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Abstract. Hyponormal operators are known to be among the most difficult operators
to analyze. In this work, we focus on two finite types of hyponormal operators. The
first type becomes analytic shifts, while the second type admits analytic models. A basic
model for hyponormal operators plays a key role in our analysis.
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1. Introduction

Examples and representations of operators are at the heart of the theory of linear oper-
ators on Hilbert spaces. The spectral theorem for normal operators is a prime illustration
of this theme. Along this line, subnormal operators are the next relevant objects. While
the program of subnormal operators continues to undergo various developments, there
are several theories related to them that are, to a large extent, satisfactory (see [1, 7, 8]
and the excellent survey [4]). The next step lies in the analysis of hyponormal operators,
which are known to be complex. An operator T ∈ B(H) is hyponormal if

TT ∗ ≤ T ∗T.

Equivalently, in terms of the self-commutator, we have

[T ∗, T ] := T ∗T − TT ∗ ≥ 0.

In this paper, H will denote an arbitrary but fixed separable Hilbert space over C, and
we write B(H) as the space of all bounded linear operators on H. Two other important
classes of operators are finite-rank operators and analytic shifts on reproducing kernel
Hilbert spaces. In this paper, we consider two types of finite-rank hyponormal operators:

Definition 1.1. Let T ∈ B(H) and let n ∈ N. We say that:
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(1) T is a finite-isometry if T is a hyponormal contraction and

rank(I − T ∗T ) < ∞.

(2) T is n-finite if T is a hyponormal contraction and

rank[T ∗, T ] = n,

and
ran[T ∗, T ] ⊆ DT ∗ ⊖DT .

Throughout, we follow standard notations as in [13]: Given a contraction T ∈ B(H)
(that is, ∥Th∥ ≤ ∥h∥ for all h ∈ H), the defect operators are defined as

DT = (I − T ∗T )
1
2 and DT ∗ = (I − TT ∗)

1
2 .

The corresponding defect spaces are defined as

DT = ranDT and DT ∗ = ranDT ∗ ,

respectively. Among contractions, defect operators provide a way to detect hyponormal-
ity: A contraction T is hyponormal if and only if

DT ≤ DT ∗ .

In particular, if T is a hyponormal contraction, then DT ⊆ DT ∗ . It also follows that (see
Section 5)

ran[T ∗, T ] ⊆ DT ∗ .

Moreover, in Proposition 5.1, we show that if T is n-finite, then

dim(DT ∗ ⊖DT ) = n.

These observations provide additional motivation for the study of the class of n-finite
operators.

For our purposes, a reproducing kernel Hilbert space is a Hilbert space Hk of E-valued
(E being a Hilbert space) analytic functions on the open unit disc D ⊂ C, such that
the evaluation operator evw : Hk → E (defined by evw(f) = f(w) for all f ∈ Hk) is
continuous for all w ∈ D. This property yields the construction of the kernel function
k : D× D → B(E) as:

k(z, w) = evz ◦ ev∗w,
for all z, w ∈ D. Define the multiplication operator Mz on Hk by

Mzf = zf,

for all f ∈ Hk. We say that Mz is an analytic shift if it is a contraction and left-invertible.
In general, T ∈ B(H) is said to be analytic if

∞⋂
n=0

T nH = {0}.

Evidently, Mz on Hk is analytic in this sense.
From our perspective, the idea of analytic shifts is motivated by the following well-

known fact: If T ∈ B(H) is a left-invertible analytic contraction, then T is unitarily
equivalent to an analytic shift Mz on some Hk [14]. We express this as

T ∼= Mz. (1.1)
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This paper presents results around the following three problems:

(1) Model of finite-isometries.
(2) Representations of n-finite operators.
(3) Examples of analytic shifts.

A hyponormal operator is said to be pure if it does not have any normal summand;
that is, there is no reducing subspace on which the restriction of the operator is normal.
In the theory of hyponormal operators, it is standard, and as we will also do, to assume
that the operators under consideration are pure hyponormal.

One of the main results of this paper provides a complete characterization of pure
finite-isometries (see Theorem 4.1): Let T ∈ B(H) be a pure finite-isometry. Then there
exists an analytic shift Mz on some Hk such that

T ∼= Mz.

This result, like many others in this paper, is based on a basic yet curious model of
hyponormal contractions (see Proposition 2.1): Let T ∈ B(H) be a pure hyponormal
contraction. Then

T ∼=
[
S A
0 B

]
∈ B((H⊖DT )⊕DT ),

where B ∈ B(DT ) is a contraction, S ∈ B(H ⊖ DT ) is a unilateral shift, and A ∈
B(DT ,H⊖DT ) such that

S∗A = 0.

Recall that a unilateral shift S ∈ B(H) is an isometry without any unitary sum-
mand. The latter property is equivalent to S being analytic. Unilateral shift operators
are concrete examples of analytic shifts. In the context of basic models of hyponormal
contractions, Theorem 3.1 presents the following examples of analytic shifts: Let H1 and
H2 be Hilbert spaces, T ∈ B(H1 ⊕H2), and let S ∈ B(H1) be a unilateral shift. Let

T =

[
S A
0 B

]
.

Assume that A∗A+B∗B ∈ B(H2) is invertible, B is analytic, and S∗A = 0. Then

T ∼= Mz,

for some analytic shift Mz on some Hk.
There are plenty of natural examples of 2×2 operator matrices (such as those involving

Toeplitz operators) that satisfy the above conditions. Moreover, the proof of the preceding
result is instrumental in providing analytic shift models for finite isometries.

Finally, we turn to n-finite operators.
Let T ∈ B(H) be an n-finite operator. Since [T ∗, T ] is a rank-n positive contraction,

the spectral theorem for positive operators ensures the existence of scalars {αj}nj=1 ⊆ (0, 1]
and an orthonormal set {ej}nj=1 such that

[T ∗, T ] =
n∑

j=1

αjej ⊗ ej.

In general, for each u, v in H, we define the rank-one operator u⊗ v by (u⊗ v)h = ⟨h, v⟩u
for all h ∈ H. Now since

ran[T ∗, T ] ⊆ DT ∗ ⊖DT ,
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we see that {ej}nj=1 ⊆ DT ∗ ⊖DT . Moreover, we adopt the following notational convention:
For each n ∈ N and normal operator N acting on a Hilbert space H0, we define Xn(N) ∈
B((H2(D)⊗ Cn)⊕H0) by

Xn(N) =

[
Mz ⊗ ICn 0

0 N

]
.

