in the present setting.

Remark 3.5. Let £ be a Hilbert space, and let S C H%ﬂ (D) be a closed invariant
subspace for (M;, My,, ..., My,) on H%n (D). Let W, © and

{®i}i1 € Hypyy e, (D),



INVARIANT SUBSPACES IN THE POLYDISC 11

be as in Theorem 3.2. Now it follows from Ps = MgMg, that
PsM;™ = MeM;" Mg,
for all m > 0. Hence the equality

(Is —wPsMz) ™" = Y w"PsMZ™,
m=0
yields
(Is = wPsM) ™' = Mo (Iyp () — wMZ) ™ Mg,
so that
@;(w) = PwMo (I () — wMZ) ™ MoMy|w,
forallw e Dandi=1,...,n.

A well known consequence of the Beurling, Lax and Halmos theorem (cf.
page 239, Foias and Frazho [8]) implies that a closed subspace S C Hz(D) is
invariant for M; if and only if S = H%(ID) for some Hilbert space F with

dim F < dim €.

More specifically, if S is a closed invariant subspace of H% (D)andif W = S5z,
then the pure isometry M: |s on S and M; on H,,(ID) are unitarily equivalent, and
dim W < dim £. The above theorem sets the stage for a similar result.
Corollary 3.6. Let £ be a Hilbert space, and let S C H%n (D) be a closed invariant
subspace for (Mz, My, ..., My,) on H (D). Let W = 8 © 28, and

®;(w) = Py(ls —wPsMi) 'Mglw  (weD),
foralli =1,...,n. Then (M;|s, My,|s,..., Mx,|s) on S and (M, Mo,, ..., Ms,)
on H3,,(D) are unitarily equivalent.

Proof. Let W, © and {®;}}L, C Hp

Bow) (D) be as in Theorem 3.2. Then it
follows that
X : H},(D) — OH3,(D) = S,
is a unitary operator, where
X = Mgp.

It is now clear that X intertwines (M, Mg,, ..., Mg,) on le/v(]]])) and

(MZ|$/ MKl |S/ sy MKn |S)’
on S. This completes the proof of the corollary. |

Let £ be a Hilbert space, and let S C H%n (D) be an invariant subspace

for M;. Then § = @H%V(D), where W = S©zS and O € H?B’O(W,gn)(D) is the

Beurling, Lax and Halmos inner function. A natural question arises in connection
with Remark 3.4: Under what additional condition(s) on © is S also invariant for
(Myy, ..., My,)? An answer to this question directly follows, with appropriate
reformulation, from Theorem 3.2 and Remark 3.5:
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Theorem 3.7. Let £ be a Hilbert space, and let S C H(zgn (D) be an invariant subspace

for Mz on H%n (D). Let S = OH%,(D), where W = S ©zS and © € H%O(W,En)(D) is

the Beurling Lax and Halmos inner function. Set
@;(w) = PwMo (I (p) — wMZ) ™ MpMy|w,
forallw € Dandi =1,...,n. Then S is invariant for (My,, ..., My, ) if and only if
(Mg, ..., Mo,) on H, (D) is an n-tuple of commuting shifts, and
K0 = OP;,
foralli = 1,...,n. Moreover, in this case, (M;|s, My,|s,..., Mx,|s) on S and
(Mz, Mg,, ..., Mo,) on H3,(D) are unitarily equivalent.
Thus the n-tuples of commuting shifts

(Mg, ..., Mg,) on H2(D),

for Hilbert spaces £ and inner multipliers {®;} ; C H;éo( £) (D), yielding invari-

ant subspaces of vector-valued Hardy spaces over D! are distinguished among
the general n-tuples of commuting shifts by the fact that

®i(w) = Pe(ls —wPsM:) "Myl (weD),
where § = ©H% (D) for some inner function © € HE 0 ¢,)(D), and
Ki® = @‘Pl’,

foralli = 1,...,n. Moreover, in view of Remark 3.5, the above condition is
equivalent to the condition that

@i(w) = PwMe (I ) — wMZ) ™ Mg M|,
for some inner function ® € H;;( L&) (D) such that
Ki® = @@l‘,

foralli=1,...,n.

4. Representations of model isometries

In connection with Theorem 3.1 (or part (i) of Theorem 1.1), a natural ques-
tion arises: Given a Hilbert space £, how to identify Hilbert spaces F and B(F)-

valued multipliers {¥}? | C H‘g’(f) (D) such that (M, My,, ..., My, ) on H2fn (D)

and (M, My, ..., My,) on H %n (D) are unitarily equivalent. More generally, given
a Hilbert space &, characterize (n + 1)-tuples of commuting shifts on Hilbert
spaces that are unitarily equivalent to (M;, My, ..., My, ) on H%n (D).

