COMMUTANT LIFTING AND INTERPOLATION ON THE UNIT BALL

I
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ABSTRACT. We solve the commutant lifting and interpolation problems in the setting of the
Hardy space and Schur functions on the open unit ball of C™. Our solutions also signify the
role of inner functions on the unit ball, objects whose existence was once in doubt and to
which Aleksandrov, Rudin, and others made fundamental contributions. Some of our results,
particularly those related to inner functions, are new even in the classical, one-variable case.
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Denote by B™ the open unit ball in C", and let H>(B") denote the space of all scalar-valued
bounded analytic functions on B". Equipped with the supremum norm || - ||, this forms a
commutative Banach algebra. The closed unit ball of H>°(B") is denoted by S(B"), that is,

S(B") ={p € H*B") : [lpllo < 1}.

The elements of S(B™) are called Schur functions. For n = 1, Schur functions admit frac-
tional linear-type representations, also known as realization formulas [1]. However, and this
is relevant to the content of this paper, various complications arise when one attempts to
represent Schur functions in higher variables.

The following interpolation problem is classical and is referred to as the Nevanlinna—Pick
interpolation problem:

Problem 1.1. Given m distinct points {z;} C B" and a set of m values {w;}*, in D,
determine when there exists ¢ € S(B") such that

©(2i) = w,

foralli=1,...,m.
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When n = 1 (in which case we write B' = D), the above interpolation problem was solved
independently by Nevanlinna [14] and Pick [16] in the 1910s, and the resulting criterion is now
known as the Nevanlinna-Pick interpolation theorem on the unit disc: There exists p € S(D)

such that ¢(z;) = w; for all i = 1,...,m, if and only if the m x m Pick matriz
[ 1— ziij :|
1— U),L‘U_)j m><m’

is positive semi-definite.

The Nevanlinna—Pick interpolation theorem, along with the problem of its multivariable
counterparts, has long occupied a central place in the study of Hilbert function spaces. In
fact, obtaining a criterion for interpolation in several variables has remained an open problem
for many years, and it has only recently been resolved in the case of the polydisc [7]. It is
important to emphasize that a characterization based on the positivity of a Pick matrix is
generally not expected in higher dimensions, as such criteria are intrinsically tied to the theory
of complete Nevanlinna—Pick kernels. The kernel of primary importance on B”, namely the
Szegd kernel, does not belong to this class except for the case of n = 1. Recall that the Szego
kernel on B" is the reproducing kernel S,, : B" x B"™ — C defined by

1
(1= (z,w))"’
where (z,w) = Y"1, zw; for all z,w € B". Also, for each w € B", define the Szegd kernel
function S, (-, w) : B" — C by

Sn(z,w) =

(Sn(-, w))(2) = Sn(z, w),

for all z € B".

The aim of this paper is to provide a solution to the interpolation problem on B™. Following
in the footsteps of Sarason [20], our approach first establishes a commutant lifting theorem
for H?(B"), the Hardy space over B", and then uses this result to solve the interpolation
problem. It should be noted that the commutant lifting theorem for H?(B"), in the case
n > 1, is itself an important and challenging problem. Thus, in this paper we resolve two
problems of independent interest in function theory and the theory of function Hilbert spaces.

One notable aspect of the solutions obtained in this paper is their connection to inner
functions on B", functions whose very existence was once in doubt for n > 1. A function
p € H*(B") is said to be inner if

(Ol =1,

for almost every ¢ € S™ (in the sense of K-limits; see Section 3). Clearly, if ¢ is inner, then
p e S(B).

It was only in 1982 that Aleksandrov [3] constructed highly pathological examples of inner
functions on B", n > 1. In the following year, Rudin [17] observed that, despite their patho-
logical nature, such functions exist in enormous abundance. Our results offer a concrete link
to these observations of Aleksandrov and Rudin, a connection that we now elaborate on before
proceeding further.

Given m distinct points Z = {z;}1", C B™ and a set of m values {w;}", C D, define

vzw =Y ¢Sal- 7).
j=1
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where the scalars {c;}7_, are given by

-1

¢ Sn(z1,21) Sp(z1,22) ... Sp(21,2m) wy
¢2| | Sa(z2,21) Sn(22,2) Sn(z2, 2m) ws
Cm Sn(zma Zl) Sn<zm7 22) .. Sn<zm7 Zm) W,

Note that the inverse of the above matrix is well defined, since the matrix in question is a
Gram matrix. Moreover, observe that

¢Z,W < HOO(Bn).

In fact, it is in the ball algebra A(B™) (to be defined later). We have the following as one of
the solutions to the interpolation problem on the ball (see Theorem 6.4):

Theorem 1.2. There exists ¢ € S(B") such that
p(z5) = wj,
for all 5 = 1,....m, if and only if there exists a sequence of inner functions {u;} C S(B")
such that
limwui(z) = ¥z w(z),
forallj=1,...,m.

In addition to the above, we present several other characterizations of the interpolation
problem, which are collected in Theorem 1.5. The significance of the preceding result lies
in the way it highlights the inherent complexity of the interpolation problem and its deep
connection to the subtleties of function theory on B", n > 1.

We now proceed to explain the remaining results, beginning with commutant lifting on
H?(B™), the Hardy space over B™, which plays a key role in the solution of the interpolation
problem. Recall that H?(B") is the reproducing kernel Hilbert space corresponding to the
kernel function S,,. It is also known that H?(B") consists of all analytic functions f : B" — C
satisfying

1

171=( suwp [ 1FrORdo(0)’,
0<r<1 Jsn

where do denotes the normalized surface (Lebesgue) measure on the sphere S” = 9B". Given
a function ¢ : B® — C, we have the property that ¢ H?(B") C H?*(B") (in which case such a
¢ is called a multiplier) if and only if

© € H*(B").
Such a multiplier ¢ defines a multiplication operator T, on H?(B") by
Tg@f = (pf )
for all f € H*(B"). Moreover, we have the norm identity ||7,|| = |/¢[l. The multiplication
operator T, is also known as the analytic Toeplitz operator with symbol ¢. The coordinate
functions ¢ = z; give rise to the special multiplication or Toeplitz operators 7., 7 =1,...,n.

Moreover, we have the fundamental commutation property: the commutant of the coordinate
multipliers is precisely the algebra H>(B"):

(T, ...\ T} = {T,: ¢ € H*(B")}.
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We also need to consider backward shift invariant subspaces (known as quotient modules) of
H?(B"). A closed subspace Q of H?(B") is called a quotient module if

T;QCQ,
foralli=1,...,n [5, 6, 10]. For each ¢ € H*(B"), we define the module map S, on Q by
S‘P - PQT§0|Q7

where Pg denotes the orthogonal projection of H?(B") onto Q [6]. We say that an operator
X € B(Q) is a module map if

XS, =5.X,
forall 2 =1,...,n. In other words, a module map is a bounded linear operator on a quotient
module that commutes with the coordinate multiplication operators compressed to the quo-

tient module. Given a Hilbert space H, we denote by B(H) the space of all bounded linear
operators on H, and we set

Bi(H) ={T € B(H) : |T| < 1}.