For each α = {α1, . . . , αm} with 0 < α1 ≤ · · · ≤ αm < 1, define Dα ∈ B(Cm) by

Dα =


√
1− α1 0 · · · 0
0

√
1− α2 · · · 0

...
...

. . .
...

0 0 · · ·
√
1− αm

 .

Moreover, for m ≤ n, define D̃α : Cm → Cn by

D̃α =

[
Dα

0Cn−m

]
,

and for a normal operator N acting on some Hilbert space H0, define Yn(m,α,N) ∈
B((H2(D)⊗ Cn)⊕ (H2(D)⊗ Cm)⊕H0) by

Yn(m,α,N) =

Mz ⊗ ICn PC ⊗ D̃α 0
0 M∗

z ⊗Dα 0
0 0 N

 .

In the above, H2(D) denotes the Hardy space (see the following section for more de-
tails), and PC denotes the orthogonal projection of H2(D) onto the subspace of constant
functions. In Theorem 5.2, we prove the following: T ∈ B(H) is n-finite if and only if

T ∼= Xn(N) or T ∼= Yn(m,α,N).

The representation and properties of operators under various commutator conditions is
a broad and intriguing problem that has been studied by many authors over the decades.
We refer the reader to [2, 10, 11, 12, 16] for some classical works in this direction, and
to [20] and the references therein for more recent developments. Hyponormal operators
with finite-rank self-commutators have also been studied extensively. For instance, Xia
[17] proved that if the range of the self-commutator of a hyponormal operator is one
dimensional and invariant under its conjugate, then the operator is a linear combination of
the identity operator and the unilateral shift. For results concerning models of hyponormal
operators with rank one or two self-commutators and the invariance of the kernels of
the self-commutators, we refer the reader to Morrel [8] and Lee and Lee [6] (also see
[15, 17, 18, 21]).
The paper is divided into four sections, excluding the present one. In Section 2, we

present a basic model for hyponormal contractions. Section 3 discusses examples of an-
alytic shifts related to the basic models introduced in the previous section. In Section
4, we prove that pure finite-isometries are unitarily equivalent to analytic shifts. Section
5, presents analytic models for n-finite operators. The final section, Section 6, presents
several examples and illustrations of the theory and concepts developed in this paper.
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2. A basic model

The goal of this section is to present a basic model that represents all pure hyponormal
contractions. We use the classical Nagy-Foias and Langer orthogonal decompositions of
contractions [5, 9]: Given a contraction T ∈ B(H), define closed subspaces Hu and Hc of
H by

Hu = {h ∈ H : ∥Tmh∥ = ∥T ∗mh∥ = ∥h∥,m ∈ Z+},
and

Hc = H⊥
u ,

respectively. Then both Hu and Hc reduce T , and

H = Hu ⊕Hc.

Moreover, T |Hu is unitary whereas T |Hc is completely non-unitary (that is, T |Hc does not
have unitary summand). Therefore, we have the decomposition of T on H = Hu ⊕Hc as

T =

[
T |Hu 0
0 T |Hc

]
.

Given a hyponormal contraction T ∈ B(H), in view of DT ≤ DT ∗ , we know that
DT ⊆ DT ∗ . In what follows, we will use the orthogonal decomposition

H = (H⊖DT )⊕DT .

With this preparation, we now turn to the model for hyponormal contractions, which will
be used extensively throughout the paper.

Proposition 2.1. Let T ∈ B(H) be a pure hyponormal contraction. Then

T ∼=
[
S A
0 B

]
∈ B((H⊖DT )⊕DT ), (2.1)

where B ∈ B(DT ) is a contraction, S ∈ B(H ⊖ DT ) is a unilateral shift, and A ∈
B(DT ,H⊖DT ) such that

S∗A = 0.

Proof. Since T is a hyponormal operator, we know that DT ⊆ DT ∗ . Consequently

H⊖DT ∗ ⊆ H⊖DT .

An elementary fact about contractions implies that T |H⊖DT
: H ⊖ DT → H ⊖ DT ∗ is a

unitary operator with inverse T ∗|H⊖DT∗ : H⊖DT ∗ → H⊖DT [13, Page 8] (in this context,
it is useful to note that TDT ⊆ DT ∗). In view of H⊖DT ∗ ⊆ H⊖DT , we consider T |H⊖DT

as an operator on H⊖DT , that is, T |H⊖DT
∈ B(H⊖DT ). Define S ∈ B(H⊖DT ) by

Sx = Tx,

for all x ∈ H ⊖DT . Therefore,
S = T |H⊖DT

,

defines an isometry on H⊖DT . With respect to the decomposition H = (H⊖DT )⊕DT ,
we write

T =

[
S A
0 B

]
.

Since S on H ⊖ DT is an isometry, the von Neumann and Wold decomposition theorem
[13, page 3] guarantees the existence of closed subspaces Wu and Ws of H⊖DT such that
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(1) Wu ⊕Ws = H⊖DT .
(2) Both Wu and Ws reduce S.
(3) U := S|Wu is a unitary operator on Wu.
(4) S0 := S|Ws is a unilateral shift on Ws.

Therefore, we have the representation of T as

T =

U 0 A1

0 S0 A2

0 0 B

 ,

on H = Wu ⊕Ws ⊕ DT . We claim that A1 = 0 (note that A1 : DT → Wu). Indeed, for
x ∈ Wu, we have

⟨(U∗U − UU∗ − A1A
∗
1)x, x⟩ = ⟨(T ∗T − TT ∗)x, x⟩ ≥ 0.

Since U is a unitary operator, we have U∗U − UU∗ = 0, which yields

−⟨A1A
∗
1x, x⟩ ≥ 0,

for every x ∈ Wu. This implies A1 = 0, and consequently

T =

U 0 0
0 S0 A2

0 0 B

 .

Since T is a pure hyponormal operator, it follows that Wu = {0} (note that Wu reduces
T and T |Wu is unitary); therefore, S = S0 is a unilateral shift. As a result, we have

T =

[
S A2

0 B

]
,

which also implies

T ∗T − TT ∗ =

[
PkerS∗ − A2A

∗
2 ∗

∗ ∗

]
.

Since T is a hyponormal operator, we have

PkerS∗ − A2A
∗
2 ≥ 0.

