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ABSTRACT. We solve the Nevanlinna-Pick interpolation problem on the open unit ball of
C™. Our solutions signify the role of inner functions on the unit ball, objects whose existence
was once in doubt, and to which Aleksandrov, Rudin, Sibony, and others made fundamental
contributions. The results also reveal the importance of extremal functions, which emerge
as natural analogues of finite Blaschke products in the unit ball. This viewpoint is illus-
trated by a Carathéodory approximation theorem and a unit ball analogue of Pick’s theorem:
every solvable interpolation problem admits an extremal function solution. We also solve
the commutant lifting problem, where both inner functions and extremal functions play a
fundamental role. These results resolve several well-known problems on the unit ball.
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We write B! = D. Let H>°(B") denote the Banach space of all scalar-valued bounded analytic
functions on B". The space H>(B"), endowed with the sup norm || - ||«, is a commutative
Banach algebra. Denote the closed unit ball of H*(B") by

SB") = {p e H*B") : [pllo < 1}.

The elements of S(B") are called Schur functions.

By interpolation data (or simply data), we mean two sets Z and W, where Z = {z;}", is a
set of m distinct points in B”, called the interpolation nodes, and W = {w; } is a collection
of m scalars in D, called the target values.

n

Problem 1 (Nevanlinna—Pick interpolation problem). Given data Z = {z;}/*; C B" and

W = {w;}; C D, determine when there exists a function ¢ € S(B") such that
p(zi) = w,
foralle=1,...,m.

If such a function ¢ € S(B™) exists, then we say that the interpolation data Z and W solve
the Nevanlinna—Pick interpolation problem, or simply the interpolation problem. In this case,
© is called an wnterpolant, and we say that ¢ interpolates Z and V. To avoid trivialities, we
always assume that the number of nodes satisfies

m > 1.
The extremal problem imposes additional restrictions on the interpolants:

Problem 2 (Extremal problem). Determine when the data Z = {z;}1*, C B™ and W =
{w;}™, C D solve the interpolation problem with the property that every ¢ € S(B") inter-
polating Z and W satisfies

[@lloe = 1.

The interpolation problems described above have long been of central importance in several
areas of mathematics and certain branches of engineering. The problem of characterizing
interpolation on B" has remained open for many years, and in this paper, we provide a
complete solution. Our approach, however, goes considerably further. We establish the
significance of extremal functions as analogues of finite Blaschke products on B"™ and develop
an approximation theory that in particular extends the classical Carathéodory theorem from
D to B™. This is developed, in particular, as a consequence of our solution to the Pick problem
on the unit ball. We show that inner functions provide a powerful tool in interpolation and
play a fundamental role in our development of the theory. Their importance in one-variable
function theory is well known; however, on B", even their existence was uncertain until the
pioneering work of Aleksandrov [4] (also see Rudin [41]).

We briefly review the classical results on interpolation problems. When n = 1, Problem 1
was solved independently by Nevanlinna [34] and Pick [36] in the 1910s:

Theorem 1.1 (Nevanlinna-Pick interpolation theorem on D). There exists ¢ € S(D) such
that o(z;) = w; for alli=1,...,m, if and only if the m x m Pick matriz
[1 — wiw_j}
1— ZZZ_] m><m7

1S positive semi-definite.
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Now we turn to the extremal problem, which is especially intriguing due to its close con-
nection with classical function theory. We collect all the extremal solutions:

EB") = {p € S(B") : ¢ solves some extremal problem}.

Functions in this class are called extremal functions. In the case n = 1, an interpolation
problem is extremal if and only if its solution is unique and is given by a finite Blaschke
product (cf. [3, page 77]). In particular, we have

(1.1) £(D) = {finite Blaschke product}.
Recall that a finite Blaschke product is a function of the form

. H Z — CVJ
|O‘/J| 1 —a;z
where a4, ..., a, € D and p € N. Finite Blaschke products play a fundamental role in function

theory. We highlight two results that illustrate their significance and are particularly relevant
in our several variables context. The first is a classical result of Pick:

Theorem 1.2 (Pick’s theorem on D). Suppose the data Z = {z;}7; CD and W = {w;}I*, C
D solve the interpolation problem. Then there exists

be&D),
that interpolates Z and VV.

By (1.1), we know that b is a finite Blaschke product. The second is a classical result of
Carathéodory [9]:

Theorem 1.3 (Carathéodory’s theorem on D). Let ¢ be a nonzero function in S(D). Then
there exists a sequence of finite Blaschke products {by}r € E(D) such that
lim b, = ¢,

k—o0

uniformly on compact subsets of D.

A very closely related instance concerns inner functions on B", specifically when n > 1.
Let S™ = 0B". A function ¢ € H*(B") is said to be inner if

(O =1,

for almost every ¢ € S™ (in the sense of K-limits; see Rudin [43] or Section 4). We write
Z(B") ={p € H*(B") : ¢ is inner}.

In one variable, finite Blaschke products are the simplest examples of inner functions. In
contrast, on B™, n > 1, there is no comparable description or understanding of finite Blaschke
products, let alone inner functions in general. Indeed, for a long time, it was widely con-
jectured that no nonconstant inner functions exist on B"”, n > 1. This belief persisted until
1981, when Aleksandrov [4] exhibited the existence of such functions (they are pathological);
shortly thereafter, Low [28] independently established their existence (also see Hakim and
Sibony [20]; and see Rudin’s historical comments in [42]). Even more surprisingly, despite
their pathological nature, such functions exist in enormous abundance (see Aleksandrov [4]
and Rudin [42]):
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Theorem 1.4 (Aleksandrov-Rudin theorem on B"). Let ¢ € S(B™) be a nonzero function.
Then there ezists a sequence {@r} C Z(B™) such that

lim ¢ = ¢,

k—o0
uniformly on compact subsets of B", and

lim @kfda:/ ofdo,
gn n

k—o0

for all f € L'(S™), where do denotes the normalized surface measure on S™.

In contrast to the scarcity of concrete examples of inner functions, there is an abundance
of extremal functions [27]. We view extremal functions as the natural analogues of finite
Blaschke products on B". Indeed, when n = 1, as pointed out in (1.1), these two classes
coincide. From this perspective, we establish the following generalization of Pick’s result
from D to B™ (see Theorem 2.1):

Theorem 1. Let Z = {z}7", CB" and W = {w;}*; C D be data with W # {0}. If Z and
W solve the interpolation problem, then there exists an extremal solution
v € E(B"),
that interpolates the data Z and W.
As an application of this result, we establish the following extension of Carathéodory’s
theorem from D to B". Note that this result is also in the spirit of Aleksandrov and Rudin’s

theorem on B", except that the class of inner functions is replaced by the class of extremal
functions (see Theorem 2.2):

Theorem 2. Let ¢ € S(B") be nonzero. Then there is a sequence {p} C £(B") satisfying
lim ¢, = ¢,
k—ro0

uniformly on compact subsets of B"”. Furthermore,

lim gpkfdaz/ of do,
Sn n

k—00
for all f € L*(S™).
The Aleksandrov-Rudin theorem, together with the above yields:
ITB”)(M*L‘X’(S”)) _ W(W*LM(S")) — S(BY).
Therefore, we now have two distinguished classes of functions that approximate Schur func-
tions: Z(B™) and £(B™). Theorem 1 highlights the role of the class of extremal functions

in the interpolation problem, while the following result does the same for the class of inner
functions (see Theorem 7.5):

Theorem 3. Let Z = {z}7, C B” and W = {w;}!”; C D be interpolation data. Then Z
and W solve the interpolation problem if and only if there exists a sequence of inner functions

{¢r} € Z(B™) such that
tim ez =

forall j=1,...,m.
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We remark that part of this paper, including several results, examples, and counterexam-
ples, relies on the theory of inner functions developed by Aleksandrov [4] and Rudin [42].
Extremal functions play a similarly important role throughout the paper.

In addition to the above, we present several other characterizations of the interpolation
problem, which are collected in Theorem 7. The significance of the preceding result lies in the
way it highlights the inherent complexity of the interpolation problem and its deep connection
to the subtleties of function theory on B", n > 1.

Another approach to our solution of the interpolation problem follows in the footsteps of
Sarason [45]: we first establish a commutant lifting theorem for H*(B"), the Hardy space
over B", and then use it to resolve the interpolation problem. We further characterize those
interpolation problems that are extremal. It should be noted that the commutant lifting
theorem for H%(B"), in the case n > 1, is itself an important and challenging problem. Recall
that H?(B") consists of all analytic functions f : B" — C satisfying

1

|fl :== <Osup |f(TC1,...,rCn)|2d0>§<oo.

<r<1l.Jsn

Each ¢ € H*(B") defines a multiplication operator T, on H?*(B") given by

T,f=¢f (f€HB"),

with the property that |7, || = ||¢[/c. The operator T, is also known as the analytic Toeplitz
operator with symbol ¢. The coordinate functions ¢ = z; give rise to the special multiplication
operators T.., i = 1,...,n. We have the fundamental commutation property:

{T.,,....1T..} ={T, : p € H*(B")}.
A closed subspace Q of H?(B") is called a quotient module [11, 12, 19] if for each i = 1, ..., n,
T;QCQ,
Given a quotient module @ C H?*(B") and a function ¢ € H*(B"), we define S, on Q by
S = PoTylo,

where Pg denotes the orthogonal projection of H?(B") onto Q [12]. We always assume that
Q # {0}. Of particular interest are the operators S,,, where

Szif = PQ(Zif)v
for all f € Qandi=1,...,n. We say that an operator X € B(Q) is a module map if
XS, =5.X,

for all = 1,...,n. Given a Hilbert space H, we denote by B(#) the space of all bounded
linear operators on H, and we set

Bi(H) ={T € B(H) - ||| < 1}-

With this terminology and structure in place, we can now formulate the commutant lifting
problem as follows:

Problem 3. Let Q be a quotient module of H?(B"), and let X € B;(Q) be a module map.
When does there exist a Schur function ¢ € S(B") such that

X =5,7
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Equivalently, this is a question about the commutativity of the following diagram, together
with the additional requirement that ¢ € S(B"):

T‘P
H?*(B") ————— H?*(B")

Q e Q
where ig : @ — H?*(B") denotes the inclusion map (here we note that S, = i5T,ig). If
such an operator X € B;(Q) admits a representation X = S, for some ¢ € S(B"), then we
say that X admits a [lift, or that X admits a [ift to T,,, or simply that X is liftable.
When n = 1, Sarason’s seminal work asserts that every such module map X € B;(Q)
admits a lift [45]. Moreover, the lift is norm preserving: there exists ¢ € S(D) such that
X =S, and

(1.2) X1 = [l lloc-

Sarason applied his lifting theorem to certain finite-dimensional quotient modules, thereby
recovering the Nevanlinna—Pick interpolation theorem. Now we turn to several variables. In
what follows, unless otherwise stated, the case of n = 1 will also be included in the discussion.

First we establish the essential tools that would be needed for the lifting theorem. For
S C L*(S"), let S denote the set of all conjugate functions of elements of S:

Semi — (F . f e S},

where f denotes the conjugate of f. In view of K-limits, we shall, when convenient, identify
H?(B") with H?(S™) without further explanation (cf. Section 4), where

L2(S™)

H*(S") =Cla1, .-+, 24
Next, we define the space of “mixed functions” (also see [13]):
M(S") := L*(S™) © [H*(S™) + H?*(S™)“"].
Note that M(T) = {0}, where S! = 9B = T. This space admits a convenient decomposition

in terms of harmonic homogeneous polynomials in the sense of Rudin [43, Chapter 12], which
will be outlined in Section 13. Define the space of Hardy functions “vanishing at 0" as
Hg(S") = H*(S") © {1}.

Let Q be a quotient module of H?(B"), which, in view of K-limits, we may regard as a closed
subspace of H?(S"), as noted above. We consider Q" M (S"), and HZ(S") as subspaces of
L'(S™) and define

Mg = QY H[M(S")+H(S™)].
where + denotes the skew sum in the Banach space L'(S™).

We now return to the inner and extremal functions. Throughout the paper, A(B") denotes
either Z(B") or £(B"). Let S C L'(S"), p € S(B"), and let {¢x} be a sequence in A(B").
We say that

w* — lim ¢ = on S,
k—o00
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if for every f € S, we have

lim orpfdo = / pfdo.
k—o0 N sn

The following is a summary of all the commutant lifting theorems obtained in this paper.
These results also apply to the case n = 1 (but there will be exceptions like Theorem 11.5),

and hence many of them are new even in the single-variable setting.

Theorem 4. Let Q be a quotient module of H?(B"), and let X € B;(Q) be a module map.
Set
= X(Pol).
The following conditions are equivalent:
(1) (Commutant lifting) X admits a lift.
(2) (Perturbations) There exists ¢ € S(B") such that

v—p e Q.
Moreover, in this case X = S,.
(3) (Qualitative property) Xo : (Mg, ||.]]1) — C is a contraction, where

Xof = . Yfdo  (f € Mg).

(4) (Quantitative property) dist i (gn) (ﬁ,%) > 1, where
2
Mg = [ & {G}HM(S")+HH(S)).
(5) (Inner functions - I) There exists a sequence {¢x} C A(B") such that
w* — lim ¢ =1 on Mg.
k—o0
(6) (Inner functions - IT) There exists a sequence {¢;} C A(B") such that
w* — lim ¢}, = 1) on Q"
k—ro0

In the context of the above theorem, we further point out that Lemma 5.2 yields the
following identity: -

ker Xo = Mo.

The equivalence of (1) and (2) is less involved, yet it plays a central role in establishing the
remaining equivalence conditions as well as several other results in this paper. Moreover, the
perturbation property in (2) is connected, perhaps coincidentally, with Rudin’s perturbation
theorem for inner functions [42], a connection that we will explore further in Section 11.

The above quantitative and qualitative properties of lifting also appear in the polydisc
setting [13], which we will elaborate on in Section 13.

Following Sarason (1.2), a natural question is whether module maps on quotient modules
of H?(B"), n > 1, admit norm-preserving liftings. The situation in several variables, however,
changes drastically. Using a function-theoretic result of Rudin concerning the Smirnov class
for n > 1, we obtain the following somewhat unexpected result (see Corollary 9.4):

Theorem 5. Let X be a nonconstant module map acting on a finite-dimensional quotient
module Q@ C H?*(B"). If

n>1,
then X does not admit a norm-preserving lift.
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In fact, we have the following characterization of norm-preserving liftings of module maps
on finite-dimensional quotient modules (see Theorem 9.5 and Corollaries 9.6 and 9.7):

Theorem 6. Suppose n > 1. Let Q C H?*(B") be a finite-dimensional quotient module and
let X € B1(Q) be a nonconstant module map. Consider the functional Xg : (Mg, ||-|l1) = C
as in the qualitative part of Theorem 4. The following are equivalent:

(1) X has a norm preserving lift.
(2) [IX]] = I Xell-
(3) n=1.

A key ingredient in the proof of the above theorem, and indeed of many subsequent results
in this paper, is the norm formula for the functional Xg. Namely, in the setting of Theorem
4,if X € B1(Q) admits a lift, then (see Theorem 4.5)

[ Xoll = inf{[l¢ll : ¢ € S(B") and X = S, }.