With this terminology and structure in place, we can now formulate the commutant lifting
problem as follows:

Problem 1.3. Let Q be a quotient module of H*(B"), and let X € B;(Q) be a module map.
When does there exist a Schur function ¢ € S(B™) such that

X =25,7

If such an operator X € B;(Q) admits a representation X = S, for some ¢ € S(B"), then
we say that X admits a lift, or that X admits a lift to T, or simply that X is liftable.

Equivalently, this is a question about the commutativity of the following diagram, together
with the additional requirement that ¢ € S(B"):

T‘P
H*(B") ——— H*(B")
io i

Q e Q

where ig : @ — H?*(B") denotes the inclusion map (here we note that S, = i5T,ig).

We now focus on the case where n = 1. In this particular situation, Sarason’s seminal work
asserts that every such module map X € B;(Q) admits a lift [20]. And even more, the lift
preserves the sup norm: there exists ¢ € S(D) such that X = S, and

X1 = [l lloc-

Sarason further applied his lifting theorem to kernel function-based finite-dimensional quotient
modules, thereby recovering the positivity condition of the Pick matrix in the context of
Nevanlinna—Pick interpolation problem. Now we turn to several variables. In what follows,
unless otherwise stated, the case of n = 1 will also be included in the discussion.
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First we establish the essential tools that would be needed for the lifting theorem. For a
function f € L?(S™), we denote its conjugate by f. For a subset S of L*(S"), we write S
for the collection of all conjugate functions of elements of S; that is,

Send = {f . feSh
Because K-limits naturally allow boundary identification, we will, whenever needed, regard
H?*(B") as canonically identified with H?(§") without additional explanation (see Section 3
for further details), where
HAS") =T,y z] © .

Next, we define the space of “mixed functions” (also see [7]):

M(S™) == L*(S™) © [H*(S™) + H?(S™)*™].
Note that M(S) = {0}. Define the space of Hardy functions “vanishing at 0” as

H(S") = {f € H*S") : {f, 1) 2(sm) = O}.

Let Q be a quotient module of H?(B"). We consider Q" M(S™), and HZ(S") as subspaces
of L'(S") and define

Mg = Q4 [M(S")+Hg (S")].
where + denotes the skew sum in the Banach space L'(S™). This is in line with the corre-
sponding constructions in the polydisc case, as introduced in [7].

Another essential component is the notion of inner functions on B”. Note that for a long
time, it was widely conjectured that no nonconstant inner functions exist on B", n > 1. This
belief persisted until 1981, when Aleksandrov constructed highly pathological examples of
such functions; shortly thereafter, Low [12] independently established their existence (also
see Hakim and Shibony [11]; and see Rudin’s historical comments in [17]). In what follows,
we also highlight the subtle nature of inner functions on the unit ball and their connection to
the lifting problem. More specifically, motivated by Rudin’s result on the w*-density of inner
functions in S(B") (see Theorem 5.1 or [17, Theorem 5.3(b)]), we introduce the following
notion: Let S C LY(S"), ¢ € H*(B"), and let {u;} C S(B") be a sequence of inner functions.
We say that

w* —limu; =¢pon S,
if for every f € S, we haave
lim [ w;fdo = Y fdo.
v Jsn sn
The following is a summary of all the commutant lifting theorems obtained in this paper.

It is important to note that these (and all others except Theorem 7.5) apply also to the case
n = 1, and hence many of them are new even in the single-variable setting.

Theorem 1.4. Let Q be a quotient module of H*(B"), and let X € B1(Q) be a module map.
Set

= X(Pgl).
The following conditions are equivalent:
(1) (Commutant lifting) X admits a lift.
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(2) (Perturbations) There exists p € S(B"™) such that
Y —pe Q.

Moreover, in this case X lifts to S,,.
(3) (Qualitative property) Xo : (Mg, |.]1) — C is a contraction, where

Xof = [ wfdo

for all f € Mg.
(4) (Quantitative property) diStLl(Sn)<ﬁ7MQ> > 1, where

Mg =: ker Xg = [Q™ © {{}]+[M(S")+HZ(SM)].

(5) (Inner functions - 1) There exists a sequence of inner functions {u;} C S(B™) such
that

w* —limu; =1 on Mg.
7

(6) (Inner functions - II) There exists a sequence of inner functions {u;} C S(B™) such
that

w* —limu; =1 on Qeoni |
KA

In the context of the above theorem, we further point out that Lemma 4.2 yields the
following identity:

ker Xo = Mo.

The equivalence of (1) and (2) is less involved, yet it plays a central role in establishing
the remaining equivalence conditions as well as several other results in this paper. The
perturbation property in (2) is connected, perhaps coincidentally, with Rudin’s perturbation
theorem for inner functions, a connection that we will explore further in Section 7.

The equivalence of conditions (1), (3), and (4) was established earlier in the setting of the
Hardy space over the unit polydisc [7]. In the present work, in the setting of the unit ball, we
revisit these implications using a combination of techniques: some new, and some adapted,
carefully and with significant modifications, from the polydisc setting. In fact, in the present
case, condition (2) plays a crucial role in deriving the remaining implications. Overall, the
techniques used both here and in [7] are substantially finer, enabling us to avoid many of the
subtleties inherent in several-variable function theory. On the one hand, such refined tools
are essential for eliminating case-by-case analyses and obtaining a general result. On the
other hand, the theorem also indicates that, when one focuses on specific settings, either the
polydisc or the unit ball, there remains considerable room for sharpening and improving the
results presented here as well as those in the earlier work [7].

Now we turn to a detailed presentation of our solution to the interpolation problem:

Theorem 1.5. Let Z = {z;}1", C B" be a set of m distinct points, and let W = {w;}; C D
be a set of m values. Define

Yz =D ¢Sal-s 7)),
j=1
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where the scalars {c1,...,cnm} are given by
Ccq wh
-1
= [Sn(zza Zj)}mxm
Cm Wm,

The following conditions are equivalent:
(1) There exists ¢ € S(B") such that

p(2i) = wi,
foralli=1,...,m
(2) T : (Mo, | -11) = Cis a contraction , where

Tzwf= [ vzwfdo,

Sn
and
= QFVEH[M(S") + Hy(S™)].

|27MQZ) > 1, where

Iz, W|

(3) dLl(Sﬂ)(

Mo, = (92" & {Pz W} H M. +H (S")].
(4) There exists a sequence of inner functions {u;} C S(B") such that

limwu;(2) = ¥z w(z),
forallj=1,....m

Similar equivalence conditions (1)—(3) were previously observed in the polydisc setting in
[7]. Condition (4), however, is new even in the classical one-variable case.