By Douglas’ range inclusion theorem,

ranA2 ⊆ kerS∗,

which is equivalent to saying that S∗A2 = 0. This completes the proof of the result. □

Recall that the Hardy space over H2(D) is the Hilbert space of all analytic functions
on D whose power series coefficients are square-summable. Note that Mz on H2(D) is a
unilateral shift of multiplicity 1 (as dim(kerM∗

z ) = 1). The multiplicity of a unilateral
shift S is the number

d = dimkerS∗ ∈ N ∪ {∞}.
A unilateral shift of multiplicity d is unitarily equivalent to Mz on a D-valued Hardy
space H2

D(D), where D is a Hilbert space and

dimD = d.
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In particular, in the previous result, S on H⊖DT can be replaced by Mz⊗IE on H2(D)⊗E
for some Hilbert space E such that

dim E = dim(H⊖DT ).

The following elementary fact is in the spirit of the operator T considered in the above
proposition (here we are assuming B = S∗). This will be used again in what follows.

Proposition 2.2. Let S ∈ B(H) be an isometry and let X ∈ B(H). Define T ∈
B(H⊕H) by

T =

[
S X
0 S∗

]
.

Then T is a hyponormal contraction if and only if X is a partial isometry with

ranX ⊆ ranX∗ = kerS∗.

Moreover, in this case, T is an isometry.

Proof. First, we compute

T ∗T =

[
I S∗X

X∗S X∗X + SS∗

]
,

and

TT ∗ =

[
SS∗ +XX∗ XS

S∗X∗ I

]
.

Assume that T is a hyponormal contraction. Then S∗X = 0 and XS = 0. Equivalently,
ranX, ranX∗ ⊆ kerS∗. Moreover, we have

I − T ∗T =

[
0 0
0 PkerS∗ −X∗X

]
, I − TT ∗ =

[
PkerS∗ −XX∗ 0

0 0

]
.

Note that I − T ∗T ≥ 0 gives X∗X ≤ PkerS∗ . On the other hand, T ∗T ≥ TT ∗ implies
X∗X + SS∗ ≥ I, or equivalently, X∗X ≥ PkerS∗ . Therefore, we conclude that

X∗X = PkerS∗ .

By using XS = 0, we find

XX∗X = XPkerS∗ = X(I − PranS) = X,

and hence, X is a partial isometry with ranX∗ = ran(X∗X) = kerS∗.
Conversely, assume that X is a partial isometry with ranX ⊆ ranX∗ = kerS∗. Then
S∗X = 0, XS = 0, and X∗X = PranX∗ = PkerS∗ . Therefore, we have

T ∗T − TT ∗ =

[
Pker(S∗) −XX∗ 0

0 0

]
.

Clearly, T is hyponormal and I − T ∗T = 0. This completes the proof of the proposition.
□

Das [15] analyzed the structure of a class of hyponormal contractions whose defect
spaces are both finite-dimensional. One of the basic tools used in [15] is the classical
Nagy-Foias and Langer decompositions of contractions, which is also used in this section
in constructing the basic model for pure hyponormal contractions.
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3. Analytic shifts

In the previous section, we constructed a model for pure hyponormal operators. In this
section, we use that model as motivation to present examples of analytic shifts.

The following result serves two purposes: first, it provides examples of analytic shifts
from a more general operator-theoretic perspective; second, it lays the groundwork for
showing that finite-isometries are analytic shifts, a result we will explore in the next
section. Although the invertibility assumptions imposed on the operator in what follows
may appear somewhat artificial, we will give natural existence of such operators. We recall
that if T ∈ B(H) is a left-invertible analytic contraction, then there exists an analytic
shift Mz on some reproducing kernel Hilbert space Hk such that (see (1.1))

T ∼= Mz.

Theorem 3.1. Let H1 and H2 be Hilbert spaces, T ∈ B(H1 ⊕H2), and let S ∈ B(H1)
be a unilateral shift. Let

T =

[
S A
0 B

]
.

Assume that A∗A+B∗B ∈ B(H2) is invertible, B is analytic, and

S∗A = 0.

Then T is unitarily equivalent to an analytic shift.

Proof. Set H = H1 ⊕H2. As S
∗A = 0, it follows that

T ∗T =

[
I 0
0 A∗A+B∗B

]
.

Since A∗A + B∗B is invertible, it follows that T ∗T is invertible, and consequently, T is
left-invertible. We turn to the nontrivial part of the proof: showing that T is analytic,
that is, ⋂

n≥0

T nH = {0}.

On the contrary, assume that there exists a nonzero vector

[
h
g

]
∈ H such that[

h
g

]
∈

⋂
n≥0

T nH.

For each n ∈ Z+, there exist Cn ∈ B(H2,H1) and

[
hn

gn

]
∈ H such that

T n =

[
Sn Cn

0 Bn

]
,

and

T n

[
hn

gn

]
=

[
h
g

]
.

Assume for a moment that gn = 0 for all n ∈ Z+. Then, on one hand,

T n

[
hn

gn

]
=

[
Snhn

0

]
,
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and on the other hand,

T n

[
hn

gn

]
=

[
Sn Cn

0 Bn

] [
hn

0

]
=

[
h
g

]
.

Comparing the above identitites, we have g = 0 and h = Snhn for all n ∈ Z+. Since S is
analytic, we conclude that h = 0, and hence we arrive at the contradiction that[

h
g

]
=

[
0
0

]
.

In view of the above observation, we now assume that there exists some m0 ∈ Z+ such
that gm0 ̸= 0 and

gm = 0,

for all m < m0. We also have[
h
g

]
=

[
S A
0 B

] [
h1

g1

]
=

[
S2 SA+ AB
0 B2

] [
h2

g2

]
= · · · .

Comparing the components, we find

h = Sh1 + Ag1 = S2h2 + (SAg2 + ABg2) = · · · , (3.1)

and
g = Bngn, (3.2)

for all n ∈ Z+. We claim that
gm = Bngn+m, (3.3)

for all m,n ≥ 1. We prove the claim by induction on m ∈ N. Since S∗A = 0, we have

ranA ⊥ ranS.

It follows that
Ag1 = ABg2 = AB2g3 = · · · .

By considering Ag1 = ABg2 from the above, we find

A(g1 −Bg2) = 0,

and, on the other hand, (3.2) for n = 1, 2, implies that B(g1 − Bg2) = 0. Summarizing,
we have

B(g1 −Bg2) = A(g1 −Bg2) = 0.

