HYPONORMAL CONTRACTIONS AND ANALYTIC SHIFTS

SNEHA B, NEERU BALA, AND JAYDEB SARKAR

ABSTRACT. Hyponormal operators are known to be among the most difficult operators
to analyze. In this work, we focus on two finite types of hyponormal operators. The
first type becomes analytic shifts, while the second type admits analytic models. A basic
model for hyponormal operators plays a key role in our analysis.
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1. INTRODUCTION

Examples and representations of operators are at the heart of the theory of linear oper-
ators on Hilbert spaces. The spectral theorem for normal operators is a prime illustration
of this theme. Along this line, subnormal operators are the next relevant objects. While
the program of subnormal operators continues to undergo various developments, there
are several theories related to them that are, to a large extent, satisfactory (see [1, 7, §]
and the excellent survey [4]). The next step lies in the analysis of hyponormal operators,
which are known to be complex. An operator T' € #(H) is hyponormal if

TT* <T*T.
Equivalently, in terms of the self-commutator, we have
[T*,T) =TT —-TT" > 0.

In this paper, H will denote an arbitrary but fixed separable Hilbert space over C, and
we write (H) as the space of all bounded linear operators on H. Two other important
classes of operators are finite-rank operators and analytic shifts on reproducing kernel
Hilbert spaces. In this paper, we consider two types of finite-rank hyponormal operators:

Definition 1.1. Let 7' € #(H) and let n € N. We say that:
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(1) T is a finite-isometry if 7" is a hyponormal contraction and
rank(l — T*T) < oo.
(2) T is n-finite if T is a hyponormal contraction and
rank[T*, T] = n,
and

ran|[T”,T] C Dy« © Dy.

Throughout, we follow standard notations as in [13]: Given a contraction 7" € HA(H)
(that is, ||Th|| < ||h|| for all h € H), the defect operators are defined as

Dy = (I —T*T)% and Dy = (I — TT)z.
The corresponding defect spaces are defined as
Dy =tanDr and Dy« = tanDyp-,
respectively. Among contractions, defect operators provide a way to detect hyponormal-
ity: A contraction 7T is hyponormal if and only if
Dy < Dyp-.

In particular, if 7" is a hyponormal contraction, then Dy C Dyp«. It also follows that (see
Section 5)
ran|[T™,T] C Dr-.
Moreover, in Proposition 5.1, we show that if T" is n-finite, then
dim(Dp+ © D7) = n.

These observations provide additional motivation for the study of the class of n-finite
operators.

For our purposes, a reproducing kernel Hilbert space is a Hilbert space H;, of £-valued
(€ being a Hilbert space) analytic functions on the open unit disc D C C, such that
the evaluation operator ev,, : Hr — & (defined by ev,(f) = f(w) for all f € Hy) is
continuous for all w € D. This property yields the construction of the kernel function
kE:DxD— AB(E) as:

k(z,w) = ev, o ev,,

for all z,w € D. Define the multiplication operator M, on H; by

sz - Zf’

for all f € Hi. We say that M, is an analytic shift if it is a contraction and left-invertible.
In general, T' € A(H) is said to be analytic if

ﬁ T"H = {0}.

Evidently, M, on Hj is analytic in this sense.

From our perspective, the idea of analytic shifts is motivated by the following well-
known fact: If T € H(H) is a left-invertible analytic contraction, then 7" is unitarily
equivalent to an analytic shift M, on some H;, [14]. We express this as

T =~ M.. (1.1)
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This paper presents results around the following three problems:

(1) Model of finite-isometries.
(2) Representations of n-finite operators.
(3) Examples of analytic shifts.

A hyponormal operator is said to be pure if it does not have any normal summand,;
that is, there is no reducing subspace on which the restriction of the operator is normal.
In the theory of hyponormal operators, it is standard, and as we will also do, to assume
that the operators under consideration are pure hyponormal.

One of the main results of this paper provides a complete characterization of pure
finite-isometries (see Theorem 4.1): Let T € Z(H) be a pure finite-isometry. Then there
exists an analytic shift M, on some Hj such that

T=M,.

This result, like many others in this paper, is based on a basic yet curious model of
hyponormal contractions (see Proposition 2.1): Let 7' € %(H) be a pure hyponormal

contraction. Then

g g] € B((H 6 Dy) ® Dr),

where B € #(Dr) is a contraction, S € ZA(H © Dr) is a unilateral shift, and A €
AB(Dr,H © Dr) such that

Tg[

S*A =0.
Recall that a wunilateral shift S € Z(H) is an isometry without any unitary sum-
mand. The latter property is equivalent to S being analytic. Unilateral shift operators
are concrete examples of analytic shifts. In the context of basic models of hyponormal

contractions, Theorem 3.1 presents the following examples of analytic shifts: Let H; and
Ho be Hilbert spaces, T € B(H1 & Hs), and let S € Z(H,) be a unilateral shift. Let

S A
= {0 B} '
Assume that A*A 4+ B*B € %B(Hs) is invertible, B is analytic, and S*A = 0. Then
T =M.,

for some analytic shift M, on some Hy.

There are plenty of natural examples of 2 X 2 operator matrices (such as those involving
Toeplitz operators) that satisfy the above conditions. Moreover, the proof of the preceding
result is instrumental in providing analytic shift models for finite isometries.