In particular, || Xg|| equals the minimum possible H*°(B™)-norm among all symbols repre-
senting X. This identity is intriguing and shows that the choice of the functional Xg is
appropriate and holds further potential for related problems.

Now we turn to a detailed presentation of our solution to the interpolation problem. It
is important to emphasize that a Pick matrix-type characterization for Schur function inter-
polants is generally not expected in several variables, since such criteria are intrinsically tied
to complete Nevanlinna—Pick kernels [2, 32, 37]. In contrast, the Szegd kernel K, on B",
which is central in the Schur function framework, is not a complete Nevanlinna—Pick kernel
except for the case of n = 1. Recall that K, : B" x B"” — C is defined by

Koz, w) = (1= (z,w))™",

where (z,w) = Y I, zw; for all z,w € B". For each w € B", the Szegd kernel function
K,(-,w) € H*(B") is defined by

(Fn (-, w))(2) = Ka(2,0),

for all z € B". Given interpolation data Z = {z}7"; C B" and {w;}[*; C D, define m-
dimensional quotient module Qz C H?*(B") by

Qz =span{K,(-,2;):j=1,...,m}.

Also, define a function

(13) Q/JZ,W = ZCan(',Zj).
j=1
where the scalars {c;}7_, are given by
c Kn(z1,21) .. Ku(z1,2m) -1 wy
Cm Kn(zm,z1) oo Kn(zm, 2m) Wy

The inverse makes sense, since the matrix in question is a Gram matrix. There are two
notable features that immediately make this function particularly distinguished:

(1) ¢z interpolates the prescribed data; that is, for all i =1,...,m,

wZ,W<Zi) = W;.
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(2) 1z is rational, with all poles lying outside B".

This function plays a significant role in a number of interpolation results developed in this
paper, which are summarized in the following theorem:

Theorem 7. Let Z = {2z}, C B" and W = {w;}*;, C D be interpolation data. Consider

the function
m
vzw =Y K
j=1

as defined in (1.3), where the scalars {ci, ..., ¢, } are given by
C1 w1y
= [Kn(z:20) :
Cm W,
and define

= [QF™ © {$z W} HIM(S")+HG (S")].
The following conditions are equlvalent.

(1) (Interpolation) Z and W solve the interpolation problem.
(2) (Qualitative property) Iz : (Mg, | - |l1) = C is a contraction, where

Hzwf = . Yzwfdo  (f € Mg,),

and

— QYIHM(S")FH(S"))

(3) (Quantitative property - I) dist 1 (gn <”¢ W||2,MQZ>

(4) (Quantitative property - II) dist1(gn) ( |w B ij ", %) MQZ>
z 1 ?

(5) (Inner functions) There exists a sequence of inner functlons {¢or} C Z(B™) such that
for each j =1,...,m,

Jim o1 (25) = w;-

The distance formula appearing in the quantitative part of the above theorem, as well as
in Theorem 4, is reminiscent of the classical Nehari theorem [33] (see the discussion following
Corollary 7.3).

The fact that the distance appearing in the above interpolation theorem is equal to one
has an important implication. In one variable, extremal problem is closely related to finite
Blaschke products (see (1.1)). In several variables, however, finite Blaschke products remain
elusive. Nevertheless, we have the following result (see Theorem 10.1):

Theorem 8. Let Z = {z;}*, C B" and W = {w;}*; C D be interpolation data. Consider
the notation introduced in Theorem 7. Then the followmg are equivalent:

(1) Z and W admit an extremal solution.
(2) [Tz wll = 1.

(3) diStLl(Sn) (HJJH%’ ) =
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We adopt a normalization technique and apply our lifting theorem to obtain the following
result, which directly connects solutions to the interpolation problem with solutions to the
extremal problem (see Corollary 10.3). We consider the notation introduced in Theorem 7:

Theorem 9. Let m > 1. Let Z = {z;}*, C B” and W = {w;}["; C D be interpolation data,
with W # {0}, and suppose that Z and W solve the interpolation problem. Define

Azw = inf{||n|le : n € S(B") interpolates Z and W}.
Then there exists an extremal function ¢ € £(B™) such that

AZ,WQ@

interpolates Z and V. Furthermore, Az )y¢ is a minimum-norm interpolant for the data Z
and W.

Kosinski and Zwonek [27, Theorem 2| provide a certain description of the solution set for the
three-point extremal problem. Consequently, whenever a three-point interpolation problem
is solvable, Theorem 8 yields an explicit interpolant obtained by scaling a function from the
extremal solution set of Zwonek and Kosinski by a factor in (0, 1] (see Theorem 12.1).

We remark that the theory of Hilbert function spaces in several variables is of different
levels of intricacy on B"” than on the polydisc D™. While solutions to the interpolation and
commutant lifting problems in the polydisc setting have been developed in the recent paper
[13], as well as in several earlier works that established results of considerable depth and
influence [1, 6], the literature contains virtually no comparable attempts, let alone partial
results, within the framework of Schur functions on B™ (however, see [14, 27]). This disparity
also reflects the greater complexity of the function theory associated with Hilbert function
spaces on the ball (see Section 13 for more comments).

In particular, the connection between quotient modules of H?*(B") and inner functions
developed here reveals a fundamental distinction between B™ and D”. A central theme of
this paper is the study of the interplay between interpolation problems, inner and extremal
functions, and their approximation properties on B". This interplay reflects the inherent
complexity of Hilbert function space theory in the setting of the unit ball.

The remainder of the paper is organized as follows. Section 2 is devoted to the Pick and
Carathéodory theorems on B". Sections 3, 4, 5, and 6 present several characterizations of
commutant lifting. Section 7 addresses solutions to the interpolation problem, while Section
8 provides some solutions to the Carathéodory-Fejér interpolation problem. Norm-preserving
lifting is discussed in Section 9, and Section 10 is devoted to solutions to the extremal problem.
Sections 11 and 12 are mostly examples of lifting and interpolation. The paper concludes with
a final remarks section in Section 13.

2. Pick AND CARATHEODORY THEOREMS ON B”

In this section, we establish two results that extend the classical theorems of Pick and
Carathéodory from D to B™. We begin by recalling the extremal problem (see also Section

1).
Given interpolation data Z = {z;}/, C B" and W = {w;}", C D, we say that Z and W
solve the extremal problem (or, more specifically, the m-point extremal problem) if:

(1) (Interpolation) Z and W solve the interpolation problem.
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(2) (Extremal) If ¢» € S(B") interpolates Z and W, then
[Pl = 1.

For each natural number m € N, we denote by &,,(B") the set of all solutions to the m-point
extremal problems:

En(B") = {p € S(B") : ¢ solves some m-point extremal problem}.

Define
EB") = | &nB).
meN
Elements of £(B") are called extremal functions. The classical one-variable case n = 1 is of
particular interest. In this case, we know that (recall (1.1))

&(D) = {finite Blaschke products}.

In fact, in the classical one-variable setting, an interpolation problem is extremal if and only
if the associated Pick matrix is positive semidefinite but not positive definite [3, Chapter 6].
Moreover, in this case, the extremal solution is unique [3, Theorem 6.4].

There is another interpretation of the set £(ID) due to Pick: If the data Z = {z;}I*, C D
and W = {w;}™, C D solve the interpolation problem, then there exists

be &),

such that b interpolates Z and W. As noted above, ¢ is a finite Blaschke product (see
Theorem 1.2). Finally, we recall the classical Carathéodory theorem (see Theorem 1.3): Let
¢ € S(D). Then there exists a sequence {bz} C £(D) such that

lim b, = ¢,

k—oo
uniformly on compact subsets of D. Again, as noted above, b;’s are all finite Blaschke prod-
ucts. We now consider the general case n > 1. Here, in contrast to the classical one-variable
case, there is no satisfactory analogue of finite Blaschke products. We therefore replace finite

Blaschke products by the class of extremal functions. Viewed in this light, the following
theorem may be regarded as an extension of Pick’s theorem from D to B”.

Theorem 2.1. Let Z = {z}i~; € B" and W = {w;}}2, C D be data with W # {0}. If Z
and VW solve the interpolation problem, then there exists an extremal function

p € EB"),
that interpolates Z and W .

Proof. Without loss of generality, assume that the interpolation problem is not extremal.
Define
Szw = {p € S(B") : ¢ interpolates Z and W}.

Since Z and W solve the interpolation problem, by our assumption, it follows that

Szw # 0.
Pick
Zm+1 € B" \ {z1,..., 2m},
and define

M = sup |@(Zmi1)l-
PESzW
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Clearly, M <1 (as Sz v € S(B")). We claim that
M > 0.

Since the interpolation problem in non-extremal, there exists ¢ € Sz such that

el < 1.
If o(zms1) # 0, then M > 0. Therefore, assume that
@(2m+1) = 0.
Choose a polynomial p € C|zy,. .., z,] such that
pllc =1,
and
p(ZZ) =0,
foralli=1,...,m, and
P(zm+1) # 0.
Since [|¢|lo < 1, there exists ¢ > 0 such that
@]l <1,
where
p=p+ip

Clearly, ¢ interpolates Z and W; that is, ¢ € Sz . Also, P(2zm41) = tp(2m+1) implies that

B(zms1) # 0. Then
M Z ’@(2m+1>‘ > O,

proving the claim that M > 0. There exists a sequence {¢,} C Sz)y such that
lim [, (2my1)| = M.
r—00

Since ||¢rlloo < 1, for r > 1, the sequence {¢,} is uniformly bounded. Hence, by Montel’s
theorem, there exists a subsequence {¢,,} that converges uniformly on compact subsets of
B"™ to some function #. By Weierstrass’ theorem, it follows that 6 is analytic on B". On the

other hand, since |¢,, (2)] < 1 for all k, we have |6(z)| < 1 for all z € B", that is,
6 e S(B").
Moreover, {p,, } C Sz implies
or(25) = wj,

for all k € N and for all j =1,...,m. Since ¢,, converges pointwise to 0, it follows that

Pr(25) = 0(z)),
and therefore
0(z;) = wj,
for all 7 =1,...,m. This proves that 6 € Szy. Let
Wm+1 = Q(Zm—‘rl))
and define data Z and W by N
Z=Z2ZU {Zm+1},

and .
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Clearly, # € S(B") interpolates Z and W. We claim that Z and W solve the extremal

problem. Suppose n € S(B") interpolates Z and W. We claim that ||7]js = 1. Suppose, to
the contrary, that

17lloe < 1.
Once again, choose a polynomial p € C[zy, ..., z,| such that
1Pl = 1,
and
p(2:) =0,
foralli=1,...,m, and
p(2mt1) # 0.

On the other hand,
Pry, (Zerl) — Q(zm+1> = Wm+1,
together with
|y (Zmy1)| = M,

implies
|wint1| = [0(zms1)| = M.
Therefore,
Wm+1
> 0.
‘p(zm+1>

Since 1 — ||n]|c > 0, we may choose A > 0 so that

0< )\‘ L2 O AT

p<zm+1)
Set w

)\0 _ )\ m+1 ’

P(Zmi1)
and define
Y =1+ Aop.

Fori=1,...,m, we have 9(z;) = w;, and also

[l < Mllloo + Aol < llnlloc +1 = lInlloc = 1.
Thus ¢ € Sz)y. Moreover, we have
[0 (zmr1)| = [1(zme1) + Aop(zmi1)]
= ‘merl + )\op(zm+1)|
= ‘wm“ + )\wm+1|
= (14 \)|wns1]
> ‘wm-‘rl‘
= 10(zm 1)l

Therefore, we have

M= sup |@(zms1)| = 10(zmi1)| < |¢(2m11)
PESz W

)
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which contradicts to the fact that ¢ € Sz ). Therefore,
17lloe = 1.

By construction, 6 € Sz ;5. Since the data Z and W define an extremal problem, it follows
that 6 is an extremal solution. In particular, 6 € &,,,1(B"). Consequently, § € £(B™) and 6
interpolates Z and W. This completes the proof of the theorem. O

The “one-point extension” approach adapted in the proof bears some resemblance to an
argument of Garnett [17, p. 133, Corollary 1.9]. It is therefore worthwhile to compare the
present theorem with Garnett’s result. Such a comparison is especially intriguing because
Garnett’s argument is based on the theory of dual extremal problems, a line of investigation
originating in the work of Havinson [21, 22|, Macintyre and Rogosinski [29], and Rogosinski
and Shapiro [40].

We now prove a Carathéodory theorem on the ball. Recall that a sequence of functions
{er} C E(B™) is said to converge to a function ¢ in the weak*-topology of L>(S") if

lim orpfdo = / pfdo,
sn sn

k—o0
for all f € L*(S").
Theorem 2.2. Let 0 € S(B") be nonzero. Then there is a sequence {¢r} C E(B™) such that
li =
Jig v = 0.
uniformly on compact subsets of B™. Moreover, this convergence also holds in the weak*-
topology of L>(S").
Proof. Fix a countable dense subset {z; : j € N} of B". For each j € N, define
'U}j = Q(Zj).
Since 6 € S(B"), we know that
{w; :j e N} CD.
For each m > 1, consider the interpolation data Z,, and W,, defined by
Zm = {zj }sz
and
Wi = {wj }Tzl
Evidently, Z,, and W, solve the interpolation problem, since 6 itself is an interpolant function.
By Theorem 2.1, for each m € N, there exists a function ¢, € &, (B™) C £(B") such that ¢,
interpolates Z,, and W,,. Given that
[omllee =1,
for m € N, we conclude that {p,, : m > 1} is a uniformly bounded sequence of analytic
functions. Therefore, by Montel’s theorem, there is a subsequence {¢;,, } and a function
7 : B" — C such that
lim ¢, =1,
k—o00
uniformly on compact subsets of B". As noted in the proof of Theorem 2.1, we have n € S(B"),
and

lim ¢, (2) = n(z),

k—o0
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for all z € B".
Fix j € N. Since {my} is a strictly increasing sequence of naturals, there exists a ky € N such
that

my Z ju
for all & > ky. We know that the function ¢,,, interpolates the data Z,,, and W,,,. For each
k > kg, in particular, since 1 < j < my, it follows that

mek(zj) = Wj.
Since w; = 6(z;), we have
Pmy, (ZJ) = 8(’23')7
for all k > kq. Thus, passing to the limit (noting that ky depends only on j) we obtain
lim ¢, (2;) = 0(z).

k—o0

Therefore, we conclude that
0(z;) = n(z),
for all j € N. Since {z; : j € N} is dense in B", by continuity of n and 6, it follows that

n=40.

The first part of the theorem follows by relabeling the subsequence ¢,,, as ¢ for all £ € N.
Given the proof of the first part, the second part of the result is now easy and follows exactly
as in part (b) of [42, Theorem 5.3]. This completes the proof of the theorem. O

In view of the identification of £(D) with the set of all finite Blaschke products in the
classical n = 1 case, as pointed out in (1.1), the above result can be seen as a unit ball version
of the Carathéodory theorem. This can also be considered as an extremal function version of

the Aleksandrov-Rudin theorem (see Theorem 1.4 or [42, Theorem 5.3]).