Similarly, we have
B(g1 −B2g3) = A(g1 −B2g3) = 0,

and so on. In other words, we have

g1 −Bngn+1 ∈ kerB ∩ kerA,

for every n ∈ N. However, since A∗A+B∗B is invertible, it follows that

kerB ∩ kerA = {0},
and as a result

g1 −Bngn+1 = 0,

for every n ∈ N. Therefore, we have

g1 = Bg2 = B2g3 = · · · ,
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which proves (3.3) for m = 1. Next, we assume that (3.3) holds for m− 1; that is,

gm−1 = Bngn+m−1,

for all n ≥ 1. By (3.1), we have

h = Sm−1hm−1 + Sm−2Agm−1 + ABgm−1 = Smhm + Sm−1Agm + ABgm = · · · .

Applying S∗m−1 to either side of the above, and using the fact that ranA ⊥ ranS, we
obtain

S∗m−1h =hm−1

=Shm + Agm

=S2hm+1 + SAgm+1 + ABgm+1

=S3hm+2 + S2Agm+2 + SABgm+2 + AB2gm+2

...

Again, using the orthogonality property ranA ⊥ ranS, we find

Agm = ABgm+1 = AB2gm+2 = · · · ,

which yields

A(gm −Bgm+1) = A(gm −B2gm+2) = A(gm −B3gm+3) = · · · = 0.

Now, as we know by the induction hypothesis,

gm−1 = Bgm = B2gm+1 = B3gm+2 = · · · ,

it follows that

B(gm −Bgm+1) = B(gm −B2gm+2) = B(gm −B3gm+3) = · · · = 0,

and hence, for every n ∈ N, we have

gm −Bngm+n ∈ kerB ∩ kerA = {0},

which implies that (3.3) holds for all m. As a result, we have

gm ∈
⋂
n≥0

BnH2, (3.4)

for all m ∈ N. In particular, gm0 ∈ ∩
n≥0

BnH2, a contradiction to the fact that⋂
n≥0

BnH2 = {0}.

This proves that T is analytic. Since we have already shown that T is left-invertible, we
can finally conclude that T is unitarily equivalent to an analytic shift. □

In the final section, we present examples that satisfy the conditions of the preceding
theorem.
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4. Finite-isometries

In this section, we characterize pure finite-isometries. Part of the proof follows the
approach used in Theorem 3.1.

Theorem 4.1. Let T ∈ B(H) be a pure finite-isometry. Then T is unitarily equivalent
to an analytic shift.

Proof. We first show that the point spectrum of T is empty, that is, σp(T ) = ∅. On the
contrary, assume that λ ∈ σp(T ). Since T − λI is a hyponormal operator, it follows that

ker(T − λI) ⊆ ker(T ∗ − λI).

Clearly, ker(T − λI) is invariant under T . We claim that it also reduces T . Indeed, let
f ∈ ker(T − λI). In view of the above inclusion, it follows that

T (T ∗f) = λTf = |λ|2f,

which completes the proof of the claim. In particular, we have

T |ker(T−λI) = λIker(T−λI),

is a normal operator. However, by assumption, T is a pure hyponormal operator. This
leads to a contradiction unless σp(T ) = ∅.
Following Proposition 2.1, we now write

T =

[
S A
0 B

]
,

on H = (H⊖DT )⊕DT , where S is a unilateral shift and S∗A = 0. By assumption, there
exists a finite-rank operator F ∈ B(H) such that

T ∗T = I + F.

In particular, T ∗T is a self-adjoint Fredholm operator with ker(T ∗T ) = kerT = {0}. We
conclude that T ∗T is an invertible operator. Therefore, T is left-invertible. Moreover,
since

T ∗T =

[
I 0
0 A∗A+B∗B

]
,

it follows that A∗A+B∗B is invertible.
Next, we observe that no eigenvector of B lies in the null space of A. Indeed, if there
exist λ ∈ C and nonzero h ∈ H such that (B − λI)h = 0 and Ah = 0, then

T

[
0
h

]
= λ

[
0
h

]
,

which contradicts the fact that σp(T ) = ∅. We are now ready to begin the proof that T
is an analytic operator. Part of the proof follows the lines of the proof of Theorem 3.1.
Pick a vector [

h
g

]
∈

⋂
n∈Z+

T nH.
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For each n ∈ Z+, there exist

[
hn

gn

]
∈ H = (H⊖DT )⊕DT such that

T n

[
hn

gn

]
=

[
h
g

]
.

As in the proof of Theorem 3.1 (specifically, see (3.1) and (3.2)), we have

h = Sh1 ⊕ Ag1 = (S2h2 + SAg2)⊕ ABg2 = · · · , (4.1)

and
g = Bg1 = B2g2 = · · · . (4.2)

We also have, as in (3.4), that

gm ∈
⋂
n≥0

BnDT ,

for all m ≥ 1. As before, pick m0 ∈ Z+ such that

gm0 ̸= 0,

and gm = 0 for all m < m0. For each m > m0, we have

gm0 = Bm−m0gm.

As gm0 ̸= 0, it follows that gm ̸= 0. Moreover, given that B is a contraction, we have

∥gm0∥ = ∥Bm−m0gm∥ ≤ ∥gm∥,
and hence

sup
{ 1

∥gm∥
: m ≥ m0

}
≤ 1

∥gm0∥
< ∞.

We claim that
Agn → 0 as n → ∞.

We proceed as follows: By applying S∗, S∗2, . . . to (4.1) (recall that S∗A = 0), we find

h1 =Sh2 ⊕ Ag2 = (S2h3 + SAg3)⊕ ABg3 = · · ·
h2 =Sh3 ⊕ Ag3 = (S2h4 + SAg4)⊕ ABg4 = · · ·

...

By repeatedly applying the relation S∗A = 0 to the identities involving h1, we conclude
that

∥h1∥2 = ∥h2∥2 + ∥Ag2∥2 = ∥Sh3 ⊕ Ag3∥2 + ∥Ag2∥2 = ∥Sh3∥2 + ∥Ag3∥2 + ∥Ag2∥2 = . . .

Continuing in this way, we arrive at

∥h1∥2 = ∥hn∥2 +
n∑

m=2

∥Agm∥2 ≥
n∑

m=2

∥Agm∥2,

for all n ≥ 2, which implies that
∞∑

m=2

∥Agm∥2 ≤ ∥h1∥2 < ∞.

