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ABSTRACT. We represent and classify pairs of commuting isometries (V1, V2) acting on Hilbert spaces
that satisfy the condition
[Vi", V2] = compact and normal,

where [Vi*, V2] := V"V — VL Vi* is the cross-commutator of (Vi,V2). The precise description of
such pairs also gives a complete and concrete set of unitary invariants. The basic building blocks
of representations of such pairs consist of four distinguished pairs of commuting isometries. One
of them relies on some peculiar examples of invariant subspaces tracing back to Rudin’s intricate
constructions of analytic functions on the bidisc. Along the way, we present a rank formula for a
general pair of commuting isometries that looks to be the first of its kind.
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1. Introduction

A linear operator V on a Hilbert space H (all our Hilbert spaces are complex and separable) is

said to be an isometry if
VAl =Irll (heH).

Isometries are of essential importance in the field of linear analysis. In the context of infinite-
dimensional spaces and even in the realm of the basic theory of linear operators, they serve as a
building block for bounded linear operators as well as in the construction of elementary C*-algebras.
The structure of isometries is simple; they are either shift operators or unitary operators or direct
sums of them. More specifically, the classical von Neumann-Wold decomposition theorem says
[VN29, Wol38]: If V is an isometry on H, then there exist unique V-reducing closed subspaces H,,
and Hs of H (one may be the zero space) such that

(1.1) H="HyDHs,
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where Vg, is a unitary and Vg, is a shift. Therefore

unitary 0
V= [ 0 shift} ’
on H = Hy, ®Hs. We recall that an isometry V is said to be a shift if V' does not have a unitary
summand, equivalently
(1.2) SOT — lim V" =0.
n—oo

It is now natural to look into the structure of pairs of commuting isometries. A pair of commuting
isometries, or simply an isometric pair, refers to isometries V; and V5 acting on some Hilbert space
such that

ViV = WV,

We write this as (V1, V). Despite the fact that this programme was initiated a long time ago, progress
on this problem has been rather sluggish, due in part to the vastly more convoluted structure of
such objects. In terms of situations, we note that the C*-algebras generated by isometric pairs are
uncharted territory (however, see [BCL78, Dou72, JPS05, Muh72, Set04]). Second, the structure of
isometric pairs would also disclose the complex and mysterious structure of shift-invariant subspaces
of the Hardy space over the bidisc [Yangl9, Theorem 3.1]. Finally, isometric pairs represent all
contractive linear operators on Hilbert spaces, which is a notoriously complex and year-old field
of research. Because of this, it is desirable to set conditions on isometric pairs and look into the
classification and computable invariants that can be found between them. In this paper, we identify
a large class of isometric pairs and then represent and classify them in terms of concrete (or model)
isometric pairs. The model also exhibits complete unitary invariants that are numerical in nature.

To demonstrate the conditions we will put on the isometric pairs under lookup, it is necessary to
explain one of the simplest examples of isometric pairs, namely, doubly commuting pairs. A doubly
commuting pair is an isometric pair (V1, Va) such that

[Vl*v ‘/2] =0,

where

VI, Va] := V'V = VR VY,
is the cross-commutator of the pair (Vi,V2). These pairs are notably among the most accessible,
as a precise analogue of the Wold decomposition theorem is applicable to them: Let (V7,V3) be a
doubly commuting pair on H. Then there exist four closed subspaces {#;;}i j—u,s of H (some of the
spaces might potentially be zero) such that

(1.3) H= Huu ® Hus @ Hsu @ HSSa

where H;; reduces Vi for all 4,7 = u,s, and k = 1,2, and Vi|y,, is a shift if p = s and unitary if
p = u, and Va|y,, is a shift if ¢ = s and unitary if ¢ = u. This result is due to Slociriski [Slo80]
(also, see [JS14] for a more recent account). We will refer to this as the Wold decomposition for
doubly commuting pairs. Evidently, similar to the case of single isometries, the structure of doubly
commuting pairs is explicit and simple (compare (1.3) with (1.1)).

The objective of this paper is to examine the structure of the next-best isometric pairs that are
more nontrivial in nature. Particularly, we obtain explicit representations as well as a complete set
of unitary invariants (numerical in nature) of isometric pairs (Vi, Va) for which

[V}", V5] = compact and normal.

At this point it is worth mentioning that even the characterization of submodules M of the Hardy
space over the bidisc H?(ID?), for which the cross-commutator [(M 2lMm)* Myl M] has rank one, is still
unknown and remains an open problem-let alone for cases involving finite rank or general compact
cross-commutators (see Problem 9 in [Yangl9, Page 246]). In the process of our study, we acquire
precise surgery of the delicate structure of isometric pairs as well as many results of independent
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interest. The outcomes of this paper will not only provide a complete understanding of the above
class but also highlight the intricate nature of isometric pairs.

An immediate simplification of the aforementioned class of isometric pairs is achieved by assuming,
without any loss of generality, that the products of these pairs are shift operators (see the end of
Section 2 for justification). We note that Berger, Coburn, and Lebow [BCL78, BCL75] also looked
into such pairs in the context of Fredholm theory and C*-algebras. We formalise the pairs examined
by them for future reference:

Definition 1.1. A BCL pair is an isometric pair (V1,Va2) such that the product V1Va is a shift
operator.

After this reduction, the following subcategory of isometric pairs emerges as especially compelling
in terms of representations and complete unitary invariants.

Definition 1.2. A compact normal pair is an isometric pair (Vi,Va) such that

(1) (W1, Va) is a BCL pair, and
(2) [V5', Vi] = compact and normal.

In the above definition, we consider [V5, V] instead of [V}*,V2]. Without question, this is an
unimportant alteration. Our revised objective now is to represent and then compute a complete set
of unitary invariants of compact normal pairs. To that end, we show how compact normal pairs
are made up of four distinguished building blocks. Each of the four building blocks is non-unitarily
equivalent to the others. However, there is a common hallmark; they bear some connection to the
Hardy space over the bidisc. Denote by D = {z € C: |z| < 1} the open unit disc in C. The Hardy
space H?(D?) over the bidisc D? is defined by

w2 =T e ",
where T? = 9D? is the distinguished boundary of D?. In view of radial limits, square-summable
analytic functions on D? can be identified with functions in H?(ID?). Moreover, the pair of multipli-
cation operators (M, M,) by the coordinate functions z and w, respectively, on H?(ID?) satisfy the
following key properties:

(1) (M, M,) is a BCL pair.

(2) [Mg, M.] = 0.

(3) Denote by Pc the orthogonal projection onto the space of constant functions of H?(D?).
Then

I — MM — My, M + M, M,M M} = Pe.

The first and second properties of (M, M,,) above already appeared in the definition of compact
normal pairs (see Definition 1.2). The final identity is also an inherent characteristic of (M, M,,)
and serves as the driving force behind the concept of defect operators [GY04]:

Definition 1.3. The defect operator of an isometric pair (V1,Va) is the operator C(Vi,Va) defined
by
C(Vi, Vo) = I =iV = WO Vy + ViVa Vi Vg

We are now ready to elucidate the main results of this paper. Our first main result is rather
general and related to compact self-adjoint operators that are the differences of two projections.
This is a subject in its own right [DJS16]. Within this context, in Theorem 2.4, we prove the
following result, which is a substantial generalization of the central result of the paper by He et. al.
[HQY15, Theorem 4.3]. Given a bounded linear operator 7' on some Hilbert space, we denote by
o(T) the spectrum of 7.
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Theorem 1.4. Let A be a compact self-adjoint contraction on a Hilbert space H. Suppose A is the
difference of two projections. If A € o(A) \ {0, £1}, then
- eo(4),
and
dimker(A — Aly) = dimker(A + Aly).

Now we turn to a rank formula for isometric pairs. Let (V4,V3) be an isometric pair. We note
that, as a difference of two projections, C(Vq, V) is a self-adjoint contraction (see (2.2)). Let Hy be
generic part of C(V1,Va) (in the sense of Halmos [Hal69]; see Section 3 for more details). Then H,
is known to reduce C(V, V). Consider the spectral decomposition of C'(V7, Va)|y, as

CVi,Va)ln, = AdE),

/U(C(Vl,Vz)HO)

where E denotes the spectral measure of C'(V1, V2). The positive generic part of (V1, Va) is the closed
subspace K, defined by (see Definition 3.3 for more details)

K+ = E[0,1]H,.
Also, we define the eigenspaces F1q by
Eiq =ker(C(Vh, Vo) F Iy).
Now we are ready to state the rank theorem (see Theorem 3.5).

Theorem 1.5. Let (V1,V3) be an isometric pair. Then
rankC(V1, Va) = rank[Vy', V1] + dim Eq + dim K.
If, in addition, dim E_1 < oo, then
rankC(Vi, Va) = 2rank[Vy, Vi| + dim By — dim E_;.

The above rank formula is at the centre of the paper and will be one of the most effective tools
for describing compact normal pairs. In fact, the above theorem will be mostly used for isometric
pairs with compact defect operators. And note that the condition

dim F_; < o0,

is automatically satisfied for isometric pairs with compact defects (see Corollary 3.6). Given that
the rank formula applies to any isometric pair, we believe that the above result is independently
relevant.

Now we turn to representations of compact normal pairs. Our strategy is to split a compact
normal pair into smaller pieces of distinguished building blocks. Unquestionably, and at the very
least, a distinguished building block must possess the property of irreducibility:

Definition 1.6. Let (T1,T%) be a pair of bounded linear operators on H, and let S CH be a closed
subspace. We say that S reduces (T1,Ts) (or S is (Th,Ta)-reducing) if

TS, T/SCS  (i=1,2).

We say that (Th,T5) is irreducible if there is no non-trivial (that is, nonzero and proper) (Ty,T5)-
reducing subspace of H.

Our distinguished building blocks are irreducible (except for shift-unitary pairs; see Definition
1.9 below) and also compact normal pairs. They exhibit a correlation with property (3) from the
list that came before Definition 1.3, which concerns the finite rank of the defect operator. This
correlation also serves as a motivation to introduce the following class of isometric pairs:

Definition 1.7. Let n € N. An n-finite pair is an isometric pair (V1,Va) acting on some Hilbert
space that meets the following conditions:
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(1) (W1, Va) is a compact normal pair, and
(2) rankC(Vi, Vo) =n.

We remark that the above definition and Definition 1.1 also have some bearing on some classical
theories as well as relatively contemporary results of independent interest. We will explain these
connections at the end of this section (see the discussion following Theorem 1.14).

We prove that irreducible n-finite pairs are the fundamental building blocks of compact normal
pairs. Even more strongly, the following is a fact (see Corollary 8.12):

Theorem 1.8. An irreducible n-finite pair is either 1,2, or 3-finite.

Subsequently, irreducible n-finite pairs, n = 1,2, 3, serve as the fundamental building blocks for
compact normal pairs. This observation, along with numerous others, is a result of the robust
rank formula that is found in Theorem 1.5. There will be, however, one more building block (not
necessarily irreducible) made up of a simpler class of doubly commuting pairs. To explain this, we
recall from (1.3) that there are four summands in the Wold decomposition of doubly commuting
pairs. In the present situation, there will be only two summands. More formally:

Definition 1.9. An isometric pair (V1,Va) on H is said to be shift-unitary if (Vi,Va) is doubly
commuting and the Wold decomposition (1.3) of the pair reduces to

H= /Hus @ Hsu-

In Remark 9.3, we argued that the shift-unitary pairs are indeed simple. There, we will also
observe that unitary operators fairly parameterize shift-unitary pairs.

Among n-finite pairs, invariant subspaces of H?(ID?) will also play an important role. A closed
subspace S of H%(D?) is an invariant subspace if

(1.4) M.S,M,S € S.

Before delving into the representations of compact normal pairs, we note that the equality in the
category of isometric pairs that we observe will be unitary equivalent. Two isometric pairs (51, S2)
on Hi and (71,T) on Ho are said to be wunitarily equivalent if there exists a unitary operator
U : Hy — Hg such that US; = T;U for all i = 1,2. We often denote this by

(1.5) (S1,82) = (11, Tz).
The following result yields concrete representations of compact normal pairs (see Theorem 8.11):

Theorem 1.10. Let (V1,V32) be a compact normal pair on H. Define
k := dim [ker (C(Vl, Va) — IH)} € [0, 0]

Then there exist closed (V1,Va)-reducing subspaces {H;}¥_, of H such that

k
"=
1=0

If we define
(‘/17j’v27j):(vl|ﬂjv‘/2’7{j) (jZO,].,...,k‘),
then (Vi4,Va;) on H; is irreducible for alli=1,...,k. Moreover, we have the following:
(1) (Vio, Vo) on Ho is a shift-unitary type.
(2) Foreachi=1,...,k, the pair (Vi;,Va;) on H; is unitarily equivalent to one of the following
three pairs:
(a) (M, M) on H?*(D?).
(b) (M., aM,) on H*(D) for some unimodular constant c.
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(C) (’YMZ‘S)\va‘S)\) on 8)\, where

(1.6) Sxn= w(HQ(DQ) S, (ézj“”pa”{l—u;m}»’
j=0

for some X € (0,1), unimodular constant v, and some inner function ¢ € H*(D?).

The pairs in (a), (b), and (c¢) in the above theorem represent irreducible n-finite pairs, for n = 1,2,
and 3, respectively. First, we comment on irreducible 3-finite pairs. The invariant subspace Sy
mentioned in part (c) above is attributed to Izuchi and Izuchi [II06]. This particular invariant
subspace leans more towards the existential than the construction. In this case, the inner function
¢, which solely depends on A, is derived from Rudin’s construction [Rud69, Theorem 5.4.5]. We
prove that pairs of type (c) above, that is, the Izuchi-Izuchi-Ohno examples, are all irreducible
3-finite pairs (see Theorem 4.9 as well as Theorem 5.6):

Theorem 1.11. Let (V1,V3) be an irreducible 3-finite pair on a Hilbert space H. Then the following
hold:

(1) There exists A € (0,1) such that
o(C(V1,V2)) N (0,1) = {A}.
(2) There ezists a unimodular constant vy such that
o([V2, i) \ {0} = {7A}-
(3) There exists an inner function @ € H*®(D?) (depending on \) such that
(V17 ‘/2) = (’YMZ‘SAv Mw‘SA),
where Sy, is the invariant subspace of H*(D?) as in (1.6).