The remainder of the paper is organized as follows. In Section 2, we present characteriza-
tions of lifting in terms of perturbations of Schur functions and quotient modules. Section
3 provides characterizations of lifting based on the contractivity of certain linear functions.
In the following section, we utilize these results to introduce a characterization using a dis-
tance function that bears some resemblance to the Nehari theorem. In Section 5, we relate
lifting to inner functions and present some more characterizations of lifting via sequences of
inner functions. All the lifting theorems obtained earlier are then applied in Section 6 to
provide characterizations of interpolation for Schur functions. Finally, Section 7 is devoted
to examples.

2. CHARACTERIZATIONS BY PERTURBATIONS

Let Q be a quotient module of H?(B"). In the context of Problem 1.3, observe that if
X =S, for some ¢ € S(B"), then it is evident that X € B1(Q) and X95,, = S, X for all
1=1,...,n. That is, X is a contractive module map on Q. Moreover,

IXT = 11561 < lllloo-

Therefore, the commutant lifting problem is concerned with establishing the converse: whether
a contractive module map on O necessarily arises as a compressed multiplication operator by
a Schur class function.

In this section, we present a solution to this problem that is technically less involved,
yet it will play an important role in addressing the relatively more involved results that
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follow. At the same time, the solution provided here reveals a perturbation property that is
of independent interest.

Let Q be a quotient module of H?(B"™). We give a special attention to the function Pgl € Q.
This function is of particular interest, as it is a joint cyclic vector in the sense that

(2.1) Q =span{S¥(Pol) : k € Z7}.
To see this, for each k € Z7, we compute
S¥Pol = PoTF|gPol = PoT*Pol = PoT*1 = PoTF1 = Py,
The claim now follows from the fact that
H?*(B") = span{z" : k € Z"}.

A closed subspace & C H%(B") is called a submodule if S* is a quotient module of H?(B").
Equivalently, S is a joint invariant subspace:

foralli =1,...,n. It is well known that the structure of submodules and quotient modules of
H?(B") is complicated, and unlike the case n = 1 (which is covered by Beurling’s theorem and
the classical Sz.-Nagy—Foias model theory [13]), no satisfactory classification or understanding
is available. This complexity presents a major obstacle in understanding the several-variable
commutant lifting theorem as well as the interpolation problem (and vice versa as well). Our
first characterization of commutant lifting for contractive module maps relies on perturbations
of certain natural functions and establishes a connection with submodules of H%(B"). We now
briefly summarize the essential ingredients needed for the statement.

We now introduce a more general framework for the lifting theorem. We consider subal-
gebras of H*°(B") for lifting maps; more specifically, we consider the ball algebra, since this
closed subalgebra of H>(B") will be used in subsequent results. Recall that the ball algebra
A(B™) is the Banach algebra consisting of all analytic functions on B” that admit a continuous
extension to B". We set

A= H>*(B") or A(B").
In the definition of lifting,

Note that the statement that a contractive module map X acting on a quotient module
admits a lift means, as usual, that there exists a Schur function ¢ € S(B") such that X = S,,.
If  lies merely in A (and is not necessarily a Schur function), then we say that X admits a
lift to A (in this case, X is not necessarily contractive).

Let X € B(Q) be a module map. In what follows, we will always write (suppressing X, as
it will be clear from the context)

= X(Pgl).
This function

Y e,

will play a central role throughout the developments that follow. For instance, in the following,
we show that perturbations of i) by functions from A are a key to solving the commutant
lifting problem.

Theorem 2.1. Let Q be a quotient module of H*(B"), and let X € B(Q) be a module map.
Then X admits a lift to A if and only if there exists ¢ € A such that

Y —pe Q.
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Moreover, in this case X lifts to S,.

Proof. Suppose X admits a lift. That is, there exists ¢ € A such that
X =5,.
Then
= XPol = S,Pol = PoT,Pol.
Since Q' is a submodule, it follows that
Q- C O,
and hence PoT,Po = PoT,. This implies
Y = Poy,
so we conclude that
Y —p=Pop—p=—Popec Q.
Conversely, assume that ¢ — ¢ € Q*. Since ¥ € Q, we must have Pgt) = 1, and hence

Y = Pogp.
Pick k € Z. As X is a module map, XS, =5, X forall i =1,...,n, and hence
XSk =g5kx.

Therefore

XSFPol = SEX Pol = Sk
Moreover, we note that T}, is an analytic Toeplitz operator. Therefore, T*T,, = T*T,,, which
implies S*S, = SFS,, and hence

X(SEPol) = S¥4p
= SiPoy
= Sy
= SFS,Pol
= S¢(Sngl).
In view of (2.1), it follows that X = S, which completes the proof of the theorem. [ ]

We now address the commutant lifting problem in its standard form. The following result
holds, with a proof analogous to that of Theorem 2.1 (simply replace A with S(B™)):

Theorem 2.2. Let Q be a quotient module of H*(B"), and let X € By(Q) be a module map.
Then X admits a lift if and only if there exists ¢ € S(B™) such that
Y —pe Q.
Moreover, in this case X lifts to S,.
Define
SB(B") = S(B") N A(B").
In the setting of the above theorem, if, in addition, the lifting symbol ¢ is also in the ball

algebra (that is, if ¢ € SB(B")), then we say that X admits a lift to SB(B™). Again, the
following holds with a proof similar to that of Theorem 2.1:
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Corollary 2.3. Let Q be a quotient module of H*(B"), and let X € B,(Q) be a module map.
Then X admits a lift to SB(B™) if and only if there exists ¢ € SB(B™) such that

v—pe Q.
Moreover, in this case X lifts to S,.

We remark that the problem of classifying liftings in higher dimensions is a nontrivial and
meaningful problem. As we will soon see (cf. Section 7), in contrast to the case n = 1, where
every contractive module map admits a lift (by Sarason’s theorem [20]), in higher dimensions
there exist contractive module maps that may or may not admit liftings.

Before concluding this section, we note that the perturbation problem above is, perhaps
coincidentally, connected with another perturbation phenomenon for inner functions studied
by Rudin, a connection that we will discuss further in Section 7.

3. QUALITATIVE CHARACTERIZATIONS

In this section, we go deeper into the structure of the Hardy space H?*(B"). All notations
and facts presented here are standard for H?(B"). For further details, we refer the reader to
the classic [18].