As a result, Agn → 0, which proves the claim.
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Since DT is a finite-dimensional subspace, B is of finite rank. Therefore, the sequence{
B
(

gn
∥gn∥

)}
has a convergent subsequence, say

{
B
(

gnk

∥gnk
∥

)}
. Therefore, there exists g ∈

DT such that

B
( gnk

∥gnk
∥

)
→ g, (4.3)

as k → ∞. We claim that
g = 0.

Assume, on the contrary, that g ̸= 0. By (3.3), we know that gm = Bngn+m for all
m,n ≥ 1. In particular, we have

gnk−1 = Bgnk
,

and hence
gnk−1

∥gnk
∥
= B

( gnk

∥gnk
∥

)
→ g.

Therefore,
1

∥gnk
∥
A
(
gnk−1

)
= A

( gnk−1

∥gnk
∥

)
→ Ag.

On the other hand, since Agn → 0 as n → ∞, and sup
{

1
∥gm∥ : m ≥ m0

}
< ∞, we

conclude that
Ag = 0.

As already pointed out, we have gnk−1 ∈ ∩
n≥0

BnDT . Since ∩
n≥0

BnDT is a closed subspace

(recall that DT is a finite-dimensional subspace of H), by (4.3), it follows that

Bmg ∈ ∩
n≥0

BnDT ,

for m ≥ 0. Also, observe that

A
( gnk−2

∥gnk
∥

)
= AB

( gnk−1

∥gnk
∥

)
→ ABg.

Since Agn → 0 and
{

1
∥gnk

∥

}
is bounded above, we conclude that

ABg = 0.

Continuing in this way, we get
ABmg = 0,

for every m ∈ Z+. Since B is a finite-rank operator, there exists a polynomial, say

p =
m∏
i=1

(z − λi),

for some scalars {λi}mi=1, such that

p(B) = (B − λ1IDT
) · · · (B − λmIDT

) = 0.

In particular, p(B)g = 0. This gives either

(B − λ2IDT
) · · · (B − λmIDT

)g ̸= 0,

or
(B − λ2IDT

) · · · (B − λmIDT
)g = 0.
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Equivalently, either (B − λ2IDT
) · · · (B − λmIDT

)g is an eigenvector of B, or it is the zero
vector. Now, if (B−λ2IDT

) · · · (B−λmIDT
)g = 0, then either (B−λ3IDT

) · · · (B−λmIDT
)g

is an eigenvector of B, or it is zero. Continuing in this manner, we conclude that there
exists a polynomial q (which may be the constant polynomial 1) such that q(B)g is an
eigenvector of B. Since ABmg = 0 for all m ∈ Z+, we have

Aq(B)g = 0,

which implies that q(B)g is an eigenvector of B that also lies in the kernel of A. This
contradicts the fact that there is no eigenvector of B in kerA. Thus, we conclude the
proof of the claim that g = 0. It follows that

(A∗A+B∗B)
( gnk

∥gnk
∥

)
→ 0.

However, A∗A + B∗B is invertible and { gnk

∥gnk
∥} is an orthonormal sequence. Therefore,

(A∗A + B∗B)(
gnk

∥gnk
∥) cannot converge to zero. Hence, T is analytic. By (1.1), it follows

that T is unitary equivalent to an analytic shift. □

In Example 6.4, we will illustrate the above result with a concrete example.

5. n-finite operators

Let T ∈ B(H) be a hyponormal contraction. Since

[T ∗, T ] = D2
T ∗ −D2

T ≤ D2
T ∗ ,

it follows that
ran[T ∗, T ] ⊆ DT ∗ .

Since we also know that DT ⊆ DT ∗ , it is natural to study those hyponormal contractions
T for which the self-commutator is of finite-rank and its range is contained in DT ∗ ⊖DT .
From this perspective, the notion of n-finite operators emerges as a natural and significant
class of operators to consider.

We first prove a result of independent interest:

Proposition 5.1. Let T ∈ B(H) be n-finite. Then,

dim(DT ∗ ⊖DT ) = n.

Proof. There exist an orthonormal set {ej}nj=1 ⊆ DT ∗ ⊖ DT and scalars {αj}nj=1 ⊆ (0, 1]
such that [T ∗, T ] =

∑n
j=1 αjej ⊗ ej. Let h ∈ DT ∗ ⊖DT . There exist a sequence {gm} ⊆ H

such that
h = lim

m→∞
D2

T ∗gm.

For each m ≥ 1, define
hm = D2

T ∗gm.

Decompose DT ∗ as DT ∗ = DT ⊕ (DT ∗ ⊖ DT ). Since hm ∈ DT ∗ , there exist um ∈ DT and
vm ∈ DT ∗ ⊖DT such that

hm = um ⊕ vm.

Write hm − h = um ⊕ (vm − h). As hm → h, it follows that

lim
m→∞

vm = h,
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and

lim
m→∞

um = 0.

Since [T ∗, T ] = D2
T ∗ −D2

T , it follows that

D2
T ∗ −D2

T =
n∑

i=1

αiei ⊗ ei.

Therefore, for each m ≥ 1, we have

D2
T ∗gm −D2

Tgm =
n∑

i=1

αi⟨gm, ei⟩ei.

As D2
T ∗gm = hm, we have

hm −D2
Tgm = um + vm −D2

Tgm =
n∑

i=1

αi⟨gm, ei⟩ei.

Since ei, vm ∈ DT ∗ ⊖DT for all i = 1, . . . , n, we have

um −D2
Tgm ∈ DT ∗ ⊖DT .

On the other hand, we know that um −D2
Tgm ∈ DT . Thus um −D2

Tgm = 0, and hence

vm =
n∑

i=1

αi⟨gm, ei⟩ei ∈ span{e1, . . . , en}.

Since h = lim
m→∞

vm, we have h ∈ span{e1, . . . , en}, and hence DT ∗⊖DT = span{e1, . . . , en}.
This completes the proof of the result. □

In particular, if T ∈ B(H) is an n-finite operator, then there exists an orthonormal
basis {ej}nj=1 for DT ∗ ⊖DT and scalars {αj}nj=1 ⊆ (0, 1] such that

[T ∗, T ] =
n∑

j=1

αjej ⊗ ej.

We are now ready to present the model for n-finite operators. The notations introduced
in Section 1 will be used in the statement and proof of the following theorem.