In this case, one can prove that (see Proposition 4.3)
dlmEl(C(VL Vg)) = 1,
and
dimE_;(C(V1,Vs)) =0,
and hence, Theorem 1.5 implies that
rank([V5, V1] = 1.
Moreover, part (2) of the above theorem says that
Bi=A,
is the unique nonzero eigenvalue of the cross-commutator [V5', V;]. Clearly
0<|[8] <1
We prove that this number is a complete unitary invariant (see Theorem 5.3): Let (V1,V2) on H and
(V1,V2) on H be irreducible 3-finite pairs. Then
(Via VZ) = (‘717 ‘72)7
if and only if }
) 8=
where § and /3 are the unique nonzero eigenvalues of [V5, V1] and [V5", V4], respectively.
Next, we turn to irreducible 2-finite pairs. As in the 3-finite case, here also we have precise spectral

synthesis and a complete representation (see Theorem 6.3):
Theorem 1.12. Let (V1,Va) be an irreducible 2-finite pair. Then the following hold:

(1) {£1} are the only nonzero eigenvalues of C(V1,Va).
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(2) rank[Vy, V1] = 1.

(3) There ezists a unimodular constant o such that
o([V2, i) \ {0} = {a}.

(4) (V1,V2) = (M., aM).

Conversely, if a is unimodular constant, then (M,,aM,) on H?(D) is an irreducible 2-finite pair
with {£1} as the only nonzero eigenvalues of C(M,,aM).

As in the case of 3-finite pairs, the nonzero eigenvalue « in part (3) above is also a complete
unitary invariant. More specifically, if (Vi, V2) on H is another irreducible 2-finite pair, then

(V1,V2) = (V1, Va),
if and only if
a=aq,
where & is the unique nonzero eigenvalue of [Vg*, Vi] (see Theorem 6.4).

Finally, we discuss irreducible 1-finite pairs. This class, in contrast to irreducible 3 and 2-finite
pairs, is relatively simple and precisely one in nature (see Theorem 7.1):

Theorem 1.13. Let (V1,V3) be an irreducible isometric pair. Then (V1,Va) is 1-finite if and only if
(V1,Va) & (M, My) on H(D?).
In this case, it is trivial that
rank[V5, V1] =0,
because (V7,V3) in particular is a doubly commuting pair.

As pointed out in Theorem 1.8, this exhausts the inventory of irreducible n-finite pairs. The
representations of all irreducible n-finite pairs also yield an explicit set of unitary invariants for
compact normal pairs: Let (Vi,V2) on H be a compact normal pair. For simplicity, assume that

k= dimEﬂC(Vl, VQ)) > 0.

We follow the outcome of Theorem 1.10 and call the pair (Vi ,Va0) on Ho obtained there the
shift-unitary part of (V1,Va). We show that (see, for instance, Section 9) for each i = 1,...,k, the
cross-commutator [Vy;, Vi ;] is normal and has rank 0 or 1. We define the fundamental sequence

corresponding to the pair (V1, V2) to be the sequence of scalars {a;}%_; constructed as follows:

0 if rank[Vy;, V1] =0
Q1= * . .
o([Vas Vi) \ {0} if rank[V5;, Vi3] = 1.
In Theorem 9.2, we prove that the above sequence, along with the shift-unitary part (which is simple;

see Remark 9.3), is essentially a complete set of unitary invariants. In fact, we prove much more
(see Theorem 9.2 for more details and the complete version):

Theorem 1.14. Let (V1,Va2) be a compact normal pair on H with (V1,Va0) on Ho as the shift-
unitary part. We have the following:
(i) (V1|H3> ‘/2|H(J]_) >~ M@ My@ Ms, where M; is a direct sum of irreducible i-finite pairs, i = 1,2, 3.
(ii) Let (V1,Va) on H be another compact normal pair with the shift-unitary part (‘71,0, ‘72,0) on
Ho. Suppose {di}i?:l 1s the associated fundamental sequence with
k = dim E1(C(V1, V2)) > 0.
Then the following are equivalent:

(1) (Vi,Va) = (Vi, Ta). o
(2) (‘/1,07 ‘/2,0) = (V1,07V2,0>; and [‘/;(7‘/1”7-[0L = [V2*7 VI”’;:[#
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(3) (Vio,Va20) = (‘71,0, Vgp), k =k, and there exists a permutation o of {1,2,--- ,k} such that
Qi = Qg(j) (i=1,2,--- k).

Let us comment on part (3) above. The verification of the unitary equivalence of the shift-
unitary part is simple to do (cf. Remark 9.3). Hence, the determination of the numerical invariant,
specifically the fundamental sequence, constitutes the most intricate aspect of the complete unitary
invariant.

Now we provide an analysis of the historical context and relevant connections that also underpin
the assumptions of n-finite pairs and compact normal pairs. As pointed out prior to Definition
1.1, BCL pairs were studied by Berger, Coburn, and Lebow [BCL78] in the context of C*-algebras
generated by isometric pairs. One of the keys to their approach was identifying BCL pairs with
triples

(57 U7 P)?

where £ is a Hilbert space, U is a unitary, and P is a projection on £. The work pointed out the
difficulties of the structure of isometric pairs while answering a number of questions along the lines of
C*-algebras. While unitary and projection operators are individually among the simplest operators
and lack direct interdependence, their interplay gives rise to considerable generality. As such, the
structural challenges inherent in isometric pairs persist, though in a transformed guise. Classifying
isometric pairs and figuring out computable invariants can still be done with the Berger, Coburn,
and Lebow model, but it does so by delving considerably deeper into the realm of linear operator
theory and function theory. In this paper, we specifically do so.

Condition (2) in Definition 1.2 bears some historical resonance. Let L, and L, denote (following
Laurent operators) the multiplication by the coordinate functions z and w on L?(T?), respectively.
As in (1.4), an invariant subspace of L?(T?) is a closed subspace M C L?(T?) that is invariant under
both L, and L,,. Let M be an invariant subspace of L?(T?). Clearly, (L,| 1, Lw|a) is an isometric
pair on M. Nakazi speculated in [Nak94] that

[(Leolam)®s Lzlm] = [(Leola) ™, Lz ],
if and only if
[(Lw’M)*7LZ|M] =0.

However, in [I094], Izuchi and Ohno provided concrete examples (and hence repudiate Nakazi’s
conjecture) of invariant subspaces M of L?(T?) for which

[(Lw’M)*7Lz,M] = [(Lw‘M)*sz‘M]* # 0.

In fact, they fully characterized invariant subspaces of L?(T?) with these characteristics in the same
paper. Then Nakazi restricted his question to the analytic part of L?(T?). This time, M is an
invariant subspace of H?(ID?) (see Definition 1.4 for the notion of invariant subspaces). Set

(1.7) R, = M.|pm and Ry = My|m.

Then (R, Ry) is a BCL pair on M (see the closing remark in Section 3). Nakazi refined his question
in terms of the existence of invariant subspaces M of H?(ID?) for which

[Ry,, R:] = [R;,, R.]" # 0.

Eventually, K. J. Izuchi and K. H. Izuchi showed intricate examples of such invariant subspaces
in [II06]. Their construction relied heavily on Rudin’s description of a specific class of inner func-
tions [Rud69, Theorem 5.4.5]. Curiously, all of the cross-commutators provided as examples by
Izuchi-Ohno and Izuchi-Izuchi are rank one. In our case, condition (2) is more broad; it needs the
cross-commutator to be compact normal rather than rank-one self-adjoint. On the other hand, as
demonstrated in Theorem 1.10, the representations of irreducible 3-finite pairs and the construction
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of examples by Izuchi and Izuchi serve as one of the fundamental building blocks in the representa-
tion of compact normal pairs. For more on not-so-standard invariant subspaces of H?(DD?), we refer
the reader to [ACD86, AC70, Rud85].

We now make some remarks about defect operators (see Definition 1.3). In the context of isometric
dilations for pairs of commuting contractions, defect operators were studied decades ago. However,
in the context of Beurling-type properties of invariant subspaces of H?(D?) this was analyzed more
closely in [GY04]. Defect operators have been a useful tool in the theory of invariant subspaces of
H?(D?). However, see [ACDS86] for some deviations.

The remaining part of the paper is organized as follows: Section 2 collects some well-known results
and fixes notations for future uses of the paper. In this section, we briefly recall the analytic models
of BCL pairs. The model that is presented here [MSS19], which will also be extensively used, differs
slightly from the original model of Berger, Coburn, and Lebow. The present model is more explicit
and, hence, more useful. Here we also prove a result concerning the eigenspaces of compact self-
adjoint contractions that are the differences of two projections. This yields a generalization of one
of the main results of [HQY15]. Section 3 is the heart of this paper, in which we establish a very
useful rank formula for isometric pairs.

As previously mentioned, there are only three irreducible n-finite pairs: n = 1,2, and 3. Out
of all the pairs, irreducible 3-finite pairs are the most complex. Section 4 presents an overview of
the characteristics of irreducible 3-finite pairs. This encompasses an extensive spectral synthesis
of irreducible 3-finite pairs. In Section 5, we proceed with irreducible 3-finite pairs and explicitly
represent them by using the results from the previous section, coupled with additional observations.
We also point out that a certain scalar, namely, the unique nonzero eigenvalue of the pairs’ cross-
commutator, is the complete unitary invariant of 3-finite pairs. In Section 6, we represent and
classify irreducible 2-finite pairs. The representation of irreducible 1-finite pairs is the easiest, and
that has been completely explored in the short section, namely Section 7.

Section 8 provides an in-depth description of compact normal pairs. This section compiles all of the
machinery developed in previous sections and creates the building blocks required for constructing
compact normal pairs. The representation also requires some structural results that have also been
developed in this section. Section 9 uses the representations of compact normal pairs obtained in
the preceding section to present a complete set of unitary invariants. This section, and hence the
paper, concludes with some natural questions for future investigation.

2. Preliminaries

This section serves to establish some notation and refresh the reader’s memory of some well-known
results that will be applied throughout the remainder of the paper. Along the way, in Theorem 2.4,
we prove a result concerning the eigenspace of certain compact self-adjoint operators that generalizes
a result earlier proved in [HQY15, Theorem 4.3]. We begin with the analytic representations of shift
operators. The defect operator of an isometry T acting on some Hilbert space is defined by the
operator I — TT*. Observe that the defect operator of 1" is a measure of T not being unitary. Let
T be an isometry on H. The wandering subspace of T is defined by

E:=kerT".
Clearly, & = ran(I — T'T*). It is easy to see that
T L TmE,

for all m # n, m,n € Z. If, in addition, T is a shift (that is, 7% — 0 in SOT; cf. (1.2)), then we
have the orthogonal decomposition of H as

(2.1) H= éT"S.
n=0
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This amounts to saying that 7' is unitarily equivalent to M, on HZ(D), where M, is the operator
of multiplication by the coordinate function z, and Hg(ID)) denotes the £-valued Hardy space over
D. We will often identify H2(D) with the Hilbert space tensor product H?(D) ® €. Bearing this in
mind, we will also often identify M, on HZ(D) with M, ® I¢ on H*(D) ® €.

Now we turn to isometric pairs. Given an isometric pair (Vi, V2) on H, we will use the following
notational convention throughout this paper:

V=WV,
and
W; = ker V",
for all i = 1,2. We also set
W = ker V*.

Therefore, W and W; are wandering subspaces corresponding to the isometries V and V;, i = 1,2,
respectively. Recall that the defect operator is defined by (see Definition 1.3)

C(Vi, Vo) = I — ViVi' — VaViy + ViVRVy vy,
Since the right side of the above equals
(I =WV) = Vol =WV)Vg = (I = VaVy) = Vil = Va V) VT,
it follows that
(2.2) C(V1,Va) = Pw, — Piuw, = P, — Py,

Given a Hilbert space K and a closed subspace S, denote by Ps the orthogonal projection onto S.
It is useful to note that C'(V1, Va) is a self-adjoint operator, that is

Furthermore, as a difference of projections, it is readily apparent that C(V1, V) is a contraction.
We will now discuss the analytic structure of BCL pairs (see Definition 1.1). We start with a
definition:

Definition 2.1. A BCL triple is an ordered triple (£,U, P) consisting of a Hilbert space £, and a
unitary U and a projection P acting on .

BCL pairs and BCL triples are interchangeable; the explanation is as follows: Let (£,U, P) be a
BCL triple. Consider Toeplitz operators Mg, and Mg, with polynomial analytic symbols

®1(2) = (Pt + 2zP)U*, and ®y(2) = U(P + zP1) (z € D),

where P+ := I — P. It is easy to see that (Mg, , Ms,) is a BCL pair on HZ(D). Since, up to unitary
equivalence, a shift operator is the multiplication operator M, on some vector-valued Hardy space
(see (2.1) above), an application of the Beurling-Lax-Halmos theorem yields the converse of the
above construction. That is, if (V4, V2) is a BCL pair on #, then there exist a BCL triple (€,U, P)
and a unitary 7 : H — HZ(D) such that nV; = Mg,n for all i = 1,2. The notation for this is (see

(1.5))
(Vlv VZ) = (M‘PUM@z)'

This provides an analytic representation of the class of BCL pairs (see [BCL78]| for complete details).

Theorem 2.2. Up to joint unitary equivalence, BCL pairs are of the form (Mg,, Mg,) on Hg(ID))
for BCL triples (€,U, P).