3. CHARACTERIZATIONS BY PERTURBATIONS

We now turn to quotient modules of H?(B") and present a criterion for commutant lifting.
Let Q be a quotient module of H?(B"). In the context of Problem 3, observe that if X := S,
for some ¢ € S(B"), then

IXI =191 = 1PeTsloll < llpllee < 1,

that is, X € B1(Q). Moreover, it is evident that X5,, = 5., X for all i = 1,...,n. Thus, S,
is a contractive module map on Q. Therefore, the commutant lifting problem is concerned
with establishing the converse: whether a contractive module map on Q necessarily arises as
a compressed multiplication operator by a Schur class function.

In this section, we present a solution to this problem that is technically less involved,
yet it will play an important role in addressing the relatively more involved results that
follow. At the same time, the solution provided here reveals a perturbation property that is
of independent interest. To avoid trivialities in the lifting problem, we assume throughout
the paper that all quotient modules @ and module maps X € B(Q) under consideration are
nonzero; that is,

(3.1) Q # {0} and X # 0.
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We begin with some notation. Given n commuting operators {T;}"_; acting on a Hilbert
space H, and k = (ki,...,k,) € Z, we write

Similarly, we write 2% = 28 ... 2hn,

Let Q be a quotient module of HQ(]B%”) that is, Q is a closed subspace of H?(B") satisfying
29+ C Ot foralli = 1,...,n. We give a special attention to the function Pol € Q. This
function is of particular interest, as it is a joint cyclic vector in the sense of quotient modules.
That is,

(3.2) Q = spam{S(Pol) : k € Z1}.
To see this, for each k € Z7, we compute
S¥Pol = PoTF|gPol = PoTFPgl = PoTF1 = Poz”.
The claim now follows from the fact that
H?*(B") = span{z" : k € Z7}.

A closed subspace S C H?(B") is called a submodule if S* is a quotient module of H?*(B").
Equivalently, S is a joint invariant subspace under coordinate functions:

ZngS,

for all i = 1,...,n. We state a well-known result: Let S be a closed subspace of H?*(B").
Then S is a submodule if and only if

(3.3) pS C S,

for all ¢ € H*(B"). It is well known that the structure of submodules and quotient mod-
ules of H?(B") is complicated, and unlike the case n = 1 (which is covered by Beurling’s
theorem and the classical Sz.-Nagy—Foias model theory [31]), no satisfactory characterization
or understanding is available. This complexity presents a major obstacle in understanding
the several-variable commutant lifting theorem as well as the interpolation problem (and
vice versa as well). Our first characterization of commutant lifting for contractive module
maps relies on perturbations of certain natural functions and establishes a connection with
submodules of H?(B").

We present the lifting theorem for a more general framework. We consider subalgebras
of H*(B") for lifting maps; more specifically, we consider the ball algebra A(B™), since this
closed subalgebra of H>(B") will be used in subsequent results. Recall that A(B") is the
Banach algebra consisting of all analytic functions on B" that admit a continuous extension
to Bn. We set

A= H>*(B") or A(B").

Note that the statement that a contractive module map X acting on a quotient module
admits a lift means, as usual, the existence of a Schur function ¢ € S(B") such that X = S,,.
If o lies merely in A (and is not necessarily a Schur function), then we say that X admits a

lift to A (in this case, X is not necessarily contractive).
Let X € B(Q) be a module map. Define

Ux = X(Pol).
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In what follows, we will suppress the subscript and simply write ¢ (as X will be clear from
the context). This function

= X(Pol) € Q,
will play a central role throughout the developments that follow. Before we proceed, we point
out that v is never the zero function:

¥ # 0.

Indeed, assume that for a nonzero quotient module Q (as we always assume, see (3.2)) of
H?(B"), and for a module map X € B(Q), suppose for contradiction that

=X (Pgl)=0.
Since X is a module map on Q, it follows that
XSk =gkx,
and hence
X(S*Pol) =0,
ke Zy. By (3.2)
Q =span{SFPol : k€ 7"},
which immediately implies that X = 0, contradicting our assumption that X # 0. Therefore,

we always have ¥ # 0. This observation will also be important in the interpolation problem
in Section 7. For now, we prove a lifting characterization in terms of perturbation.

Theorem 3.1. Let Q be a quotient module of H*(B"), and let X € B(Q) be a module map.
Then X admits a lift to A if and only if there exists ¢ € A such that

Y—peQh.
Moreover, in this case X = S,.
Proof. Suppose X admits a lift. That is, there exists ¢ € A such that
X =5,.
Then
Y = X(Pgol) = S,(Pgl) = PoT,Pol.
Since Q" is a submodule, it follows that (see (3.3))
Q" C O,
and hence PoT,Po = PoT,. This implies
Y = Pop,
so we conclude that
b —p="Pop—p=—Poryp.
This implies
b—pe Q.
Conversely, assume that 1 — o € Q*. Therefore, Po(¢ — ¢) = 0. Since ¢ € Q, we must have
Poi) =1, and hence

¥ = Pop.
Pick k € Z7. As X is a module map, XS, = S, X forall i = 1,...,n, and hence

XSk =g5kx.
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Therefore
XS¥Pol = SFX Pol = Sk,

Moreover, since ¢ € H*(B") is analytic, it follows that 7}, is an analytic Toeplitz operator.
As a result,

Y T, = T¢Tf ’
which implies S¥S, = S,S% for all k € Z". Therefore, for all k € Z", we have
X(S:Pol) = Siv
= St Poyp
= SFS,Pol
= S,(S5Po1).
In view of (3.2), it follows that X = S, which completes the proof of the theorem. O

We now address the commutant lifting problem in its common form. Note that no specific
algebraic property of the algebra A has been used in the proof of the above theorem. The
following result may be proved in exactly the same manner as Theorem 3.1; one simply
replaces A by S(B™) throughout the argument:

Corollary 3.2. Let Q be a quotient module of H*(B"), and let X € B(Q) be a module map.
Then X admits a lift if and only if there exists ¢ € S(B™) such that

Y —pe Q.
Moreover, in this case X = S,.

We now specialize to the ball algebra. Define
SB(B") = S(B") N A(B").

In the setting of the above theorem, if, in addition, the lifting symbol ¢ is also in the ball
algebra (that is, if ¢ € SB(B")), then we say that X admits a lift to SB(B™). Again, the
following holds with a proof similar to that of Theorem 3.1:

Corollary 3.3. Let Q be a quotient module of H*(B™), and let X € B(Q) be a module map.
Then X admits a lift to SB(B™) if and only if there exists ¢ € SB(B™) such that

Y —pe Q.
Moreover, in this case X lifts to S,.

As already noted for n = 1, every contractive module map admits a lifting. However, as we
will see (cf. Section 11), the situation changes significantly in higher dimensions: unlike the
one-variable case, where every contractive module map lifts by Sarason’s theorem [45], there
exist contractive module maps that may or may not admit liftings. Thus, the classification
of liftings in several variables becomes a nontrivial and meaningful problem.

Before concluding this section, we note that the perturbation problem above is, perhaps
coincidentally, connected with another perturbation phenomenon for inner functions studied
by Rudin [42], a connection that we will discuss further in Section 11,
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4. QUALITATIVE CHARACTERIZATIONS

In this section, we go deeper into the structure of the Hardy space H?*(B"). All notations
and preliminaries presented at the beginning of this section are standard for H*(B"). For
further details, we refer the reader to the classic [43] (also see [26]).

Let ¢ € S™ and let @ > 1. In analogy with the notion of an angular region in one variable,
define D, () by (see [43, 5.4.1])

n a
Da(Q) = {2 € B : [1 - (.0 < S0 - 213)}.

A function f:B" — C is said to have K—limit ¢ at ( € S™ if, for every a > 1,

lim f(z)=c.

z—(

2€D4(€)
If this limit exists, we write (see [43, 5.4.6])
(K —1lim f)(¢) = c.

The notion of K-limits gives boundary values of the Hardy functions as follows (see [43,
5.6.6]): For each f € H*(B"), the function f* is defined almost everywhere on S", where

(4.1) SH(¢) = (K —lim f)(C),
for ( € S™ a.e. Define

L2(S™)

w8 = T e am- .
and
H>®(S™) = H*(S") N L™(S").
By the corollary preceding Theorem 5.6.9 of [43], the map f +— f* is a linear isometry from
H?(B") onto H?(S™). In view of this, we will often identify H?(B") with H*(S") via the
unitary operator U : H*(B") — H?*(S"), where
Uf=1r,

for all f € H?*(B"). Note that the set of polynomials

{p*:p€Cla,...2z},
is dense in H?(S™). We also remark that if K — lim f exists for a function f, then

K —limf=K —limf.

The key tool in the above identification is the use of Poisson integral techniques, which rely
on the Poisson kernel. The Poisson kernel on the unit ball is defined by [43, Definition 3.3.1]

(1—|l=z[1*)"
PEO = op

for all 2 € B" and ¢ € S™. The Poisson integral P[y] of a function ¢ € L'(S") is defined by
43, page 41]

Plel(e) = [ P(:0)o(O)do(0)
for all z € B". For each f € H*(B"), we claim that
(1) F=Plf]
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Indeed, since f* € H?*(S"), [43, Theorem 5.6.8(b)] implies
P[f*] € H*(B™).

Then

g:=P[f*] € H*B"),
and (again, see [43, Theorem 5.6.8(b)])

g = (P = I,
a.e. on S". Thus, g%, f* € H*(S") and ¢g* = f*. Since Uh = h* (recall the unitary U :
H?*(B") — H%*(S") above), it follows g = f, that is, f = P[f*]. This completes the proof of
the claim. We also have the following:

lim [ |f* — f.|?do =0,
r=1 Jon

where, f., 0 <r < 1, is defined by

fr(€) = f(r¢),
for ¢ € S* a.e. Note that r( = (r(y,...,7(,). The above claim follows from (4.2), together
with an application of [43, Theorem 3.3.4(b)].
Now we set up the notations needed for the lifting theorem. Although some of these
have already appeared in the introduction, we present them again here with the necessary
elaboration. Recall that the space of mixed functions is defined by

M(S") = L2(8") © [H(S") + H2(S")™).
From the definition of M(S™) it is clear that M(S™) is self-adjoint, that is,
feM(S") & fe M.
Moreover, we note that if S is a closed subspace of L?(S™) then $¢°™ is also a closed subspace of
L*(S™). Recall that H2(S") is the closed subspace of H?(S™) consisting of functions vanishing
at 0, that is,
Hg(S") = {f" € H*(S") : f € H*(B"), f(0) = 0}

Equivalently, we have

Hy(S") = {f" € H*(S") : (f. Duz(en) = 0} = H*(S") © {1}.
Similarly, if S is a subset of H?(S"), then we represent S as

Send = [f . feSh
Fix a quotient module Q of H?(S™) and define
Mg = QM H[M(S")+Hg(S")).
where + denotes the skew sum in the Banach space L'(S™). Note that here we are using the
identification of H?(B") with H?(S") via the K-limits of the Hardy functions (via the unitary
operator U defined as above). In other words, we consider Mg as a subspace of L'(S"):
(Mo, |- [h) € LY(S™).

Now if we consider Mg to be a subspace of the Hilbert space L?(S™), then the skew sum
mentioned above becomes an orthogonal sum. We keep this observation as a lemma for future
reference:
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Lemma 4.1. Let Q be a quotient module of H*(B™). Then M(S™), HZ(S™), and Q" are
pairwise orthogonal closed subspaces of L*(S™). Moreover,

HF(S™) L H?*(S™)«m™.
Remark 4.2. Using the identification of H*(B") and H*(S™), we have
HAS™) + HA(S)™ = HY(S") & HA(S")™,
which readily implies that H?*(S") + H?(S™)" is a closed subspace of L?(S").

We also recall the duality of the LP-spaces in our present context. For each ¢ € L>®(S"),
define y, € (L'(S™))* by

Xef = | fedo,
Sn
for all f € L'(S™). This yields the duality (a linear isometry and bijective map)
(4.3) (L1(S™))" = L*=(S).
This duality will play a key role in the quantitative lifting theorem:

Theorem 4.3. Let Q C H*(B") be a quotient module and let X € B1(Q) be a module map.
Define Xo : Mg — C by

ny=ywﬂm

for all f € Mg, where
b = X(Pol).
Then X admits a lift if and only if Xg : (Mg, ||.]1) = C is a contraction.

Proof. First, we assume that X € B;(Q) admits a lift. That is, there exists ¢ € S(B™) such
that X = S,. By Corollary 3.2, we know that

Y —p€ Q.
Since ¢ is a Schur function, by taking K-limit, we obtain
lpllereegny < 1.
By the duality (4.3), we know that x, € (L'(S"))*, where

Xof = : ofdo,

for all f € L*(S™). We also know (by the duality) that

IXoll = Il osny < 1.
We claim that

(4.4) Xelmo = Xo.
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To prove this, first we pick f € Q“™. We have

Xof = . Y fdo

— [ Wfdo
Sn —

= (¢, f) m2esm)
= (¥, fYm2@n)-
Since ¢ — p € Q1| it follows that (¢ — @,7>H2(Bn) = 0, and hence

(W, P uz@ny = (o, ) 2@
This implies

Xof =

that is,

XQ’Qconj - XSD‘Qconj.
For f € M(S™), we have
Xof = [ ¢fdo={f)u2sm =0=x,/f.
S?’L
This shows that
Xolmesm) = Xelmem-
Finally, if f € HZ(S"), then, as Q°" 1 HZ(S"), we have

Xof = | ¢fdo=0,
Sn

and on the other hand, as ¢ € H*(B") and f € HZ(S™), we have

Xef = | @fdo=0=Xof.

Sn

Therefore,

Xolnzsmy) = Xeluzsm) = 0,
and proves the claim that Xg = x,|mo. By using this, we have

[ Xoll < lIxell = llello <1,

which proves that X is a contractive functional on M.
For the converse direction, assume that Xg : (Mg, ||.||1) — C is a contractive functional.
By the Hahn-Banach extension theorem, there exists 6 € L>(S™) such that

Xolmo = Xo,

and
[10]]c = [[Xoll < 1.
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For f € Q" as xof = Xof, we have

/ Ofdo = Wfdo,
n S'n
and hence

(4.5) / (6= fdo=0.

We claim that § € H?(S™). To this end, we first note that § € L*(S"). Let f € M(S").

M(S") is self-adjoint, we have f € M(S"), and hence

0, )12y = | Ofdo
S’ﬂ
=Xof
= Xof
= [ Yfdo
S’I’L
= (¢, f)r2sm
=0.
This implies
b e IX(S") & M(S").