This question has a simple answer, although a rigorous proof of it involves
some technicalities. More specifically, the answer to this question is related to a
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numerical invariant, the rank of an operator associated with the Szego kernel on
D"+, First, however, we need a few more definitions.

Let (Ty, ..., Ty) be an m-tuple of commuting contractions on a Hilbert space
H. Define the defect operator [12] corresponding to (T3, ..., Ty,) as

STy, ..., Ty) = Z (_1)|k\Ti<1 Y Tl*kl N
0<[k|<m
where 0 < k; <1,i=1,...,m. This definition is motivated by the representation

of the Szegb kernel on the polydisc D™ (see Section 2). We say that (T, ..., T;) is
of rank p (p € NU {oo}) if

rank [S,N(Ty, ..., Tw)] = p,

and we write
rank (Ty,...,Tm) = p.
The defect operators plays an important role in multivariable operator theory (cf.

[10, 12]). For instance, if £ is a Hilbert space, then the defect operator of the
multiplication operator tuple (Mz,, ..., M, ) on H(ID") is given by

S;1<ler~--/Mzn) - PH%(D") ®Ig,

where Ppp2 ).y denotes the orthogonal projection of H?(D") onto the one dimen-
sional space of constant functions. Furthermore, as is evident from the definition
(and also see the proof of Theorem 3.1), the defect operator for (M;, My, , ..., My, )
on Hgn (D) is given by

Syt1(Mz, My, ..., My,) = Ppap) ® Py ) © I

In particular,
dim & = rank (M;, My, ..., My,) = rank (M;,,..., M;,).

Now let £ and K be Hilbert spaces, and let (V, V; ..., V;;) bean (n+ 1)-tuple
of commuting shifts on IC. Suppose that (V,V; ..., V;) and (M;, My, ..., My, ) on
K and H%n (D), respectively, are unitarily equivalent. In this case, it is necessary
that M, on H%n (D) and V on K are unitarily equivalent. As VV; = V;V and
ViV, = ViV, foralli,j = 1,...,n, Theorem 2.1 implies that (V,V,...,V,) and
(Mz,Mg,, ..., Mg,) on H12/V (D) are unitarily equivalent, where W = K & VK,
and

@i(z) = Pw(lc —2V*) " Vilw,
forallz € Dandi = 1,...,n. Since (M, My,,..., My,) on H%n (D) is doubly
commuting, another necessary condition is that (V, V;, ..., V, 1) is doubly com-
muting. In particular, V*V; = V;V*, and so
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forallm > 0andi = 1,...,n. Using V*"|y = 0 for all m > 1, this implies that
®@;(z) = PyVjl|y forall z € D. Again using VV;* = V;*V, we have

Vi(l =VV?) = (I-VV")V,
foralli = 1,...,n. This implies that W is a reducing subspace for V;, and hence
we obtain

®i(z) = Vilw,

that is, @; is a constant shift-valued function on D for alli = 1,...,n. This obser-
vation leads to the following proposition:

Proposition 4.1. Let (V,Vi,..., V) be an (n + 1)-tuple of doubly commuting shifts
on some Hilbert space H. Let W = H © V'H, and let

(I)Z(Z):‘/,h/\; (izl,...,n),
forall z € D. Then W is reducing for V;, i = 1,...,n, and (V,Vq,...,Vy) and
(Mz, Mg, ..., Mo,) on H3,(D) are unitarily equivalent.

In particular, if £ is a Hilbert space and (M;, Mg,, ..., Mg, ) on H%(]D)), for
some {®;}! ; C H;;( £) (D), is a tuple of doubly commuting shifts, then
d;(z) = ®;(0) (z e D),

that is, @ is a constant function foralli =1,...,n.

Now we returnto (V,V; ..., V,), which in turnis an (n + 1)-tuple of doubly
commuting shifts on H. For simplicity of notation, set U; = V, U; 1 = V; for all
i=1,...,n,and let

D=ranS !