Given a BCL pair, following [MSS19], one can construct the corresponding BCL triple more
explicitly. The analytic model of BCL pairs presented below is an explicit reformulation of the
original result of Berger, Coburn, and Lebow, which will play an influential role in our analysis.
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Theorem 2.3. [MSS19, Lemma 3.1 and Theorem 3.3] Let (V1, Va) be an isometric pair. Then
W=W1 & ViW, =W, @ VoW,

and the operator

U= [V2|Wl * } W1 @ ViWs — VoW © W,

Vl |V1W2
defines a unitary on W. Moreover, if (Vi,Va) is a BCL pair, then OV, U, Py,) is the BCL triple
corresponding to (Vi,Va). In particular, (Vi,Va,ViVa) on H and (Me,, Me,, M,) on H)%V(ID)) are

unitarily equivalent, where
®1(z) = (Pyy, + 2Pw, )U*, and ®a(z) = U(Pw, +2Pp,) (2 €D).

Because of this, in what follows, given a BCL pair (Vi,V32), we will use the representation
(Mg,, Mg,) of (V1,V2), which corresponds to the BCL triple OV, U, Py, ).

Let (V1,Va) = (Ms,, Mg,) be a BCL pair on Hi,(D). A simple computation yields

I — M@lM&;l =FPc® PW1>
and
I — Mg, My, = Pc @ UPyy, U*.

With respect to the orthogonal decomposition Hi,(D) = W @& zH3,(D), it also follows that
Py, —UPW,U* 0
C(W1, V) = C(Mo,, Mo,) = m 0 " 0]"

Consequently
(ker C(V1, V)= C W,
and hence, it suffices to study C(Vi, V2) only on W.

At this moment, we need to pause and relook at (2.2), which says that the defect operator of an
isometric pair is a difference of two projections. We also pointed out that the defect operator is a
contraction and a self-adjoint operator. This viewpoint was employed in [HQY15, Theorem 4.3] to
examine the eigenspace structure of defect operators of isometric pairs. With this as motivation, we
now explore the eigenspace structure of compact self-adjoint contractions that can be represented
as a difference of pairs of projections. First, we set up a notation for eigenspace. For each u € C
and bounded linear operator X on some Hilbert space K, we define the eigenspace

(2.3) Eu(X) :=ker (X — plk).

Suppose A is a self-adjoint contraction acting on a Hilbert space H. Then ker A, E1(A), and E_1(A)
reduce A, and hence there exists a closed A-reducing subspace Hy C H such that [Hal69]

(2.4) 7‘[ =ker A D El(A) ) E_l(A) (&) 7‘[0.

The part Ag := Aly, is known as the generic part of A (see Halmos [Hal69] for more details). Let
E denote the spectral measure of A. Then

Ay = / ME),
a(Ao)

is the spectral representation of Ag. Define closed Ag-reducing subspaces Kt and K_ by
K1 = E0,1]H,,
and
K_ = E[-1,0]H,.
Now, we prove the eigenspace property for A by assuming that it is the difference of two projections.

Although this result is a consequence of [DJS16, Proposition 2.1], we provide a proof here for the sake
of completeness and readers convenience. The spectral theorem of compact self-adjoint operators,
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certain projection methods from [DJS16], and the above-mentioned Halmos constructions provide
the foundation of the proof.

Theorem 2.4. Let A be a compact self-adjoint contraction on a Hilbert space H. Suppose A is the
difference of two projections. If A € o(A) \ {0,%1}, then
- € o(4),
and
dim F)(A) = dim E_,(A).

Proof. We proceed with the orthogonal decomposition of H, the spectral representation of A, and
the notations 4 and K_ introduced prior to stating this theorem. Define the restriction operators

Ao = Aok,
Ag_ = —Ao|x_.

Observe that Ap, and Ag_ are the positive and negative parts of Ay, respectively. We have the
matrix representation

AOZ |:AO+ _AO :|)
Ho :]C+69/C_.

Suppose further that A is a difference of two projections. By [DJS16, Proposition 2.1] and [DJS16,
Remark 3.1], there is a unitary operator u : Ky — K_ such that

on

Ay =uApu.

We also define Hilbert spaces

Hy=kerA® E1(A) @ E_1(A) & KL & Ky,
and

H_o=kerA® E1(A) @ E1(A)dKLdK_.
Then

U:=Ixer A ® Ip4) © Ip_ 4 @ Ik, Du,
defines a unitary operator U : Hy — H_. Therefore, the operator
A:=U"AU : Hy — H,

admits the following block-diagonal operator matrix representation

(2.5) A= —1
A0+
—Agy
Since A is compact, it then follows from the spectral theorem for compact self-adjoint operators that
the spectrum
o(A) € [-1,1],
is a countable set, and
o(Ao) = o(A)N(=1,1)\ {0}.
From the definitions of X and K_, it follows that

Ki= € Ei4),

A€o (Ap)N(0,1)
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and
K_= B  EA).
A€o (Ap)N(—1,0)
Therefore
Ki= @ B4,
A€a(A)N(0,1)
and

K= & EM.
Aea(A)N(—1,0)
Also, it follows from the unitary equivalence of Ap, on K4 and Ag_ on K_ that
o(Ao+) =0 (Ao-),
and consequently
Aol ) Uao(Aolk)
Aos) Ua(—Aq_)

We conclude that
(2.6) A € 0(Ap) if and only if — X € o(Ap).
Moreover, for each A € 0(Ap ), the unitary equivalence of Ap, on Ky and Ag_ on K_ yields
dim E)(Ap) = dim E)\(A4p_).
Therefore, for A € 0(Ap, ), we have
dim F)\(A) = dim E)(Aoy)
= dim F)(Ag_)
= dim E)\(—Ao|x_)
= dim F_\(Ao|x_)
= dim E_)(A).
This completes the proof of the theorem. O
Note that using (2.6), we also have that

(2.7) Ky = ® E\(A)
Aeo(A)N(0,1)

and

(2.8) K- = D E_\(A).
A€o(A)N(0,1)

Theorem 2.4 significantly unifies a result previously established in [HQY15, Theorem 4.3] within
the framework of isometric pairs. Since we will be needing the particular version of [HQY 15, Theorem
4.3], we elaborate on it in full detail. Let (V;,V2) be a BCL pair on H. Assume, in addition, that
C(V1,V3) is a compact operator. Note that C(V3,V3) is a self-adjoint contraction since it is the
difference of two projections (see the remarks following (2.2)). Therefore, as observed earlier

o(C(V1, Vo)) C [-1,1].

Recall from (2.3), for a bounded linear operator X on a Hilbert space K, the eigenspace corresponding
to u € C is denoted by
Eu(X) :=ker (X — plk).
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In the case of our isometric pair (V7, V2), we simplify the notation as
(2.9) E, = E,(C(V1,V2)) = ker (C(V1,V2) — pl).
Set

A=0o(C(V1,V2))N(0,1).

Note that A is at most a countable set. Let A € (0,1). By Theorem 2.4, it follows that if A € A,
then —\ € o(C(V1,V2)), and

diIIlEA = dimE_)\.
Since C'(V1, V3) is a compact self-adjoint operator, this implies
(2.10) (ker C(V1, Vo))' = EXEP EAED E1 P E-»,
AEA AEA

and C(V1, V2)|ker o(vi,15))+ is unitarily equivalent to the diagonal block matrix:

Iy, O 0 0
1l o b o 0
(2.11) C(Vl’v2)|(kerC(V1,V2))J- = 0 0 _I(Cl—l 0 )
0 0 0 -D

where [ = dimFy, [_; =dimE_1, D = @, Mk, , and
ky = dimFE) = dimFE_).

Note that [1,l_; € Z;. Combining the results mentioned above yields the following, which recovers
[HQY15, Theorem 4.3]. This result will be another important tool for what we do in the next
sections.

Theorem 2.5. Let (V1,V3) be a BCL pair with a compact defect operator. Then for each
A€ o(C(V1,V2)) \ {0, £1},
we have —\ € o(C(V1,V2)), and
dim Fy = dim E_).

Moreover, the nonzero part of the defect operator C'(Vi, Va) is unitarily equivalent to a block diagonal
matriz of the form (2.11).

We conclude this section by elucidating the rationale behind the study of BCL pairs among the
set of isometric pairs. In fact, the primary obstacle to the characterization problem of isometric
pairs is the characterization of BCL pairs. For if (Vi,V3) is an isometric pair on H, then applying
the von Neumann-Wold theorem to

V.= V1V2,
one finds unique orthogonal decomposition (see (1.1))
H="H, D Hs,

where H,, and H, are closed V-reducing subspaces, and V|, is a unitary, and Vs, is a shift. One
can easily show that #, and Hs are (V1, V2)-reducing subspaces [MSS19, Lemma 6.1]. Therefore,
(Viln,, Vala, ) is a commuting pair of unitaries and (Vi|y,, V2|%,) is a BCL pair. As we have a
fair understanding of pairs of commuting unitaries (like a definite spectral theorem for tuples of
commuting unitaries or even normal operators), it is natural to shift our attention solely to the
category of BCL pairs.



COMPACT AND NORMAL ISOMETRIC PAIRS 15

3. A rank formula

The goal of this section is to link the ranks of defect operators and cross-commutators of isometric
pairs. This result will be extensively used thereafter. The rank result might be interesting by itself.

First, we again consider the problem of representing self-adjoint contractions, which are the differ-
ences of two projections. Recall from the proof of Theorem 2.4 that if A is a self-adjoint contraction
on a Hilbert space H, which is the difference of two projections, then up to unitary equivalence, H
admits the orthogonal decomposition

H=kerA@ker(A—I)Pker(A+ 1)K DK,

for some closed subspace K of H, and with respect to this decomposition of H, A admits the block-
diagonal operator matrix representation (see (2.5))

where D is a positive contraction on K. In other words, the operator A is an example of an operator
that can be represented as the difference of pairs of projections. Moreover, the pair of projections
can be completely parameterized. More specifically [DJS16, Theorem 3.2]:

Theorem 3.1. With notations as above, the diagonal operator A is a difference of two projections.
Moreover, if A = P — Q for some projections P and @Q, then there exist a projection R defined on
ker A and a unitary U on K commuting with D on K such that

P=RelI®0® Py and Q=R®0d0 I3 Qu,
where Py and Qu are projections on KK ® K defined by

1| 14D U(I-D?: ]
PU:7 21 9y
2| U*I-D*»: I-D
and ) _
1 I-D  UI-D?:2
QU:i * 2\1
2| U*1-D*»: I+D |

The above result is one of the tools that will be utilized for proving the rank formula. We also
need to compute the ranks of Py and Qi that we do in the following lemma. Part of the proof of
the lemma is motivated by [DSPS24, Theorem 3.3].

Lemma 3.2. In the setting of Theorem 3.1, we have the following identity:
rank Py = rank Quy = dim C.

Proof. For each x € IC, the representations of Py and Q¢ imply

I+D I — D2)z
Py(x®0) = Lx@U*um,
2 2
and )
I — D?):2 I+D
Qu(0 & ) :U( ) x® x.

2 2
Note that D is a positive contraction, and hence

z =0,
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whenever
Py(z®0) =0,
or
Qu(0® ) = 0.
Consequently
Pylkgioy - K® {0} = KK,
and

QU’{O}&BIC : {0} K —>KaeK,
are injective operators. Therefore, if
dim K = oo,
we clearly have
rank Py = rank Qp = dim K(= 00).
Now assume that
dim K < oo.

In this case, D as well as I — D are positive and invertible operators. If x € IC, then, as in the first
part of the proof of this lemma, we compute
I+D (I — D?)2

Py(x ®0) = Tﬂ?@ U*#$

= PU(OEBU*\/%:I:),

and by duality

I-D?3 I+D
QU(OEBQS):U( 5 )2:669 —; x
I+D
—QU(U Ili@0>.
So we find
ranPy = {Py(x ®0) : z € K},
and

ranQu = {Qu(0® z) : x € K}.
Moreover, the vectors on the right-hand sides of Py(z @ 0) and Qu(0 @ z) in the above pair of
equalities readily imply that 7 : ranPy — ranQy defined by

T(Py(x ®0)) = Qu(0® x) (x € K),
is a linear isomorphism. In particular
rank Py = rankQ@y.

Also, the map
K>z~ Py(zx®0) €ranPy,

is clearly a linear isomorphism, which yields
dim /C = rank Py.
Thus, we have proved that dim K = rankPy = rankQ;. This completes the proof of the lemma. [
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Now we return to isometric pairs. Let (V7,V3) be an isometric pair on H. In the upcoming
discussion, we will closely adhere to the strategy laid out in the proof of Theorem 2.4. Additionally,
we will use all the notations that were presented at the outset of Section 2 for isometric pairs. As
an example, recall that W = ker(V;V2)*. Let

N=We (kerC(Vi,¥5))",

and also set
Ho=WE6E (N®E1@E_1).
Therefore
WZN@E1@E_1@H0.
This decomposition is comparable with (2.4). Therefore, following the discussion preceding Theorem

2.4, we recognize that C'(V1, Va)|y, is the generic part of C'(V1, V2), and then we consider the spectral
decomposition of C'(Vi, Va)|y, as

C(‘/th”Ho = AE).

/cr(C(vl,wmo)
Similarly, we also set

K+ = E[0,1]H,,
and

K- = E[-1,0]Ho.

We take a brief break in order to offer a definition for later usage.

Definition 3.3. Let (V1,V3) be an isometric pair. The positive generic part of (Vi1,Va) is the closed
subspace K4 defined by
K+ = E[0,1]H,.

In other words, the generic part of (V4,V3) is the closed subspace corresponding to the positive
part of the generic part of C'(V7, V3).
Returning to our setting of isometric pair (Vi, V2), we therefore have

(3.1) W=N®E OFE_ 1K dK_.

With respect to this decomposition, we represent C'(Vi, V)| as

On
Ig,
(3.2) C(V1, V2)lw = —Ip_,
C(V17 VY2)|K,+
C(Vh ‘/2>‘IC,

As C(V1,V3) is a difference of two projections, as in the proof of Theorem 2.4, there is a unitary
u: Ky — K_ such that

(3.3) uC(Vi, Vo)l u* = =C(Vi, Va)|k_-

Define

(3.4) E=NOEGE 0K, K.