Finally, we turn to n-finite operators.

Let T' € A(H) be an n-finite operator. Since [T*,T] is a rank-n positive contraction,
the spectral theorem for positive operators ensures the existence of scalars {a;}5_; C (0, 1]
and an orthonormal set {e;}7_, such that

[T*,T] = Z ;€ (%9 €.
j=1
In general, for each u,v in H, we define the rank-one operator u® v by (v ®v)h = (h,v)u

for all h € H. Now since
ran[T*, T] Q DT* ) DT,
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we see that {e;}7_; C Dr- ©Dr. Moreover, we adopt the following notational convention:
For each n € N and normal operator N acting on a Hilbert space H,, we define X, (V) €
B((H*(D) @ C") ® Ho) by

M, ®Ien 0
Xn(N):[ OC N}.

For each o = {ay,...,ap,} with0 < oy < -+ <, < 1, define D, € Z(C™) by

vV1—o 0 0
0 vViIi—ay --- 0
Da: . . . .
0 0 e /=gy
Moreover, for m < n, define D, : C™ — C» by

- D,
Da o |:O(Cn—m:| ’

and for a normal operator N acting on some Hilbert space H,, define Y,(m,a, N) €
AB((H*(D) ® C") @ (H*(D) ® C™) & Hy) by

M,®Icn Pc®D, 0
Yo.(m,a,N) = 0 M:® D, 0
0 0 N

In the above, H*(D) denotes the Hardy space (see the following section for more de-
tails), and Pc denotes the orthogonal projection of H?(ID) onto the subspace of constant
functions. In Theorem 5.2, we prove the following: T € Z(H) is n-finite if and only if

T=X,(N)orT=Y,(m,a,N).

The representation and properties of operators under various commutator conditions is
a broad and intriguing problem that has been studied by many authors over the decades.
We refer the reader to [2, 10, 11, 12, 16] for some classical works in this direction, and
to [20] and the references therein for more recent developments. Hyponormal operators
with finite-rank self-commutators have also been studied extensively. For instance, Xia
[17] proved that if the range of the self-commutator of a hyponormal operator is one
dimensional and invariant under its conjugate, then the operator is a linear combination of
the identity operator and the unilateral shift. For results concerning models of hyponormal
operators with rank one or two self-commutators and the invariance of the kernels of
the self-commutators, we refer the reader to Morrel [8] and Lee and Lee [6] (also see
[15, 17, 18, 21]).

The paper is divided into four sections, excluding the present one. In Section 2, we
present a basic model for hyponormal contractions. Section 3 discusses examples of an-
alytic shifts related to the basic models introduced in the previous section. In Section
4, we prove that pure finite-isometries are unitarily equivalent to analytic shifts. Section
5, presents analytic models for n-finite operators. The final section, Section 6, presents
several examples and illustrations of the theory and concepts developed in this paper.
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2. A BASIC MODEL

The goal of this section is to present a basic model that represents all pure hyponormal
contractions. We use the classical Nagy-Foias and Langer orthogonal decompositions of
contractions [5, 9]: Given a contraction T' € Z(H), define closed subspaces H, and H.,. of
‘H by

Hy={h e M| T™h[| = [|T*"h]| = [[A]],m € Z.},

and
He =My,
respectively. Then both H, and H. reduce 7', and
H=H,DH..

Moreover, T'|3, is unitary whereas T'|3, is completely non-unitary (that is, 7’|y, does not
have unitary summand). Therefore, we have the decomposition of T"on H = H, & H,. as

|T|%, O
=" )

Given a hyponormal contraction T" € ZA(H), in view of Dy < Dp«, we know that
Dy C Dps. In what follows, we will use the orthogonal decomposition

H=(HeDr)e® Dr.

With this preparation, we now turn to the model for hyponormal contractions, which will
be used extensively throughout the paper.

Proposition 2.1. Let T' € B(H) be a pure hyponormal contraction. Then

S A
0 B

where B € AB(Dr) is a contraction, S € B(H © Dr) is a unilateral shift, and A €
B(Dr,H © Dr) such that

T = { } € B((HoDr)® Dr), (2.1)

S*A =0.
Proof. Since T is a hyponormal operator, we know that Dy C Dr.. Consequently
HSDp- CHe Dr.

An elementary fact about contractions implies that T'|yep, : H © Dy — H © Dp- is a
unitary operator with inverse T*|ysp,. : HS D — HES Dy [13, Page 8] (in this context,
it is useful to note that TDy C Dp+). In view of H© D+ C H S Dy, we consider T'|yep,
as an operator on ‘H © Dr, that is, T|yep, € B(H © Dr). Define S € B(H © Dr) by

Sr =Tz,
for all x € H © Dy. Therefore,
S = Tlueny,
defines an isometry on H & Dy. With respect to the decomposition H = (H © Dr) & Dr,
we write
S A
T { ° B} .

Since S on ‘H © Dy is an isometry, the von Neumann and Wold decomposition theorem
[13, page 3] guarantees the existence of closed subspaces W, and W of H © Dy such that
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(2) Both W, and W reduce S.
(3) U := S|y, is a unitary operator on W,,.