23

As

In view of Remark 4.2, we know that the subspace H?(S") + H?(S")*" is closed in L?(S"),

which yields
L2(S") © M(S") = LA(S") © (IX(S") © [HA(S") + H*(S")™"))
= HX(S") + HY(S")™,

and consequently
0 c HQ(STL) _’_HQ(Sn)conj‘

There exists i, € H*(B")*" and n, € H*(B") such that (recall that 1 denotes the K-limit

function of n;, j = 1,2)
0=m"+mn"
Define
o1 =m —m(0),
and
2 = ng +m(0).
Then ¢} € H3(S")*" and ¢} € H*(S"), and

0 = o] + 5.
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As ¢} € H2(S")®™ | we have ¢; € H2(S"), and hence
<9, @T>L2(Sn) = ng?{cla
N

= Xo(¥7)

= Xo(e)

= Vv ptdo

N

= (@1, V) r2(sm)

=0,
which implies

<07 §0>{>L2(Sn) = O
Now as 6 = ¢} + @3 and (@7, ©5) 2sn) = 0, we have
0 = (0, 97)12(sm) = (21 + 95, 01 126m) = €5l 2sm);
that is, 7 = 0, and hence
0 = @5 € H*(S™).
We also have § € L>°(S"), so that
@5 € L=(S™) N H*(S™).
As oy € H*(B"), (4.2) implies that
P2 = P[Q@;],

where P denotes the Poisson integral (see [43, page 41]). In other words, for any z € B", we
have

pa(2) = Plgt](2) = / P(z,0)5(0)do(C),

n

where (1 |||
P Z n
PeO= 1o

for all z € B” and ( € S, is the Poisson kernel. For z € B", we compute

a2l = | [ P00l
< | Pl dleiolan @

< llallzesmy,
which proves that ¢y € H>*(B"), and

@2l oo @ny < Nl02lloesmy = (18]l Loosmy < 1.
We recall from (4.5) that

| 6= w)piz =0,
for all f € Q. Now 0 = 4, for p, € H*®(B") implies
p— € Q.
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Finally, since ||p2]|c < 1, by Corollary 3.2, we conclude that X admits a lift, namely Sy. In
summary, we have proved the existence of a function § € S(B™) such that

Xolmo = Xo,
(46) X = Sg, and
1000 = | Xoll < 1.
This completes the proof of the theorem. O
The kernel space of the functional X o will play an important role in obtaining a quantitative
characterization of possible liftings.
Similar qualitative characterization of lifting also holds on the polydisc [13]. However, the
proof of the above result differs from the approach used in the polydisc case. Specifically, we

avoided the use of an orthonormal basis for L*(S"), which was a key technique in the polydisc
setting (also see Section 13 for further discussion). Moreover, we have the following remark:

Remark 4.4. In the proof of the sufficiency part of the theorem, although X is assumed to
be contractive, we do not use the contractivity of X to obtain a lift. Instead, we show that
the contractivity of X forces X to admit a lift, and hence X is a contraction.

Given a contractive module map X € B;(Q), it is natural to ask for the infimum of the
norms of all symbols ¢ € S(B") satisfying

X =35,

The following result shows that this quantity is precisely || X¢g||. This not only highlights the
power of the functional Xg but also shows the accuracy and effectiveness of its construction.

Theorem 4.5. Let Q C H*(B") be a quotient module, and let X € B1(Q) be a module map
that admits a lift. Then the functional Xg : (Mg, | - ||1) = C from Theorem 4.3 satisfies

[Xoll = nf{[|¢lle - ¢ € S(B") and X = S5,}.
Proof. It X = S, for some ¢ € S(B"), by the duality (4.3), we have
Ixell = Nl < 1.
and by the necessary part of Theorem 4.3 (or see (4.4)), we know that
Xelmg = Xo.

Therefore, we have

1 Xoll = lIxelmoll < lIxell = llell-
On the other hand, since X admits a lift, Xg is a contraction. From this point, we follow
the proof of the sufficient part of Theorem 4.3 and arrive at identity (4.6): X = Sp and
Xolmo = Xo for some 0 € S(B™) with

100 = [ Xoll < 1.
Also, we have Xof = fsn 0fdo for all f € Mg, and hence

| w=orpio o,

for all f € Myg. In particular,
v —0e€Qr,
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and thus, by Corollary 3.2, it follows that X = Sy. This, together with ||0|| = [|Xo],
immediately yields the desired norm formula. O

In a sense, || Xg|| represents the optimal lifting norm for X. The above norm identity will
play a crucial role in the subsequent developments of this paper.

5. QUANTITATIVE CHARACTERIZATIONS

We use all the characterizations obtained thus far in this paper to propose a quantitative
characterization of lifting. Here, “quantitative” refers to a distance formula that bears a
resemblance to the classical Nehari theorem [33].

Given a normed linear space V', a nonempty set S C V and x € V, the distance from z to
S is defined by

disty (x, S) = inf{||lx — y|| : y € S}.

The following lemma is key to our quantitative analysis of lifting:

Lemma 5.1. Let V' be normed linear space, n be a nonzero functional in V*, and let x € V.
Then

disty (x, kern) =

Proof. Let y € kern. Then
n(z)| = In(z —y)I < [Inlllle =yl

and hence (@)
n(x
< [lz =yl
il
so that
distx (z, kern) > ‘76?’
n
For the reverse inequality, we recall that ||5]| = sup,. @I Therefore, there exists a sequence

lyll
{yn} C X such that

n(yn) # 0,

for all n, and
n7(y)]
1Yl

n(z)
n(yn)

= [nll-

Since

yn € kern,

we have

n(x)
1(Yn)

disty (z, kern) < Hx —z—

n

n

ke
1n(Yn)

)]

= intg) 14!

@i
T
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n(@)| ]
Il

Given a quotient module @ C H?*(B") and a module map X € B;(Q), we have defined
b = X(Pol), and

and hence disty (z, kern) <

Mg = QHM(S")+Hj (S")].

Under the given assumptions, also recall that Xg : Mg — C is defined by

Xof = [ Wfdo,

Sn
for all f € Mg (cf. Theorem 4.3). Define
Mg = [ & {G}HM(S")HHF(S)].

Lemma 5.2. Consider the functional Xq : (Mg, || - ||1) — C. Then ker Xg = Mg.
Proof. We write Xof = [, ¥ fdo as

XQf = <f7 E>L2(Sn)7
for all f € My, and consequently

ker Xo = [Q*™ & {¢}]+[M(S")+Hg(S")],

which completes the proof of the lemma. O

In view of the above and Lemma 5.1, we have the following characterization of lifting. We
again emphasize that, to avoid triviality, we always assume that the module maps X € B(Q)
are nonzero.

Theorem 5.3. Let Q C H?(B") be a quotient module, and let X € B1(Q). Then X admits
a lift if and only if

distr (sny ( |2,Mg>

1]
Proof. Lemma 5.2 yields

ker Xo = ./\//\l/g
Thus

dist 1 s <|| W,Mg) — dist (s ( kerXQ)

115

¥ ¥
Xo (— = [ Y do=1,
I\M!%) s 1913
We then have, by Lemma 5.1, that

dist p1(gn) <i, /\f/TQ> = 1

Observe that

10113 1 Xoll
Again, Theorem 4.3 states that X admits a lift if and only if
[Xof < 1.

In view of the above, this condition is equivalent to requiring that

dtren <||wu2’MQ>
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This completes the proof of the theorem. 0
In the above proof, we have highlighted the key identity (see Lemma 5.2)
ker Xo = [Q°" © {}+[M(S")+H5 (S")],
which holds for a general quotient module @ and module map X € B;(Q). This same identity

also holds in the polydisc setting. In a sense, the above identity provides deeper insight into
the structure of the functional Xg.

6. CHARACTERIZATIONS BY APPROXIMATIONS

Recall from Section 2 that
E(B") ={p € S(B") : ¢ is a solution to some extremal problem}.

In this section, we establish a connection between the lifting of contractive module maps and
the classes of inner functions and extremal solutions. We begin by recalling the Aleksandrov-
Rudin theorem (see Theorem 1.4): Let ¢ € S(B"). Then there is a sequence of inner functions
{¢r} € Z(B™) such that

k—o0
uniformly on compact subsets of B". Moreover,

w*— lim ¢, = ¢ on L'(S"),
k—o00
where w*— limy_,, 0x = @ on a set S C L'(S™), we mean that

lim gokfda—/ pfdo,
Sn n

k—o0

for all f € S. In Theorem 2.2, we proved the same result for the class of extremal solutions.
Motivated by the roles of these two classes and their approximation properties for Schur
functions, we shall use the notation

A(B"),
to denote either Z(B") or £(B™). We refer to A(B") as the class of approximation functions.
Combining the Aleksandrov-Rudin theorem (Theorem 1.4) with Theorem 2.2, we obtain the
following result.

Theorem 6.1. Let ¢ € S(B") be nonzero. Then there is a sequence {pr} C A(B") such that
lim ¢ = ¢,
k—o0

uniformly on compact subsets of B". Moreover,

w*— lim ¢}, = ¢ on L'(S").

k—oo

In other words, the last assertion of the above theorem asserts that

ABr) =S(B").
With this, we continue in the setting of Theorem 4.3 and present yet another character-
ization of lifting in terms of inner functions. Given a quotient module @ C H?*(B") and a

module map X € B;(Q), we recall that

Xof = [ wfdo



APPROXIMATION, INTERPOLATION, AND LIFTING ON THE UNIT BALL 29
for f € Mg, defines a functional Xg : (Mg, || - ||1) — C, where vy = X(Pgl) and
Mg = QM HIM(S™)+HF(SM)].
We connect the function ¢ with the class of A(B") functions as follows:

Theorem 6.2. Let Q C H*(B"), and X € B1(Q) be a module map, and let v = X (Pgl).
Then X admits a lift if and only if there is a sequence of functions {pr} C A(B"™) such that

w*— lim pp =1 on Mg.
k—o0

Proof. Suppose X admits a lift. From the proof of Theorem 4.3, and specifically by equation
(4.4), there exists § € S(B") such that for f € Mg, we have

Xof = [ 6fdo,
Sn

for all f € Mg. By Theorem 6.1, there exists a sequence of functions {¢;} C A(B") such
that

w*— lim ¢ = 0 on L'(S™).
k—o0
In particular, w* — limy_,, ¢ = 0 on Mg. Moreover, for each f € My, since

Xof = do = | 6fdo,
of = [ wsdo = [ ofio

(o

it follows that
lim opfdo = Y fdo,

k—o00 sn Sn

for all f € Mg, that is, w*—limy_ o Y = 1) on Mg.
Conversely, assume that w*—limy_,o ¢ =¥ on Mg. For f € Mg, we have

Xofl =| | wido]

= lim / Ok fda‘
k—oo n
< lim |owf|do
k—oo sn
< £l
that is, Xg on (Mg, | - ||1) is a contraction, and therefore, by Theorem 4.3, it follows that X
admits a lift. O

Now, we examine the structure of Mg more closely in order to prove a more economical
version of the above theorem:

Corollary 6.3. Let Q C H%*(B"), and X € B1(Q) be a module map, and let ¢p = X (Pgl).
Then X admits a lift if and only if there is a sequence of functions {pr} C A(B"™) such that

w* — lim o, =1 on Q.
k—o00



30 BHATTACHARJEE, DEEPAK, AND SARKAR

Proof. The necessary part is a special case of Theorem 6.2 (note that Q" C Myg). For
sufficiency, suppose there exists a sequence of functions {¢x} C A(B"™) such that limy_, ¢ =
1 on Q. If we can prove that

w* — lim g =1 on Mg,
k—o0
then the sufficiency part of this corollary will follow from Theorem 6.2. To prove the claim,
pick any g € Mg = Q4+ [M(S")+HZ(S")]. Then, there exist g; € Q“™, go € M(S"), and
g3 € H2(S™) such that
g =091+ g2+ gs.
Fix a k. Since g € M(S"), we have

/ Prg2 do = <¢k7@>L2(STL) =0= <¢79_2> = djgng',
N Sn

and also
/ Prg3do = (prgs, 1) = ¢1(0)g3(0) = 0,

as g3 € H2(S™). Also, since

o ?/Jg3d‘7 = <g37 ¢> = 07

we have
/ orgdo = / or(g1 + g2 + g3)do = / orgrdo.
n n Sn

In view of our assumption, as g; € Q™ we have
/ orgrdo — | Ygido,
sn sn
and consequently
[ ado = [ oo [ vgudo = [ vgan
n Sn Sn Sn

This completes the proof of the corollary. O

We now focus on lifting of module maps on finite-dimensional quotient modules. We spe-

cialize to a weak topology on L®(S™). Let S C L(S™). For each f € S, define f € (L°(S"))*
by

fo)= | erdn
for all p € L*>(S"), and set
S:={f:f €S}y (L))"

We let 75 denote the weak-topology on L>°(S™) generated by the family of functionals S. In
other words,
(LOO(Sn)a TS)?

is the smallest topology on L>(S") for which each functional f : L®(S") — C, f € S, is
continuous. Therefore, we have the following: Let {¢;} be a net in L>(S"). Then

{oi} — ¢ in (L2(S"), 7s),
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if and only if

flei) — (o),
for all f € S. The following result establishes a connection between the weak topology
introduced above and the lifting on finite-dimensional quotient modules:

Theorem 6.4. Let Q C H*(B") be a finite-dimensional quotient module, and X € B,(Q) be a
module map. Then X admits a lift if and only if there is a sequence of functions {¢r} C S(B")
such that

ok —> 1 in (L7(S"), geons),

where
b = X(Pol).

Proof. Since Q is finite-dimensional, it follows that (see [19, Corollary 3.4])
Q C H™(B").

In particular, we have ¢ € L*°(S™). Now, convergence
(pk — 'lp ln (LOO(STL)7 TQCCDTLj)’

is equivalent to the convergence of

~

for all f € Q™ Equivalently, we have

/ oofdo —s | vfdo.

Sn
for all f € Q™. The result now follows from Corollary 6.3. 0J

Consider the set of all inner functions as a subset of L>(S™). Let Q be a finite-dimensional
quotient module and let X € B;(Q). Then the above result can be stated as follows: X
admits a lift if and only if

S LOO Sn T
V=X (Pol) € ABY 7
where A(B") stands for either the class Z(B") of inner functions or the class £(B") of extremal
solutions.

7. INTERPOLATION

When n = 1, Sarason [45] showed that the solution to the classical interpolation problem
follows from his commutant lifting theorem. In a similar spirit, we apply the characterization
of lifting to solve the interpolation problem for Schur functions on B". In addition, we apply
approximation results to give analogous characterizations of solvability of the interpolation
problem.

Recall that H?(B") is a reproducing kernel Hilbert space corresponding to the Szego kernel
on B" defined as |
(1= (zw)™

for all z,w € B™. Given m distinct points Z = {z;}7*, C B", define
Qz =span {K,(,z):i=1,...,m}.

K,(z,w) =
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Clearly, Qz is an m-dimensional subspace of H*(B"). Since
(7.1) T2 Kn(v) = 0K, (-, v),

forall j=1,...,n,and v = (vy,...,v,) € B", it follows that Qz is also a quotient module of
H?(B"). Observe that
Qz C A(B™) C H*(B").
Fix interpolation data Z = {z;}";, C B" and W = {w;}";, C D. Following Sarason, we
define XZ,W € B(Qz) by
X},WKTL(W Zj) = w_]Kn(, Zj)v
forall j =1,...,m. By (7.1), it follows that Xz ,y is a module map. Following the construc-
tion of ¥ in Theorem 4.3, define
= Xzw(Po,1).