+1
LV VL V) = ’7m1 ker U,
=

is the wandering subspace for (V,Vy,...,V,) (cf. [19]). From here, one can use
the fact that (cf. Theorem 3.3 in [19])
H= & UD,

keziH!
to prove that the map I' : # — H2 (D"!) defined by
ru*y) =z (kezi,yeD),
is a unitary and
[ =M.T,

foralli = 1,...,n+ 1. Therefore, (V,Vy,...,V,) on H and (M;,,...,M;,.,) on
H2 (D" 1) are unitarily equivalent. In addition, if € is a Hilbert space, and

dim & =rank (V,V,...,V,) (=dimD),

then it follows that (see the equivalence of (ii) and (v) of Theorem 3.3 in [19])
(Mz,,...,M;,.,) on H3(D"*1) and (M.,,..., M,,,) on H2(D"*!) are unitarily
equivalent. But then Theorem 3.1 yields immediately that (M,,...,M;, ) on
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H% /(D" 1) and (M, My, - .., My, ) on H%n (D) are unitarily equivalent. This gives
the following:

Theorem 4.2. In the setting of Proposition 4.1 the following hold: (V,Vy,...,Vy) on
H, (Mz, My,, ..., My,) on H%V(ID)), and (Mz, My,, ..., My, ) on H(%n (D) are unitarily
equivalent, where £ is a Hilbert space and

dim & = rank (V,V4,..., V).
Therefore, an (1 + 1)-tuple of doubly commuting shift operators
(Mz, Mo, ..., Mg, ),
is completely determined by the numerical invariant rank (M;, Mg,, ..., Mg, ):

Corollary 4.3. Let £ and F be Hilbert spaces. Let (M, My,, ..., My,) be an (n +
1)-tuple of commuting shifts on H%(D). Then (M, My,, ..., My,) on H%(D) and
(Mz, My,, ..., My, ) on H%n (D) are unitarily equivalent if and only if

(Mz, My,, ..., My,)
is doubly commuting and
dim €& = rank (M, My,, ..., My, ).

The above corollary should be compared with the uniqueness of the multi-
plicity of shift operators on Hilbert spaces [13].

5. Nested invariant subspaces and uniqueness

Now we proceed to the description of nested invariant subspaces of H (%n (D).
Let S and S, be two closed invariant subspaces for

(MZ/ MK1/ DR MKH) on H{%n (]D))
Let Wj =S06 zS]-, and let
@;i(w) = Py, (Is, — wPs;Mz) ™" My, |,

forallw € D,j = 1,2, and i = 1,...,n. Hence by Theorem 3.2 there exists an
inner function ©; € HZ’O(W- < )(ID)) such that
]! n

Sj = ©;Hj, (D),

and
(5.1) k0 = 0;P;;,
forallj=1,2,andi =1,...,n. Now, let

51 C S,
that is

©1Hyy, (D) C 6,Hjy, (D).
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Then there exists an inner multiplier ¥ € Hg’(

01 =6,Y.

WiWs) (D) [8] such that

Using this in (5.1), we get
OrF Py = 01y,

=xi0
=Kk,
=029y, Y,
and so
Yoy =Dy,
foralli = 1,...,n. On the other hand, given two invariant subspaces §; =

®J'H12/Vj (D), j=1,2,for (M, My, ..., My,) on Hgn (D) described as above, if there
exists an inner multiplier ¥ € Hy,,, 1y, ) (D) such that ©®; = ©,Y¥, then it readily
follows that S C Sp. We state this in the following theorem:

Theorem 5.1. Let € be a Hilbert space, and let S = O H12/V1 (D) and S; = @zH)Z/V2 (D)
be two invariant subspaces for (M, My, ..., My,) on H%n (D). Let

@j/i(ﬂ]) = PW]‘ (IS]' - prjM:)ilMKi ‘W]'/
forallw eD,j=12andi=1,...,n. Then &1 C Sy if and only if there exists an

inner multiplier ¥ € H;S’O(Wl W) (D) such that © = O¥ and ¥ 1 ; = ;¥ for all

i=1,...,n

We now proceed to prove the uniqueness of the representations of invariant
subspaces as described in Theorem 3.2. Let £ be a Hilbert space, and let S be an
invariant subspace for (M;, My, ..., My,) on H%n (D). Let S = ©H3,(D) and

Ki@I@@i (izl,...,n),

in the notation of Theorem 3.2. Now assume that @ € H%O(W) (D) is an inner
function, for some Hilbert space W, and
S = 6H;, (D).
Also assume that
Ki@ = @(151',

for some shift Mg on le/V(D) and i = 1,...,n. Then as an application of the
uniqueness of the Beurling, Lax and Halmos inner functions (cf. Theorem 2.1 in
page 239 [8]) to
OHj, (D) = 6H, (D),
we get
O =0T,
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for some unitary operator (constant in z) T : W — W. Then, the previous line of
argument shows that

T @i = (51'77,
foralli =1,...,n. This proves the uniqueness of the representations of invariant
subspaces in Theorem 3.2.