Consequently, we have the unitary operator (recall the representation of W in (3.1))
(3.5) U=Iy®Ip ®lp , Slc, Du:E— W,

Set

C:=UC(Vi,W)U :E— €.
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With respect to the decomposition of € as in (3.4), we have

On
I,
—Ip_,

(@]
Il

D
-D

where

D =C(Vi,Va)lk.,
Now, by (2.2), we know that C'(V}, V2) can be expressed as a difference of projections:

C(V1,V2) = Pw, — Puywy = Pwy, — Py,
and hence
C = U*Py,U — U*Pyyw,U = U* Py, U — U* Py, U.

By the difference of projection formulae, Theorem 3.1, there exist a projection R on A" and a unitary
w on K4 that commutes with D such that

I+D \/W,w
(3.6) U'PywU=R®Ig, ®0d w* % D2 12_7,3 ] )
2 2
and
I-D -p?,
(3.7) U'Pobyywy,U=R®0®Ig_, @ w*ﬁ 12+7D ] .
2 2

Using the definition of the unitary U in (3.5), we also obtain from the above that:

I+D VI—D?,
(3.8) Py, =R® Ip, @0 uw* 2I—D2 u%fDu* ’
2 2
and
I-D 1—D?2 wu*
_ 2 2
(3.9) Py, =R& 08 Ip_, & ww* I;D2 uI-gDu*

Moreover, since W = W @ ViWh, we have that Iy = Py, + Py,w,, and hence U* Py, U =
Iz = U*Pw,U. Similarly, U*Pw,U = Iz — U* Py, U. Therefore, we conclude, by using (3.6) and
(3.7), that

1-D _VI-D?
(3.10) U Prow,U = BT 0@ I, & it idp ] ’
and
I+D _VI-Dp?,
(3.11) U'Py,U=R" @I ©0® ot =D °p ]
2 2

Remark 3.4. Particular attention must be paid to isometric pairs with compact defect operators, as
they will be utilized frequently in the subsequent sections. Let (V1,Va) be an isometric pair. Suppose
that C(V1, Vo) is compact. By (2.7) and (2.8), it follows that
’C-f— == S E/\7
A€a(C(V1,V2))N(0,1)
and

]Ci_

= & E_».
A€o (C(V1,V2))N(0,1)
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Consequently
A€o (C(V1,V2))N(0,1)

Moreover, in this case, it is evident from the description of the unitary u : Ky — K_ (see (3.3))
that

U(E)\) = E,)\
for all A € o(C(V1,V2)) N (0,1).
We are now ready to establish the desired relation between the rank of C'(Vy, V2) and the rank of

the cross-commutator [V5, V1] (see (2.9) for the definition of Ey+; and Definition 3.3 for the meaning
of ’C+)

Theorem 3.5. If (V1,Va) is an isometric pair, then

rankC(V1, Va) = rank[Vy', V1] + dim Eq + dim K4,
where K4 C H is the positive generic part of (Vi,Va). If, in addition

dim F_; < oo,

then

rankC(V1, Va) = 2rank[Vy, V1] + dim By — dim E_.
Proof. Observe that

V5, VilViVa = ViV Ve — ViV Va Vg
= 07

and similarly
ViVy Vg, vil = 0.
Since V = V1 Va, we conclude that
V55, V1] = 0 on ranV

and
ran[Vy, V1] CW.
Since (ranV)+ = W, it follows that
rank[V5", V1] = rank[V5", V1] ‘W'
By Theorem 2.3, W = W, & VoW, and hence
van([V5, Vil ) = V3, ViJOW)
= V5, Vi](Wa @ VaWy)
=V i(Wz)

= ran (VQ* Py, ) ,

Il

so that
rank([Vz*, Vi) ‘W) = rank(VQ*PVIWQ).

Since V5 is an isometry, it is clear that
rank (VQ*PV1W2> = rank <V2V2*PV1W2>

= rank (PranV2 ]DV1 Wz) .
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Again, by Theorem 2.3, we know that W = W, @& VoW, and hence
VaVaW = VoV (Wa @ VaWVy)
= VoW,
so that
rank(V5 Py, ) = rank(Pyyw, Praw,)-
On one hand, by (3.7) and (3.10), we have

I-D vI-D?,
(U Puyw,U) (U* Py U) = (R@O@IE,l =" fLD )
N I-D _VI-D?
2
x (Rt s, o . 2 )

5P 2

D 0 -1 0

Cvovere,e] D 0] [ T

1-D _VI-D?, ,
% 2 2
—w* VI—D2 I+D
2 2
Since D is injective, it follows that
' I-D _VI-p?,,
rank ((U* Prow, U) (U* Pryw,U) ) = dim E_y + rank o 3@ 2
2
On the other hand, we know that C' = U*Pyy,,U — U*Py;,U. Then (3.10) and (3.11) yield
I+D VI-D?
- 44 VIZD2,,
C=(R‘elme0e EE o ])
2 2

I-D

- (Rro0ol, o F ”éD ])

This leads us to the setting of Theorem 3.1, and hence by Lemma 3.2, we conclude

I-D — @w
dim Ky = rank wJI=D? I+D
—w D) 3
Therefore
rank([Vy', V1] = rank ( Py, Py )

= rank((U*PV2W1 U) (U*PV1W2 U))

=dimE_; +dim Ky,
and hence
(3.12) rank[Vy', Vi] = dim B + dim K.

Since C'(V1, V)|, and C(V1,Va)|c_ are injective, in view of the representation of C'(Vy,V3) as in
(3.2), we have
rankC(V1, Vo) =dim Fy + dim E_; + dim Ky + dim K_.

As K4 and K_ are unitarily equivalent (see the remark preceding (3.3)), we have
dim Ky =dimK_,

and hence

(3.13) rankC(V1, V) = dim By +dim E_; + 2dim K.
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It now follows immediately from (3.12) that

rankC(V7, Vo) = rank[V5', V1] + dim By + dim K.
This completes the proof of the first part of the theorem. Suppose further that

dim F_1 < oo.
From (3.12), it follows that
2rank[V5, V1] =2dim E_; + 2dim K.,

and hence

2rank[Vy, V1] —dim E_; =dim E_; + 2dim K.
Finally, it follows from (3.13) that, by substituting the value of dim E_; 4+ 2dim K obtained above

rankC'(Vy, Vo) = 2rank([V5", V1| + dim Ey — dim E_;.

This completes the proof of the theorem. O

From the spectral theorem for compact self-adjoint operators and the second part of the preceding
theorem, it follows immediately that:

Corollary 3.6. Let (V1,Va) be an isometric pair such that C(V1,Va) is compact. Then
rankC(V1, Va) = 2rank[Vy, V1] + dim By — dim E_.

We will apply this particular version of the rank formula in the upcoming analysis. As an imme-
diate consequence of the above theorem, we also obtain that:

Corollary 3.7. Let (V1,Va) be an isometric pair such that

dim £, (C(Vi, Va)) < oo.
Assume that [V5', V1] is a finite-rank operator. Then C(V1,V2) is a finite-rank operator.
Proof. Since rank[V", V1] < oo, it follows from (3.12) that

dim E_;,dim K4 < oo.
Moreover, since, by assumption, dim F; < oo, it follows from Theorem 3.5 that

rankC(V7, V) = rank[V5", V1| + dim By + dim Ky < oo,
which completes the proof of the corollary. O
We conclude the section with a dimension formula that is of independent interest.

Proposition 3.8. Let (Vi1,V2) be an isometric pair. Suppose

(ker C(Vi, Vo))" = W.
Then

dimWi = dimWVy

where W; = ker V;* for i =1,2. In particular, if W is finite-dimensional, then dim)V is even.

Proof. As (ker C(Vi, Vg))L = W, we have that N' =W & (ker C(V1, Vg))L = 0, and consequently,
by (3.6) and (3.11), it follows that

o _VID%,
U*szU =Ig ®0® x/I—D? I—2D ’
w 2

and

U'PyU=1Ig, ®0®
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where w is a unitary on K that commutes with D. By Lemma 3.2, we have

1+D —D?,,
dim K :rank[ *\/ﬁ 2o ]
R 2
LD VD7,
= rank [ _w Ve 12D ] ’
2 2

and hence
dimW; = rank(U* Py, U)
=dim E; +dim K4
= rank(U" Py, U)
= dim Wh.
In particular, if dimW < oo, then
dim W = dim W + dim Wy
=2 x dimW;
= 2 x dim W,

which completes the proof of the proposition. O

The challenge of formulating rank identities for invariant subspaces is well recognized as a com-
plex and difficult field of study. It not only reveals the structure of invariant subspaces but also
entails identities involving numbers. We anticipate that the rank formula established in Theorem 3.5
possesses inherent value and will be applicable in various different contexts. For instance, consider
a closed invariant subspace M of H?(ID?) (see (1.4)). As in (1.7), define the restriction operators

R, = M,|pm and Ry = My|m.-
Clearly, (R, Ry) is an isometric pair on M. Moreover
Rsz — MzMw|Ma

and hence (R, R,) is a BCL pair on M. Consequently, Theorem 3.5 applies to M and hence
invariant subspaces of H?(D?). In the present context, the rank formula in Theorem 3.5 should be
compared with the rank formula of Yang [Yang05, Theorem 2.7].

In the literature, there appear to be very intricate rank formulae for Hilbert-Schmidt invariant
(as well as co-invariant) subspaces of H?(D?) (see [CDS14] and references therein).

4. On 3-finite pairs

The purpose of this section is to isolate key properties of irreducible 3-finite pairs. Some of
the results do not require all the assumptions of 3-finite pairs, and we will point out the needed
properties for such results. For the convenience of the subsequent discussion, we shall include an
additional stratum of notation: Given a separable Hilbert space H, denote by By the set of all
ordered orthonormal bases of H. That is

By ={{ej : j € A} : {e; : j € A} is an orthonormal basis of H},

where A denotes a countable set. Let (V1,V3) be an isometric pair. For the reader’s convenience, we
recall that V =V, V5, and
W =kerV* and W; = ker V",
for : = 1,2. Recall also that
Ey:={feHH:C(Vi,Va)f =\f},
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for all A € C (see (2.9)). We begin with a useful property of BCL pairs, stated in the following
well-known lemma (see, for instance, [HQY15, Proposition 4.1] for a proof).

Lemma 4.1. Let (V1,Va2) be a BCL pair. Then
Wi NWy = Ej.

The following lemma, in particular, shows that the range of [V5, V1] is contained in Wi N Wh
whenever [V5*, V4] is normal.

Lemma 4.2. Let (V1,Va2) be a BCL pair. If [V5, V1] is normal, then
ran [Vo', Vi] = ran [V]", V3] C Ey,
and
V2, Villge = VI, Ve]lge = 0.
Proof. The normality of [V, V1] yields
ran[Vy', V1] = ran[V5", Vi]* = ran[V]", V5.
Observe that
Vo (Vi'Va = VoVy') =0 = V' (V' Vi — V),
that is
Vo' [Vi', Vo] = 0 = Vi[5, .
Clearly ran[V5", V1] € Wy and ran[V{*, Vo] € W, and hence, by Lemma 4.1, we conclude that
ran[Vy', V1] = ran[V}", Vo] C Wy N W, = Ej.
For the second assertion, suppose g € ElL and set
h=[V3, Vilg.
Note that
1R1* = ([Vi", Val[V5', Vilg, 9).-
But by the first assertion of this lemma, it is clear that
Vi, Va][V5', Vilg € By,
and consequently, ||h||> = 0, that is, h = 0. This completes the proof of the lemma. O

From now on, throughout the section, we will deal with irreducible 3-finite pairs (see Definition
1.6 for irreducible pairs).

Proposition 4.3. Let (V1,V2) be an irreducible 3-finite pair. Then

dimFE; =1 and dim E_1 = 0.
Proof. By virtue of Lemmas 4.1 and 4.2, we already know that

ran[V5", V1] = ran[V]", Vo] C W) N Wy = Ey,

and

Vo', Villge = [Va, A]"[ g2 = 0.
In particular, [V, Vi]|g, is a normal operator on Ej. If possible, let

dim Fq > 1,

and let {f,g} be an orthonormal set in FE; consisting of eigen vectors of the normal operator

[V2*7V1”E1' Set
S =span{V/"Vy'f : m,n > 0}.
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We claim that S reduces (V1, V2). This would contradict the fact that (V1, Va) is irreducible. Clearly,
S is invariant under V7 and V5. Therefore, to prove the claim, it suffices to show that

VIVa' [, Ve Vi'f € S,

for all n > 1. We only prove that VyV]"f € S for all n > 1 (the proof of the remaining case is
similar). We prove this by induction. For n = 1, since f € Wi N Wy and f is an eigen vector of
[V5', V1], it follows that

VoWif = Vo Vilf = of,

for some scalar a, and hence V5'V; f € S. Thus, the result is true for n = 1. Now, suppose that the
result is true for m > 1, that is, V;'V" f € S. Write

VsV f = Vo iV f + VRV .

Since m > 1, it is clear, in particular, that V;™f € (W; N Wa)*. Note that Lemma 4.2 also implies
that

V', Villowy ey = 0.
Therefore, [V5, V1]V{™ f = 0, and hence
(4.1) VoV f = vive v £
Since S is invariant under V7, and by the induction hypothesis V5"V f € S, it follows that

nvsvinf eSS,

that is,

Thus, the result is true for n = m + 1. Hence, by the principle of mathematical induction, the
result is true for all n > 1. This proves the claim and then the fact that dim F; < 1. Since
rankC'(V1, Vo) = 3, the desired equality dim E; = 1 follows immediately by an appeal to Lemma 4.2
and the rank formula in Corollary 3.6.

Now we prove that dim E_; = 0. Since dim £} = 1 and ran[V5", V1| C Ejy, it follows that

rank[V5, V1] < 1.
As rankC'(Vy, V) = 3, it follows by the rank formula in Corollary 3.6 that
3 = rankC'(V4, V3)
= 2rank[Vy, Vi| +dim By — E_,
<241—-dimF_,
=3—dimF_;.

This proves that dim E_; = 0. O

The following observation is now straight:
Corollary 4.4. Let (V1,V3) be an irreducible 3-finite pair. Then
rank[Vy, V1] = 1.
In particular, ran[Vy, V1] = Ej.