Theorem 5.2. Let T ∈ B(H). Then T is n-finite if and only if there exist a set α =
{α1, . . . , αm} ⊆ (0, 1] for some m ≤ n, and a normal operator N on some Hilbert space,
such that T ∼= Xn(N) or T ∼= Yn(m,α,N).

Proof. Suppose T is n-finite. In view of Proposition 5.1, there exist an orthonormal basis
{ej}nj=1 for DT ∗ ⊖DT and scalars {αj}nj=1 ⊆ (0, 1] such that

[T ∗, T ] =
n∑

j=1

αjej ⊗ ej.

In view of Proposition 2.1, we decompose T as

T =

[
S A
0 B

]
, (5.1)
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on H = (H ⊖DT ) ⊕ DT , where S ∈ B(H ⊖DT ) is an isometry and S∗A = 0. From the
construction of S in Proposition 2.1, we know that S = T |H⊖DT

and ranS = H ⊖ DT ∗ .
This implies that

kerS∗ = (ranS)⊥ = (H⊖DT )⊖ (H⊖DT ∗) = DT ∗ ⊖DT .

It follows that

PkerS∗ =
n∑

i=1

ei ⊗ ei.

Also, we have

[T ∗, T ] =

[
PkerS∗ − AA∗ −AB∗

−BA∗ A∗A+B∗B −BB∗

]
,

on H = (H⊖DT )⊕DT . As {ej}nj=1 ⊆ DT ∗ ⊖DT , it follows that

[T ∗, T ]|DT
= 0.

Therefore, we have AB∗ = 0 and

A∗A+B∗B −BB∗ = 0,

and
PkerS∗ − AA∗ = [T ∗, T ].

The final identity implies that

AA∗ =
n∑

i=1

(1− αi)ei ⊗ ei.

In particular, A : DT → DT ∗ ⊖ DT is a finite-rank operator. There exist {hi}ni=1 ⊆ DT

such that

A =
n∑

i=1

ei ⊗ hi. (5.2)

This implies

AA∗ =
n∑

i,j=1

⟨hj, hi⟩ei ⊗ ej.

By comparing the two expressions for AA∗, we find that
n∑

i=1

(1− αi)ei ⊗ ei =
n∑

i,j=1

⟨hj, hi⟩ei ⊗ ej,

and hence
⟨hi, hj⟩ = δij(1− αi), (5.3)

for all i, j = 1, . . . , n. Note that αi ∈ (0, 1] for all i = 1, . . . , n.
Case I: Let αi = 1 for all i = 1, . . . , n. Then A = 0. Write S = U0 ⊕ S0 on H ⊖ DT =
W1⊕W2 in view of the von Neumann-Wold decomposition theorem, where U0 is a unitary
and S0 is a shift operator. Then

T =

U0 0 0
0 S0 0
0 0 B

 ,
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with respect to the decomposition (H⊖DT )⊕DT = W1 ⊕W2 ⊕DT . It follows that

[T ∗, T ] =

0 0 0
0 PkerS∗

0
0

0 0 B∗B −BB∗

 .

Again, since [T ∗, T ]|DT
= 0, we have [B∗, B] = 0, that is, B is a normal operator. Set

H0 = W1 ⊕DT , and define U : (H2(D)⊗ Cn)⊕H0 → H = W2 ⊕H0 by

U(zmfi + y) = Sm
0 ei + y,

for all m ∈ Z+ and i = 1, . . . , n, where {fi : i = 1, . . . , n} is the standard orthonormal
basis for Cn. Since {Sm

0 ei : m ∈ Z+, i = 1, . . . , n} forms an orthonormal basis for W2, it
follows that U is a unitary operator and

U

[
Mz ⊗ I 0

0 N

]
= TU,

where N = U0 ⊕B is the normal operator on H0. That is, T ∼= Xn(N).
Case II: Suppose there exist i ∈ {1, . . . , n} such that αi < 1 (recall that αj ̸= 0 for all
j = 1, . . . , n). Without loss of generality, assume that

α1 ≤ α2 ≤ · · · ≤ αn,

and suppose
m := max{j : αj < 1}.

Note that 1 ≤ m ≤ n. Since (5.3) implies ⟨hi, hj⟩ = δij(1 − αi) for all i, j = 1, . . . , n, it
follows that hj = 0 for all j > m. Hence, the representation of A in (5.2) simplifies to

A =
m∑
i=1

ei ⊗ hi.

Therefore,

AB∗ =
m∑
i=1

ei ⊗Bhi.

At this point, we use the information that AB∗ = 0 and A∗A + [B∗, B] = 0. First, we
have

Bhj = 0,

for all j = 1, . . . ,m, and on the other hand,

[B,B∗] = A∗A = (
m∑
j=1

hj ⊗ ej)(
m∑
j=1

ej ⊗ hj) =
m∑
j=1

hj ⊗ hj.

We have

BB∗ −B∗B =
m∑
j=1

hj ⊗ hj. (5.4)

Fix i ∈ {1, . . . ,m}. Since {h1, . . . , hm} ⊆ kerB, it follows that B∗Bhi = 0, and hence

BB∗hi = (
m∑
j=1

hj ⊗ hj)hi.
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Then, (5.3) yields

BB∗hi = (1− αi)hi.

Moreover, for each n ≥ 2, the identity (5.4) implies

BB∗nhj −B∗BB∗(n−1)hj =
m∑
j=1

⟨B∗(n−1)hj, hj⟩hj =
m∑
j=1

⟨hj, B
n−1hj⟩hj = 0,

that is,

BB∗nhi = B∗(BB∗(n−1)hi),

for all n ≥ 2. In particular,

BB∗2hi = B∗(BB∗hi) = (1− αi)B
∗hi,

and, continuing in this way, it follows by induction that, in general,

BB∗nhi = (1− αi)B
∗n−1hi, (5.5)

for all n ≥ 1. We claim that Bi is an orthonormal set, where

Bi =
{ 1

∥hi∥m+1
B∗mhi : m ∈ Z+

}
.

For each p > q ≥ 0, by repeatedly applying (5.5), we find that

⟨B∗qhi, B
∗phi⟩ = ⟨hi, B

qB∗phi⟩

= ⟨hi, B
q−1(1− αi)B

∗p−1

hi⟩
...

= ⟨hi, (1− αi)
qB∗p−q

hi⟩
= ⟨Bp−qhi, (1− αi)

qhi⟩
= 0.