Theorem 5.2. In the setting of Theorem 3.2, if S = OHy;, (D) and x,0 = OP; for
some Hilbert space W, inner function © € Hy 5 (D) and shift Mg _on H% (D), i =

BOW)
1,...,n, then there exists a unitary operator (constant in z) T : W — W such that
O = 0T,
and
T(Di = éﬂ',

foralli=1,...,n.

6. Applications

In this section, first, we explore a natural connection between the intertwin-
ing maps on vector-valued Hardy space over I and the commutators of the mul-
tiplication operators on the Hardy space over D"*!. Then, as a noteworthy added
benefit to our approach, we compute a complete set of unitary invariants for in-
variant subspaces of vector-valued Hardy space over D"*1. We also test our main
results on invariant subspaces unitarily equivalent to H%n (D). As a by-product,
we obtain some useful results about the structure of invariant subspaces for the
Hardy space. We begin with the following definition.

Let £ and € be two Hilbert spaces. Let S and S be invariant subspaces
for the (n + 1)-tuples of multiplication operators on H%n (D) and H%n (D), respec-

tively. We say that S and S are unitarily equivalent, and write S = S, if there is a
unitary map U : S — & such that

Uleg = Mz|5~u and UMKi|5 = MKI,|SLI,
foralli=1,...,n.
6.1. INTERTWINING MAPS. Recall that, given a Hilbert space &, there exists a
unitary operator Ug : Hz(D"*1) — H%n (D) (see Section 3) such that
UgM,, = MUy,

and

UgMziH = MKi UE/
foralli = 1,...,n. Let F be another Hilbert space, and let X : H‘% (D) —
HZ%(D"*1) be a bounded linear operator such that

6.1) XM, = My, X,
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foralli=1,...,n+ 1. Set

X, = UrXUj.
Then X, : Hgn (D) — Hzfn (D) is bounded and
6.2) X,M, = M.X, and X,M, = MX,,

forall i = 1,...,n. Conversely, a bounded linear operator X, : Hé (D) —
H%-” (D) satisfying (6.2) yields a canonical bounded linear map X : H2(D"*!) —
HZ%(D"*1), namely
X =UrX,Ug
such that (6.1) holds. Moreover, this construction shows that
X € B(HA(D"), Hy (D))
is a contraction (respectively, isometry, unitary, etc.) if and only if
X, € B(Hz (D), H%: (D))
is a contraction (respectively, isometry, unitary, etc.).

For brevity, any map satisfying (6.2) will be referred to module maps.

6.2. A COMPLETE SET OF UNITARY INVARIANTS. Let £ and & be Hilbert spaces,
and let {?’1,...,‘1"”} C H?’(g)(D) and {¥,..., ¥} C Hg’(g)(ﬂ))). We say thaf
{¥1,..., ¥ }tand {¥;,..., ¥} coincide if there exists a unitary operator 7 : £ — &
such that
™¥i(z) = Fi(z)T,
forallze Dandi=1,...,n.
Now let S C H%n (D)and S C H(% (D) be invariant subspaces for

(Mz, My,, ..., My,)

(MZI M‘Pll M4 M‘Pn> on H)%V(ID))’
and (M., Mg, -, M(f’n) on H%V(D) are unitarily equivalent, where W = S ©z§,

®;(w) = Pw(ls — wPsM) ™ My |w,
@l(w) = Pw(lg — ZUPSM;)_lMKI.|W,
foralw e Dandi=1,...,n Let U : H} (D) — Hf;v(]D)) be a unitary map such
that
UMZ = Mzu,
and
UMy, = Mg U,
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foralli =1,...,n. The former condition implies that
U=Ipmp®T,
for some unitary operator T : W — W, and so the latter condition implies that
TP;(z) = &;(2)7,

forallz € Dandi = 1,...,n. Therefore {®;,...,®,} and {Py,..., P,} coincide.
To prove the converse, assume now that the above equality holds for a given
unitary operator T : W — W. Obviously U = I H2(p) ® T is a unitary from
H}), (D) to HY (D). Clearly UM, = MU and UMg, = Mg U foralli =1,...,n.
So we have the following theorem on a complete set of unitary invariants for
invariant subspaces:

Theorem 6.1. Let € and & be Hilbert spaces. Let S C H (D) and S C HZ (D) be
invariant subspaces for (M, My, , . .., My, ) on H%n (D) and H% (D), respectively. Then
S = Sifand only if {®1,..., @y} and {Py,..., Dy} coincide.