We continue with an irreducible 3-finite pair (V7, V2). Recall that the symbol = stands for unitary
equivalance of operators.
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Proposition 4.5. Let (V1,V2) be an irreducible 3-finite pair. Then there is a unique Ay, vs) € (0,1)
such that

O'(C(Vh sz)) N (O) 1) = {A(V1,V2)}’

Moreover
C(V1, V2)l(ker c(vi o))t = Dy vy
where D>\(v1,v2> 1s the diagonal matriz
1
Dywivy = | Aaw)

—A(V1,V)

Proof. By Proposition 4.3, we know that dim £; = 1,dim F_; = 0. Since rankC(V3,V3) = 3, it is
evident from Theorem 2.5 that there exists Ay, 1) € (0,1) such that

a(C(V1,V2)) N (0,1) = { Ay, v )
and C(V1, Va)|(ker ¢(v3,1))+ is unitarily equivalent to Dy, . . O
Let (V1,V2) be an irreducible 3-finite pair. Then
ker(C(Vi, Vo))" = E1 & By, ., & E_,
where o(C(V1,V2)) N (0,1) = {A;,15)}- As usual, we set
N =W e ker(C(Vy, Vo))t

V1,Va)?

Then
W = El S E)‘(Vl,Vg) S, E,)\<V1‘V2> @N’
and with respect to this decomposition, we have
1
A
C(V1,Va)lw = Pw, — Pyywy, = (Vi,V2) N
(V1,V2)
Uy

On the other hand, since [V5, V1] is normal, and by Corollary 4.4, rank[V5, V1] = 1 with ran[V5", V]| =
Ey, there exist a nonzero scalar 5y, y;) such that
o (V2 i) \ {0} = {Bvi )}
and
Vo s ilf = By f - (f € E1).
Fix a unit vector f(y; y;,) € E1. Clearly
{for, )} € Bg,.

Thus, in summary, we have the following:

a(C(V1,V2)) N(0,1) = { A1, }
o([V3, Vi \ {0} = {Bus 1a)}
{f(V1,V2)} € BEI'

At this juncture, we standardize some notation that will be used throughout the rest of the paper.
Given an irreducible 3-finite pair (V1, V2), we set

Bvi,v,) = unique nonzero eigenvalue of [V5, V4]
(4.2) A(vi,v) = unique eigenvalue of C'(Vi,V3) in (0,1)

Jo,vz) = a unit vector in Ej.
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Furthermore, for notational convenience, if the pair (V1, V2) is clear from the context, then we simply
write

(4.3) A=A va) B =By, and f = fi, v
Also, for any g, h in H, we denote by g ® h the rank one operator on H where
(9@ h)(k) =(k,h)g  (keH).
Thus, in the case of the present scenario, we can write
Vo] =8f®f,
and hence
(4.4) Vi, Vo] = Bf ® f.

Thus, we have
Vo ilf =VaWif = Bf,

and B
Vi', Vol f = Vi'Vaf = Bf.
Therefore
(4.5) i =51
ViVaf = Bf.

Since f € Wi N W, it follows that C'(Vi,Va2)f = f, and hence,

{fv X, 6_)\} € BE1@E,\®E,)\7
where
{6)\} S BEA and {6,)\} S BE_A-
Set
EN=E\®E_,.

Now we follow the construction as given in Section 3. By applying Remark 3.4, in this particular
situation, we find

Kt = Eyy,
and

D = Mg, .

Therefore, following the representation of W as in (3.1), we have
W=FE & E)\ D N,
and so, by (3.8) and (3.9), it follows that

1+D —D%, % |
_ 2 2
Py, =1Ip, & */I-D? I-D, % ®Q,
uw 3 u 3 u
and )
I-D 1-D?,  x
wu
_ 2 2
Pryw, =08 «/I—D? I+D x ®Q,
uw 2 u 3 u

where u : Ey — E_, and w : E\ — E) are unitary operators, and Q : N' — N is a projection.
Consequently

wu® : E_)\ — E)\,
is a unitary, and so, there exists a unimodular constant « such that

wu*(e_y) = aey.
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Qx =

Q=

uw

uw

VI-D?

I—gD - wu*
—_ D2 )
* IZD uI2Du*
_ _ D2
I2D \/I2D wu*
N2
* IQD u[—gDu*
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Therefore, Q) and Q) are projections defined on E*. The matrix representations of @, and Q) with

respect to
{eA,e,A} S BEA,
are given by

1 14a  ad—a23 ]
Q}\ =3 _ 2 1 )
2 a(l=A%)2 1-=Xx
and ) )
-1 1—XA  a(l—A2)2
Q)\ =35 _ o\ 1
2 a(l=AM)2 I+A
Thus, with respect to the decomposition W = E; @ E* & N, we have
I, 0
(4.6) Py, = Qx and Py,yy, = Qax )
Q Q

where Q) and Q) are given as above. As
W =W & ViWy =Wy ® VoW,
it follows that Py, = Iy — Py,w, and Py,w, = L)y — Pyy,, and hence,
I, 0

(4.7) Py, = Qx and Py,yy, = Qx NE
Q

QJ_

Finally, to find a suitable orthonormal basis of E*, we define

1+ A 1—/\ /1 )\ /1 )\
(4.8) 1= + ex+a e_yand fy = ey —

and
= fi—=Afa and
V1—\2

Then, as easy computation reveals that

(4.9) \/7
\/T

fo— fam A

ﬁi

_.
—
w—l—
>,

At this point, we recall the following useful result concerning the orthonormal basis of the range

of projections of our interest (see [DSPS24, Lemma 3.2]):

Lemma 4.6. Let H and K be Hilbert spaces, U : H — K a unitary operator, and let A € [—1,1].

Define the projection P: HE K — H S K by
A V1=A2 7%
%IH 12 U

P =
U P
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If{e;:1 € A} € By, then {\/%elﬂa\/%U@:ieA} € Branp.

Returning to our setting, in particular, we have the following;:
Corollary 4.7. Let {f;}}_, be as in (4.8) and (4.9). Then
ran@Qy = Cf1, ranQy = Cfa, anf =Cfs, and mn@f = Cfy.
In particular
{f1, fs},{f2, fa} € Bpn.

By Theorem 2.3, we know that (W, U, Py, ) is a BCL triple associated to (Vi,V2), where the
unitary U on W is given by

Valw
410 U= v
( ) |: Vl |V1W2

:| W1 @ ViWy — VoW & W

Our goal is now to reveal the action of U on a basis of WW. We need some preparatory calculations.
It follows immediately from the representations of Py, and Py,w,, i # j, 4,5 = 1,2 (see (4.6) and
(4.7)) that
Wi = E; @ ranQy @ ranQ, VoW, = ranQ) & ranQ,
and
Wy = FE1 & ran@f ®ranQr, Vi, = ranQi @ ranQt.

Consequently, by Corollary 4.7, we have

Wy = E1 & Cf1 @ rand),

VoW, = Cfy @ ranQ,

Wa = E; & Cfy @ ranQ*,
ViW, = Cfs ® ranQ+.

Now we are ready to explore the action of the unitary U on W.

(4.11)

Lemma 4.8. Let (V1,V3) be an irreducible 3-finite pair. With notations as above, we have the
following:

(a) Ufs € Cf,

(b) Uf € (CfQ;

(c) Ufy € ran@,

(d) U*fy € ranQ*,

(e) U*(anL) C ranQ*, and U(an) C ran@.

Proof. First, we prove part (a). Since f € W, it follows that
Uf=Vof € VoWy.
By (4.11), we know that VoW = Cf, @ ran@, and hence, there exists g € ran@ such that

Vaf = (Vaf, fa)fa+ g
As ran@ C W, applying V;* to both sides of the preceding equation and then using (4.5), we see
that
Bf = (Vaf, f2)V' fa.
Now we compute V;* fo. By Corollary 4.7, we know that {f1, f3} € Bpr. As fo € EN= E\® E_)),
we have
f2 = (fo, fi) i + (f2, f3) f3-

By (4.11), we know that f; € W;. Applying Vj* to both sides of the preceding identity we obtain
that

Vi fa = (f2, 5)VI' f3.
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Since f3 € Vi1Ws (see (4.11)), the definition of U as given by (4.10) yields
Vi fa={f2, [3)U f3,

and hence B

Bf = (Vaf, f2){f2, [3)U f5.
It is clear from (4.9) and the fact that « is a unimodular constant that (f2, f3) = —A. Finally, by
the definition of U, it follows that Vo f = U f and hence

R
Uh=Xwrm’

For (b), we observe, similarly, that U*f = V; f € V1W,. By (4.11), we know that
ViW, = Cf3 @ ranQ™,
and hence, there exists h € ranQ+ such that

Vif = if, f3)fs + h.
Now we follow the steps in (a) precisely to conclude that

p
4.12 Urfp=—— ¢
2 NUT. 53
Next, we proceed to prove (c). As Ej(= Cf) and ranQ(= Cf;) are orthogonal, we have that
(f, f1) = 0. Therefore
(Uf,Uf)=0.

Since U f € Cfs (see part (b)), it follows that (U f1, fa) = 0. As f1 € Wy, (4.10) together with (4.11)
imply

Ufi € VoW; = Cfy @ ran(.
Therefore, (U f1, f2) = 0 implies that U f; € ran@. Since the proof of (d) is analogous to that of (c),
the specifics are omitted. Finally, we turn to (e). Clearly (4.11) implies E1(= Cf) and ranQ* are
orthogonal subspaces of W5. Consequently

U*f L U*(ranQ").
By part (a), U*f € Cf3 and hence
f3 L U*(ranQ™).
The definition of U as in (4.10) together with (4.11) yield that
U*(ranQJ‘) CUWy = ViWy = Cfsz ®ranQ™,

and consequently, U*(ran Q+) C ranQ+. The proof of U(ran Q) C ran@ is similar. O

The following theorem provides a summary of the major findings concerning irreducible 3-finite
pairs of isometries so far. The final claim is an addition that states that the absolute value of the
nonzero eigenvalue of the cross-commutator is same as the second largest eigenvalue of the defect
operator.

Theorem 4.9. Let (V1,V3) be an irreducible 3-finite pair of isometries. Then
(1) rank[Vy, V1] =1 and ran[V5, V1] = E.
(2) E_y = {0},
(3) There exist unique By, vy,) € C\ {0} and a unit vector f, v,) € E1 such that
Er = Cfos,m)

and
[V2*7 ‘/l]f(vl,VQ) = 5(V1,V2)f(V1,V2)'
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(4) There is a unique Ay, v, € (0,1) such that
a(C(V1,V2)) N (0,1) = {Ar, 1)}

and
1

)\(VhV?)

~

C(Vi,Va)| (ker C(V1,V2))+
_A(V17V2)

(5) 1B va)l = Ava,va)-

Proof. We only need to prove (5). Keeping the foregoing notational convention, we use A, 3, and
I for Ay we)s Bvi,ve)s and fiy; vy) respectively. Tt follows from (4.5) that

VoVif =Bf.
Since f is a unit vector in F;, we have
B=(Bf, 1)
= (VaWif, [)
= (U f,Uf),

where the last equality follows from the definition of U. By parts (a) and (b) of Lemma 4.8, we then
have

B=U"f f3)f3, (U, f2) f2)
=—(U"f, f3){f2, U)X,
as (fs, f2) = —A. The result now follows from the fact that (U*f, f3) and (f2, U f) are unimodular

constants. O

We record the following particular but useful fact for convenient future retrieval:
(4.13) ran[VQ*, Vl] =F = (Cf(Vl,Vg) = W) N Wy,
where Ey = ker(C(V1, Vo) — I3). The final equality is a consequence of Lemma 4.1.

5. Classification of 3-finite pairs

The purpose of this section is to present a complete classification of irreducible 3-finite pairs in
terms of computable unitary invariants. The structural results of the preceding section will be used
thoroughly. Therefore, we continue with (Vi,V2), an irreducible 3-finite pair on H. We adhere to
the notational convention established in Section 4 (more specifically, see (4.2) and (4.3)):

B = B(v;,1,) = unique nonzero eigenvalue of [V3", V1],

A = A,,15) = unique eigenvalue of C'(V1,V2) in (0, 1),

f = foa,1z) = a unit vector in Ej.
Recall that the unitary U of the corresponding BCL triple (W, U, Py, ) is given by (see Theorem 2.3
or (4.10))

U — [V2‘W1 . } WL B VW, — VoW, @ W,
Vl |V1W2

Also recall from Theorem 4.9 (or see (4.13)) that
ran[Vy', V1] = E1 = Cf = W) N W,
and [V55, Vi]f = Bf. For alli =1,2,3,4, set
1

(5-1) gi = mfz
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By (4.12) and the fact (f3, U*f) is a unimodular constant, we have

(5.2) (U F.95) = 1 and (U gs, [} =

By Corollary 4.7, we also have
{91,953}, {92, 94} € Bpx.
Further, it follows from Lemma 4.8 that
U™f1 € ran@,
and
U*™ f, € ranQ+,
for all m > 1. Set .
W =span{f, U™ f1,U*™ fy : m > 0}.
We show that:

Lemma 5.1. W reduces (U, Py,).
Proof. Clearly, f, f1, fs € W. Recall that {ex\} € Bg,@E_,, and then (4.8) implies

f1 £+ f4 = a scalar multiple of ey,

and consequently
E\ @ E_) =span{f; £ f4}.
Thus
Ei9oE,® E_) CW.
First, we claim that W reduces U. We know by Lemma 4.8 that Uf € span{fe} and U*f €
span{ f3}, and hence, by Corollary 4.7 we conclude that
Uf,Uf e Ex®E_).

Therefore, Uf,U*f € W. It just remains to show that U*f1,U fy € W. To this end, observe that
Corollary 4.7 implies

fi €ranQy C Ex © E_\ = span{ fa, fa},
and consequently, it follows from Lemma 4.8 that
U*f1 € span{U* fo,U* f4} = span{f, U*f,} C W.
Similarly, by Corollary 4.7, we have
fa € Ex® E_) = span{fi, f3}.