On the other hand, since {z;}, is a set of distinct points, the m x m matrix

Kn(Zl,Zl> Kn(zl,zm)

(K20 2)] e = : : :

Kn(zm,z21) - Ko(Zm, 2m)

is invertible. Indeed, we know that

Kn(zi> Zj) = <Kn(’ Zj)v Kn('? ZZ)>7

for alli,j =1,...,m, and that the set { K, (-, z;) }!™, consists of linearly independent vectors.
Since the Szegod kernel is positive definite, the above matrix is an invertible Gram matrix.
Define ¢z y € Qz by

(7.2) vzw =Y (%),
j=1
where ¢y, ..., ¢, are given by
C1 w1y
= [K"(Zi’ jﬂ;xm
Cm. Wy,

Note the important fact that
(7.3) vzw(z) = wj,

forall j=1,...,m.
In the discussion preceding Theorem 3.1, we have already observed that

¥ = X(Pal) #0,

where Q is a quotient module of H?*(B") and X € B(Q) is a module map. We reiterate
that throughout this discussion we are working under the standing assumption that both the
quotient module @ and the module map X are nonzero. Before relating the above v to the
function ¢z ,y introduced in (7.2), we first investigate the case when ¢z, = 0. Suppose

Yz = 0.
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Then
m
Z Can(', Zj) = 0
j=1

Since the set {K,(., 2;) : 1 < j < m} is linearly independent, we have ¢; =0 for j =1,...,m.
Since

(&1 wy
= [Ku(zio )] | 5 |
Cm Wy,
we conclude that
wn
= O’
wm

that is, W = {0}. This proves the following:
7,[)271/\; =0« W= {0}

On the other hand, if W = {0}, then the interpolation problem corresponding to the data
Z={z,...,2m} C B" and W is always solvable, with the zero function serving as a solution.
Therefore, without loss of generality, we shall henceforth assume that the interpolation data
Z and W satisfy

Yzw # 0,
equivalently, that
So far, we have constructed two different kinds of functions, namely 1 and 9z )y, from two
distinct perspectives. However, they are the same:

Proposition 7.1. Let Z = {z;}*, CB"” and W = {w;}*, C D be interpolation data. Then

Y =1zw,
where ¥ = Xz w(Pg.1) and ¥z is the function defined in (7.2).

Proof. Note that since ¢ € Qz, there exist scalars oy, ... a,, such that
m
Y= Z OéiKn(', Zi)-
i=1

For each j = 1,..., m, we have

= wj<1,PQZKn('7zj)>
= w;(1, Ku(-, 7))
= ijn(zj:O)

g wj7
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that is, w; = ¢(2;), which implies

} 041 ijzz

In other words, we have

aq w1

-1
= [Kn(zm Zj)}me

O, Wi
and consequently, by comparing with the identity preceding (7.3), we conclude that ¢; = a;.
Therefore, we obtain the desired identity: ¥z = 9. 0

We are now ready for a solution to the interpolation problem:

Theorem 7.2. Let Z = {zl}m CB" and W = {w;}", C D be interpolation data. Define

= QF"HM(S")+Hi(S")],

and .
Yz = Z c; K
j=1
where the scalars {c1,...,cn} are given by
€1 Wy
-1
= [Kn(zuzj)]mxm
Cm W

Then Z and YV solve the interpolation problem if and only if

Hzwf = . VYzwfdo (f € Mg,),

defines a contraction Iz : (Mg, | - |1) = C
Proof. Note that ¢ € S(B") interpolates Z and W if and only if
(7.4) S, = Xz,

To see this, first observe that S =T, ;|Q, and by the reproducing property, we have
TiKu(2) = 9(2) Kl 20),

for all i = 1,...,m. Since Qz = span{K,(-,2;) : i = 1,...,m}, it then follows that
S:;Kn('u zi)) = mKn<v zi),

for all e =1,...,m. On the other hand, by the definition of Xz, on Qz, we have
XzwKal', 2i) = Wik (-, 21),

foralli =1,...,m. Hence S, = Xz,)y, proving (7.4). This yields the following interpretation:
the data Z and W are solved by an interpolant ¢ € S(B") if and only if Xz, € B(Qz) admits
a lift, namely Xz ),y = S,. By Theorem 4.3, we know that the operator Xz )y on Qz admits
a lift if and only if the functional X, is a contraction on (Mg, || - ||1), where

XQZf = - ¢fd0
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for all f € Mg,, and
Y= XZ,W(PQzl)'

The result now follows from the fact that ¢z, = 1, as observed in Proposition 7.1. O

We shall frequently appeal to the observation in (7.4) in the arguments that follow. By
Proposition 7.1, we know that ¢z )y = ¢ = Xz w(Pg.1). This, together with Theorem 5.3
yields the following:

Corollary 7.3. In the setting of Theorem 7.2, define

Ma, = (92" & {dzw}HM(S")+H(S")].

Then Z and VW solve the interpolation problem if and only if

bz w
dZStLl sn) (sz ||27MQZ>

The above distance formula is reminiscent of the Nehari theorem [33], although it arises
in a different context, namely that of Hankel operators. Since relatively little is known
about Hankel operators on B", it may be worthwhile to explore whether these results can
be connected to the classical theory of Hankel operators, should such a connection exist (see
[5, 47] for results on Hankel operators in several variables.)

A more refined analysis of the distance formula provides yet another characterization of
interpolation. In the following, given a set {w;}, C D, we write w = (wy,...,wy,) € C™,
and use the standard notation:

m

1

lwl = (Y hwil)z.
=1

Corollary 7.4. In the setting of Theorem 7.2, assume that ||w|| # 0, and define

77271/\/ = Z U}jK
j=1
Then Z and YV solve the interpolation problem if and only if

dZ'StLl(gn (ﬂlz ﬁ\; 5 MQZ) =
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Proof. We recall the reproducing property that (Yzw, K,(-,2)) = Yzw(z) for all i =
1,...,m, and compute

[z wl? _ o /2wl
Yzw — s Nzws Yzw) = [Yzwll® — (o nzws Yz
[[w] [[w]
[z wl?
— l[zmwl® - WQ:% 5) 0z
o lzwl?
= vzl - S 3wy (Kol 2, vz
j=1
[zl ~,
= [[Yzwl* - Tl > wihzw(z))
j=1
[Pzwll® <
= [[Yzwl* - el > Jwyl?
j=1
=0,
where the penultimate equality follows from the fact that ¢z w(z;) = w; for alli =1,... m.
This implies
[Pzl

Yz — W'f}zw € O¥ o {dzw}.

At this point, we recall a basic property of the distance function in normed linear spaces. If
S is a closed subspace of a normed linear space X, then

dist(z, ) = ||[2][[x/s = inf{[lz —y[| : y € S},

where [x] denotes the equivalence class of x in the quotient space X/S, corresponding to
the equivalence relation s ~ t if and only if s —¢ € S. From this perspective, the above
observation suggests that

|[72]] = | (M)
S FACHYEvr [w||2 " e Mg,
and hence
nzw s Vzw
dlStLl (Sn) 27MQZ = dlStLl(Sn 27MQZ .
[Jwll 1Yz w3
The result now follows from Corollary 7.3. O

We conclude this section by establishing a connection between interpolation theory and
the class of inner functions Z(B™). Recall the Aleksandrov-Ruding approximation result in
Theorem 1.4: Given ¢ € S(B"), nonzero, there exists a sequence {p;} C Z(B") such that

lim ¢, = ¢,

k—oo

uniformly on compact subsets of B”. The same theorem also shows that this convergence
holds in the weak*-topology. We incorporate this observation into the following interpolation
result.
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Theorem 7.5. Let Z = {2}, CB" and W = {w;}*; C D be interpolation data. Then Z
and W solve the interpolation problem if and only if there exists a sequence of inner functions
{or} CZ(B™) such that

Jim o1, (25) = wj,

forallj=1,....,m.

Proof. Suppose there is a function ¢ € S(B") such that ¢(z;) = w; for all j =1,...,m. By
Theorem 1.4, there exists a sequence of inner functions {py} such that

k—o0
uniformly on compact subsets of B"”. Since Z is a finite set and ¢ interpolates Z and W, the
necessary part of the theorem follows. For the sufficient part, suppose there exists a sequence
of inner functions {¢} such that

Jim o1 (25) = wj,

for all j = 1,...,m. Viewing {x} as a family of functions on B", we observe that it is
uniformly bounded, since ||¢k||o = 1 for all k. Therefore, by Montel’s theorem, there exist a
function ¢ and a subsequence ¢y, such that

lim ¢y, = ¢,
l—00

uniformly on compact subsets of B". As in the proof of Theorem 2.1, it follows that ¢ € S(B").
Finally, for each j =1,...,m,

plzj) = lim oy, (2) = w;.

Therefore, ¢ € S(B") interpolates Z and W. After relabeling ¢y, as ¢, the proof is complete.
O

Another way to state the above result is as follows: Z and W solve the interpolation
problem if and only if there exists a sequence of inner functions {,} C S(B") such that

kll_}Iilo gpk(zj) = wZ,W(Zj)7

forall j =1,...,m.

Recall that, in one variable, by Pick’s theorem (see Theorem 1.2), whenever an interpolation
problem is solvable, there exists a finite Blaschke product that serves as an interpolant.
Consequently, the above result is immediate when n = 1. Clearly, for n > 1, this theorem
can be viewed as a higher-dimensional analogue of this classical fact, where the role of a finite
Blaschke product is replaced by a sequence of inner functions.

We remark that, much like the proof of our commutant lifting theorem, where we invoked
the Hahn-Banach theorem, the proof of the above inner function-based interpolation result
also relies on another classical result, namely, Montel’s theorem.

8. THE CARATHEODORY-FEJER INTERPOLATION

Recall the classical Carathéodory-Fejér interpolation problem: Given scalars cg, ¢y, ..., Cpn,
find necessary and sufficient conditions for the existence of a Schur function ¢ € S(D) such
that 0

(0
P (0) .
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forall 7 =0,1,...,m. The Carathéodory-Fejér interpolation theorem states that such a Schur
function exists if and only if the (m + 1) x (m + 1) matrix

Co 0 - 0

C1 Co ' :
)

. .0

Cm 1 Co

is a contraction on C™*1. We refer the reader to Sarason for a thorough historical account of
the Carathéodory-Fejér interpolation problem. Although the problem was originally solved by
Carathéodory [7, 8], its matrix-theoretic formulation and solution were developed by Toeplitz
[48]. Since then, the problem has been studied by numerous mathematicians in a variety
of contexts, and the literature continues to grow. We particularly highlight the classical
contributions of Fejer [10], Fisher [15], Frobenius [16], Riesz [38, 39|, Schur [46], and Szegd
[18].

Similar to the interpolation problem, Sarason’s lifting theorem approach also provides an
alternative proof of this result. In this section, we apply the present lifting theorem to solve
the same interpolation problem on the unit ball. Specifically, we formulate the Carathéodory-
Fejér interpolation problem in the following way:

Problem 4. Fix m > 1. Let p € Q,,, that is, p € Clzy, ..., 2,] is a polynomial of degree less
or equal to m. The Carathéodory-Fejér interpolation problem seeks necessary and sufficient
conditions for the existence of a Schur function ¢ € S(B") such that

p—¢€ Q.
Given m € N, define the finite-dimensional quotient module 9,, as
Qm = {pe C[le"azn] : degp S m}

For a qualitative solution to this problem, we define a special subspace of the mixed space

M(S™) as follows:
My = QUM HM(S™)+HG(S™)].
As usual, we treat M,, as a subspace of L*(S").

Theorem 8.1. Let p € Q,,. Define X, : M,,, = C by

Xpf = : pfdo,

for all f € M,,. Then there exists p € S(B"™) such that
p—p€Q
if and only if X, : (M, || - ||l1) = C is a contraction.
Proof. Recall that S, = Pg,,T}|0,,- Since 1 € Q,,, we have
¥ = 5y(Pg, 1) = Po, T,1 = Po,.p=p,
and hence, by Theorem 3.2, S, admits a lift if and only if there exists a ¢ € S(B"™) such that
p—p€ Q.
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On the other hand, Theorem 4.3 implies that S, admits a lift if and only if Xo,, : (Mog,,, || -
|1) = C is a contraction, where

Xo, f= [ pfdo,
Sn

for all f € Mg,,. Therefore, the result follows because Xo, = X,. O]

Analogous to the Nevanlinna—Pick interpolation theorem, Theorem 7.3, the Carathéodory-
Fejér interpolation theorem can also be formulated in terms of a distance formula, yielding
a quantitative characterization of the solutions to this interpolation problem. The proof is
similar to that of the quantitative characterization in the Nevanlinna—Pick case, and hence
we omit the details.

Theorem 8.2. Let p be a nonzero element in Q,,. Define
My, = [ © {BY+M(S™)+HF(S)).
Then there ezists ¢ € S(B"™) if and only if

distLl(Sn)< ]CZ;) > 1.

P
Ip[I3’
Now we turn to approximate functions in A(B"). Recall that the class A(B") of approximate

functions refers to either the class Z(B") of inner functions or the class £(B") of extremal
solutions.

Theorem 8.3. Let p be a nonzero element in Q,,. Then there exists o € S(B") such that
p—p€Q,
if and only if there is a sequence of functions {¢r} C A(B"™) such that
lim (i, 21) = (p, 21),
for all l € ZT with |I] < m.

Proof. In the proof of Theorem 8.1, we have already noted that there exists a ¢ € S(B") such
that p — ¢ € Qi if and only if the module map S, € B(Q,,) admits a lift. On the other
hand, by Corollary 6.3, S, admits a lift if and only if there exists a sequence of functions

{¢or} € S(B") such that
k—o0
In view of the fact that Q,, is spanned by the monomials {z' : |I| < m}, this is equivalent to

lim porldo = / p2ldo.
sn sn

k—oo
that is, limy_oo (k. 2') = (p, 2') for all | € Z" with |k| < m. O

To further elaborate this result, we recall that if f on B" is an analytic function, then f
admits a power series representation f(z) = Y, axz® on B", where (recall that the set of
analytic monomials {z* : k € Z" } is an orthogonal set in H?(B"), see [43, 1.4.8])

(f,2*)

(2k, 2k)’

Qap =
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as well as
1 0kf

ap = ——-—
k! 02F lo’

for all k € Z7.

Using the above observations, the Carathéodory-Fejér interpolation theorem can be re-
formulated in terms of the coefficients in the power series expansion of the corresponding
functions as follows:

Corollary 8.4. Let p € Q,,. Then there exists ¢ € S(B™) such that
p—v €,

if and only if there is a sequence of functions {¢r} € A(B"™) such that

lim 8’“9%‘ = @

k—oo 0zF lo OzF

07
for all o € ZI} with || < m.

As in the proof of Theorem 7.5, one may also prove Theorem 8.3 using Montel’s theorem.
However, this approach is restricted to the class of inner functions, as is the case for Theorem

7.5.