Now, if we consider the Beurling, Lax and Halmos representations of the
given invariant subspaces S and S as

S = OH;, (D),
and
S = OH;;, (D),
where © € H?SO(W, £) (D) and @ € H;’;(W, £ (D), then, in view of Remark 3.5, the

multipliers in Theorem 6.1 can be represented as

@;(w) = PwMo (g (p) — wMZ) ™ Mg My, |w,
and

& (w) = pWM@(IHi_V(D) — wM;) " M5My )3,
forallwe Dandi=1,...,n.
6.3. UNITARILY EQUIVALENT INVARIANT SUBSPACES. Let £ and F be Hilbert
spaces, and let X, : H%n (D) — H%_-n (D) be a module map. If X, is an isome-
try, then the closed subspace S C H%n (D) defined by

S = X, (Hg (D)),

is invariant for (M, My,, ..., My, ) on H%-n (D) and S = Hgn (D). In other words,
the tuples (M;|s, My, |s, ..., My,|s) on S and (M;, My, ..., My,) on H%H (D) are
unitarily equivalent. Conversely, let S C H%-n (D) be a closed invariant subspace
for (Mz, My, ..., My, ) on Hzfn (D), and let S = H%n (D) for some Hilbert space £.
Let X, : H%n (D) — S be the unitary map which intertwines (M, My, ..., My, )
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on H(%n (D) and (M;|s, My, |s, - .-, Mk,|s) on S. Suppose thatis : S — H%_-n (D) is
the inclusion map. Then

Xn = is o Xn,
is an isometry from H%n (D) to H%_-ﬂ (D), XyM; = M;X;, XyuMy, = My, X, for all
i=1,...,n,and

ran X, = S.
Therefore, if S C H%rn (D) is a closed invariant subspace for (M., My, ..., My, )
on H}_-n (D), then S = H%n (D), for some Hilbert space &, if and only if there exists
an isometric module map X, : H%n (D) — H%_-n (D) such that § = Xn(H(%n (D)).
Now, it also follows from the discussion at the beginning of this section that X :

HZ(D"*1) — H%(D"*!) (corresponding to the module map X,) is an isometry
and XM, = M; X foralli =1,...,n. Then Theorem 7.1 tells us that

dim £ < dim F.
Therefore, we have the following theorem:
Theorem 6.2. Let £ and F be Hilbert spaces, and let S C H%tn (D) be a closed invariant
subspace for (Mz, My, ..., My,) on H% (D). Then S = Hg (D) if and only if there
exists an isometric module map X, : H%n (D) — Hggn (D) such that

S = X,Hz (D).
Moreover, in this case

dim & < dim F.

Of particular interest is the case when F = C. In this case (see Section 3)
the tensor product Hilbert space F, = H?(D") ® C is denoted by H,, that is,
H, = H>(D").

Corollary 6.3. Let S C H%{n (D) be a closed invariant subspace for (Mz, My,, . .., My,)
on HIZ{H (D). Then S = HIZ_IH (D) if and only if there exists an isometric module map
Xy : Hy (D) — HE (D) such that

S = Xu(Hf, (D).

The above result, in the polydisc setting, was first observed by Agrawal,
Clark and Douglas (see Corollary 1 in [1]). Also see Mandrekar [17].

We now proceed to analyze doubly commuting invariant subspaces. Let
F be a Hilbert space, and let S C H%,-n (D) be a closed invariant subspace for

(M, My, ..., My,) on H%rn (D). Set
V = M;|s,

and
‘/i = MK,‘|S/
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foralli = 1,...,n. We say that S is doubly commuting if V;*V; = V;V* for all
1<i<j<nand VV =V Vforalll =1,...,n

Now let £ be a Hilbert space, and suppose that H%n (D) = S. In view of The-
orem 6.2 this implies that (V, V3,...,V,) on S and (M;, My,, ..., My,) on H%n (D)
are unitarily equivalent. Because H%n (D) is doubly commuting this immediately
implies that S is doubly commuting.

Conversely, let S be doubly commuting. From Theorem 3.7 we readily con-
clude that (M, Mo,, ..., Mg, ) on H)Z,V(ID)) and (V,Vy,...,V,) on S are unitarily
equivalent.