We denote by L?(S") the Hilbert space of all square-integrable functions on S™ with respect
to 0. Let ( € S™ and let & > 1. In analogy with the notion of an angular region in one
variable, define D,(¢) by (see Rudin [18, 5.4.1])

_ n_ Sz
Da(Q) = {2 € B : 1= (.0 < S0 - 213)}.

A function f:B" — C is said to have K—limit ¢ at { € S™ if, for every a > 1,

lim f(z)=c.

z—(

2€Da(C)
If this limit exists, we write (see [18, 5.4.6])
(K —lim £)(Q) = .

The notion of K-limits gives boundary values of the Hardy functions as follows (see [18,
5.6.6]): For each f € H?(B"), the function f*:S"™ — C exists a.e. where

(3.1) f(¢) = (K —lim f)(C).
Moreover, we have the following:
lim [ |f* — f.|?do =0,
r—1 sn

where, f,., 0 <r < 1, is defined by

fr(€) = f(r¢),
for ¢ € S™ a.e. Define

L2(S™)

H*(S") ={fls»: f € AB")} ",
and
H>®(S") = H*(S™) N L>=(S").
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By [18, 5.6.9], we know that f + f* is linear isometry from H?(B") onto H?*(S"). In view
of this, we will often identify H*(B") with H?*(S") via the unitary operator U : H*(B") —
H?(S™), where
Uf=1r,

for all f € H?(B"). Note that the set of polynomials

{p* :peCla,...zl},
is dense in H?(S™). We also remark that if K — lim f exists for a function f, then

K —limf=K —lim f.

Now we set up the notations needed for the second lifting theorem. Although some of these
have already appeared in the introduction, we present them again here with the necessary
elaboration. Recall that the space of mixed functions is defined by

M(S") = L2(8") & [H(S") + H2(S")™").
From the definition of M(S") it is clear that M(S") is self-adjoint, that is,
feM(Sm),
if and only if _
feM(S").
Moreover, we note that if S is a closed subspace of L?(S™) then S is also a closed subspace of
L?(S™). Recall that H2(S") is the closed subspace of H*(S™) consisting of functions vanishing
at 0, that is,
Hg(S") = {f € H*(S") : f(0) =0}
Note that here we are using the identification of H?(B") with H?(S") via the K — lim of
the Hardy functions (via the unitary operator U defined as above). More specifically, we
representing H2(S") as
HG(S") = {f" € H*(S"): f(0) =0, f € H*B")}.
Equivalently, we have
Hg(S") = {f € H*(S") : {f, Du2(sn) = O}
Similarly, if S is a subset of H?(S"), then we represent S as
Send = [f . feSh.
Fix a quotient module Q of H?(S™) and define
Mg = QM H[M(S")+H; (S")].
where + denotes the skew sum in the Banach space L'(S™). In other words, we consider Mg
as a subspace of L*(S"):
(Mg, [l [l1) € L(S™).
Now if we consider Mg to be a subspace of the Hilbert space L?(S™), then the skew sum

mentioned above becomes an orthogonal sum. We keep this observation as a lemma for future
reference:

Lemma 3.1. Let Q be a quotient module of H*(B™). Then M(S™), HZ(S™), and Q" are
pairwise orthogonal closed subspaces of L*(S™). Moreover,

HE(S") L H?(S")™™,
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However, Mg need not be closed when considered as a subspace of L'(S").
Remark 3.2. Using the identification of H*(B") and H*(S"), we have
H(S") + HY(S")™ = H(S") @ HY(S")",
which readily implies that H?(S") + H?*(S")" is a closed subspace.

We also recall the duality of the LP-spaces in our present context. For each ¢ € L>*(S"),
define y, € (L'(S™))* by

Xof = : fedo,
for all f € L>(S™). This yields the duality (an isometric and bijection map)
(3.2) (L'(S™))* = L>=(S").

This duality will play a key role in the next result, which we refer to as a quantitative lifting
theorem:

Theorem 3.3. Let Q C H*(B") be a quotient module and let X € B1(Q) be a module map.
Define Xg : (Mg, ||.1) = C by
Xof = | ¥fdo,
Sn

for all f € Mg, where
¥ = X(Pol).
Then X admits a lift if and only if Xg is a contraction on (Mg, ||.|l1)-

Proof. First, we assume that X € B(Q) admits a lift. By Theorem 2.2, there exists a Schur
function ¢ € S(B") such that

Y —p€ Q.
Since ¢ is a Schur function, by taking K-limit, we obtain
ol (smy < 1.
By the duality (3.2), we know that x, € (L'(S"))*, where

Xef = | ¢fdo,
Sn
for all f € L'(S™). We also know that

Ixoll = llol oo (sny < 1.
We claim that
To prove this, first we pick f € Q. We have
Xof= [ ¢fdo
Sn
= | wfdo
Sn

= (U, [)m2(sm

= (U, f) 2 @n).-
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Since ¢ — p € Q1 it follows that (¢) — @,7>Hz(Bn) = 0, and hence

(W, Fuz@ny = (o, ) 2@
This implies

Xof = (&, m2@n

= <<Pa f>H2(S")

— [ vsao

:Xgofa

that iS, XQ

Qconj == XQD Qconj. FOI' f E M(STL)) we have

Xof = . Ufdo = (f, ) m2em = 0= Xpf,

This shows that Xo|msn) = Xelmee). Finally, if f € H?(S")o, then, as Q" 1 HF(S"™), we
have

Xof = [ ¢fdo=0,
S’ﬂ

and on the other hand, as ¢ € H*(S") and f € HZ(S™), we have
Xef = [ @¢fdo=0=Xqof.
NI

Therefore, Xo|u2sn), = Xe|u2@sn), = 0, and proves the claim that Xg = x,|am,. By using
this, we have

[ Xoll < llxell = llellee <1,

which proves that Xg is a contractive functional on M.
For the converse direction, assume that Xg : (Mg, |.]1) — C is a contractive functional.
By the Hahn-Banach extension theorem, there exists § € L>(S™) such that

Xolmo = Xo,

and
10lloc = [ Xoll < L.
For f € QY as yof = Xof, we have

and hence

(3.4) / (6~ )fdo=0.
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We claim that ¢ € H?*(S"). To this end, we first note that 6 € L*(S"). Let f € M(S"). As
M(S") is self-adjoint, we have f € M(S™), and hence