(4) Sp := S|y, is a unilateral shift on W.
Therefore, we have the representation of T" as
U 0 A
T - 0 SO AQ 5
0 0 B

on H =W, & W, @ Dr. We claim that A; = 0 (note that A; : Dy — W, ). Indeed, for
x € W, we have

(U'U -U0U" — A1A))z,z) = ((T°T — TT* )z, x) > 0.
Since U is a unitary operator, we have U*U — UU* = 0, which yields
—(A1Ajz,x) >0,
for every x € W,,. This implies A; = 0, and consequently

u o0 0
T - 0 S() A2
0 0 B

Since T is a pure hyponormal operator, it follows that W, = {0} (note that W, reduces
T and Ty, is unitary); therefore, S = Sy is a unilateral shift. As a result, we have

1S A
r-[0 5
which also implies
T*°T — TT" = {PkerS* N AzA; j .

Since T is a hyponormal operator, we have
Biers — A A3 > 0.
By Douglas’ range inclusion theorem,
ranA, C ker S*,
which is equivalent to saying that S*A,; = 0. This completes the proof of the result. [

Recall that the Hardy space over H?*(D) is the Hilbert space of all analytic functions
on D whose power series coefficients are square-summable. Note that M, on H?*(D) is a
unilateral shift of multiplicity 1 (as dim(ker M) = 1). The multiplicity of a unilateral
shift S'is the number

d = dimker S* € NU {o0}.

A unilateral shift of multiplicity d is unitarily equivalent to M, on a D-valued Hardy
space H%(DD), where D is a Hilbert space and

dimD = d.
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In particular, in the previous result, S on H& Dz can be replaced by M, ®I¢ on H*(D)®E
for some Hilbert space £ such that

dim & = dim(H © D).

The following elementary fact is in the spirit of the operator T" considered in the above
proposition (here we are assuming B = S*). This will be used again in what follows.

Proposition 2.2. Let S € B(H) be an isometry and let X € B(H). Define T €
B(H e H) by
ro[5 5]
Then T is a hyponormal contraction if and only if X is a partial isometry with
ranX C ranX* = ker ™.
Moreover, in this case, T is an isometry.

Proof. First, we compute

= [X*S X*X+SS*] ’
and
. [$S*+XX* XS
e [55 %5]

Assume that T' is a hyponormal contraction. Then S*X = 0 and XS = 0. Equivalently,
ranX, ranX* C ker S*. Moreover, we have

0 0 PkerS*_XX* 0
0 Piers — X*X 0 0"

Note that I — T*T > 0 gives X*X < Pirs+. On the other hand, T*T > TT* implies
X*X + 58" > I, or equivalently, X*X > P, s+. Therefore, we conclude that

XX = PkerS*~

I—T*T:[ },[—TT*:{

By using XS = 0, we find
XX*X = XPrs- = X(I — Prans) = X,

and hence, X is a partial isometry with ranX* = ran(X*X) = ker S*.
Conversely, assume that X is a partial isometry with ranX C ranX* = ker S*. Then
S*X =0, X5=0, and X*X = P.,x+ = Pwrs+. Therefore, we have

Prer(sy — XX* 0

T -TT7T" = 0 NE

Clearly, T" is hyponormal and I — 7T*T = 0. This completes the proof of the proposition.
O

Das [15] analyzed the structure of a class of hyponormal contractions whose defect
spaces are both finite-dimensional. One of the basic tools used in [15] is the classical
Nagy-Foias and Langer decompositions of contractions, which is also used in this section
in constructing the basic model for pure hyponormal contractions.
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3. ANALYTIC SHIFTS

In the previous section, we constructed a model for pure hyponormal operators. In this
section, we use that model as motivation to present examples of analytic shifts.

The following result serves two purposes: first, it provides examples of analytic shifts
from a more general operator-theoretic perspective; second, it lays the groundwork for
showing that finite-isometries are analytic shifts, a result we will explore in the next
section. Although the invertibility assumptions imposed on the operator in what follows
may appear somewhat artificial, we will give natural existence of such operators. We recall
that if T € B(H) is a left-invertible analytic contraction, then there exists an analytic
shift M, on some reproducing kernel Hilbert space #H;, such that (see (1.1))

T=M,.

Theorem 3.1. Let Hy and Hy be Hilbert spaces, T € B(H1 ® Hz), and let S € B(H,)
be a unilateral shift. Let
T {S A}

0 B
Assume that A*A+ B*B € B(Hs) is invertible, B is analytic, and
S*A =0.
Then T is unitarily equivalent to an analytic shift.

Proof. Set H = Hy ® Hz. As S*A =0, it follows that
i 0
= {o A*A+B*B] '
Since A*A 4+ B*B is invertible, it follows that T*T is invertible, and consequently, T is

left-invertible. We turn to the nontrivial part of the proof: showing that 7' is analytic,
that is,

(T"# = {0}.

n>0

. h
On the contrary, assume that there exists a nonzero vector L]] € H such that

m e (T

n>0

n

m __ Sn Cn
m-[V 3

=)

Assume for a moment that g, = 0 for all n € Z,. Then, on one hand,

w [h] _ [S" P
e )=o)

For each n € Z, there exist C,, € #(Hz, H1) and [Z”} € H such that

and
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el = [ 5 B -]

Comparing the above identitites, we have ¢ = 0 and h = S™h,, for all n € Z,. Since S is
analytic, we conclude that A~ = 0, and hence we arrive at the contradiction that

ol =1o)

In view of the above observation, we now assume that there exists some mg € Z, such
that g, # 0 and

and on the other hand,

gm = 07
for all m < mg. We also have

-k B -

Comparing the components, we find

and
g= B"g,, (3.2)
for all n € Z,. We claim that
m = Bngn+ma (33)
for all m,n > 1. We prove the claim by induction on m € N. Since S*A = 0, we have
ranA L ranS.