On the other hand, for each p ≥ 1, we have

∥B∗phi∥2 = ⟨B∗phi, B
∗phi⟩

= ⟨hi, B
pB∗phi⟩

= ⟨hi, (1− αi)
phi⟩

= (1− αi)
p∥hi∥2

= (⟨hi, hi⟩)p∥hi∥2

= ∥hi∥2(p+1).

In the above, we have used the fact that ⟨hs, ht⟩ = δst(1 − αs) for all s, t = 1, . . . , n (see
(5.3)). This implies that

∥B∗phi∥ = ∥hi∥p+1,

for every p ≥ 1, thus completing the proof of the claim. Define

Mi = spanBi.
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By construction (or see (5.5)), Mi reduces B. Moreover, for each n ≥ 1, we compute:

B|Mi

( 1

∥hi∥n+1
B∗nhi

)
=

(1− αi)

∥hi∥n+1
B∗(n−1)hi =

(1− αi)

∥hi∥

( 1

∥hi∥n
B∗(n−1)hi

)
.

Since ∥hi∥ =
√
1− αi, it follows that

B|Mi

( 1

∥hi∥n+1
B∗nhi

)
=

√
1− αi

( 1

∥hi∥n
B∗(n−1)hi

)
,

and hence, B|Mi
is

√
1− αi times S∗

i , where Si is the unilateral shift of multiplicity one
with respect to the orthonormal basis Bi for 1 ≤ i ≤ m. In other words, we have

B|Mi
∼=

√
1− αiS

∗
i .

Define
M = ⊕m

i=1Mi.

Then M reduces B and

B|M ∼= (1− α1)
1/2S∗

1 ⊕ · · · ⊕ (1− αm)
1/2S∗

m.

Recall that A : DT → DT ∗ ⊖ DT is given by A =
∑m

i=1 ei ⊗ hi. Since hi ∈ M for all
i = 1, . . . , n, it follows that

A|DT⊖M = 0.

Recall moreover that T =

[
S A
0 B

]
on (H⊖DT )⊕DT . Write

B =

[
B|M 0
0 C

]
,

on M⊕ (DT ⊖M). As A|DT⊖M = 0, it follows that

T =


U0 0 0 0
0 S0 A 0
0 0 B|M 0
0 0 0 C

 ,

where S =

[
U0 0
0 S0

]
on H ⊖ DT = W1 ⊕W2 is the von Neumann-Wold decomposition,

with U0 ∈ B(W1) being a unitary and S0 ∈ B(W2) a unilateral shift operator. We have

[T ∗, T ] =


0 0 0 0
0 PkerS∗

0
− AA∗ 0 0

0 0 0 0
0 0 0 C∗C − CC∗

 ,

on W1 ⊕ W2 ⊕ M ⊕ (DT ⊖ M). Since [T ∗, T ]|DT
= 0, it follows that C is a normal

operator. We also know that AA∗ =
n∑

i=1

(1− αi)ei ⊗ ei. (see the identity preceding (5.2)).

Since αi = 1 for m+ 1 ≤ i ≤ n, and PkerS∗
0
= AA∗ + [T ∗, T ], we have

PkerS∗
0
=

m∑
i=1

(1− αi)ei ⊗ ei +
n∑

i=1

αiei ⊗ ei =
m∑
i=1

ei ⊗ ei +
n∑

i=m+1

αiei ⊗ ei,
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and hence

PkerS∗
0
=

n∑
i=1

ei ⊗ ei.

Suppose {fi : i = 1, . . . , n} and {gj : j = 1, . . . ,m} are the standard orthonormal bases
for Cn and Cm, respectively. Set

H0 = W1 ⊕ (DT ⊖M),

and define U : (H2(D)⊗ Cn)⊕ (H2(D)⊗ Cm)⊕H0 → H by

U(zsfi + zrgj + y) = Ss
0ei +

1

(1− αj)
r+1
2

B∗rhj + y,

for all s, r ∈ Z+, i = 1, . . . , n, and j = 1, . . . ,m. Since {Ss
0ei : s ∈ Z+, i = 1, . . . , n} forms

an orthonormal basis for W2, and{
1

(1− αj)
r+1
2

B∗rhj : r ∈ Z+, j = 1, . . . ,m

}
,

forms an orthonormal basis for M, we conclude that U is a unitary. We claim that

U∗TU = Yn(m,α,N) =

Mz ⊗ I PC ⊗ D̃{αi}mi=1
0

0 M∗
z ⊗D{αi}mi=1

0
0 0 N

 ,

where N is the normal operator U0⊕C. To prove our claim, first we observe that AB∗ = 0.
Moreover,

TU(zsfi + zrgj + y) =

Ss+1
0 ei +

√
1−αj

(1−αj)
r
2
B∗(r−1)hj +Ny if r ≥ 1

Ss+1
0 ei +

√
1− αjej +Ny if r = 0.

For each r ≥ 1, we compute

UYn(m,α,N)(zsfi + zrgj + y) = U

Mz ⊗ I PC ⊗ D̃{αi}mi=1
0

0 M∗
z ⊗D{αi}mi=1

0
0 0 N

zsfizrgj
y


= U(zs+1fi +

√
1− αjz

r−1gj +Ny)

= Ss+1
0 ei +

√
1− αj

(1− αj)
r
2

B∗(r−1)hj +Ny.

In the case of r = 0, we have

UYn(m,α,N)(zsfi + gj + y) = U

Mz ⊗ I PC ⊗ D̃{αi}mi=1
0

0 M∗
z ⊗D{αi}mi=1

0
0 0 N

zsfigj
y


= U(zs+1fi +

√
1− αjfj + 0 +Ny)

= Ss+1
0 ei +

√
1− αjej +Ny.

Therefore, we conclude that U∗TU = Yn(m,α,N).
The converse is straightforward and is left to the reader. □
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6. Examples

The aim of this section is to present several examples that illustrate the notions intro-
duced and the results established in this paper. We begin with an example of an operator
that satisfies the conditions of Theorem 3.1.

Example 6.1. Let S ∈ B(H) be a unilateral shift of infinite multiplicity. Fix a natural
number n. Let M be a finite-dimensional subspace of H with an orthonormal basis
{x1, . . . , xn}. Define S1 : M → M by

S1xi =

{
0 if i = 1

xi−1 if i = 2, . . . , n.