Applying Theorem 4.2 with (M;, Mg,, ..., Mg, ) in place of

(Mz, My, ..., My,),

we see that (V,Vy,...,V,) on S and (M;, My, ..., My,) on H%n (D) are unitarily
equivalent, where £ is a Hilbert space. Now, proceeding as in the proof of the
necessary part of Theorem 6.2 one checks that there exists a module isometry
X H(%n (D) — Hffn (D) such that

ran X, = S.
This proves the following variant of Theorem 6.2:

Theorem 6.4. Let F be a Hilbert space. An invariant subspace S C H%n (D) is doubly
commuting if and only if there exists a Hilbert space £ and an isometric module map
Xy H(%n (D) — Hzfn (D) such that

S = X, Hg (D).

Moreover, in this case
dim € < dim F.

The above result, in the polydisc setting, was first observed by Mandrekar
[17]. Also this should be compared with the discussion prior to Corollary 3.6 on
the application of the classical Beurling, Lax and Halmos theorem to invariant
subspaces of the Hardy space over the unit disc.

7. Appendix: An inequality on fibre dimensions

Given a Hilbert space &, the n-tuple of multiplication operators by the coor-
dinate functions z;, i = 1,...,n, on H2(D") is denoted by (Mzgl,. .., ME ). When-
ever £ is clear from the context, we will omit the superscript £. Clearly, one
can regard € as a closed subspace of H2(ID") by identifying € with the constant
&-valued functions on D”.

In this appendix, we aim to prove the following result:
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Theorem 7.1. Let & and &, be Hilbert spaces and let X : Hé (b") — Hr%z (D) be an
isometry. If

xME = MEX,
foralli=1,...,n, then

dim & < dim &,.

We believe that the above result (possibly) follows from the boundary be-
havior of bounded analytic functions following the classical case n = 1 (see the
remark at the end of this appendix). Here, however, we take a shorter approach
than generalizing the classical theory of bounded analytic functions on the unit
polydisc. We first prove the L2-version of the above statement.

Theorem 7.2. Let & and &, be Hilbert spaces and let X : L%l (T") — L%Z (T™) be an
isometry. If

XM, = M o X,

e ] e ]

forallj=1,...,n, then

dim 5] < dim 52.

Proof. By the triviality, we can assume that
m:=dim &y < oo.

Let {’7]‘};‘":1 be an orthonormal basis for &,. Since {ey : k € Z"}, where
n .
e =M% (kezm),
j=1

is an orthonormal basis for L?(T"), this implies that {exnj: k€Z"j=1,...,n}
is an orthonormal basis for L%z (T"). Let {f; : j € ]} be an orthonormal basis for

X(&1), where ] is a subset of Z. In view of the intertwining property of X, this
implies that {exfj : k € Z",j € ]} is an orthonormal basis for

X(1,(T) € 13,(T"),
and so, an orthonormal set in L%z (T™). It follows from the Parseval’s identity that
=Y lfil?

j€l

Y Y (M )2

jeJ 1=1kezn

YV Y [ M2

jeJl=1kez"

=L L L lmadf
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on the one hand, and on the other, by Bessel’s Inequality,
- 2
m=3_ |l
=1

VY Y lme)

I=1j€] kezr

This proves dim £; < m and completes the proof of the theorem. u

Proof of Theorem 7.1: Define X on {exy7 : k € Z", € &1} by

X(exn) = ex X1,

forall k € Z" and 5 € &;. The intertwining property of the isometry X then gives
<X(€k77)/}?(el€)>%z(’1rn) = (ekﬂrelQLgl (Tn)/

forallk,l € Z" and #,{ € &;. Therefore this map extends uniquely to an isometry,
denoted again by X from L%l (T") to L%Z (T™), such that

XM i =M. X,
e ] e ]

forall j =1,...,n. The result then easily follows from Theorem 7.2. |
If X : H%l (b") — H%z (D") is an isometry, and if XM,, = M, X for all
i=1,...,n, thenitis easy to see that

X = Me,

for some isometric multiplier ® € H%‘J( £0.6) (D") (that is, Mg Hgl (D) —
H%Z (D") is an isometry). In the case n = 1, the conclusion of Theorem 7.1 fol-
lows from the boundary behavior of bounded analytic functions on the open unit
disc: Mg is an isometry if and only if @(e') is isometry a.e. on T (cf. [18]). Un-
like the proof of the classical case n = 1, our proof does not use the boundary
behavior of ©.
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