It follows that
Agl ey ABg2 pr— ABQQ3 i

By considering Ag; = ABgs from the above, we find
A(.gl - ng) - 07

and, on the other hand, (3.2) for n = 1,2, implies that B(g; — Bgs) = 0. Summarizing,
we have

B(g1 — Bgz) = A(g1 — Bgz) = 0.
Similarly, we have

B(g1 — B%gs) = A(g1 — B?gs) = 0,
and so on. In other words, we have

g1 — B"gni1 € ker BNker A,
for every n € N. However, since A*A + B*B is invertible, it follows that
ker B Nker A = {0},
and as a result
91— B"gns1 =0,

for every n € N. Therefore, we have

g1 = Bgo = B%g3=-- -,
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which proves (3.3) for m = 1. Next, we assume that (3.3) holds for m — 1; that is,
Im-1 = B"gnym-1,
for all n > 1. By (3.1), we have
h=S""hy 1+ 8" 2Agm_1+ ABgm_1 = S"hp + S"  Agy + ABgy = -+

Applying S*™~1 to either side of the above, and using the fact that ranA L ranS, we
obtain

S =hy
=Shpy + Agm
=5hmi1 + SAGmi1 + ABGpmit
=S®hmio + S*Agmio + SABGm.o + AB* o

Again, using the orthogonality property ranA L ranS, we find
Agm = ABgm-‘rl = AB29m+2 =
which yields
A(gm — Bgmi1) = Algm — B2gm+2> = A(gm — ngm+3) =---=0
Now, as we know by the induction hypothesis,
9m-1= Bgm = BQQm+1 = ngm+2 =,
it follows that
B(gm - Bgm+1) = B(gm - B2gm+2) = B(gm - B3gm+3) =---=0,
and hence, for every n € N, we have
Gm — B"gmin € ker BNker A = {0},

which implies that (3.3) holds for all m. As a result, we have
gm € [ |B"Ho, (3.4)
n>0

for all m € N. In particular, g,,, € QOB”HQ, a contradiction to the fact that
nz

mBnHQ = {O}

n>0

This proves that 7' is analytic. Since we have already shown that 7' is left-invertible, we
can finally conclude that 7' is unitarily equivalent to an analytic shift. O

In the final section, we present examples that satisfy the conditions of the preceding
theorem.
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4. FINITE-ISOMETRIES

In this section, we characterize pure finite-isometries. Part of the proof follows the
approach used in Theorem 3.1.

Theorem 4.1. Let T' € B(H) be a pure finite-isometry. Then T is unitarily equivalent
to an analytic shift.

Proof. We first show that the point spectrum of 7' is empty, that is, 0,(7) = (). On the
contrary, assume that A € 0,(7"). Since T'— Al is a hyponormal operator, it follows that

ker(T — AI) C ker(T* — XI).

Clearly, ker(7"— AI) is invariant under 7. We claim that it also reduces 7. Indeed, let
f € ker(T — AI). In view of the above inclusion, it follows that

T(T*f) = XTf = AP,
which completes the proof of the claim. In particular, we have
T|ker(Tf)\I) = )\Iker(Tf)\I)a

is a normal operator. However, by assumption, 7" is a pure hyponormal operator. This
leads to a contradiction unless o,(7) = 0.
Following Proposition 2.1, we now write

S A
r=ls 5

on H = (H© Dr)® Dr, where S is a unilateral shift and S*A = 0. By assumption, there
exists a finite-rank operator F' € Z(#H) such that

T =1+ F.

In particular, 7*T is a self-adjoint Fredholm operator with ker(7*7T) = ker " = {0}. We
conclude that T*T is an invertible operator. Therefore, T is left-invertible. Moreover,

since
e |1 0
"= [0 A*A+B*B} )
it follows that A*A + B*B is invertible.

Next, we observe that no eigenvector of B lies in the null space of A. Indeed, if there
exist A € C and nonzero h € H such that (B — AI)h = 0 and Ah = 0, then

o)

which contradicts the fact that 0,(7") = (). We are now ready to begin the proof that T
is an analytic operator. Part of the proof follows the lines of the proof of Theorem 3.1.

Pick a vector
h
S TH.
2N
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For each n € Z, there exist [h"} € H = (H © Dr) ® Dr such that

el

As in the proof of Theorem 3.1 (specifically, see (3.1) and (3.2)), we have

and
g=Bgi=B’gp="--. (4.2)
We also have, as in (3.4), that
gm € [\ B"Dr.
n>0
for all m > 1. As before, pick mg € Z, such that
Ymo # 0,

and g,, = 0 for all m < my. For each m > mg, we have
Gmg = B"" G
As g, # 0, it follows that g, # 0. Moreover, given that B is a contraction, we have
[gmoll = 11 B™ " gml| < llgmll,

and hence

1
sup{—:mZmo}g < Q.

[ |Gl

We claim that
Ag, — 0 as n — oo.