0, f)resny = / 0 fdo
= Xof
= Xof
= | of
N
= (¢, 2
=0.
This implies
0 € L*(S") & M(S™).
In view of Remark 3.2, we know that the subspace H?(S") + H?(S")*" is closed in L?(S"),
which yields
L3(S") 6 M(S") = LA(S") © (LA(S") © [H2(S") + H2(S")™))
— H2<Sn> +H2(Sn)conj’
and consequently
0 HA(S") + HA(S")*,
There exists 7, € H?(B")*™ and 7, € H?(B") such that
0 =ni + 1.
Define
1 =m —m(0),
and
2 =na +m(0).
Then ¢} € HZ(S")*" and 5 € H*(S"), and clearly
0 =¢1+ ¢,
As o € H2(S")*™ | we have ¢} € H2(S"), and hence
<97§01>L2(Sn) = / QECZU

= Xo(97)
= Xo(¢7)
= w*g?{da
Sn
= (0], ¥*) L2(sm)
=0,
which implies
<9, @T)LQ(Sn) = O
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Now as § = ¢} + ¢35 and (¢, ¢5) L2@sn) = 0, we have

0= (6, SODL?(S") = (] + ¥5, @T)LQ(S’Z) = ||SOT\|%2(S7L),
that is, 7 = 0, and hence
0 =5 € H*(S").
We also have § € L>°(S"), so that
@5 € L®(S™) N H*(S™).
As py € H*(B"), we have
p2 = Plp3],

15

where P denotes the Poisson integral (see [18, page 41]. In other words, for any z € B", we

have

o2(2) = Pla})(z) = / P2, Q)t(Q)do ().

Sn
where P(z, () is the Poisson kernel:

(1 - [y
PO = op

for all z € B™ and ( € S". For z € B", we compute
eae)l =] [ Pl (o)
< / P(,0)lp3(C)ldor (<)
sn

< ll@3ll ooy,
which proves that ¢, € H*(B"), and

@2l oo @y < N5l zoesmy = 10l Loosmy < 1.
We recall from (3.4) that

| 6= w)piz =0,
for all f € Q™. Now 6 = 3, for p € H*(B") implies
P2 — € Q.

Finally, since ||¢||o < 1, by Theorem 2.2, we conclude that X admits a lift. This completes

the proof of the theorem.

The kernel space of the functional X o will play an important role in obtaining a quantitative

characterization of possible liftings.

The proof of the above result differs from the approach used in the polydisc case. Specif-
ically, we rely more heavily on the perturbation characterization of the lifting problem. An-
other point of departure is that the Fourier series techniques used in the polydisc case are
not as effective here; instead, our argument relies primarily on the construction of the space

M(S).
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4. QUANTITATIVE CHARACTERIZATIONS

We use all the characterizations obtained thus far in this paper to propose a quantitative
characterization of lifting. Here, “quantitative” refers to a distance formula that bears a
resemblance to the classical Nehari theorem.

Given a normed linear space X, a nonempty set S C X and x € X, the distance from z to
S is defined by

distx(x,S) = inf{||lz — y| : y € S}.

The following lemma is elementary, and we do not claim it as a new observation.

Lemma 4.1. Let X be normed linear space, f be a nonzero functional in X*, and let x € X.
Then

distx (z, ker f) = ‘J|C|(f||)|

Proof. Let y € ker f. Then
[f@)] =1f@ =y <flllz =yl

and hence
|f(z)|
1£1]

< [lz =yl

so that

distx (x, ker f) >

For the reverse inequality, we recall that || f|| = sup,., | HE/H) Y| Therefore, there exists a sequence
{yn} C X such that

f(yn) # 0,
for all n, and
Tl 11
Since (@)
AC )
T g € f
we have
: f(z)
distx (x, ker f) < Hx —x— f(yn)yn
|| (@)
B Hf(yn)y"
_ @) ol
Tl
|f(2)]
[l

which implies distx (z, ker f) < “ﬁ\ :




COMMUTANT LIFTING AND INTERPOLATION ON THE UNIT BALL 17

Given a quotient module @ C H?*(B") and a module map X € B;(Q), we have defined
1 = X(Pgl), and
Mg = QM H[M(S")+Hz (S")).

Under the given assumptions, also recall that Xo : Mg — C is defined by

Xof = : Y fdo,
for all f € Mg. Define

Mg = [Q°" & {§}HM(S")+HH(S")).

Lemma 4.2. ker Xg = /f%
Proof. We write Xof = fS” Yfdo as

XQf = <faE>L2(Sn)7
for all f € My, and consequently

ker Xo = [Q*™ & {{}]+[M(S")+H5(S™)],

which completes the proof of the lemma. [ ]

In view of the above and the distance function obtained in Lemma 4.1, we have the following
characterization of liftable operators on quotient modules:

Theorem 4.3. Let Q C H?*(B™) be a quotient module, and let X € B1(Q). Then X admits
a lift if and only if

At (||w||2’MQ>

Proof. Lemma 4.2 yields
ker Xo = Mo.
Thus

diStLl(Sn ( P,MQ) = dlStLl(Sn ( kerXQ>

[¥] 115

Observe that

v v

Xo (—> — [ Y do=1,
10113 s (19113

We then have, by Lemma 4.1, that

1
;M
9113 Q> [IXoll

Now, we turn to Theorem 3.3, which states that X admits a lift if and only if
[ Xl < 1.

dist p1(gn) <

In view of the above, this condition is equivalent to requiring that

dtrre <||¢||2’MQ>

This completes the proof of the theorem. [ ]
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The above proof differs from the polydisc version as obtained in [7, Theorem 4.3]. Here, in
addition to applying Lemma 4.1, we have highlighted the key identity (see Lemma 4.2)

ker Xo = [Q°" & {{}4+[M(S")+HE(S")),

which holds for a general quotient module Q and module map X € B;(Q). This same identity
also holds in the polydisc setting. In a sense, the above identity provides deeper insight into
the structure of the functional Xo.

5. CHARACTERIZATIONS BY INNER FUNCTIONS

In this section, we connect the lifting of contractive module maps with inner functions. We
begin by recalling the following key result due to Rudin [17, Theorem 5.3(b)]:

Theorem 5.1 (Rudin). Let f € S(B™). Then there is a sequence of inner functions {u;} in
S(B™) such that
w*—limu; = f on L'(S").

In the above, by w*—lim; u; = f on a set S C L'(S"), we mean that

lim [ wgdo = fgdo,
v Jsn sn
for all g € S. In other words, we have the following:
{u € H*(B") : u is inner}w* = S(B").

In view of this, we introduce the following definition:

With this, we continue in the setting of Theorem 3.3 and present yet another character-
ization of lifting in terms of inner functions. Given a quotient module @ C H?(B") and a
module map X € B;(Q), we recall that

Xof = | ofdo  (f€Myg),
N
defines a functional Xg : (Mg, || - ||1) — C, where
¥ = X(Pol),

and .
Mg = QC""j—HMn—i—Hg(S")].