9. NORM-PRESERVING LIFTING: n > 1

In this section, we examine a phenomenon specific to the higher-dimensional case n > 1 in
the context of norm-preserving liftings. We begin by recalling the classical commutant lifting
theorem of Sarason [45]:

Theorem 9.1 (Sarason. n = 1). Let Q be a quotient module of H*(D), and let X € B,(Q)
be a module map. Then there exists p € S(D) such that X = S, and

XN = el
In other words, norm-preserving lifting always holds in the n = 1 case. Our approach to
lifting in Theorem 4.3, when restricted to n = 1, recovers precisely Sarason’s result, as in
the polydisc case treated in [13, Theorem 9.2]. In this case, however, one obtains only the
inequality
XN < Nl
and not necessarily the norm-preserving aspect of lifting.
In stark contrast to Sarason, we show in this section that such a norm-preserving lifting
phenomenon always fails for finite-dimensional quotient modules of H?(B") whenever n > 1.

First, we prove a lemma of general interest. We follow the notation introduced in Theorem
4.3.

Lemma 9.2. Let n > 1. Let Q C H?*B") be a quotient module and let X € B(Q) be a
module map. Define

¥ = X(Pol),
and define Xg : (Mg, | - |l1) = C by
Xof = : Y fdo

forall f € Mqg. If Xg is bounded, then
X1 < 1 Xell-
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Proof. Without loss of generality, assume that X # 0. First, suppose that || X|| = 1. If
| Xo|| < 1, then Theorem 4.3 implies that X admits a lift, and (see (4.6)) there exists a
function 6§ € S(B") such that X =5, and

10]loc = 1 Xoll < 1.
For f € clmg, we have

X Sll2 = 1Safll2 = PO f[l2 < 012 < [10]lclf1l2

and hence || X]|| < [|0|lc < 1, which contradicts the assumption || X|| = 1. This implies
[ Xoll = 1, that is, [ X]| < [ Xoll.
For the general case, assume that X is a nonzero module map, and define

1

A= —X.
X
Clearly, A € B(Q) is a module map and ||A|| = 1. By the above case, we have
1= [JA]l < [l Ael.
Now, for any f € Mg,
1
AQf = (APQl de' / PQl)de’ XQf
] X1
which implies
1
AQ = —XQ
X
Since [|Ag|| > 1, it follows that
IXoll
X
that is, || X|| < || Xg||- This completes the proof of the lemma. O

In the context of the above lemma, note that if Q is finite-dimensional, then Xg is au-
tomatically bounded. We also point out a somewhat nontrivial feature of finite-dimensional
quotient modules: If @ C H?(B") is a finite-dimensional quotient module, then (cf. [19,
Corollary 3.4] and [11, Chapter 2, Remark 2.5.5])

(9.1) Q C A(B™) c H>*(B").

Before proceeding to the next result, we recall an interesting result of Rudin that highlights
a significant distinction between the cases n = 1 and n > 1 [42, Theorem 4.6]: Let n > 1. If
f is a nonzero function in A(B") and v € H*(B"™) is a nonconstant inner function, then

(9.2) g @),

In fact, more is true: % is not even in the Smirnov class N,(B™). In the following, we bring

together Rudin’s result with our commutant lifting theorem and the above lemma:

Theorem 9.3. Assumen > 1. Let Q C HQ(B") be a finite-dimensional quotient module and
let X € B(Q) be a module map with || X|| = 1. Then X admits a lift if and only if there exists
a unimodular constant o such that

X = Oé[Q.
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Proof. As in Lemma 9.2, define Xg : (Mg, | - |l1) — C by

Xof = | (X(Pol))fdo,
N
for all f € Mg. Since Q is finite-dimensional, we know that Xg is continuous. Moreover, as
| X|| = 1, Lemma 9.2 implies
Xl = 1.

Suppose X admits a lift. Theorem 4.3 ensures that || Xgl|| < 1 and thus we must have
[Xoll = 1.

By the sufficient part of the proof of Theorem 4.3, and more specifically, by (4.6), there exists
6 € S(B™) such that ||0]|o = 1 and

X = 5.
Given that Q is finite-dimensional, we conclude that X € B(Q) is norm-attaining. There
exists f € Q, || flla = 1, such that ||X f||s = 1, and hence

L=[[XFfll2= IS fll2 = [[PoOfll2 < [|0.f]l2 < 1.

Therefore, the above chain of inequalities reduces to equalities, and we conclude that

Poflf = 6f,
and, in particular,
0f € O

Consequently,

Xf=2Sof="Po(0f)=0f.
We claim that 6 is a constant. We proceed as follows. Since

L=IXfllz = [10f]l2 = [If]l2,
it follows that

L= [ |ff’do= [ |0f*do,

Sn Sn
that is,

| a-epispa=o.
Since 6 € S(B"), the integrand is nonnegative. Hence,

(L= 10)1f* =0,
on S" a.e. Define
Ey={¢es": (L-10P)If1*)(¢) # 0}

Clearly,

O'(El) =0.
Define

Ey ={CeS": f(¢) =0}

Given that f is a nonzero analytic function in @ C H?(B"), we have (in view of the K-limits,
cf. [43, Theorem 5.5.9])

O'(EQ) = 0.
Let £ = E1 U EQ. Then

o(E)=0.
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For any ¢ € E¢, we have f(¢) # 0 and ((1 — |6]*)|f]*)(¢) = 0, which implies
0](¢) =1,

for ¢ € E°. Since o(E) = 0 as well, we conclude that 6 is inner. Since Q@ C H?*(B") is
finite-dimensional, by (9.1), it follows that
Q C A(B") Cc H*(B").
As noted earlier,
0f =XfeQCAB")
and hence 0f € A(B"). On the other hand, writing f = %, we conclude

% = f e H*(B").

If # were nonconstant, this would contradict Rudin [42, Theorem 4.6] (or see the discussion
preceding the statement of this theorem). Hence 6§ = « for some a € T. Since X = Sy, it
follows that X = alg. The converse is immediate. U

As a result, for n > 1, we obtain the following result, which stands in sharp contrast to
Sarason’s conclusion in the one-variable case n = 1:

Corollary 9.4. Assume n > 1. Let X be a nonconstant module map acting on a finite-
dimensional quotient module @ C H?(B"). Then X does not admit a norm-preserving lift.

Proof. Let A = ﬁ Then A € B(Q) is a module map with ||A|| = 1. Suppose X has a

norm-preserving lift, say X = Sy, € S(B"), with [|0]| = || X||. Define

1
Y =—00.
[1X]]

Clearly, ¢ € S(B™) is a nonconstant function and ||¢||.c = 1. For f € Q, we have

1
Af = —Poff = Poyf.
X" 2 <

This shows that A admits a lift, namely, S, - which contradicts Theorem 9.3. 0

However, quiet interestingly, module maps on infinite-dimensional quotient modules may
admit norm-preserving lifts, as we will see in Theorem 11.7.
We now assume that n > 1. The following result stands in contrast to the previous corollary:

Theorem 9.5. Let Q C H%(B") be a quotient module, and let X € By(Q) be a module map.
Then X has a norm preserving lift if and only if

1 X = 1 Xell
Proof. Suppose that X admits a norm-preserving lift:
X =8, with [|X]| = [[¢loc,

for some ¢ € S(B"). By Theorem 4.3 we know that Xg is bounded. Then, by Theorem 4.5,
we have

[ Xoll < llelloo = 1X]]-
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Together with Lemma 9.2, this implies that || X|| = || Xgl|. Conversely, suppose that || X|| =
| Xol|. Since || X|| <1, we have || Xg]|| < 1. By Theorems 4.3 and 4.5, we conclude that X
admits a lift:

X =5, with |[Xol| = [[¢le,

for some ¢ € S(B™). Since || X|| = || Xg]|, it follows that X admits a norm-preserving lift. [J
Combining this with Corollary 9.4, we have the following:

Corollary 9.6 (Onn > 1). Assumen > 1. Let Q be a finite-dimensional quotient module of
H?(B") and let X € B1(Q) be a nonconstant module map. Then

X1 < 1 Xell-
Proof. If || X|| = || Xo||, then by Theorem 9.5, X admits a norm preserving lift. This contra-

dicts Corollary 9.4, which says that X does not admit a norm-preserving lift. Therefore, by
Lemma 9.2, we conclude that || X|| < || Xg]|. O

However, somewhat curiously, in the case n = 1, the above inequality becomes an equality:

Corollary 9.7 (On n = 1). Let Q be a quotient module of H*(D), and let X € B1(Q) be a
nonconstant module map. Then
X1 = [1Xell-
Proof. Define
1

A= X
X

Then A € B(Q) is a module map with ||A|| = 1. Suppose A = Sy for some 6 € S(D). For
each f € Q, we have

[Af 2 = 1S60.fll2 = [P0 flla < [[0f12 < [10]lscllf 12,

that is, ||A]| < ||0]|c- Therefore,

[A]l < inf{[|0flc : A= 55,0 € S(D)}.
On the other hand, by Sarason, Theorem 9.1, there exists ¢ € S(D) such that

A =S5, and [J¢lle = [[All = 1,

and hence

| Al = inf{]|0]|c0 : A = 59,0 € S(D)}.
Moreover, by the norm formula in Theorem 4.5,

[Ao|l = inf{]|0]lc : A = 55,0 € S(D)},
where Ag : (Mg, || - |l1) — C given by

Aof = [ ruda
T
for all f € Mg with ¢ = APgl. Therefore
[Agll = [lA]l = 1.
Since A(Pgl) = mX(Pgl), it follows that Ag = ”71”)(9, and hence || X|| = || Xo]|- O
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Summarizing the preceding two results, we obtain the following dichotomy between the
cases n = 1 and n > 1: Let Q be a finite-dimensional quotient module of H?(B"), and let
X € B1(Q) be a nonconstant module map. Then

X1 = [ Xell if n =1,

and
| X < || Xoll if n > 1.

10. EXTREMAL PROBLEM AND ITS SOLUTION

This section provides characterizations of the extremal problem. See Section 2 for the
definition and other basic details regarding the extremal problem.

Recall that, for n = 1, an interpolation problem is extremal if and only if the corresponding
Pick matrix is positive semi-definite but not positive definite [3, Chapter 6]. Moreover, in
this case, the extremal solution is unique and is a finite Blaschke product [3, Theorem 6.4].
In the case of B", we give concrete characterizations of this problem using the quantitative
and qualitative criteria studied earlier.

Fix interpolation data Z = {z;}*, C B" and W = {w;}!*;, C D. As in Section 7, or more
specifically in Theorem 7.2, we define

Qz =span{K,(-,z):i=1,...,m},
and '
Mg, = Q" HM(S")+H;(S")].
Recall that Xz )y € B1(Qz) is a module map satisfying
X},WKTL(W Zj) = w_]Kn(, Zj)v
for all j =1,...,m. Moreover, we have the functional I1z,y : (Mg_,| - |l1) = C defined by
Mzwf= [ vzwfdo,
N
for f € Mg_, where (see Theorem 7.2)

¢Z,W - Z Can('J Zj)v
j=1

and
&1 w1

Cm Wy,
Finally, recall from Corollary 7.3 that
Mo, =kerllzyy = [QF" & {Yz W} HM(S")+HF(S")].

Theorem 10.1. Let Z = {z;}7*; C B" and W = {w;}"; C D be interpolation data. Then
the following are equivalent:

(1) Z and W solve the extremal problem.

@) Mzwl=1.

(3) distpsn) (wz—’w‘g,./\/lgz) =1.

lvz,wl
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Proof. First, we prove that (1) implies (2). Suppose Z and W solve the extremal problem.
This means, in particular, that there exists an interpolant. By Theorem 7.2, we have

Tz w| < 1.

Assume, for contradiction, that ||IIz | < 1. Then, by Theorem 4.3 and Theorem 4.5, there
exists € S(B") such that Xz, = Sy and

10]lc = 1 Xzl < 1.

Since Xz = Sp, by (7.4), we know that # interpolates Z and W. However, since the
interpolation problem is extremal, this contradicts the definition. Therefore, we must have

[zl = 1.

To prove that (2) implies (1), assume that ||IIz,y|| = 1. Since IIz,y is a contraction, by
Theorem 4.3, Theorem 4.5, and Theorem 7.2, the interpolation problem has a solution 6 &€
S(B™) with ||f||.c = 1. Now, suppose ¢ € S(B"™) interpoles Z and W and satisfies

[elle < 1.
By (7.4), we have Xz, = S,. Now, in view of Theorem 4.5, we have
[Tzl = inf{[|0]] : 0 € S(B"), Sp = Xzw}.
Thus,

Mzwl < llelle <1,

which contradicts the assumption that ||IIz | = 1. Therefore, the interpolation problem is
extremal. The equivalence of (2) and (3) follows from Lemma 5.1 in exactly the same way as
in the proof of Theorem 5.3. U

Next, we formulate an extremal problem based on a given solvable interpolation problem.
This approach will ultimately lead to a solution for the original solvable interpolation problem.

Theorem 10.2. Suppose Z = {z;}1, C B" and W = {w;}"; C D are interpolation data,

with W # {0}. If Z and W solve the interpolation problem, then Z and W solve the extremal
interpolation problem, where

W = {@,..., 0} CD,

and
N 1

W, = ———w;,
S [} AV [
forallj=1,...,m.

Proof. Note that IIz,y is a nonzero bounded linear functional on Mg, . Since the interpola-
tion problem is solvable, Theorem 7.2 implies that

[Tz w| < 1.

For each j = 1,...,m, define
N 1

e

We claim that
{w;}iL, €D,
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for j =1,...,m. Indeed, for a fixed j € {1,...,m}, using the definition of Xz, (recall that
Xz wKa(, zj) = WKy (-, 2)), we first note that
[XZ W Ea (5 )]
[HACEN]

= |wj.

Since .
[ X% K (5 2) ]
1K (2l

[Xzwll = Xz wll =

it follows that

jw;| < [ Xzwl|-
On the other hand, since Qz is finite-dimensional, Lemma 9.2 implies (with the functional
Xg denoted by Ilz )y in this context)

[Xzwll < [Tzwl-
As [[IIzw]| <1, we conclude that
[Xzwl <1,
that is, Xz )y is a contraction. Now, we consider two cases.
Case I (n > 1): By Corollary 9.6, since the module map Xz ,y is a nonconstant contraction,
we have
[Xzwl < Hzwl <1,
and therefore,
wi| < [[Xzwl,
which proves the claim that w; € ID.
Case II (n = 1): In this case, Qz C H*(D). By Corollary 9.7, we have

Mz wll = [ Xzwl]-
To obtain a contradiction, suppose that there exists j € {1,...,m} such that
wi| = [[Xzwll

By Sarason’s commutant lifting theorem [45] (or see Theorem 9.1) applied to Xz, on Qz,
there exists a function ¢ € S(ID) such that

Xzw = S, and | Xz wl| = [[¢]le
Since X%, = S; = T|o, equation (7.4) gives

p(z) = wj,
and hence
[o(z)] = lw;| = I Xzl = lllloo-
By the maximum modulus principle, ¢ must be constant (note that z; € D). Consequently,
Xzw = alg, contradicting the assumption that m > 2. This proves the claim that |w;| < 1
forall j =1,...,m.
Therefore, -
W= {@1,...,{1}”1} g D.
We claim that Z and W solve the extremal problem. Following the notation of Theorem 7.2,
we proceed as follows. Define module map X, 5 € B (Qz) by

X;WKN<'7 Zj) = wTJKn(a Zj)'
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that is,
1
X* AKn w2 = — X3 Kn 5 25)
ZW ( J) HHZ,WH ZW ( ])
for all j =1,...,m. In other words,
EW T Mzl 2

As usual, define R
Y= XZ,VAV(PQzl)~
Recall that
Y = Xzw(Pg,1),
and hence R
¥ = [Tz wl| Xz 5(Pos1) = [z wl¢.
Finally, define the functional Il 5 : (Mo, || - [[1) — C by

Lol = | Y fdo,

for all f € Mg. Therefore,
1
I, ~f=——7"II :
2 = g =

f € Mg, and hence
Mz 550l = 1.
Consequently, Theorem 10.1 implies that Z and W solve the extremal problem. 0
This result has an important consequence. For each m > 1, define (see Section 2)

En(B") ={p € S(B") : ¢ is a solution to some m-point extremal problem}.