We proceed as follows: By applying S*, S*2,... to (4.1) (recall that S*A = 0), we find
hy =Shy ® Agy = (S?hs + SAgs) ® ABgs = - - -
hg :Shg ) Agg = (52h4 + SAg4) ) ABg4 E R

By repeatedly applying the relation S*A = 0 to the identities involving h;, we conclude
that

1hll* = lIP2ll* + | Agall* = [Shs & Ags|® + | Aga]l* = [|Shsl|* + | Ags|l® + [ Agall* = . ..

Continuing in this way, we arrive at

1hall* = hnll” + D 1 AGmlI* = "l Agml®,
m=2 m=2

for all n > 2, which implies that
D N Agnll? < I * < oo
m=2

As a result, Ag, — 0, which proves the claim.
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Since Dr is a finite-dimensional subspace, B is of finite rank. Therefore, the sequence

{B (ﬁ)} has a convergent subsequence, say {B (HZ"—’“O } Therefore, there exists g €
n Tk

Dy such that

dn
B( C ) g, (4.3)
gl

as k — oo. We claim that

g=0.
Assume, on the contrary, that g # 0. By (3.3), we know that g,, = B"¢n+n for all
m,n > 1. In particular, we have

Inp—1 = Bgnk7
and hence
Iyt B(—g"k ) —g.
G I G
Therefore,
1 gnkfl
A(gnk_1> _ A( ) — Ag.
Gl G|

On the other hand, since Ag, — 0 as n — oo, and Sup{ﬁ m > mo} < 00, we

conclude that
Ag=0.
As already pointed out, we have g,, 1 € QOB”DT. Since QOB"DT is a closed subspace
(recall that Dy is a finite-dimensional subspace of H), by (4.3), it follows that
Bmg € N BnDT,
n>0
for m > 0. Also, observe that

A(fe) = 48 (o) — ABs

Since Ag, — 0 and {#} is bounded above, we conclude that

llgn
ABg = 0.

Continuing in this way, we get
AB™g =0,
for every m € Z, . Since B is a finite-rank operator, there exists a polynomial, say

for some scalars {\;}7;, such that
p(B) = (B —MIp.) - (B—\,Ip,) =0.
In particular, p(B)g = 0. This gives either
(B = Xalp;) - (B = Amlp,)g # 0,

or

(B—=XoIp,)- (B = Anlp,)g = 0.
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Equivalently, either (B — \yIp,.) - (B — A\nIp,)g is an eigenvector of B, or it is the zero
vector. Now, if (B—XoIp,.) -+ - (B—AmIp,)g = 0, then either (B—MA3lp,.) - (B—AnIp,)g
is an eigenvector of B, or it is zero. Continuing in this manner, we conclude that there
exists a polynomial ¢ (which may be the constant polynomial 1) such that ¢(B)g is an
eigenvector of B. Since AB™g = 0 for all m € Z,, we have

Aq(B)g =0,
which implies that ¢(B)g is an eigenvector of B that also lies in the kernel of A. This
contradicts the fact that there is no eigenvector of B in ker A. Thus, we conclude the
proof of the claim that g = 0. It follows that

(A*A+ B*B) (”zﬁ) )

However, A*A + B*B is invertible and {ﬁ} is an orthonormal sequence. Therefore,
g

(A*A + B*B)(”gn—"'u) cannot converge to zero. Hence, T is analytic. By (1.1), it follows
"k

that T is unitary equivalent to an analytic shift. 0

In Example 6.4, we will illustrate the above result with a concrete example.

5. n-FINITE OPERATORS

Let T € #(H) be a hyponormal contraction. Since
[T*,T] = D3. — D < D3.,

it follows that
ran|[T™, T] C Dr-.
Since we also know that Dy C Dy, it is natural to study those hyponormal contractions
T for which the self-commutator is of finite-rank and its range is contained in Dy« © Dy.
From this perspective, the notion of n-finite operators emerges as a natural and significant
class of operators to consider.
We first prove a result of independent interest:

Proposition 5.1. Let T' € A(H) be n-finite. Then,

Proof. There exist an orthonormal set {e;}}_; C Dr- © Dy and scalars {a;}7_; C (0,1]
such that [T, T] =37 | aje; ®e;. Let h € Dr- © Dy. There exist a sequence {g,,} € H
such that

h= lim D3.g,,.

m—0o0

For each m > 1, define
hy = D%* Jm-
Decompose Dy« as Dy = Dy & (Dy« © Dr). Since h, € Dr«, there exist u,, € Dr and
Um € Dr+ © Dr such that
R = Uy, D Uy
Write h,, — h =ty ® (v, — h). As h,, — h, it follows that

lim v, = h,
m—0o0
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and

lim u,, = 0.
m—r0o0

Since [T*,T] = D%. — D3, it follows that
D%* — D% == Z Qe X e;.