Theorem 5.2. Let Q C H*(B"), and X € Bi(Q) be a module map, and let v = X (Pgl).
Then X admits a lift if and only if there is a sequence of inner functions {u;} C S(B™) such
that

w* —limu; =1 on Mg.
(2

Proof. Suppose X admits a lift. From the proof of Theorem 3.3, and specifically by equation
(3.3), there exists € S(B") such that for f € Mg, we have

Xof = [ 0fdo.
N

By Theorem 5.1, there exists a sequence of inner functions {u;} C S(B") such that

w*—limu; = 0 on L*(S™).
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In particular, w* — lim; u; = 8 on Mg. Moreover, for each f € Mg, since

Xof = | Wfdo= | Ofdo,
sn sn

it follows that
lim | w;fdo = W fdo,
1 s§n §n
for all f € Mg, that is, w*—lim; u; = ¥ on Myg.
Conversely, assume that w*—lim; u; = ¥ on Mg. For f € Mg, we have

Xofl =| [ vfdo
Sn
= |lim / U fda‘
< lim |u; fdo
K3 sn
=[£Il
In other words, the functional Xg on (Mg, ||-||1) is a contraction, and therefore, by Theorem
3.3, it follows that X admits a lift. [

Now, we apply the construction of Mg in more detail to prove a more economical version
of the above theorem:

Corollary 5.3. Let Q C H*(B"), and X € B(Q) be a module map, and let ¢p = X (Pgl).
Then X admits a lift if and only if there is a sequence of inner functions {u;} C S(B™) such
that

w* —limu; =1 on Qeomni
KA

Proof. The necessary part is a special case of Theorem 5.2. For sufficiency, suppose there
exists a sequence of inner functions {u;} C S(B") such that lim; u; = 1 on Q™. If we can
prove that

w* — lilmui =1 on Mg,
then the sufficiency part of this corollary will follow from Theorem 5.2. To prove the claim,
pick any g € Mg = Q“Y4[M,+HZ(S")]. Then, there exist g € Q“", g, € M(S"), and
g3 € H2(S™) such that
g=91+tG2+9s.
Fix an ¢. Since g, € M(S"™), we have

/ U; g2 do = <ui7@>L2(Sn) =0= <w7%> = ¢g2d0,
mn Sn

and also
| wgnder = (uign, 1) = wi(0)gu(0) = 0
as g3 € H3(S™). Also, since
Ygsdo = (¥, g3) =0,

Sn
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we have

/ Uz‘gdUZ/ ui(g1 +92+g3)d(7:/ u;g1do.
n STL n

In view of our assumption, as g; € Q" we have
/ ugrdo — Ygrdo,
n Sn
and consequently

/ u;gdo :/ u;g1do — Wgido = Yado,
n Sn

sn sn
which completes the proof of the corollary. [

We now focus on lifting on finite-dimensional quotient modules. In order to accomplish a
meaningful result in this setting, we specialize to a weak topology. Let S C L'(S™). For each

f €S, define f € (L®(S"))* by
Jo)= | oido
for all ¢ € L*>(S™), and set
S={f:feS}C TS
We let 75 denote the weak-topology on L*°(S™) generated by the family of functionals S. In
other words,
(LOO(Sn)? TS)»
is the smallest topology on L>(S") for which each functional f : L®(S") — C, f € S, is
continuous. Therefore, we have the following: Let {y;} be a sequence in L*(S"). Then

{vi} — @ in (L*(8"), 7o),
if and only if R )
flpi) — fle),
for all f € S. The following result establishes a connection between the weak topology
introduced above and the lifting on finite-dimensional quotient modules:

Theorem 5.4. Let Q C H?*(B") be a finite-dimensional quotient module, and X € B;(Q)
be a module map. Then X admits a lift if and only if there is a sequence of inner functions
{u;} € S(B") such that

{u;} — ¥ in (L>(S"), Tgeons),

where

¥ = X(Pol).
Proof. Since Q is finite-dimensional, it follows that

Q C H*(B").
In particular, we have

¥ e L"),

Now, convergence {u;} —s b in (L(S™), Tgecon; ) is equivalent to the convergence of f(u;) —»
f() for all f € Q. Equivalently, we have

/ u; fdo — Wfdo,

S’IL
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for all f € Q. The result now follows from Corollary 5.3. ]

Consider the set of all inner functions as a subset of L>(S™). Let Q be a finite-dimensional
quotient module and let X € B;(Q). Then the above result can be stated as follows: X
admits a lift if and only if

X(Pol) € {p e S(B") : pis inner}kLm(Sn)’TQ).

6. INTERPOLATION

As noted earlier, in the one-variable setting, Sarason [20] showed that the solution to the
classical Nevanlinna—Pick interpolation problem follows from his commutant lifting theorem.
In a similar spirit, as we also pointed out earlier, we apply the characterization of lifting on
the unit ball to derive a solution to the interpolation problem for Schur functions on B".

Some results and proofs presented in this section parallel both Sarason’s original arguments
and the corresponding results for the polydisc interpolation problem [7], which is expected
and also part of the plan of the paper. Although additional technical considerations arise
due to the greater complexity of the multivariable setting. At the same time, there are
substantial variations in both methodology and results. For example, we present new insights
into interpolation through inner functions, which apply to the unit ball and yield new results
even in the classical n = 1 case.

The following lemma serves as the first instance where our approach deviates from the
classical and polydisc framework. Specifically, we apply the perturbation solution to the
lifting problem as established in Corollary 2.1.

Lemma 6.1. Let Q C H?(B") be a finite-dimensional quotient module and let X € B(Q) be
a module map. Then there ezists ¢ € H®(D") such that

X =5,.
Moreover, ¢ can be chosen as
p = X(Pol),
and therefore,
X = Sx(po1)-

Proof. As Q C H?*(B") is finite-dimensional, it follows that (cf. [10, Corollary 3.4] and [5,
Chapter 2, Remark 2.5.5])

Q C A(B™) Cc H>*(B").
In particular, we have
= X(Pgl) € Q C A(B"),
that is, ¢ € H>*(B"). If we write 0 as
p—p=0€Q,
then Corollary 2.1 implies that X =S, and completes the proof of the lemma. ]

Recall that H?(B") is a reproducing kernel Hilbert space corresponding to the Szego kernel

on the ball B": .

S (e
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Given m distinct points Z = {z;}/"; C B", define
Qz =span {S,(,2;): 1 <i<m}.
In view of the kernel property
T28n(-w) = ;S (-, w),

forall j =1,...,n, and w € B", it follows that Qz is a finite-dimensional quotient module.
Observe that
Q C AB™) C H*(B").