By Lemma 4.8, we have
Ufy € span{U f1,U f3} = span{U f1, f} C W.

We have thus proved that W reduces U.
We now show that W reduces Py,. As f € Wi, we have Py, (f) = f. One easily observes from
(4.11) and Lemma 4.8 that
U™ fiL € Wi,
and hence,
Py, (U™ f1) =U" f1,
for all m > 0. By (4.11) and Lemma 4.8

U™ fy € ran@Q> C VW,

and consequently
PW1(U*mf4> =0,
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for all m > 1. Finally, since

fa € Ex® E_) = span{fi, f3},
and f3 € V1Ws (by Equation (4.11)), we have that

Py, f3 =0,
and therefore
P, f1€Cfi CW.
This shows that W reduces Py, . O

Note that a BCL pair (Vi, V2) on H is irreducible if and only if (U, Py, ) is irreducible [DSPS24,
Corollary 2.2]. From the above lemma, we obtain:

Corollary 5.2. {f, f1, f3, U™ f1, U fy : m > 1} € By.

Proof. As (V1,V3) is irreducible, there is no non-trivial closed (U, Py, )-reducing subspace of W and
hence, it follows immediately from the above lemma that
W =W,
Since f € Fy, and
span{f1, fa} = Ex & E_\ = span{fi, f3},
and U™ f) € ranQ, U*™ f4 € ranQ= for all m > 1, it follows that {f, fi, f3, U™ f1,U*™ f4 : m > 1} is

an orthonormal basis for W. O

We are now ready to prove the main result of this section, which serves as a foundational com-
ponent of the article’s overall contribution. Recall (see Theorem 4.9) again that for an irreducible
3-finite pair (V7, V2),

B(vi,v5) = unique nonzero eigenvalue of [V5', V1].

Theorem 5.3. Let (V1,V2) on H and (‘71, Vg) on H be irreducible 3-finite pairs. Then (Vi,Va) and
(V1, Vo) are jointly unitarily equivalent if and only if
B(VLVZ) = /8(\71,‘72)’
Proof. If (V;,V5) and (Vi,V3) are unitarily equivalent, then clearly By = 5(‘71 )- For the
non-trivial direction, assume that
B = B(Vl,VQ) = 5(‘717\72)'

As usual, we define

W =ker(V1Va)*, W; = ker V¥,
and

W = ker(V1V2)*, W; = ker V¥,
for all ¢ = 1,2. Define

A= 16].
By Theorem 4.9, we have
a(C(V1,V2)) N (0,1) = o(C(Vi,V2)) N (0,1) = {A}.

In view of Theorem 2.3, we consider the BCL triples (W, U, Py, ) and W, U, Pwl), where U is the
unitary on W given by

U = |:V2|W1 :| W1 & ViWs — VoW, & W,

Vf< | Viwe
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and U is the unitary on W given by

7 ‘72 ‘V\h

& Zwl@VlWQ%VQV{ﬁ@WQ.
VI vok,
It suffices to show that the triples (W, U, Py, ) and W, U, Pwl) are unitarily equivalent, that is, we
claim that there is a unitary IT : W — W such that
MU = U and TPy, IT7" = Py, .
We recall that E, := ker(C(V1, Va) — puly) for a scalar p (see (2.9)). Set
E, = ker(C(V1, Va) — ply).

We know (see (4.13) or Theorem 4.9) that

ran[Vy', Vi] = B1 = Cfy; vy) = Wi N Wa,
and o } . .

ran[Vy', V1] = By = Cf(f/l,f/g) =W N Wa.
As in the construction of Section 4, suppose

{ei)\} S BEAEBE,X and {éi)\} S BE,\EB]_:LA'

Also, as in Corollary 4.7 (or see (4.8) and (4.9)), define

14+ A _J1=A 14+ A _J1=A
fi= 5 et ay e, Ja= L R R
and
fy = Ji—Afa and f; — fi—Af
Nievl Nievl
for some unimodular constant «. Clearly, f; € W, i = 1,2,3,4. Following (5.1), define
gi = ;fi’

(f3,U* fovi va))
for all i =1,2,3,4. By (a) and (b) of Lemma 4.8 and (5.2), we conclude that

Ufoi ) = —égza
(5.3)
Ugs = fo,1a)s
where the first equality follows from the fact that
Ufonwe) = (Ul ) 92)g2-
Corollary 5.2 yields
o ve), 91,93, UM g1, U™ gy : m > 1} € Byy.
Similarly, we have the vectors ﬁ € W, i1 =1,2,3,4, defined by

~ 14+ A = [1=A_ ~ 14+ A - 1=
fi= 5 exta — e Ja= 5 e 5 e
and ~ _ ~ ~
f2:f1—/\f4 andf3:f4_)\f1
Viox ix
for some unimodular constant &. Also, define
gi = ;fz‘,

<f37 ﬁ*f(‘;17‘/~'2)>
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for all i = 1,2,3,4. As above, we again have
~ - ~ o _§~
(5.4) {q{(VhVQ) — 92
Ugs = fu )
and
{f(vl7\72)7§17§37 Umgb U*m§4 tm > 1} € BW
A simple computation shows that
(5.5) 91 = (V1= X%)g3 + Agi
ga = (V1= A%)gs + Ag1.
Define the unitary I : W — W by
Hf(Vl,Vg) = f(\?h\;é)a
and

gj iff:gjforjzl,S
If = U™ if f=U"g
U*m§4 if f = U*mg4,
for m > 1. It is clear from the definition of II and the identity (5.5) that
Hga = gu,

and consequently

gy — H(gl - )\94) _ g1 — A
VI=X2/ T2
that is,
(5.6) IIgz = go.

It is now easy to see that
(U g = Ugs.

Moreover
(MU g3 = MU g3 = I fy; 1p) = forn v = Ugs,

where the second and fourth equalities follow by an appeal to (5.3) and (5.4) respectively. For all
m > 1, we also have

(MUY (U™gy) = (IU) (U™g1) = (U™ gy) = (0)" gy = U(U™41),
and similarly,
(MUY (0*™gs) = UM Vg, = (U™ ).
Finally, by (5.3), (5.6), and (5.4), it follows that
1 B B. -
(MUT) fi, vy = MU five) = TH( = T92) = =352 = Uf(y, v,y

This proves that IIUII~! = U. The verification of IIPyy, [T~ = Py, is easy and is left to the reader.
This completes the proof of the theorem. O
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Now it is important to furnish explicit examples of irreducible 3-finite pairs. We start with
invariant subspaces of L?(T?). For each nonzero r in (—1,1) and unimodular function ¢ € L>(T?),

define -
Lor =2 (H 0D (D =wni 75 )
oo = o0 D (B
Then Ly, is (jointly) invariant under (L., L), and

[(Lw‘ﬁw,7‘)*’Lz‘[’v,r] = [(Lw‘ﬁtp,'r)*7LZ’[«p,r]* ?é 0

In fact, Izuchi and Ohno proved that L, are the only invariant subspaces of L?(T?) that satisfies
the above self-adjoint condition (see [I094, Theorem 1 ]). This observation was one of the keys to

the construction of invariant subspaces of H?(D?) with self-adjoint and nonzero cross-commutators
[1106].

Example 5.4. For each nonzero r in (—1,1), there exists an inner function o € H>®(D?) such that
[I106, Theorem 2]

5.7 5. = o(120%) @ (P #swon{ —2_})).

is an invariant subspace of H?(D?) (see (1.4) for the definition of invariant subspaces of H?(D?))
and

[(Myls,)"s Mzls, ] = [(Muwls,)"; Mc|s,] # 0,
and
rank{(Muwls,)", Mz|s,] = 1.
A simple computation reveals that (see [1106, proof of Theorem 3]) r is the only nonzero eigenvalue
of [(Myls,)*, M,|s,.]. Moreover, the pair (M|s,, Myls,) is an irreducible 3-finite pair (See [Yangl9,
Example 8.9, Page 246], and

a(C(M|s,, Muls,)) 1 (0,1) = {|r]}.

That is, |r| is the unique eigenvalue of the defect operator of (M,|s,, Myls,) lying in (0,1).
Example 5.5. Let v be a unimodular constant and let r be a nonzero real number in (—1,1).
Consider the submodule S, as in (5.7), and then, consider the isometric pair (YM:|s,, My|s,) on
S,. It is easy to see that

C(YM.s,, Myls,) = C(M.|s,, Myls,),
and

[(Myls,)"s ¥M:s,] = A [(Muls,)", M:]s,].
It follows immediately from the discussion of Example 5.4 that (yM,|s,, Myls,) is an irreducible

3-finite pair with

o(C(vMzls,, Muls,)) N (0,1) = {|r[},
and

o([(Muls,)*s ¥ M-|s,]) N (0,1) = {y7}.

The above example, together with Theorem 5.3, immediately yields a complete characterization
of irreducible 3-finite pairs.

Theorem 5.6. Let (V1,V2) be an irreducible 3-finite pair on a Hilbert space H. Then there exist
A € (0,1), a unimodular constant y, and an inner function ¢ € H>®(D?) (depending on \) such that
a(C(V1,V2)) N (0,1) = {A},

and

o([V2, Vi) \ {0} = {7A},
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and
(Vvla ‘/2) = (’YMZLS'M Mw|SA)
where Sy is the invariant subspace of H*(D?) of the form

5= o( 0 B (Dl 125 )

Proof. The existence of A\ and v follow from Theorem 4.9. Here, note that

Vo', ilf = Bf,
and ~y is the unique unimodular constant such that § = v\ (compare with (3) and (5) of Theorem
4.9). With this particular A and -, we now apply Example 5.5 to conclude that

(Vlv ‘/2) = (VMZ‘S)\’ Mw‘S)\),
for some inner function ¢ € H*°(D?). This completes the proof of the theorem. O
The following intriguing and direct ramifications of Theorem 5.3 and Example 5.5 are worth

highlighting: Let 7; and 72 be unimodular constants, and let r be a nonzero number in (—1,1).
Consider the invariant subspace S, of H?(D?) as defined in (5.7). Then:

(1) (mM:ls,, Myls,) = (72M.|s,, Myls,) if and only if v; = ,.
(2) (71M2|$)\7 Mw|5)\) = (MZ|S)\772MU)|S>\) if and Only if 71 = '72-
6. Classification of 2-finite pairs

The focus of this section is a complete characterization of irreducible 2-finite pairs. Let (Vi,V3)
be an irreducible 2-finite pair on H. First, we claim the following crucial spectral property:

o(C(V1,V2)) \ {0} = {#1}.

Indeed, an argument similar to the proof of Proposition 4.3 yields that, in this case also

dim E1 =1.
Since rankC'(V7, Vo) = 2, it follows immediately from Theorem 2.5 that
dim E,1 =1.

We conclude that the only nonzero eigenvalues of C'(Vy, V2) are {£1}, and
dimE1 =1= dimE_l.
Therefore
(ker C(Vi, Vo))t = E1® E_,.
Let e; and e_; denote unit vectors in 1 and E_; respectively. Then Corollary 3.6 and Lemmas 4.1
and 4.2 imply that
rank[V5', Vi] = dim B =1,

and

ran[Vy, V1] = Ey,
and

Vs Villgs = 0.
In particular, there exists a nonzero scalar a such that

Vo, Vi] = aer @ e1.

Same computation as in Section 4 (see, in particular, the equality (4.5)) yields that

Vo'Vier = aeq, and Vi'Vae; = @ey.
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Let
N =Wo (ker C(Vy, Va))t.
Clearly, with respect to the decomposition W = E1 @& E_1 ® N, we have

Ip,
C(‘/la ‘/2)|W = _IE_l
0
Recall that C(V1, Va2)|w = Pw, — Py,w,. Hence
Ig,
PW1 - PV2W1 = _IE_l
0
Thus, Theorem 3.1 implies
Ig,
PW1 = 0 )
Q
and
0
PV2W1 = IE—1 )
Q
where Q : N'— N is a projection. Then
Ip,
PWQZIW_PV2W1: 0 )
QL
and
0
PV1W2 =y — PW1 = IE_1
QJ_

Consider the unitary U on W as given by Theorem 2.3:
W =W, & ViWs =W ® VoW,

and
U= [VQ‘Wl V| } WL & VW, — VoW & Wh.
1 1ViWws
Since
Wi = Fy @ ranQ),
and

VoW = E_;1 @ ranQ),
and since U = V5 on W, it follows that
Vaer =Uer = (Uer,e_1)e_1 + g,
for some g € ran(). Since ran) C W, applying V|* on both sides of the preceding equation and
then using the definition of U, we obtain that
el = Vl*‘/éel

= (Uey,e_1)Vi'e_1

= (Uer,e_1)Ue_;.
This shows that

U(E_1) = E;.
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Moreover, since (Uej, e_1) is a unimodular constant, we have
la] = 1.
As
Wy =FE1 ® ranQL, ViWws =FE_1® ranQL,
and U* = V] on W,, there exists h € ranQ+ such that
Viep =U%¢; = (U*er,e_1)e—_1 + h.
As before, since ranQ C W, by applying V5 on both sides of the preceding equality and then
using the definition of U we find that
aep = Vy'Vie

= (U"er,e_1)Vye_;

= (U%ey,e_1)U%e_;.
This shows that

U*(E_-y) = Eq,
and hence, E1 @ E_; reduces U. On the other hand, we know that E; C Wy and E_;(C V1Ws) is

orthogonal to Wj. It is now obvious that E; & E_;1 reduces Pyy,. In other words, £41 & E_; C W
reduces (U, Py, ). But (V4, V2) and equivalently (U, Py, ) is irreducible. Therefore,

W=FE & FE_;.
Then N' = {0} and hence

Wi = FE1 = Ws.
At this point, we recall the following result from Bercovici, Douglas, and Foias [BDF06, Corollary
4.3]:
Theorem 6.1. Let (T1,T3) be an irreducbible isometric pair. Suppose

dim(ker T7") < oo (1=1,2).
Then each T;, i = 1,2, is either shift, or a constant multiple of the identity.
Returning to our context, we immediately have the following:

Corollary 6.2. Vi and Vs are unilateral shifts.

