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Introduction for Mathematical Finance

Introduction for Mathematical Finance

Major subjects of Mathematical Finance are the followings:

@ To decide the price of options theoretically. (ex. how much is the
right of buying a stock tomorrow?)

@ To make the “risk” smaller. (ex. finding a safer strategy for buying
and selling of stocks.)
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Introduction for Mathematical Finance

Binary Model is described as the diagrams below:

S/US
N

1—— (1+n)1.

ds,
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Introduction for Mathematical Finance

Black-Scholes Model is described as follows: the stock price process is the
solution of the following stochastic differential equation:

dSt = bSt dt + O'St th

Here b and o are constants, and W; is Brownian motion.
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“Commutative” Arbitrage Theory

This model is largely based on [1, 5]. We consider a security market with
N securities and maturity time T. Let

T:= {0717""7—}’ Q= {1,2,...,n},
(Q, F,P) : a probability space, F : =P (Q), P> 0on F\ {0},
{Ft}ier ¢ afiltration of F, Fo :={0,Q}, Fr = F.

Definition 2.1

Forj=1,2,....,Nandt €T, sl and & are price and dividend of the j-th
security at period t if

s{, d{ : Q — R : Fi-measurable.
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“Commutative” Arbitrage Theory

Definition 2.2
A portfolio 6 = (6, ,0N) is

G = (0{),--- ,QJ'T) , where
0{ : Q — R : Fi-measurable.

A portfolio 9’t represents the number of holdings of the j-th security at
period t.
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“Commutative” Arbitrage Theory

Definition 2.3
The gain sequence w () of a portfolio 0 is defined by
we (0) = Sy (sl + o) 0], - slel,
w (0) := (wo (0),-- -, wr (0)).

Here 91'_1 = 0.

The random variable w; (6) is the gain of the portfolio # at period t.
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“Commutative” Arbitrage Theory

Definition 2.4
A portfolio 0 is called arbitrage if

Vte T, we(f) >0and 3t €T we (6) #O.

Existence of an arbitrage portfolio means there is an opportunity to earn
some benefit without risk.

Definition 2.5
The market is called no arbitrage if there does not exist an arbitrage
portfolio.
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“Commutative” Arbitrage Theory

This proposition is well-known as (a version of) the first fundamental
theorem of mathematical finance.

Proposition 2.6

The market is no arbitrage if and only if there exists a positive adapted
sequence (1t),cr such that for all portfolio 6,

;
> E(ewe (6)) = 0.
t=0
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“Non-Commutative” Arbitrage Theory in a Model

We borrow a framework of non-commutative (or quantum) probabilities
from [2, 4].

For non-commutative probability space (A, ¢), we consider
A:=M(n,C), ¢(X) :=tr (pX) (X € A).

Here
p € Heryy (n,C), trp=1.

Let {A¢},cr be an increasing sequence of sub *-algebra of A (as a
filtration).
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“Non-Commutative” Arbitrage Theory in a Model

Definition 3.1

We define the price sequence S/ and the dividend sequence D’ for j-th
security by

= (S Sf), D= (D)o DF)
SI.Dle A (teT).
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“Non-Commutative” Arbitrage Theory in a Model

Definition 3.2

A portfolio © and its gain sequence W (©) is defined as follows: let

©, € A, and put

ol ol
et = s @ = -
oN onN

Suppose
N . . . . .
We(©) =Y o}, (Si+Di)-eisl, w(e) =
j=1

Here @’;1 = 0.
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“Non-Commutative” Arbitrage Theory in a Model

The definitions of arbitrage and no arbitrage in non-commutative version
are as below.

Definition 3.3
For a portfolio ©,

© : an arbitrage <% W (©) € Hery (n(T +1),C) \ {0}.

Definition 3.4

The market admits no arbitrage opportunity if there is no arbitrage
portfolio.

Note that, since W is a linear map the domain of which is the vector
space of all portfolios, from the definition we obtain

no arbitrage <= Im W N Hery (n(T +1),C) = {0}.
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“Non-Commutative” Arbitrage Theory in a Model

Theorem 3.5

The market admits no arbitrage opportunity if and only if there exists
V, e A (teT), for all portfolio ©,

-
> (VW (©) =0
t=0
and
VteT, pllit S Re++ (H,C).
Here
Ret+ (n,C) := { A€ A | Real part of A is strictly positive }.
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“Non-Commutative” Arbitrage Theory in a Model

Proof. Assume that,
(Im W)* NReqy (n(T +1),C) £ 0
<= Im WnHers (n(T+1),C)={0}
( <= no arbitrage)

is true.
Necessity. From above, there exists Ve (Im W)"NReyy (n(T +1),C).
If we separate WV as

W, >k
U= Ve A),
* Vo ( )

then W* € Rey (n,C) (Vt € T) and

o—<w W ( e)> Ztr (w*vvt ) (vVO).
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“Non-Commutative” Arbitrage Theory in a Model

Put W, := p~1W*, therefore for all t € T, pV¥; € Rey (n,C) and

T T

0= Ztr (pVe W, (©)) = Z‘P (VW (©)) (vO).

t=0 t=0

Sufficiency. Suppose

We have ¥ € Rey (n(T 4+ 1),C) and

(v, w (o)) = Zs@("’ W: (©)) =0 (vO).
t=0
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“Non-Commutative” Arbitrage Theory in a Model

Thus,

(Im W) A Ress (m(T +1),C) # 0
< Im WnHery (m(T+1),C)={0}
<= no arbitrage. [J
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“Non-Commutative” Arbitrage Theory in a Model

The assumption in the previous proof is a corollary of the next lemma.
Lemma 3.6
Let
V : a subspace of M(/,C) (/ € Z44).
Then
V NHery (/,C) = {0} <= VINRe,y (/,C)#0.
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Thank you for your kind attention.
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