=1

Therefore, for each m > 1, we have
D3.. gy — D3gm = ial(gm, €i)e;.
i=1
As D2.g,, = hp, we have
B — DF-Gom = Uy + Uy — D3 = ial(gm, ei)e;.
i=1

Since e;,v,, € Dr« © Dy for all t = 1,...,n, we have
Upy, — D?pgm € Dy« © Dr.
On the other hand, we know that u,, — D%g,, € Dy. Thus u,, — D2g,, = 0, and hence

n
Uy = Zai<gm, e;)e; € span{ey, ..., e,}.
i=1

Since h = lim wv,,, we have h € span{ey,...,e,}, and hence Dy« ©Dr = span{ey, ..., e,}.
m—r0o0
This completes the proof of the result. 0J

In particular, if T € Z(H) is an n-finite operator, then there exists an orthonormal
basis {e;}7_; for Dy« © Dy and scalars {a;}7_; C (0, 1] such that

[T*,T] = Z ;€ X €.
j=1

We are now ready to present the model for n-finite operators. The notations introduced
in Section 1 will be used in the statement and proof of the following theorem.

Theorem 5.2. Let T € B(H). Then T is n-finite if and only if there exist a set a =
{ag,...,an} C(0,1] for some m < n, and a normal operator N on some Hilbert space,
such that T = X, (N) or T 2 Y,(m,a, N).

Proof. Suppose T is n-finite. In view of Proposition 5.1, there exist an orthonormal basis
{e;}5-y for Dr- © Dy and scalars {a;}7_; C (0, 1] such that

[T*,T] = Z ;€ & €.
j=1

In view of Proposition 2.1, we decompose 1" as

T— E g} , (5.1)
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on H = (H ©Dr) @ Dy, where S € B(H & Dr) is an isometry and S*A = 0. From the
construction of S in Proposition 2.1, we know that S = T'|yep, and ranS = H & Dy-.
This implies that

ker S* = (ranS)* = (H © Dr) © (H © Dy+) = Dr- © Dy
It follows that
Prer s+ = Zei ® e;.
i=1
Also, we have
Prerg — AA* —AB*
—BA* A*A+ B*B — BB*|’
on H=(HSDr)dDy. As {ej}?zl C Dr- © Dr , it follows that
[T*,T)|p, = 0.

.= |

Therefore, we have AB* = 0 and

A*A+ B*B—- BB* =0,
and

Pierge — AA* = [T, T].
The final identity implies that

AA* = Z(l — ai)ei X e;.
i=1
In particular, A : Dy — Dy« © Dr is a finite-rank operator. There exist {h;}?, C Dr
such that

A= Z&'@hi- (5.2)
i=1

This implies

AA* = Z <hj, hl>€1 X €;j.
ij=1
By comparing the two expressions for AA*, we find that
Z(]_ — ozi)ei X e; = Z <h]‘, hz>€z X €j,
i=1 ij=1
and hence
<hi, h]> = (Sw(l — O{i), (53)
for all i,j = 1,...,n. Note that a; € (0,1] for alli=1,... n.
Case I: Let oy = 1 forallt=1,...,n. Then A =0. Write S = Uy ® Sy on H & Dy =
Wi &Ws in view of the von Neumann-Wold decomposition theorem, where Uy is a unitary
and S is a shift operator. Then

0
T=1|0 S, 0],
B
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with respect to the decomposition (H © Dr) @ Dr = W), & W, @ Dr. It follows that

0 0 0
[T, T) = |0 Prrs; 0
0 0 B*B — BB*
Again, since [T*,T]|p, = 0, we have [B*, B] = 0, that is, B is a normal operator. Set
Ho = Wi ® Dr, and define U : (H*(D) @ C") & Ho — H = Wo @ Hy by

U(z"fi+y) = Sg'ei +y,

for all m € Z, and i = 1,...,n, where {f; : i = 1,...,n} is the standard orthonormal
basis for C". Since {SJ'e; : m € Z,,i =1,...,n} forms an orthonormal basis for W, it
follows that U is a unitary operator and
M,®I 0|
U [ 0 N} =TU,

where N = Uy @ B is the normal operator on Hg. That is, T = X,,(N).
Case II: Suppose there exist ¢ € {1,...,n} such that a; < 1 (recall that o # 0 for all
j=1,...,n). Without loss of generality, assume that

o Sy < - <,

and suppose

m = max{j : o; < 1}.
Note that 1 < m < n. Since (5.3) implies (h;, h;) = 6;;(1 — ;) forall 4,5 = 1,...,n, it
follows that h; = 0 for all j > m. Hence, the representation of A in (5.2) simplifies to

i=1
Therefore,
AB* =) "¢;® Bh;.
i=1

At this point, we use the information that AB* = 0 and A*A + [B*, B] = 0. First, we
have

for all y =1,...,m, and on the other hand,
BB =A"A=()_hj@e)) e;@h;)=> hj@h;.
j=1 j=1 j=1
We have

BB*—B*B=) h;®h; (5.4)

Jj=1

Fix i € {1,...,m}. Since {hq,..., h,} C ker B, it follows that B*Bh; = 0, and hence

7=1
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Then, (5.3) yields
Moreover, for each n > 2, the identity (5.4) implies

j=1 j=1
that is,

BB*"h; = B*(BB*"Yh,),
for all n > 2. In particular,

BB**h; = B*(BB*h;) = (1 — a;)B*h;,

and, continuing in this way, it follows by induction that, in general,

BB*"h; = (1 — a;) B*" ' hy, (5.5)
for all n > 1. We claim that %, is an orthonormal set, where

By — {#B*mhi m e Z+}.
[Pl [+
For each p > ¢ > 0, by repeatedly applying (5.5), we find that
(B*h;, B**h;) = (h;, B1B*h;)
= (hi, B"Y(1 — a;) B* " hy)