Since
Wi = ker V" = span{e; },
we conclude that V; is a unilateral shift of multiplicity one, that is, V3 = M, on H?(D). More
specifically
W(Viter) =z"  (n=0),
defines a unitary W : H — H?(D) such that
Wvy = M, W.
Then (V4, Va) on H is jointly unitarily equivalent to (M., WVoW*) on H?(D). As WVoW* commutes
with M, there exists an inner function § € H*°(D) such that
WVoW* = M.
Again it follows from
dim(ker M) = dim(ker WV5W™)
= dim(ker V5)
= dim W,y
=1,
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that

zZ—a
= D
o) =ci—-  (:€D),

for some a € D and unimodular constant c. Consequently,

ker My = span{k,},

where

ka(z) = (z € D),
is the Szego kernel on D. But
Wi =Ws,
implies that
C = ker M} = ker M, = span {k,},
which forces that a = 0. We have thus proved that:
(Vi,Va) on H = (M., cM.) on H*(D),
for some unimodular constant c¢. Consequently
a = nonzero eigenvalue of the cross-commutator [V5', V1] on H
— nonzero eigenvalue of the cross-commutator [(cM.)*, M.] on H?*(D)
=cC.
The summary of the above observations provides a complete classification of irreducible 2-finite

pairs:

Theorem 6.3. Let (Vi,V2) be an irreducible 2-finite pair. Then {£1} are the only nonzero eigen-
values of C(V1,Va). Moreover

rank[Vy, V1] = 1,

and there exists a unimodular constant o such that

o([V2, i) \ {0} = {e}.
Moreover
(V1,V2) = (M, aMz).
Conversely, if a is unimodular constant, then (M,,aM,) on H?*(D) is an irreducible 2-finite pair

with {£1} as the only nonzero eigenvalues of C (M, aM).

Note that the pair (M., aM,) is acting on the Hardy space H?(D). The details of the converse
part of the above result are routine, and we leave the details to the reader.

The following result, which is an immediate consequence of Theorem 6.3, says that for a 2-finite
pair, the nonzero eigenvalue of the cross-commutator is a complete invariant.

Theorem 6.4. Let (V1,V3) on H and (Vl, Vg) on H be irreducible 2-finite pairs. Let
o([Va, Vi) \ {0} = {a},

and
o([Vo", Vi]) \ {0} = {a}.
Then
(Vla VQ) = (‘717 ‘72)7
if and only if
a = Q.
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7. Classification of 1-finite pairs

This short section classifies irreducible 1-finite pairs. In contrast to 3 and 2-finite pairs, this class
is simple, and the structure can be easily derived. Indeed, this is simply the pair of shifts on H?(D?):

Theorem 7.1. Let (V1,Va) be an irreducible isometric pair on a Hilbert space H. Then (Vi,Va) is
1-finite if and only if
(Vi,V2) = (M., My) on H*(D?).
Proof. It is a standard fact that (M, M,,) is irreducible. Moreover, (M, M,,) is doubly commuting,
that is, [M}, M.] = 0, and also (see the identity (3) preceding Definition 1.3)
C(M,, M,) = Pc.

Therefore, (M., M,,) on H?(D?) is an irreducible 1-finite pair. For the reverse direction, consider an
1-finite irreducible isometric pair (Vi, V) on a Hilbert space H. We again recall that

(1) Eq = ker Vi* Nker V5 (see Lemma 4.1),
(2) [‘/2*,‘/]_]|E1L =0, and ran[V5", V1] C E; (see Lemma 4.2), and
(3) rankC'(V1, Va) = 2rank[V5, V1] + dim E; — dim E_; (see Corollary 3.6).

By assumption, rankC(V7,V5) = 1. Then, in view of Theorem 2.5, we know that either 1 or —1 is
the only nonzero eigenvalue of C'(Vi, V2). If —1 is the only nonzero eigenvalue of C(V1, V3), then

dim F; = 0.
Therefore
rank[V5", V1] =0,
and hence, by the rank identity (3) above, we have
rankC(Vi,V2) =2x04+0—-1
=1,
an impossibility. Therefore, 1 is the only nonzero eigenvalue of C(V1, V2). Then
E_, ={0}.
Since rankC'(V7, Vo) = 1, the rank identity in (3) above again forces that
V5, V] =0,

that is, (V1,V3) is a doubly commuting pair on H. The Wold decomposition of doubly commuting
pairs (1.3) yields the orthogonal decomposition into reducing subspaces

H — Huu @ Hus @ Hsu @ HSS?

where Vily,; is a shift if i = s and unitary if i = u, and Va|s,; is a shift if j = s and unitary if
j = u. Nevertheless, due to the irreducibility of (Vi, V2), precisely one summand will survive. We
claim that Hgs is the one who will last. Indeed, if (W7, Ws) is an isometric pair such that at least
one of Wy and Ws is unitary, then an easy computation reveals that

C(Wq1,Wy) =0.
Consequently, in the present situation, we have that
C(Vila,s Valuy;) =0,
whenever at least one of i, j is u. Therefore

M = Has # {0},
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The representation of shift part of the Wold decomposition for doubly commuting pairs [JS14,
Theorem 3.1] yields

Hos = @ VW3 (ker(Vile.)" Nker(Val,)").

m,n>0
However, we know from (1) above that

Ey = ker(Vi|s,,)" Nker(Valp,,)"
Since dim F1 = 1, there exists unit vector f € H such that
E, =CJ.
Therefore, there exists a unitary U : Hgs — H?(D?) such that
UV"V5 ) = 2Mw" (m,n > 0).

Moreover, UV; = MU and UVy = M, U (see [JS14] for more details), that is, (Vi, V) = (M, M,,).
This completes the proof of the theorem. O

With this, we now have a thorough understanding of irreducible n-finite pairings for all n = 1,2, 3.
In the following section aims to show that irreducible 1, 2, and 3-finite pairs are all irreducible n-finite
pairs.

8. Compact normal pairs

In this section, we obtain complete representations of compact normal pairs. As we will see,
aggregating all previously learned results will archive this. Indeed, we will see that along with the
3 and 2 and 1-finite pairs obtained before, shift-unitary pairs (see Definition 1.9) will also serve as
the fundamental building blocks of compact normal pairs.

We fix a compact normal pair (V1,V2) on H. As usual, following (2.9), we write

E) := E\(C(V1,V,)) (A €eR).
Recall from Lemmas 4.1 and 4.2 that
ran[Vy, V1] = ran[Vy, Vi]* C By = Wi N W,
where W; = ker V.*, i = 1,2, and
[Vz*avl]‘Eli = [Vl*aV2HEli =0.

We first consider the case when dim E; > 1. The case when E; = {0} is easy and will be discussed
later in Remark 8.8. Let
dim Fy :=k € NU {OO},

and suppose {f1,..., fr} is an orthonormal basis of E; consisting of eigen vectors of [V, V1] (by
treating [V5, Vi]|g, on E; as a normal operator). There exist scalars {1, ..., \x} (possibly repeated)
such that

Vo', Vilfi = Aifi,
fori=1,2,...,k. Finally, for each i = 1,..., k, we define a closed subspace H; of H as

H; :=span{V{"V5' f; : m,n > 0}.

These spaces are of interest, which we now analyze thoroughly. First, we prove that these spaces
are jointly reducing (see Definition 1.6).

Lemma 8.1. H; reduces (V1,Va) for alli=1,2,... k.
Proof. The proof is exactly the same as the proof of the reducibility of S in Proposition 4.3. U

Moreover, we claim that:
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Lemma 8.2. (Vi|y,, Valy,) is irreducible for all i =1,2,... k.
Proof. Fix an i. Note that
C(‘/l’Hi’ V2|Hz) = C(Vh ‘/2)|7'l1
By the definition of H;, we have
Suppose K is a nonzero closed subspace of H;. Assume that IC reduces (Vi, V2). Since

an easy consequence of the spectral theorem for compact and self-adjoint operators (cf. [DSPS24,
Lemma 2.6]) implies that f; € K, and consequently, X = H;. This completes the proof. O

The following orthogonality relation will be useful in what follows.
Lemma 8.3. <V2mfz, Vlnf]> =0 fori#j and m,n € Z.
Proof. Since f; € Wi N W, it follows that
VoVifi = [Va  alfj + Vo f;
= Ajfi-
Then, similar computation as in the proof of Proposition 4.3 (or, see (4.1)) yields that (note that
ViV =V IVEA)
VeV = VI Ve = MV
for all n > 1. Repeated application of the above yields

. NPV ifm <n
V2 vlfj_{O] 1 ’ ifm>n

where the final equality is due to the fact that VQ*(m_n) fj = 0 for m > n. Then the above equality
implies
(V3" fis VIV f5) = (i, VSV )
_{%Aw?%m if m < n,
0 if m > n.
= ()’
and completes the proof of the lemma. O
It is now natural to expect that:
Lemma 8.4. H; L H; for alli # j.
Proof. Suppose i # j. It is enough to show that
V"V fi imyn > 0} L{V"VS'f; :m,n > 0}.
Let mq,n1,m2,n2 > 0. Since f;, fj € Wi N W, it follows that
(Vmvsh fi, VM vs™ £) = 0,
whenever m1 > mo,n1 > no or my < mg,ny < ng. If my < mg and ny > ng, then Lemma 8.3
implies
(VMG f VIV Ig) = (V7 o T )
=0.

The remaining case when mj > ms and ny < ng is treated in a similar manner and is left to the
reader. O
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The nonzero part of the defect operator is contained in the direct sum of H;’s. More specifically:
Lemma 8.5. (ker c(v, Vg))L - @le”Hi.
Proof. Let
Ho=HO (@ Hi).
Then Hg reduces (V1, V), and consequently, (Vi|y,, Va|n,) is @ BCL pair on Hg. Clearly
C(‘/I‘Hoa V2|H0) = C(Vla VY2)|'H07
and
[(‘/2’9{0)*7 Vl‘Ho] = [‘/2*7 V1]|7'l0'
By the definition of H;’s, we have
E C EB?:IIHZ’-
Since [V5*, V1] = 0 on Ef, we conclude that
[(‘/2|H0)*’ V1|7'lo] =0,
and
dimEl(C(Vi‘Hm ‘/2’7'[0)) =0.
Therefore, it follows from Corollary 3.7 that C(Vi|y,, Va|n,) has finite rank, and consequently,
Corollary 3.6 implies

rank C(Vi|w,, Valn,) = 2rank [(Va|2,)", Vilw,) + dim By (C (Vi Valn,))
— dim Efl(C(V1|'H07 VYQ”HO))
= —dim Efl(C(V1|'H07 ‘/2|7'[0))

Therefore,
C(V1|H07 VYQ‘H()) = Oa
which completes the proof. ]
Before we proceed to the final lemma of this section, we fix some notations. Set
k
(8.1) Ho =H o (PH),
i=1

and for each i =0, ...k, define

(‘/1,’[7 VQ,Z) = (‘/1‘7'[17 VQ’HZ)
Clearly, (V1,,V2,) is a BCL pair on H;, ¢ =0,1,...,k. We have the following (see Definition 1.9 for
the notion of shift-unitary pairs):
Lemma 8.6. (Vi ¢, Vay) is a shift-unitary pair.
Proof. By Lemma 8.5,

C(V10,V20) =0,

which implies that (V1,V20) is a doubly commuting BCL pair on Ho [MSS19, Theorem 6.5]. By

(1.3), the Wold decomposition for doubly commuting pairs, there is a unique orthogonal decompo-
sition of Hg into (Vi 0, V2,0)-reducing subspaces

HO = Huu @ fHus 2] Hsu 2] Hss:
where Vi g on H;; is a shift (respectively, unitary) if i = s (respectively, i = u) and Voo on H;j is
a shift (respectively, unitary) if j = s (respectively, j = u). As (Vi , V2) is a BCL pair, we must
have that
Huw = {0}.
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By the construction of Hss [JS14, Theorem 3.1], it follows that
Moo= ) VIV (ker Vi nker Vi)
m,n>0

On the other hand, Lemma 4.1 implies

EI(C(‘/LO7 V270)) = ker VlfO N ker VQ#:O
Then

Heo = D WV E1(C(Vi, Vao))-

m,n>0
Observe that
E1(C(V10,V20)) = E1(C(V1, Va)ln,) = {0},

and hence
Hss = {0}.
Thus
Huu = Hss = {0}
Hence, Ho = Hys ® Hsu and the result follows. O

Let us establish one terminology for the purpose of future reference.

Definition 8.7. Let (V1, V) onH be a compact normal pair. Let Ho be as in (8.1). The shift-unitary
part of (Vi,Va) is the pair (Vi,Va,0) defined by

(V1,0, V2,0) = (Vilno, Vala)-

Remark 8.8. Let (V1,Va2) on H be a compact normal pair. Assume that 1 = {0}. By Lemma 4.2,
we know
[V2*v Vl] =0,

and so, by Corollary 3.7, C(V1,Va) has finite rank, and consequently, it follows from Corollary 3.6
that

Cc(Vy,Va) =0.
Therefore, in this case, H = Ho and consequently

(V1,V2) = (V1,0, Vay0)-
An appeal to Lemma 8.6 immediately yields that (V1,Va2) on H is a shift-unitary pair.
The following theorem highlights all of the results achieved so far in this section:
Theorem 8.9. Let (V1,Va) be a compact normal pair on H. Define
k.= dimEl(C(Vl, VQ)) S [0, OO]
Then the following holds:
(1) There ezist k41 closed (V1, Va)-reducing subspaces {Hj}?:o such that

k
"=,
=0

where
H; = span{V{"V5' f; : m,n > 0} (j=1,...,k),
and
k
Ho=Ho (EPH,),

j=1
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and {f;}¥_, is an orthonormal basis of E1(C(V1,Va)) consisting of eigenvectors of the cross-
commutator [V, Vi].
(2) (Vi4, Vo) on H; is irreducible, where

(‘/1,1'7 VvQ,Z) = (VY1|H7,7 Vv2|7-[1)7
foralli=1,... k.
(3) (Vio,Va0) on Ho is a shift-unitary pair, where
(Vl,Oa VQ,O) = (vl"Hoa V2|7'l0)‘

We continue with the assumptions and conclusion of the previous theorem. Our aim is to analyze
the structure of the irreducible pair (Vi ,, V2;) on H; for i = 1,2,--- k. Note that the structure of
(Vi0, Vo) is clear from part (3) of the preceding theorem.