Corollary 10.3. Let m > 1. Let Z = {z}", C B" and W = {w;}, C D be interpolation
data, with W # {0}, and suppose that Z and W solve the interpolation problem. Define

Azw = inf{||n|le : n € S(B") interpolates Z and W}.
Then Az w € (0,1], and there exists an extremal function ¢ € E,,(B™) such that
Azwe,

interpolates Z and V. Furthermore, Az we is a minimum-norm interpolant for the data Z

and W.

Proof. Since Z and W solve the interpolation problem, Theorem 10.2 implies that Z and W
solve the extremal problem. That is, there exists ¢ € &,,(B") such that

p(z;) = w;,
for all e = 1,...,m. Recall that
N 1
W; = ——wj,
Tzl
for all j =1,...,m, where 11z )y is the functional associated with the interpolation problem

for Z and W. Recall, by Theorem 7.2, that
Mz wl < 1.
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Set
Azw = [z wl,
and define
© = Azwp.
Clearly, ¢ € S(B") and interpolates the data Z and W. Finally, recall from Theorem 4.5 the
norm expression of Ilz ), as

Iz w|| = inf{]|f]|~ : 6 € S(B"), Sy = Xz}
On the other hand, by (7.4), for every 6§ € S(B"),
So = Xzw,
if and only if 6 interpolates Z and V. Consequently,
Iz w| = inf{]|7|l~ : n € S(B") interpolates Z and W},

and hence
[Azw| = [[Hzwl-
Finally, we have
[0l = Az wellec = Az ] = [z ll.
This completes the proof of the corollary. O

This result is particularly beneficial if one has a description of &,,(B™). To this end, in
Section 12, we will apply this result to a specific case, such as the three-point interpolation
problem. Moreover, this result may be viewed as an analogue of the classical interpolation
results for the one-variable case. In particular, compare it with Corollary 1.8 in [17, page
132].

11. EXAMPLES OF LIFTING

The goal of this section is to investigate the lifting problem through concrete examples. In
particular, we consider examples of contractive module maps that do or do not admit a lift.
This allows us, in particular, to apply the preceding results to concrete situations. Recall
that an analytic function f : B™ — C can be expressed as a power series

f(z) = Z aazka
a€Zl

The degree of a monomial z*, k = (ki,...,k,) € 77, is defined as

deg ¥ = |k| := ij.
=1

The degree of a polynomial is defined as the highest degree among its monomial terms. Given
m € N, define

Qm=A{p € Clz,...,2,) : deg p < m}.
Clearly, Q,, is a finite-dimensional quotient module of H?(B"). Fix a polynomial p €
Clz1,- .-, 2n), and consider the module map

Sp = PQmTp’Qm
We are interested in the lifting of S, under the assumption that ||p||s = 1.
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Theorem 11.1. Assume n > 1. Let p € Clzy, ..., 2|, and let deg p < m. Suppose
Ipll2 = 1.
Then S, € B(Q.,) admits a lift if and only if p is a unimodular constant.
Proof. Let S, admits a lift. We claim that
1S = 1.
Indeed, since S, admits a lift, there exists ¢ € S(B") such that
Sp =8, = Po, Ts|o,.
and hence ||.S,|| < 1. On the other hand, since 1 and p are in Q,,, it follows that
Spl = PQmp = p?

which implies
1Spll = [15p1]l2 = [lpll2 = 1.

This proves the claim that ||.S,|| = 1. Since Q,, is finite-dimensional, Theorem 9.3 applies,
and therefore

for some unimodular constant a. The above identity then implies that p = a. The converse
is obvious. O

For each m > 1, define
In={f € H’B"): f(z) = Y a*}.
kEZ™ |k|>m

Equivalently, J,, consists of analytic functions on B™ whose Taylor series contain no terms of
degree less than m. The following lemma says, in particular, that J,, is a submodule.

Lemma 11.2. J,,,; = QF for allm > 1.

Proof. This is a simple consequence of the fact that {z* : k € Z"'} forms an orthogonal basis
for H?(B"). O

We now recall a perturbation theorem of Rudin [42, Theorem 4.3] concerning inner functions
on B", specialized here to the case of the ball algebra. This result will be applied to construct
two nontrivial examples.

Theorem 11.3 (Rudin). Let g be a nonzero function in A(B") and let m € N. Assume that

1gllec < 1.

Then there exists an inner function uw € H®(B") such that w and g have the same zeros in
B" and

u—g € Jn.

The following result provides the first application of Rudin’s theorem. In particular, it
yields inner liftings of certain contractive module maps.
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Example 11.4. Fix m € N, and set
A={keZ} |kl <m}.

Choose a finite set of scalars

{ak ke A} Cc C.
Assume that
0<> ag| < 1.
keA
Then
p(z) =Y apt,
k| <m

is a nonzero polynomial in Q,,. Consider the module map S, € B(Q,,). As p € Q,,, we have
Spl = PQmTpl = Pp.
On the other hand, for z € B", since
P(2)] < ) 1aaz®| < Y aal =D laal,
|a|<m |o|<m a€EA

we conclude that
Ipll ey < laal < 1.

acl
By Rudin, Theorem 11.3, there exists an inner function u € H*(B") such that
u—pe Jm+1.
In view of Lemma 11.2, we know that J,,11 = Q. In other words, we have an inner function
u € H*(B") such that
u—mpeE Q,Ln.
Corollary 3.2 now implies that S, lifts to .S,.

It is curious to observe how two apparently independent results fit together, namely, the
perturbation result of Rudin (Theorem 11.3) and the characterization of lifting along the lines
of perturbations in Corollary 3.2.

Let u € H*(B") be an inner function. In this case, we know that «H*(B") is a submodule.
Therefore,

Q, := H*(B") © uH?*(B"),
is a quotient module. This quotient module is traditionally referred to as a model space [31].

In the following, we give a criterion of lifting to ball algebra. We remark that this result holds
specifically for n > 1.

Theorem 11.5. Letn > 1, u € H>®(B") be a nonconstant inner function, and let X € B1(Q,)
be a module map. Assume that

= X(Pg,1) € A(B™).
Then X admits a lift to A(B") if and only if
[Pl < 1.

Moreover, in this case, the lifting is unique.
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Proof. Suppose X lifts to A(B"). By Corollary 3.3, there exists ¢ € A(B") NS(B") such that
Y — € QF =uH*B").
Since ¢ and 1 are in A(B"), it follows that ¥ — ¢ € A(B"), and hence
Y — ¢ € AB") NuH*(B").
Assume, for contradiction, that ¢ # . From the above, there exists a nonzero g € H?(B")
such that
Y —p=ug.
However, this is impossible, in view of (9.2) (which is again a result of Rudin; see [42, Theorem

4.6]). This contradiction shows that 1) = ¢. Consequently, ||¥||c = ||¢|lec < 1. The converse
is immediate by Corollary 3.3. U

To better illustrate the theorem, we now construct a concrete example satisfying its hy-
potheses.

Example 11.6. Fix m € N and multi-index & € Z7 such that
|k| = m+ 1.
Consider the polynomial
p(z) = %zk € H*(B").
By Rudin, Theorem 11.3, there exists a non-constant inner function u € H*(B") such that
U—pE Jppr = Q.
By our choice, we have p € Q- and hence
u=p+(u—p) € Q.
This implies uH?*(B") C Q- equivalently, Q,, C Q,. Let ¢ € Clz,..., z,] with deg ¢ < m,
and consider the module map X = S, € B(Q,,) defined by
Sef = Po,af
Then,
XPo,1=Sg,Po,1=Pg,qPo,1 =Pg,q=q¢€ AB").
By Theorem 11.5, X admits a lift to A(B") if and only if
lallee < 1.

The existence and structural properties of inner functions have played a fundamental role
throughout this paper. We conclude this section with yet another application of this existence.

As pointed out, quotient modules of H*(B") for n > 1 are, by far, intricate objects. In
what follows, we focus on a particular class of module maps that admit liftings. Remarkably,
these liftings exhibit a rigidity phenomenon, which we discuss after the theorem.

We remark that any nonconstant inner function is contained in some nontrivial quotient
module. To see this, fix a nonconstant inner function ¢ € H*(B™). Consider the submodule

S = pHF(B").
Let @ = S*. Then Q is a quotient module that contains ¢. Indeed, for f € HZ(B"), we have

(0, 0f) = (L, f) = f(0) = 0.

The above argument ensures that the hypothesis in the following theorem is non-vacuous.
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Theorem 11.7. Let Q@ C H?*(B") be a quotient module containing a monconstant inner
function ¢ € S(B"), and let A € C. Then the module map
Sxe = PoTilo,
on Q admits a lift if and only if
Al < 1.

Proof. Following Theorem 4.3, we write X = S\, and ¢ = X (Pgl). We know that A\p € Q,
and hence

1/1 = S)“PPQl = PQT)\¢1 = /\QO
Then the functional Xg : Mg — C in Theorem 4.3 simplifies to

Xof = do = Apfdo = A d
of = [ wtio = [ Nopto=x [ prdn

n

and hence
Xofl = | [ etao| <IN [ 1sldo = IS,
for all f € Mg. On the other hand, since ¢ is inner, we have
Xowl =N [ oo =N [ loPdr = A

and therefore

[ Xoll = |Al.
Hence, by Theorem 4.3, X admits a lift if and only if || < 1. O
For a quotient module @ C H?(B") and a function ¢ € S(B"), the module map
X =5,

always admits a lift, namely 7, on H?(B"). However, it may happen that ¢ is not a Schur
function, but there exists ¢» € S(B™) with

© #,

such that

X =85, =35y.
Theorem 11.7 shows that, under the stated assumptions, X = S), does not admit the afore-
mentioned property. This rigidity phenomenon is a rather distinctive feature of the lifting
theorem of the above class of module maps.

At the end of the proof of Corollary 9.4, we remarked that module maps on infinite-
dimensional quotient modules may admit norm-preserving lifts. This stands in contrast to
the finite-dimensional case, where Corollary 9.4 shows that a module map does not admit a
norm-preserving lift whenever n > 1.

We clarify the infinite-dimensional quotient module aspect. For instance, fix a nonconstant
inner function ¢, and choose a quotient module Q containing ¢. Consider the module map
X =S, on Q. Clearly X admits a lift, namely 7;,. Moreover, we have

IXT =1 = [llloo-
On the other hand, since ¢ is inner, it follows from (9.2) that

p & AB").
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Since ¢ € Q, it follows that

Q¢ AB").
Consequently, Q is infinite-dimensional (see the discussion preceding (9.2); see also [19, Corol-
lary 3.4] and [11, Chapter 2, Remark 2.5.5]).

12. THREE-POINT INTERPOLATION

This section is devoted to some concrete examples of interpolation problems. An interpo-
lation problem is said to be a three-point interpolation problem if the interpolation data set Z
and W consist of three points: Z = {21, 29, 23} C B™ and W = {wq, wq, w3} C D. We begin
by illustrating a solution to a three-point interpolation problem.

Define
F3(B") = Fp U Fnp,

where ( ) -
201(1 — 721) — Tw a5

={r= Cey Tp) ATl =1, w] <1

Fp {‘T (wla y L ) 2(1 _ T$1) _ Cd2.’13% |7-| |CU| }

and
2 2v'1 — a?
Fnp ={z = (z1,...,2,) — B axQ:aE[O,l)}.

2 — a? 2 — a?
In [27, Theorem 2], Kosinski and Zwonek proved the following result: If the three-point Pick
interpolation problem is extremal, then, upto a composition with automorphisms of B"™ and
D, it is interpolated by a function belonging to F3(B").
The result of Kosinski and Zwonek, together with Corollary 10.3, yields a concrete repre-
sentation of at least one solution to a given three-point interpolation problem:

Theorem 12.1. Suppose Z = {z1, 29, 23} C B" and W = {wy, ws, ws} C D are interpolation
data, with W # {0}. If Z and W solve the interpolation problem, then there exist

NS .Fg(Bn),
and X\ € (0, 1] such that
AP,

solve the interpolation problem for Z and W. Moreover, A\ can be chosen to satisfy the
manimality condition

A = inf{||n||w : n € S(B") interpolates Z and W}.

The final part of the above result follows the same lines of proof of Corollary 10.3. Now we
consider a definite 3-point interpolation problem.

Example 12.2. Let n > 1. Denote by {e;}}_; the standard orthonormal basis of C", and
define
3\ =
)
8

M = max [ Ky (-, %) oo

1<5<3
Note that M > 1. For each j = 1,2, 3, define

and

Zj = )\ej.
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Finally, define

DR
_ 1
w2_3_M7
_ 1
W3 = 17

We now consider the three-point interpolation problem corresponding to the data Z =
{21, 22, 23} and W = {wy, w9, w3}. As in Theorem 7.2, we let

Yzw = Ku(-, 21) + oK (s, 22) + c3 K (-, 23),

where the scalars ¢y, co, and c3 are given by

C1 1 w1y
Co| = [Kn(zi,zj)]gx?) Wa
C3 w3

Since (z;, z;) = N*4;;, and K, (z,w) = #»n for all z,w € B", it follows that

(1_<27
1 1

ol 2) = 2y ~ T
for all t =1,2,3, and
K, (%, 2) =1,
for all 7 # j. Therefore,
a 1 1
[Kn (2 2)lsxs = |1 a 1],
1 1 a
where
1
a= m
Computing the inverse of the matrix [K,,(2;, 2j)|3x3, we obtain
c1 1 (a+ 1wy —wy — w3
co| = m —wi +wy(a+ 1) —ws

C3 —wy — wy + (a+ 1ws

This further implies that ¢y, co, c3 > 0. Now

’WZ,W”OO < Cl||Kn('= Zl)Hoo + C2||Kn('a Z2)||<>o + C3||Kn('a ZS)HOO
S M(Cl+02+63)

< W)l < M

m(wl -+ Wao —+ U)g)

13
12(a + 2)
<1,

that is, ||z wl||e < 1. By Theorem 7.2, the interpolation problem has a solution.