= (h;, (1 — ;)?B*" " hy)
= (B h;, (1 — «;)%h;)
=0.
On the other hand, for each p > 1, we have

|Bhil|* = (B*"hs, B*h;)
= (h;, BPB*"h;)
= (hi, (1 — ;)" hy)
(1= )P || hal|?
((Pa, i) Pl
[ e

In the above, we have used the fact that (hg, hy) = 04(1 — ) for all s, =1,...,n (see
(5.3)). This implies that

1B hill = [l P*,
for every p > 1, thus completing the proof of the claim. Define
M,; = span%,;.
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By construction (or see (5.5)), M; reduces B. Moreover, for each n > 1, we compute:

1 *n _ (1 — ai) x(n—1)p __ (1 — ai) 1 *(n—1)
Blat (e B ) = apeer 2 = (a2 )

Since [|h;|| = V1 — oy, it follows that

1 1
B ( B*”hi>:\/1— (
AN N\ Tl

and hence, B|y, is /1 — a; times SF, where S; is the unilateral shift of multiplicity one
with respect to the orthonormal basis %; for 1 < i < m. In other words, we have

B|M1 g\/l—oziS:.

B*(nfl)hl) 7

Define
Then M reduces B and
Bla = (1— ) 257 &+ @ (1 — a) 287,
Recall that A : Dy — Dy« © Dy is given by A = > e; ® h;. Since h; € M for all
1=1,...,n, it follows that

A’DT@M =0.

Recall moreover that 7' = [S A] on (H & Dr) ® Dr. Write

0 B
_ [Blm 0
o=’ e
on M@ (Dr o M). As Alp,om = 0, it follows that
U 0 0 0
10 S A 0
= 0 0 Bjm 0]’
o 0 o0 C
Uy 0 : .
where S = 0 g.|on H S Dy =W, & W, is the von Neumann-Wold decomposition,
0
with Uy € (W) being a unitary and Sy € #(Ws) a unilateral shift operator. We have
0 0 0 0
s g |0 Prerss —AA* 0 0
TT=1 0 0 ’
0 0 0 C*C-Ccr

on Wi @ W, @ M @ (Dr © M). Since [T*,T]|p, = 0, it follows that C' is a normal

operator. We also know that AA* = > (1 — a;)e; @ e;. (see the identity preceding (5.2)).
i=1
Since a; = 1 for m +1 <i <n, and Bersz = AA* + [T, T], we have

m

Prersz = 2(1 —o;)e; Qe+ Z%’ei ®Ke; = ZQ‘ ®e; + Z a;e; & e,
i=1

i=1 i=1 t=m+1
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and hence
n

Prersz = Z e ® e;.
i=1
Suppose {f; : i =1,...,n} and {g; : j = 1,...,m} are the standard orthonormal bases
for C" and C™, respectively. Set

Ho =W & (Dr o M),
and define U : (H?*(D) ® C") @ (H*(D) ® C™) & Ho — H by

1
U(z°fi+2"g; +y) = Sgei + <—r+13*rhj + 9,

forall s,r€Zy,i=1,...,n,and j=1,...,m. Since {S§e; : s € Z,,i=1,...,n} forms
an orthonormal basis for W,, and

(1—a;) =
forms an orthonormal basis for M, we conclude that U is a unitary. We claim that
M.,®1 Pc®Dpyr, 0
UTU =Y,(m,a,N) = 0 M; @ Dm0 |,
0 0

where N is the normal operator Uy C. To prove our claim, first we observe that AB* = 0.
Moreover,

1
{—MB*Thj:TEZ+,j:1,...,m},

Sgtlei+ YU B, £ Ny ifr > 1

TU(Z°fi+2"g; +y) = (1-ay)
Sgtle; + /1 — aje; + Ny if r = 0.
For each r > 1, we compute

M,®1 Pe®Dpgr, 0] [2°f:
UY,(m,a, N)(2°fi +2"g; +y) =U 0 M; ® Digpym, 0| |27g;
0 0 N Yy

= U(zsﬂfi + /1 — ajzr_lgj + Ny)

V01—
= Sstle, + YL prYp. 4 Ny
’ (1 —aj) o

In the case of r = 0, we have
M.®1 Pc®Dpgr, 0] [2°f:
UYn(m,a, N)(*fi+g;+y)=U| 0  M:®Dpayr, 0| |9
0 0 N y
= U(Zs+lfi + \/]_ — ajfj +O—|—Ny)
= S5tle; + /1 — ajej + Ny.
Therefore, we conclude that U*TU = Y, (m, «a, N).
The converse is straightforward and is left to the reader. O
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6. EXAMPLES

The aim of this section is to present several examples that illustrate the notions intro-
duced and the results established in this paper. We begin with an example of an operator
that satisfies the conditions of Theorem 3.1.

Example 6.1. Let S € #(H) be a unilateral shift of infinite multiplicity. Fix a natural
number n. Let M be a finite-dimensional subspace of H with an orthonormal basis

{z1,...,2,}. Define Sy : M — M by
i
Sﬂi:{o 1z !
ri1 ifi=2....n.