We fix an i € {1,--- ,k}, and set

Ey; = E1(C(Vi,, Vay)).
It is clear from the definition of the space H; and Lemma 4.1 that
Then
Vair Viilliem ; = 0.
Moreover, [V;Z, V1,ilfi = A\i fi implies that
0 ifA\=0
1 if A\ #0.
We first consider the case when \; = 0. In this case, [V5;, V1] = 0 and hence, (V1,V2;) on H; is
doubly commuting. By [MSS19, Theorem 6.5], C(Vi 4, V2,;) > 0 and therefore
dim E_; (C(V1,3, Va,)) = 0.

Consequently, by the second part of Theorem 3.5, we have

rankC(VM, Vg,i) = dim El,i =1.

rank[Vy';, V1] = {

Then
ker (C(V1,, VQz))L = FEy,
and hence
Wi = ker(Vi;Va,;)" = E1,; ® (W; © Ev;).

With respect to this decomposition of W;, we write
Ig, .
C(Vii, Vai)lw, = { B 0] :

As (V14,Va;) is an irreducible doubly commuting BCL pair on H; with nonzero defect operator,
it follows directly from the construction of Wold decomposition for doubly commuting pairs [JS14,
Theorem 3.1] that

Hi= D WiViiEr,
m,n>0
and Vi ; and Va; are unilateral shifts. More specifically
(Vi4, Vo) & (M., My,) on H?(D?).

Now we consider the case when A; # 0. Since rank[Vin, V1,4 = 1, an appeal to Corollary 3.7 yields
that
rankC(VLi, VQ,i) < 00,
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and consequently, Corollary 3.6 implies
(8.3) rankC(Vy 4, Vo) =3 —dim E_4 ;,
where
E_1;:=E_1(C(Vi;, Vo).
Clearly
dim F_q; < 3.
If dim E_; ; = 3, then (8.3) implies C(Vi 4, Va,;) = 0, a contradiction. Therefore,
dimE_;; € {0,1,2}.
We now consider three separate cases:
(i) Suppose dim E_; ; = 2. Since dim E;; = 1 (see (8.2)), it follows that
rankC(Vy 4, Va,) > 3.
On the other hand, it follows from (8.3) that, in this case
rankC(Vi 4, Vo) = 1,
a contradiction. Therefore
dimE_; # 2.
(ii) Suppose dim E_;; = 1. We know, by (8.3), that
rankC(Vy 4, Vo) = 2.

Thus, (V1,4,V2,) is an irreducible 2-finite pair. This class of pairs was classified earlier in
Theorem 6.3, leading us to conclude the existence of a unimodular constant « such that

o([Va, Via]) \ {0} = {a}.
(iii) Finally, if dim E_;; = 0, then (8.3) again implies that
rankC(Vy 4, Vo) = 3.

Therefore, in this case, (V1,V2;) is an irreducible 3-finite pair on #;, which was classified
in Theorem 5.6. Consequently, there exist A € (0,1) and unimodular constant 7 such that

o(C(Vii, V2,4)) N (0,1) = {A},
and
o([Vaii Vial) \ {0} = {~vA}.
Summarizing the foregoing discussion, we have:
Proposition 8.10. In the setting of Theorem 8.9, fixi € {1,...,k}. Then
rank[Vy;, V1] € {0, 1},
and we have the following:
(1) If rank{Vy';, V1] = 0, then
(Va,i, Va,i) = (M, My,) on H?*(D?).
(2) If rank[Vy,, V1] = 1, then
rankC(Vi:, Vai) € {2,3}.
(a) If rankC (Vi 4, Vo) = 2, then (Vi ;,Va;) is an irreducible 2-finite pair, and
o(C(Vii, V20)) \ {0} = {£1}, and o([Va;, V1)) \ {0} = {a}

for some unimodular constant .
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(b) If rankC(Vi4,Va:) = 3, then (Vi;,Va;) is an irreducible 3-finite pair, and there exist
A€ (0,1), and a unimodular constant y such that
J(C(Vi,i’ VQ,i)) N (07 1) = {)‘}7
and
o([Va,i, Vial) \ {0} = {M}.

In view of this, the main result concerning a complete description of compact normal pairs can
now be stated. In essence, the description is a summary of all the major outcomes in this paper so
far, specifically Theorem 5.6, and Theorem 6.3, Theorem 8.9, and Proposition 8.10.

Theorem 8.11. Let (V1,Va) be a compact normal pair on H. Define
k := dim E1(C(V4, V2)) € [0, 00].
Then there exist k + 1 closed (Vi, Va)-reducing subspaces {H;}%_, of H such that

k
H = @Hi.
=0

Set
(Vi Vi) = (Vi Valua),
foralli=0,1,..., k. Then, we have the following:
(1) (Vio,Va0) on Ho is a shift-unitary pair.
(2) For each i =1,...,k, the pair (V1,,Va,;) on H; is irreducible and is unitarily equivalent to
one of the following three pairs:
(a) (M., My) on H*(D?).
(b) (M., aM,) on H*(D) for some unimodular constant c.
(¢) (YMsls,, Myls,) on Sx where Sy is the invariant subspace of H*(D?) given by

Sy = w(HQ(DQ) @D (é}%zjs]’“"{l—uj\zw}»’

for some X € (0,1), unimodular constant v and inner function ¢ € H*(D?).

In the following section, we use this result to explain a complete set of unitary invariants for
compact normal pairs. The discourse that precedes Proposition 8.10 also gives, in particular, that
rankC'(Vy;,V2,) = 1,2, or 3,
for all = 1,..., k. This yields the complete list of irreducible n-finite pairs. More specifically:

Corollary 8.12. An irreducible n-finite pair is either 1-finite, 2-finite, or 3-finite.

Keep in mind that n-finite pairs with n > 3 still exist, but irreducible n-finite pairs for n = 1, 2,
and 3 will build them up. In particular, n-finite pairs, n > 3, are always reducible.

9. Complete unitary invariants

In this section, we analyze the main results in terms of unitary invariants. First, we note, as
already pointed out in the results obtained so far (see Theorem 5.6, Theorem 6.3, Theorem 8.9, and
Proposition 8.10), that the decomposition in Theorem 8.11 is unique (up to unitary equivalence)
and canonical. In order to be more specific, let us continue with the assumptions and outcomes of
Theorem 8.11. Recall that {f1,..., fx} was assumed to be an orthonormal basis of E; (C(V4, V2))
consisting of eigen vectors of [V, V1], where

k= dimEl(C(Vl, VQ)) S [0,00].
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Then
H; = span{ V"V fi : m,n > 0},
reduces (V1,V3) for all i = 1,..., k. Moreover, we have the remaining space
k
Ho:=Ho (PH).
i=1
Recall

(Vl,iv VQ,Z) = (‘/1|’sz V2|'Hz)v
forall i =0,1,...,k, where (V1 ,V20) on Hg is a shift-unitary pair, and for each i € {1,...,k}, the
pair (Vi 4, Vo) on H; satisfies the following properties:
(1) (Vi4, Va,;) is an irreducible 1-finite pair if and only if
(Vii, Vo) 2 (M, M,,) on H*(D?).
Moreover, in this case
rank([Vy';, V1] = 0.
(2) (Vi4, Va,;) is an irreducible 2-finite pair if and only if there exists unimodular constant « such
that
(Vii, Vai) = (M., aM,) on H*(D).
Moreover, in this case
rank[szi, Viil =1,
and
o[V, Vi) \ {0} = {a}.
(3) (Vi,4, Vo) is an irreducible 3-finite pair if and only if there exist A € (0,1) and a unimodular
constant ~ such that
(Vi,i, Vo) = (YM:ls,, Muls,) on Sh.
Moreover, in this case
rank[VQ’fi, Vigl =1,
and
o([Vai, Viil) \ {0} = {M}.
Now we turn to the problem of computing complete unitary invariants. We fix a compact normal

pair (V1,V2) on a Hilbert space H. We adhere to the conclusion and the identical notation as
presented in the preceding discussion and Theorem 8.11. Recall the notation that

k = dim E1(C(V1, Vo).
Suppose
k> 0.
We construct a sequence
w1y = {aiti € C,
as follows:

Q=

0 if rank[V5,, V1] =0
o (Vo Via) \ {0} if rank[V57;, V1 ;] = 1.
If
k=0,
then we define
Qvy,v5) = empty sequence.
The cardinality of the sequence {a;} is the number k = dim F; (C(V1, V2)).
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Definition 9.1. The sequence
k
Qv Vve) = {ai}izl - C,
is referred to as the fundamental sequence associated to the isometric pair (Vi,Va).
The term “fundamental sequence” finds its rationale in the fact that this sequence is determined
by the action of the cross-commutator on the fundamental building blocks consisting of irreducible

n-finite pairs, n = 1,2, 3. In terms of fundamental sequence, the discussion at the beginning of this
section results in the following:

(1) a; = 0 if and only if
(Vi Vo) = (M., M,,) on H*(D?).
(2) |a;| =1 if and only if
(Vii, Va,i) = (Mz, 6;Mz) on H*(D).
(3) 0 < || < 1if and only if
(V14, Vo) on H; =2 (YM,|s,, My|s,) on H*(D?),
where A € (0,1), and + is a unimodular constant such that Ay = a;.

Therefore, we have the following;:

(‘/I‘Héa‘/é”].[é> = M, ® My @ Ms,

where
My = @ (MZ7M’LU)5
{i:e;=0}
and
My = @ (MZ,O?iMZ),
{&:|evi|=1}
and
My = . (ViMz|s,,, Muls, ).

{:0< ]| <1 with a; =X,
Ai€(0,1),]vil=1}
In summary of the above discussion, the shift-unitary part, along with the fundamental sequence,
serves as a complete unitary invariant for compact normal pairs. More formally:

Theorem 9.2. Let (V1,Va) be a compact normal pair on H. Let

Qv Ve) = {O‘i};’c:la

denote the fundamental sequence associated to (V1, V) with cardinality k € [0, 00]. Also, let (V1,0, Vap)
on Hy denote the shift-unitary part of (V1, V).

(i) Then

(VI‘H(J)-a ‘/2’7.[6-) = My @ My @ Ms,

where M;, i =1,2,3, are defined as above. i

(i) Let (V1,Va) onH be another com{?act normal pair. Suppose fy(%,‘:@ = {dﬂile is the associated
fundamental sequence with cardinality k € [0, 00]. Assume that (V10,Va0) on Ho denotes the shift-
unitary part of (V1,Va). Then the following are equivalent:

(1) (‘/’17‘/2)%(‘717}72)'~ e

(2) V10, V20) = (Vio, Vao), and [V Villyy,r = [Va , Vil 1

(3) Vi, Vo) = (VLO, ‘7270), k =k, and there exists a permutation o of {1,2,--- ,k} such that

ai:o?g(i) (i=1,2,~--,k‘).
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Our aim in the following remark is to examine the unitary equivalence of the shift-unitary parts
of compact normal pairs (more specifically, the first part of (3) of the above theorem). We assert
that this part is the simplest of the entire equivalence problem.

Remark 9.3. Let (V1,V2) be a shift-unitary pair on a Hilbert space H. First we write the two
summands of reducing subspaces as (see Definition 1.9)

H= Hus @ Hsu-

By symmetry, it is now evident to explore unitary equivalence of (Vi|y..,, Valn.,). More generally,
we consider a commuting pair (Wi, Wa) on a Hilbert space K such that Wy is a shift and Ws is a
unitary. Therefore, there exist a Hilbert space W and a unitary U : IC — H)%V(]D)) such that (refer to
the discourse given at the outset of Section 2)

UWy = M,U.

Since Wy is a unitary commuting and x-commuting with the shift W1, it follows that a constant
function yields the analytic Toeplitz representation of Wa on H)%V(]D)) In other words, there exists a
unitary operator W € B(W) such that

UWa = (Ip2my @ W)U.
Therefore, the pair {W, W} is a complete set of unitary invariants for shift-unitary pairs of the above
type.
Given the outcomes of this paper, we are compelled to pose the following natural question:
Question 1. Classify isometric pairs (V1,Va) acting on Hilbert spaces such that
V5, Vi] = compact.

It perhaps necessitates different methodologies. As far as the present methodology is concerned,
our approach involved identifying a complete list of irreducible compact normal pairs and thereafter
representing a typical compact normal pair as a direct sum of them. In the present paper, the
irreducible n-finite pairs, where n is equal to 1,2, and 3, as well as the shift-unitary pairs, have
served as distinguished building blocks.

An essential step in answering the question might include identifying certain irreducible pairs of
isometries that satisfy the above compactness condition. A further strategy could involve incorpo-
rating the defect operator of isometric pairs, as was demonstrated in this paper. Defect operators are
indeed very significant; however, they alone do not provide substantial information about pairs. For
instance, consider the pairs (M, M,) and (M.,yM.) on the Hardy space H?(D), where

v e T\ {1},
is a fixed scalar. An easy computation yields
C(M,,M,)=C(M,,vM,).

However, it is easy to see that (M., M,) and (M,,yM,) are not jointly unitarily equivalent. As
observed earlier, these are the examples of 2-finite pairs. Some of the results of the present paper
could also be helpful in answering the above question. For instance, Theorem 3.5 is true for all
isometric pairs.

Question 1 has an n-variable analogy, n > 2. It is important to note, nevertheless, that operator
and function theory depart considerably when n rises from two to three or even larger.

Question 2. Classify n-tuples, n > 2, of commuting isometries (V1,...,Vy) acting on Hilbert spaces
such that
V¥, V] = compact,
or
Vi, V;] = compact and normal,
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for all i # 7.
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