Remark 12.3. It is easy to see that the function v in the above example itself interpolates
the given data Z and W.



56 BHATTACHARJEE, DEEPAK, AND SARKAR

13. CONCLUDING REMARKS

We begin with some general remarks. Approximation, interpolation and lifting are central
themes in the theory of Hilbert function spaces and are closely connected to several applied
areas of mathematics, including electrical engineering (cf. Helton [23, 23]). Results in these
directions contribute to the understanding of a wide range of problems, such as the struc-
ture of submodules and quotient modules; the theory of linear operators; complex variables;
and techniques involving reproducing kernel Hilbert spaces, including recent developments in
machine learning. It is also important to note that for n = 1, Schur functions admit useful
fractional linear-type representations, also known as realization formulas [3]. However, vari-
ous complications arise when attempting to represent Schur functions in higher dimensions.
Another fundamental problem concerns the structure of submodules and quotient modules
of H*(B"). We hope that the results presented in this paper will contribute to the further
development and understanding of these areas.

In the passage from one-variable to multivariable Hilbert function spaces, the two most
natural domains are the polydisc and the unit ball. In a recent paper, [13] resolved the
lifting and interpolation problems on D". Some of the qualitative and quantitative features
established there also arise in our study of B". With this comparison in mind, we make the
following general observation:

(1) The construction of the function ¥z, as well as the qualitative and quantitative
criteria established in this paper, was also obtained in the polydisc setting in [13]. In
the present work, we prove these implications using a combination of techniques; some
new and others carefully adapted, with significant modifications, from D" setting. A
fundamental difference in the ball setting is the absence of a convenient orthonormal
basis for L?(S™); in contrast, for L?*(T"), the monomials form an orthonormal basis.
This feature played a central role in the interpolation and lifting results for D™ in [13],
and its absence highlights a key technical challenge in the present context.

(2) While working on B"™ (as well as on D™ [13]), we apply substantially finer techniques
that allow us to avoid many of the subtleties inherent in several-variable function
theory. On the one hand, such refined tools are essential for eliminating case-by-case
analyses and obtaining a general result. On the other hand, the results also suggest
that, when focusing on specific settings, such as B™ or D", there remains significant
scope for further sharpening and improving both the results presented here and those
in the earlier work [13].

(3) While working on B", we found that results concerning Schur functions and Hilbert
function spaces are often considerably more involved than in other standard domains,
such as D™. This may be partly due to the lack of explicit examples of inner func-
tions on the ball. Indeed, as pointed out earlier, many of the results, examples, and
counterexamples in this paper rely crucially on the structure of inner functions on the
ball.

Before closing, we outline some simple yet useful general observations. First, we note that
every module map on a finite-dimensional quotient module admits a lift to a function in
H>(B"). The crucial point underlying the proof is that these quotient modules are naturally
realized inside the ball algebra.
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Proposition 13.1. Let Q be a finite-dimensional quotient module of H*(B™), and let X €
B(Q) be a module map. Then there exists ¢ € H>®(B") such that

X =5,.
Moreover, ¢ can be chosen as
¢ = X(Pal),
and therefore,
X = Sx(po1)-

Proof. As Q C H?*(B") is finite-dimensional, it follows from (9.1) (or see [19, Corollary 3.4]
and [11, Chapter 2, Remark 2.5.5]) that

Q C A(B™) Cc H>*(B").
In particular, we have
)= X(Pol) € QC A(B"),
that is, ¢ € H>*(B"). If we write 0 as
v—=0€ Q"
then Theorem 3.1 implies that X =S, and completes the proof of the lemma. O

Throughout the paper, the space of mixed functions M(S™) has played an important role.
We now discuss a decomposition of this space that aligns with the homogeneous decomposition
studied by Rudin [43]. Recall that

M(S") = L2(8") © [H(S") +-H(8)").
For each p, q € Z. , define H(p, q) as the vector space of all harmonic homogeneous polynomials
on C" that have total degree p in the variables 2, ..., z,, and total degree ¢ in the variables

Z1,...,2n. This notion is related to spherical harmonic functions, as discussed in [43, Section
12.1]. In view of the identification

f <= flsn,
one can represent H(p, q) as a vector subspaces of L*(S") for all p,q € Z,. Moreover, by [43,
Theorem 12.2.3], it follows that L?(S™) is the direct sum of the pairwise orthogonal spaces

H<p7 Q>7 b, q c ZJr:

L*(s") = € Hp.q).
P.q€Ly
Observe H(p,0) consists of holomorphic homogeneous polynomials of degree p for all p € Z, .

Moreover
H*(S") = €P H{(p,0)

PELy
Now, by taking conjugates, it follows that

128" = @) H(0,0)
q€Z+
Using these direct sum decompositions, along with that of L?(S™), we finally conclude that

M(S") = P H(p.q)

p,q>1
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Remark 13.2. The above description of M(S") can be used to provide a slightly different
proof of Theorem 4.3. However, the proof presented there also has the potential to work in
more general cases, such as weighted Bergman spaces.

Alongside inner functions, extremal functions constitute one of the central themes of this
paper. We conclude by emphasizing some compelling reasons why the class of extremal
functions deserves special attention. Recall that £(B™) denotes the class of extremal functions.

(1) Unlike the one-variable setting, there is no concrete description or example of inner
functions on B", and in particular there is no satisfactory analogue or example of finite
Blaschke products whenever n > 1.

(2) The class £(B™) contains many explicit examples that can be constructed via extremal
interpolation problems (cf. [27, Theorem 2]).

(3) The Carathéodory approximation theorem and Pick’s theorem on B", established in
this paper, along with the striking parallels between inner and extremal functions also
outlined here, suggest that extremal functions occupy a central place in the theory of
Hilbert function spaces.

These observations suggest that extremal functions merit a systematic investigation. One
fundamental question is to understand their structure and obtain explicit representations, at
least for rational extremal functions. An equally intriguing question is whether there exist
non-rational extremal functions on B"™ when n > 1.

Acknowledgement: The research of the third named author is supported in part by MATRICS
(ANRF/ARGM/2025/000130/MTR) by ANRF, Department of Science & Technology (DST),

Government of India.

REFERENCES

1. J. Agler and J. E. McCarthy, Nevanlinna—Pick interpolation on the bidisk, J. Reine Angew. Math. 506
(1999), 191-204.

2. J. Agler and J. E. McCarthy, Complete Nevanlinna-Pick kernels, J. Funct. Anal. 175 (2000), 111-124.

3. J. Agler and J. E. McCarthy, Pick Interpolation and Hilbert Function Spaces, Grad. Stud. Math., 44.
Amer. Math. Soc, Providence, RI, 2002.

4. A. B. Aleksandrov, The existence of inner functions in a ball, Mat. Sb. (N.S.) 118(160) (1982), 147-163,
287.

5. J. Arazy, S. D. Fisher, S. Janson, and J. Peetre, em Membership of Hankel operators on the ball in unitary
ideals, J. London Math. Soc. (2) 43 (1991), 485-508.

6. J. Ball, W.S. Li, D. Timotin, and T. Trent, A commutant lifting theorem on the polydisc, Indiana Univ.
Math. J. 48 (1999), 653-675.

7. C. Carathéodory, Uber den Variabilititsbereich der Koeffizienten von Potenzreihen, die gegebene Werte
nicht annehmen, Math. Ann. 64 (1907), 95-115.

8. C. Carathéodory, Uber den Variabilititsbereich der Fourier’schen Konstanten von positiven harmonischen
Funktionen, Rend. Circ. Mat. Palermo 32 (1911), 193-217.

9. C. Carathéodory, Theory of functions of a complex variable. Vol. 2, Chelsea Publishing Company, New
York, 1954.

10. C. Carathéodory and L. Fejer, Uber den Zusammenhang der Extremen von harmonischen Funktionen
mit ihren Koeffizienten und tiber den Picard-Landau’schen Satz, Rend. Circ. Mat. Palermo 32 (1911),
218-239.

11. X. M. Chen and K. Y. Guo, Analytic Hilbert modules, Chapman & Hall/CRC Research Notes in Mathe-
matics, 433, Chapman & Hall/CRC, Boca Raton, FL, 2003.



12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.
34.

35.

36.

37.

38
39

APPROXIMATION, INTERPOLATION, AND LIFTING ON THE UNIT BALL 59

. R. G. Douglas and V. I. Paulsen, Hilbert Modules over Function Algebras, Longman Research Notes, 217,
1989.

K.D. Deepak and J. Sarkar; Commutant lifting, interpolation, and perturbations on the polydisc, to appear
in Amer. J. Math.

M. Dritschel, S. Marcantognini, and S. McCullough, Interpolation in semigroupoid algebras, J. Reine
Angew. Math. 606 (2007), 1-40.

E. Fischer, Uber das Carathéodory’sche Problem, Potenzreihen mit positivem reelen Teil betreffend, Rend
Circ. Mat. Palermo 32 (1911), 240-256.

G. Frobenius, Ableitung eines Satz von Carathéodory aus einer Formel von Kronecker, S.-B. Preuss. Akad.
Wiss. (Berlin) (1912), 16-31.

J. Garnett, Bounded analytic functions, Revised first edition. Graduate Texts in Mathematics, 236.
Springer, New York, 2007.

U. Grenander and G. Szego, Toeplitz forms and their applications, Univ. of California Press, Berkeley,
1958.

K.Y. Guo and D. Zheng, Invariant subspaces, quasi-invariant subspaces, and Hankel operators, J. Funct.
Anal. 187 (2001), 308-342.

M. Hakim and N. Sibony, Functions holomorphes bornées sur la boule unité de C™, Invent. Math. 67
(1982), 213-222.

S. Ya Havinson, On some extremal problems of the theory of analytic functions (Russian), Moskov. Gos.
Univ. Ucenye Zapiski Matematika 148(4) (1951), 133-143.

S. Ya Havinson, On an extremal problem of the theory of analytic functions (Russian), Uspehi Matem.
Nauk (N.S.) 4 (1949), no. 4(32), 158-159.

J. W. Helton, William The characteristic functions of operator theory and electrical network realization,
Indiana Univ. Math. J. 22 (1972/73), 403-414.

J. W. Helton, Operator theory, analytic functions, matrices and electrical engineering, CBMS Regional
Conference Series No. 68, AMS, Providence 1987.

K. Hoffman, Banach spaces of analytic functions. Prentice-Hall Series in Modern Analysis. Prentice-Hall,
Inc., Englewood Cliffs, NJ, 1962. xiii+217 pp.

A. Koranyi, Harmonic functions on hermitian hyperbolic space, Trans. Amer. Math. Soc., 139 (1969), pp.
507-516.

L. Kosinski and W. Zwonek, Nevanlinna-Pick interpolation problem in the ball, Trans. Amer. Math. Soc.
370 (2018), no. 6, 3931-3947.

E. Low, A construction of inner functions on the unit ball in CP, Invent. Math. 67 (1982), 223-229.

A. J. Macintyre and W. W. Rogosinski, Fxtremum problems in the theory of analytic functions, Acta
Math. 82 (1950), 275-325.

G. N. Monreal and A. Nicolau, Extremal solutions of Nevanlinna-Pick problems and certain classes of
inner functions, J. Anal. Math. 134 (2018), 127-138.

B. Sz.-Nagy and C. Foias, Harmonic analysis on operators on Hilbert space, North-Holland, Amsterdam,
1970.

S. McCullough, The local de Branges-Rovnyak construction and complete Nevanlinna-Pick kernels, Alge-
braic methods in operator theory, Birkhduser Boston, Boston, MA, 1994. pp. 15-24.

Z. Nehari, On bounded bilinear forms, Ann. of Math. 65 (1957), 153-162.

R. Nevanlinna, Uber beschrinkte Funktionen, die in gegebenen Punkten vorgeschriebene Werte annehmen,
Ann. Acad. Sci. Fenn. Sel A. 13 (1919), 1-72.

A. Nicolau, The Nevanlinna-Pick interpolation problem, Proceedings of the Summer School in Complex
and Harmonic Analysis, and Related Topics, 1-28, Publ. Univ. East. Finl. Rep. Stud. For. Nat. Sci., 22,
Univ. East. Finl., Fac. Sci. For., Joensuu, 2016.

G. Pick, Uber die Beschrankungen analytischer Funktionen, welche durch vorgegebene Funktionswerte
bewirkt werden, Math. Ann. 77 (1916), 7-23.

P. Quiggin, For which reproducing kernel Hilbert spaces is Pick’s theorem true?, Integral Equations Op-
erator Theory 16 (1993), 244-266.

. F. Riesz, Uber ein Problem des Herrn Carathéodory, J. Reine Angew. Math. 146 (1915-1916), 83-87.

. F. Riesz, Uber Potenzreihen mit vorgeschriebenen Anfangsgliedern, Acta Math. 42 (1918), 145-171.



60 BHATTACHARJEE, DEEPAK, AND SARKAR

40. W. W. Rogosinski and H. S. Shapiro, On certain extremum problems for analytic functions, Acta Math.
90 (1953), 287-318.

41. W. Rudin,New constructions of functions holomorphic in the unit ball of C*, CBMS Regional Conference
Series in Mathematics, 63. Published for the Conference Board of the Mathematical Sciences, Washington,
DC; by the American Mathematical Society, Providence, RI, 1986. xvi+78 pp.

42. W. Rudin, Inner functions in the unit ball of C™, J. Funct. Anal. 50, 100-126, (1983).

43. W. Rudin, Function Theory in the Unit Ball of C™, Springer, (Reprint of the 1980 edition)

44. W. Rudin, Function Theory in Polydiscs, W. A. Benjamin, Inc. New York—Amsterdam, 1969.

45. D. Sarason, Generalized interpolation in H>°, Trans. Amer. Math. Soc. 127 (1967), 179-203.

46. 1. Schur, Uber ein Satz von C. Carathéodory, S.-B. Preuss. Akad. Wiss. (Berlin) (1912), 4-15.

47. K. Seip and E. H. Youssfi, Hankel operators on Fock spaces and related Bergman kernel estimates, J.
Geom. Anal. 23 (2013), 170-201.

48. O. Toeplitz, Uber die Fourier’sche Entwickelung positiver Funktionen, Rend. Circ. Mat. Palermo 32 (1911),
191-192.

INDIAN STATISTICAL INSTITUTE, STATISTICS AND MATHEMATICS UNIT, 8TH MILE, MYSORE ROAD,
BANGALORE, 560059, INDIA
Email address: jaydeepbhattacharjee98@gmail.com

DEPARTMENT OF APPLIED MATHEMATICS, NATIONAL YANG MING CHIAO TUNG UNIVERSITY, HSINCHU
Crity, 30010, TATWAN
Email address: dpk.dkd@gmail.com

INDIAN STATISTICAL INSTITUTE, STATISTICS AND MATHEMATICS UNIT, 8TH MILE, MYSORE ROAD,
BANGALORE, 560059, INDIA
Email address: jay@isibang.ac.in, jaydeb@gmail.com