Moreover, since {z;}™, is a set of distinct points, the m x m Gram matrix

Sn(Zl, Zl> Sn(Zl, ZQ) ce Sn(Zl, Zm)

Sn(z% Zl) Sn(ZQ7 22) s Sn(z% Zm)
[S"(zi’zj)]mxrn - : : . : ’

Sn(zm, 21) Sn(zm,22) -+ Su(Zm, 2m)

is invertible. We are now ready for a solution to the interpolation problem:

Theorem 6.2. Let Z = {z;}"; C B" be a set of m distinct points, and let {w;}"; CD be a
set of m wvalues. Consider m scalars {c;}1, defined by

C1 w1
-1 .
= [Suzi2)] .. | i >

Cm Wm,

and set
Yzw = ZCan(', zj)-
j=1

Then there ezists ¢ € S(B"™) such that
p(zi) = w,
forallt=1,...,m, if and only if

Tzwf = | Yzwfdo
Sn

defines a contraction J : (Mg_,| - |l1) = C, where
Mo, = OV HM(S") + H3(S")].
Proof. Following Sarason, we define Xz, € B(Qz) by
XZwSu(s, zi) = WiS (-, 2i).

foralli=1,2...,m. Clearly, Xz, is a module map. Moreover, there exists ¢ € S(B") such
that ¢(z;) = w; for all i = 1,...,m, if and only if

S<p - XZ,W-
This follows from the fact that Qz = span{S,(-,z;) :i=1,...,m} and
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for all i =1,...,m (also see the claim part in the proof of Theorem 6.6 of [7]). Therefore, by
Lemma 6.1, there exists a Schur function ¢ € S(B") interpolating the given data if and only
if Xz,y admits a lift. Set

= Xzw(Pgo,1).
By Theorem 3.3, the operator Xz )y on Qz admits a lift if and only if the functional

Xsz = Y fdo.
Sn
for all f € Qz, defines a contraction on (Mg, | - ||1). Therefore, it remains to prove that
Yz = 1.

To this end, we observe, since ¢ € Qz, there exist scalars cy,. .. ¢, such that
¢ = Z Can(', Zj).
j=1
Since Qz is finite-dimensional, Lemma 6.1 implies X = Sy. Therefore,
X*Sn(, Zj) == S;)Sn(, Zj),

forall j =1,...,m. As X*S,(-, z;) = w;Sy(+, 2;) and S;S,.(+, z5) = ¥ (2;)Sa(, 2;), we conclude
that

WiSu(-, 25) = P(25)Sn(, 25),

and hence
U(z5) = wy,
for all y =1,...,m. In particular, for each 7 = 1,...,m, we have
wj =9(z) = Y Salz, %),
i=1
and gives the desired identity 1z = 1. [ ]

Since Yz = = Xz w(Po.1), Theorem 4.3 yields the following consequence:

Corollary 6.3. Let Z = {z;}", C B" be a set of m distinct points, and let {w;}; C D be
a set of m values. Consider m scalars {c;}i*, defined by

C1 wy
—1
= [Sn(zi7 Zj):|m><m

Cm wm

Let
wz,W = Z Can('a zj)7
j=1

and let

Mo, =[QF" & (bzw)[HM,+H3 (S")].
Then there ezists ¢ € S(B"™) such that

©(2i) = w,
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forallv=1,...,m, if and only if

w )
dLl(Sn)<ﬂ2,MQZ> > 1.
[Pz wll3

In the following, we establish a connection between interpolation and inner functions.

Theorem 6.4. Let Z = {z;}; C B" be a set of m distinct points, and let {w;}"; CD be a
set of m wvalues. Consider m scalars {c;}1, defined by

8] w1
-1

= [S”(Z“ Z])} mxm

Cm Wp,
Then there ezists ¢ € S(B™) such that
¢(zi) = w,
for alli = 1,...,m, if and only if there exists a sequence of inner functions {u;} C S(B™)
such that
limwui(2) = ¥z w(z),
forallj=1,...,m.
Proof. We follow the setting of Theorem 6.2. We know that ¢z y = Xz Pg.1. By Corollary

5.3, the operator Xz )y on Oz admits a lift if and only if there is a sequence of inner functions
{u;} such that

w* —limu; = ¥z on QF,
1

that is,
| wtio— [ vzytio
sn sn
for all f € Q%’"j . This condition, therefore, is equivalent to the interpolation condition: There
exists ¢ € S(B™) such that
p(z;) = w;,
for all ¢ = 1,...,m. On the other hand, since Qz = span{S,(-,z;) : 1 < j < m} is

finite-dimensional, the condition lim; u; = 1z )y on Q%™ is equivalent to the condition that
/ U,Sn(, Zj)dO' — @0271/\/8”(', Zj)dU,
sn sn
for all j =1,...,m. In view of this and the reproducing kernel property, we compute

uZ(Z]) = <’LL1, Sn(> Z]>>

:/nuim

— ¢Z,WSn('7Zj)d0'
Sn

= (Yzw,Su(", %))
= wZ,W(Zj)’

that is, u;(2;) — Yz w(z;) for all j =1,...,m. This completes the proof of the result. =
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The above interpolation criterion is new even in the case n = 1. More specifically, when

n = 1, one has a more effective matrix-positivity characterization, namely the positive semi-

definiteness of the classical Pick matrix. In this setting, the solution to the interpolation

problem is unique, and it is a finite Blaschke product of degree p whenever the Pick matrix
has low rank:

1—w;w;

p := rank [—

e < m.

] mXxXm
For the case in which the Pick matrix has full rank (the most interesting situation), the above
theorem applies and yields perhaps the next best alternative: there exists a sequence of inner
functions converging pointwise to a function 1z ), on all the prescribed data {z1,..., 2y}

7. EXAMPLES

The goal of this section is to construct concrete examples illustrating situations in which
lifting does and does not occur. This allows us, in particular, to apply the preceding results
to explicit situations. Recall that a holomorphic function f : B” — C can be expressed as a

power series
f(z) = Z 02",

a€Zl}

where 28 = 2F .. 28 for all k = (ky,...,S,) € Z':. The degree of a monomial 2* is defined
as

deg ¥ = |k| := ij.
j=1

The degree of a polynomial is defined as the highest degree among its monomial terms. Given
m € N, define

Qm = {PE C[zla"'azn] : degpgm]}
Clearly, Q,, is a finite-dimensional quotient module of H?(B"). Fix a polynomial p €
Clz1,- ., 2a), and consider the module map

Sp = PQmTp|Qm

We are interested in the lifting of S, under the assumption that ||p|ls = 1. The polydisc
version [7, Corollary 3.3] is essentially the same, but the present proof deviates slightly from
that of the polydisc case. We also aim to make the present proof self-contained for the sake
of completeness.