Fix A € D. Define B € B(H) by B|ym = AS1 and Blyoam = 0. In other words,

C[AS 0
o= 3]

on M @ M+, Clearly, B is a nilpotent operator, and, in particular, B is analytic. Let
A € B(H) be a partial isometry with initial space (H © M) @ span{z, } and final space
contained in ker S*. Therefore,

A" A = Poems spanfan}-
Also, we have ranA C ker S*, or equivalently,

S*A =0.
Finally, define T' € B(H & H) by
S A
]
It follows that
* PranS + PranA 0 % o I 0
"= 0 AP Pepantas.... sz and 771" = [O A*A+B*B} '

Moreover, as

A*"A+ B*B = P(H@M)EB({?%}) + |/\|2Pspan{x1 ..... Tp—1}s
we conclude that A*A + B*B is an invertible operator. Clearly, T is a hyponormal
contraction. By Theorem 3.1, it follows that T is unitarily equivalent to a shift.

Recall from (1.1) that analytic and left-invertible operators are precisely analytic shifts.
In the above, we have exhibited certain examples of upper triangular block operator
matrices that are unitarily equivalent to analytic shifts. However, an upper triangular
block operator with a unilateral shift on the north-west entry can also produce an example
of a non-analytic but left-invertible operator:

Example 6.2. We follow the construction of Proposition 2.2. Let S € %B(H) be a
unilateral shift of finite multiplicity. Pick X € %(H) so that

(ker S*)* = ker X.

r=lo &)

Then

0 S
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is not analytic but left-invertible. To see this, for each n > 1, we compute

qn Sn—1X+X5*(n—1):|

T :{0 Gxn

Fix a nonzero g € H and set v = Xg. We claim that
x N
[S*g} e ﬂOT (HoH).

Fix a natural number n. Since S*H = H, there exits
gn € (ker S*)* = (ranX*)* = ker X,
0

n

such that g = S*™ Vg, Then Xg, =0, and 7" [ } = { ijg] . This proves that T is not
analytic.
We also have example related to Toeplitz operators:
Example 6.3. Pick inner functions 0, ¢ € H*(ID) and define the model space Qg [13] by
Qp = H*(D) © OH*(D).
Assume that (for instance, if 6 is an infinite Blaschke product)
dimQy = oo.

Define A = T,y and B = T, on H*(D). Clearly, A*A + B*B(= 2I) is invertible. Note
that {02z"},ez, is an orthonormal basis for 6 H*(D). Let

{e;;:1eN,jeZ,},
be an orthonormal basis for Qy. Define S € %(H?*(D)) by
S(02") = emt1.0,
for all m € Z,, and

S(enm) = €nm+1,

for n > 1 and m € Z,. Clearly, S is a unilateral shift on H?*(D) with
ker S* = 0H?*(D).

Moreover,

ranA = 20 H*(D) C 0H*(D) = ker S*.

By Theorem 3.1, we conclude that [S is unitarily equivalent to an analytic shift.

A
0 B
We now present an example of a finite-isometry, which also serves to illustrate Theorem

4.1.
Example 6.4. Define linear operators A : C> — H?*(D) and B : C* — C? by

x
A(z1,x9) = x1 and B(z1,x2) = <?2,0> ,
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respectively, for all (zy,x) € C2. Define T on H*(D) & H*(D) & C? by

M, 0 O
T=10 M, A
0 0 B
Then
Pc 0 O
™Tr—-TT*=10 0 0],
0 0 C

where C' € %(C?) is defined by
1
C(Il,xg) = Z(le,xg),

for all (xy,x5) € C% Tt is easy to see that T is a finite isometry. We claim that T is pure.
Suppose, on the contrary, that there exists a reducing subspace M C H?*(D)® H?*(D) & C?
for T' such that T'|); is a normal operator. Then
M C ker(T*T — TT*) = zH*(D) ® H*(D) @ {0}.
Let 2f + g+ 0 € M for f,g € H*(D). Then
T*(zf +9+0) € M.
which implies that
f+ Mg+ A*g € zH*(D) ® H*(D) @ {0}.
We have A*g = 0, hence

<g7 1> = <g7 A(la O)> = <A*g’ (1’ 0)> =0.
As a result, we conclude that f,g € zH?*(D). Repeating the same steps with T*" for
n > 1, we obtain {zf, f, M*f,...} C 2H*(D) and {g, M*g, M**g,...} C zH?*(D). This is
only possible if
f=9=0.
Thus, M = {0}, and as a result, T is a pure hyponormal operator. By Theorem 4.1, it
follows that T is unitarily equivalent to an analytic shift.

We conclude the paper with a simple observation regarding operators whose self-
commutator is an orthogonal projection. Let T € Z(H) be a contraction such that
[T, T] a finite-rank orthogonal projection. There exist orthonormal vectors {e;}; C H
such that

TT—TW:E:@®q
=1
This implies
TT*+Y e;@e; =TT

i=1
Since T' is a contraction, it follows that 7*T < I, and hence

i=1



24 SNEHA B, BALA, AND SARKAR

As a result, ||T*¢]|* + 1 < 1, and hence T*¢; = 0 for all 4+ = 1,...,n. This implies
(I = T*T)e; = 0, and D3.e; = ¢; for i = 1,...,n. We conclude that {e; : 1 <i < n} C
Dy« & Dp. Theorem 5.2 now implies that T is unitarily equivalent to S @ A, where S is
a unilateral shift and A is a normal operator.
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