Fix λ ∈ D. Define B ∈ B(H) by B|M = λS1 and B|H⊖M = 0. In other words,

B =

[
λS1 0
0 0

]
,

on M ⊕ M⊥. Clearly, B is a nilpotent operator, and, in particular, B is analytic. Let
A ∈ B(H) be a partial isometry with initial space (H⊖M)⊕ span{xn} and final space
contained in kerS∗. Therefore,

A∗A = P(H⊖M)⊕ span{xn}.

Also, we have ranA ⊆ kerS∗, or equivalently,

S∗A = 0.

Finally, define T ∈ B(H⊕H) by

T =

[
S A
0 B

]
.

It follows that

TT ∗ =

[
PranS + PranA 0

0 |λ|2Pspan{x2,...,xn}

]
and T ∗T =

[
I 0
0 A∗A+B∗B

]
.

Moreover, as
A∗A+B∗B = P(H⊖M)⊕⟨{xn}⟩ + |λ|2Pspan{x1,...,xn−1},

we conclude that A∗A + B∗B is an invertible operator. Clearly, T is a hyponormal
contraction. By Theorem 3.1, it follows that T is unitarily equivalent to a shift.

Recall from (1.1) that analytic and left-invertible operators are precisely analytic shifts.
In the above, we have exhibited certain examples of upper triangular block operator
matrices that are unitarily equivalent to analytic shifts. However, an upper triangular
block operator with a unilateral shift on the north-west entry can also produce an example
of a non-analytic but left-invertible operator:

Example 6.2. We follow the construction of Proposition 2.2. Let S ∈ B(H) be a
unilateral shift of finite multiplicity. Pick X ∈ B(H) so that

(kerS∗)⊥ = kerX.

Then

T :=

[
S X
0 S∗

]
,
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is not analytic but left-invertible. To see this, for each n ≥ 1, we compute

T n =

[
Sn Sn−1X +XS∗(n−1)

0 S∗n

]
.

Fix a nonzero g ∈ H and set x = Xg. We claim that[
x

S∗g

]
∈

∞⋂
n=0

T n(H⊕H).

Fix a natural number n. Since S∗H = H, there exits

gn ∈ (kerS∗)⊥ = (ranX∗)⊥ = kerX,

such that g = S∗(n−1)gn. Then Xgn = 0, and T n

[
0
gn

]
=

[
x

S∗g

]
. This proves that T is not

analytic.

We also have example related to Toeplitz operators:

Example 6.3. Pick inner functions θ, φ ∈ H∞(D) and define the model space Qθ [13] by

Qθ = H2(D)⊖ θH2(D).

Assume that (for instance, if θ is an infinite Blaschke product)

dimQθ = ∞.

Define A = Tzθ and B = Tφ on H2(D). Clearly, A∗A + B∗B(= 2I) is invertible. Note
that {θzn}n∈Z+ is an orthonormal basis for θH2(D). Let

{ei,j : i ∈ N, j ∈ Z+},

be an orthonormal basis for Qθ. Define S ∈ B(H2(D)) by

S(θzm) = em+1,0,

for all m ∈ Z+, and

S(en,m) = en,m+1,

for n ≥ 1 and m ∈ Z+. Clearly, S is a unilateral shift on H2(D) with

kerS∗ = θH2(D).

Moreover,

ranA = zθH2(D) ⊆ θH2(D) = kerS∗.

By Theorem 3.1, we conclude that

[
S A
0 B

]
is unitarily equivalent to an analytic shift.

We now present an example of a finite-isometry, which also serves to illustrate Theorem
4.1.

Example 6.4. Define linear operators A : C2 → H2(D) and B : C2 → C2 by

A(x1, x2) = x1 and B(x1, x2) =
(x2

2
, 0
)
,
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respectively, for all (x1, x2) ∈ C2. Define T on H2(D)⊕H2(D)⊕ C2 by

T =

Mz 0 0
0 Mz A
0 0 B

 .

Then

T ∗T − TT ∗ =

PC 0 0
0 0 0
0 0 C

 ,

where C ∈ B(C2) is defined by

C(x1, x2) =
1

4
(3x1, x2),

for all (x1, x2) ∈ C2. It is easy to see that T is a finite isometry. We claim that T is pure.
Suppose, on the contrary, that there exists a reducing subspace M ⊆ H2(D)⊕H2(D)⊕C2

for T such that T |M is a normal operator. Then

M ⊆ ker(T ∗T − TT ∗) = zH2(D)⊕H2(D)⊕ {0}.
Let zf + g + 0 ∈ M for f, g ∈ H2(D). Then

T ∗(zf + g + 0) ∈ M.

which implies that
f +M∗

z g + A∗g ∈ zH2(D)⊕H2(D)⊕ {0}.
We have A∗g = 0, hence

⟨g, 1⟩ = ⟨g, A(1, 0)⟩ = ⟨A∗g, (1, 0)⟩ = 0.

As a result, we conclude that f, g ∈ zH2(D). Repeating the same steps with T ∗n for
n > 1, we obtain {zf, f,M∗

z f, . . .} ⊆ zH2(D) and {g,M∗
z g,M

∗
z
2g, . . .} ⊆ zH2(D). This is

only possible if
f = g = 0.

Thus, M = {0}, and as a result, T is a pure hyponormal operator. By Theorem 4.1, it
follows that T is unitarily equivalent to an analytic shift.

We conclude the paper with a simple observation regarding operators whose self-
commutator is an orthogonal projection. Let T ∈ B(H) be a contraction such that
[T ∗, T ] a finite-rank orthogonal projection. There exist orthonormal vectors {ei}ni=1 ⊆ H
such that

T ∗T − TT ∗ =
n∑

i=1

ei ⊗ ei.

This implies

TT ∗ +
n∑

i=1

ei ⊗ ei = T ∗T.

Since T is a contraction, it follows that T ∗T ≤ I, and hence

TT ∗ +
n∑

i=1

ei ⊗ ei ≤ I.
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As a result, ∥T ∗ei∥2 + 1 ≤ 1, and hence T ∗ei = 0 for all i = 1, . . . , n. This implies
(I − T ∗T )ei = 0, and D2

T ∗ei = ei for i = 1, . . . , n. We conclude that {ei : 1 ≤ i ≤ n} ⊆
DT ∗ ⊖DT . Theorem 5.2 now implies that T is unitarily equivalent to S ⊕ A, where S is
a unilateral shift and A is a normal operator.
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