Theorem 7.1. Let p € Clz, ..., 2z,] be a polynomial, and let deg p < m. Suppose

Ipll2 = 1.
Then S, € B(Q.) admits a lift if and only if p is a unimodular constant.

Proof. Clearly, S, is a module map. Let ¢ = S,(Pg,,1). As 1 and p are in Q,,, we have
Py, 1=1and Py, p=p. We have

@D:Spl:PQmTpl:PQmp:p-

By Theorem 3.3, we know that S, admits a lift if and only if X,, : (Mg,,,|.]1) = C is a
contraction, where

Xmf = [ pfdo,

S‘IL
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for all f € Mg, . Also note that

1 1
(7.1) ||p||1:/ |p|da=/ plldo < (/ |P|2d0>2</ |1|d0—>2 ~ 1.
sn sn sn s

Now assume that S, admits a lift. As

Xup= [ |pf’do =|pl3 =1,
Sn

and
[ Xmpl < 1Pl = llplls,
it follows that
L=lpll3 < llpll < llpll- =1,
and hence [|pll2 = 1 = ||p|ls. Then (7.1) implies that equality holds in the Cauchy—Schwarz

inequality:
1 1
p x 1|do = ( |p|2d0>2</ |1|da>2
S Sr S

Therefore, there exists a constant A such that
| = A

Since [|p[|; = 1, we have |\| = 1, and hence

Ip| = 1.
This implies that p is an inner function. Finally, by [17, Theorem 4.6], we conclude that p is
a unimdular constant. The converse is obvious. [}

Now we want to compute the submodule corresponding to the quotient module. To this
end, for each m > 1, define

Jm ={f € H*(B"): f(2) = Z aq 2"}
keZn |k|>m

Equivalently, J,, consists of holomorphic functions on B™ whose Taylor series contain no
terms of degree less than m. The following lemma is a simple consequence of the fact that
{z* : k € Z"} forms an orthogonal basis for H*(B").

Lemma 7.2. J,,,1 = QF for allm > 1.

We now recall a perturbation theorem of Rudin [17, Theorem 4.3] concerning inner functions
on B", specialized here to the case of the ball algebra. This result will be applied to construct
two nontrivial examples.

Theorem 7.3 (Rudin). Let g be a nonzero function in A(B™) and let m € N. Assume that
19lloc < 1.

Then there exists an inner function u € H*®(B") such that u and g have the same zeros in
B™ and
uU—g € Jny.
The following is the first application of Rudin’s theorem. In particular, this yields the
existence of lifting of contractive module maps:
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Example 7.4. Fix m € N, and set
_ no.
A={aeZ} :|af <m}.

Choose a finite set of scalars
{ao :a € A} CC.

0<) las| < 1.

a€N

p(z) == Z a2",

laj<m

Assume that

Then

is a nonzero polynomial in Q,,. Consider the module map S, € B(Q,,). As p € Q,,, we have
S,1 = Popm Tyl = p.
For each z € B", we have
p() < D laaz1 < ) laal = laal,
|| <m la|<m aEA
which implies
Ipllr@ny <D laal < 1.

aEN

By Theorem 7.3, there exists an inner function u € H*(B") such that

u—pE€ i1
In view of Lemma 7.2, we know that J,,,; = Q. In other words, we have an inner function
u € H*(B™) such that

u—p€ Q.
Theorem 2.2 now implies that S, lifts to S,.

It is curious to observe how two apparently independent results fit together, namely, the

perturbation result of Rudin (Theorem 7.3) and the characterization of lifting along the lines
of perturbations in Theorem 2.2.

Let ¢ € H*(B") be an inner function. In this case, we know that the Toeplitz operator T,
is an isometry and hence pH?(B") is a submodule, and consequently

Q, = H*(B") 5 uH*(B"),

is a quotient module. This quotient module is traditionally referred to as a model space [13].
In the following, we give a criterion of lifting to ball algebra. We remark that this result holds
specifically for n > 1.

Theorem 7.5. Letn > 1, u € H*(B") be a non-constant inner function, and let X € B1(Q,)
be a module map. Assume that

= X(Pg,1) € A(B").
Then X admits a lift to A(B™) if and only if
[9]loe < 1.



28 BHATTACHARJEE, DEEPAK, AND SARKAR

Proof. Suppose X lifts to A(B"). By Corollary 2.3, there exists ¢ € A(B") NS(B") such that
Y —¢€Q, =ul*B")
Since ¢ € A(B"), it follows that ¢» — ¢ € A(B"™), and hence
Y —p € AB") NuH?*(B").

Assume, for contradiction, that ¢ # ¢. From the above, there exists a nonzero g € H?(B")
such that

Y — ¢ =ug.
However, this is impossible by Theorem 4.6 of [17]. This contradiction shows that ¢ = ¢.
Consequently, ||||cc = ||¢]lco < 1. The converse is immediate by Lemma 2.3. n

To clarify the conditions of the above theorem, it is necessary to consider a concrete exam-
ple:
Example 7.6. Fix m € N and multi-index k& € Z%} such that
la| =m + 1.
Consider the polynomial

1
p(z) = 52”“ c H*(B").
By Rudin, Theorem 7.3, there exists a non-constant inner function v € H*>(B") such that

U—pE Jpp1 = Qﬁz-
By our choice, we have p € Q= and hence
u=p+(u—p) € Q.

This implies uH?*(B") C Q- equivalently, Q,, C Q,. Let ¢ € Clz,...,z,] with deg ¢ < m,
and consider the module map X = S5, € B(Q,,) defined by

Sef = Po,qf
Then,
XPo,1 = 850,Po,1=Po,qPo,1 = Po,q=qec AB").
By Theorem 7.5, X admits a lift to A(B") if and only if

gl < 1.

We remark that, by invoking the wx*-density property of inner functions on the polydisc
[19, Theorem 5.5.1], an analogous argument yields the corresponding polydisc version of the
solution to the interpolation problem as stated in Theorem 6.4.

We conclude this paper by remarking that the lifting and interpolation problems in several
variables are of different levels of intricacy on the unit ball than on the polydisc. While
solutions to these problems in the polydisc setting have been developed in the recent paper
[7], as well as in several earlier works that established results of considerable depth and
influence [2, 4], the literature contains virtually no comparable attempts, let alone partial
results, within the framework of the unit ball (however, see [8, 9] and the references there in).
This disparity reflects the greater complexity of the function theory associated with Hilbert
function spaces on the ball.

In particular, the connection between quotient modules of the corresponding Hardy spaces
and inner functions highlights a fundamental difference between the ball and the polydisc.
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A notable aspect of this paper is its exploration of the relationship between interpolation
problems and inner functions on the ball, which exemplifies the challenges inherent in the
Hilbert function space theory in this setting.
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