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Definition
A super-product system of Hilbert spaces is a one parameter family of
separable complex Hilbert spaces {H; : t > 0}, together with isometries

U57t H,® H — Hs+t for s, t € (0,00),

satisfying the axioms of associativity and measurability.
(i) (Associativity) For any s1, s2,s3 € (0,00)

®s25

H51 (%9 H52 & H S1 X H82+53
Us1,32®1H53l lUS1,S2+53
H81+82 ® HS3U H81+82+53

51+52,83

commutes.

(ii) (Measurability)
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The super-product system of Hilbert spaces is a generalisation of
Arveson's product system of Hilbert spaces. A super-product system is an
Arveson product system if the isometries U, ; are unitaries

Definition

By an isomorphism between super-product systems (Htl, U1 ;) and
(HZ,UZ,;) we mean a family of unitary operators V; : H} — H} satisfying

H!@ H? 2~ b HL,
VS®th iVs-H

H} ® Hf ——H,

s,t

‘/s-f—tUsl,t = U t(V ® V).
+ (Measurability)
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N denotes the set of natural numbers, and we set No = NU {0},
N = NU {co}.

For S C R, L%(S,k) denote the square integrable functions from S taking

values in a complex separable Hilbert space k. L? (S, k) denotes the

functions which are square integrable on compact subsets.

Throughout we denote by (7}):>¢ the right shift semigroup of isometries
on L?((0,00),k) defined by

(th)(s) = Oa S<t,
= f(S—t), s >,

for f € L?((0,00), k).
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Example

(CAR product systems) H¥(t) = I'(L?((0,t), k)-the anti-symmetric Fock
space- and Uy : Hy @ Hy — H,4 is the extension of

Ust((G1 A A AN&n)R(m Ang A==+ Amp))
=Tsm ANTsna A~ ANTsnu NELANEN - Ny

where &1, &, ..., &m € L2((0,5),k) and 01,72, ..., nn € L2((0,1), k).
Then (HX(t),Us,) is product system.
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Example
(Clifford super-product system) Let k be a separable Hilbert space.

HON(t) = @ L*([0,4]; k)" € HX(t);
ne2Ng

with the isometries given by the restriction of the unitaries the
antisymmetric product systems respectively, these families of Hilbert
spaces are super-product systems.
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Example
(CAR super-product systems) Let k be a separable Hilbert space. Define

E't) = @@ L*(0thk"™ ® LX([0,£]; k).
ni1+n2€2Ng

The isometries are given by the restriction of the unitaries of the product
system (H%(t) ® H*(t),Us+ ® Us 1) respectively, these families of Hilbert
spaces are super-product systems.
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Example
(GICAR super-product systems) Let k be a separable Hilbert space. Define

Eg(t) = @ L*([0, ;)" ® L*([0,1]; k)"
n€Np

The isometries are given by the restriction of the unitaries of the product
system (H%(t) ® H*(t),Us+ ® Us 1) respectively, these families of Hilbert
spaces are super-product systems.

R. SRINIVASAN () Cohomology for Super-Product Systems December 15, 2014 8 /31



Definition
A unit for a super-product system (H, U ) is a measurable section
{uy : uy € Hy} satisfying

Us,t(us & Ut) = Ugs+t Vst e (0, OO)

A super-product system is called spatial if it admits a unit. We usually fix
a special unit, denoted by {Q; € H,}, in a spatial super-product system,
and call that as the canonical unit.

For the antisymmetric product system HX(t), we set the vacuum vector
(1 € C in the 0—particle space) as the canonical unit.
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Let H = (H;, Us ) be a spatial super-product system, with canonical unit
{}. The embeddings

Lsit - H; — Hs+t f = Us,t(f & Qt)

allow us to construct an inductive limit of the family of Hilbert spaces
(Hs)s>0, which we denote by H,, together with ¢s : Hy — H.

We can also define a second family of embeddings
Ii&t : Ht — H5+t 6 — Us,t(Qs ® f)

Thanks to the associativity axiom, the squares

Ls,t
Hy ——— Hs+t

Kr,s \L \Lﬁr,&kt

Hy s m Hr—i—s—f—t

commute for all 7,5, > 0. So there exist isometries (k¢ : Hoo — Hoo)t>0,
which define an action of the semigroup R4 on H,, satisfying

Rslt = ls4tRst-
R. SRINIVASAN () Cohomology for Super-Product Systems December 15, 2014 10 / 31



Set 1(Q5) = Q for all s € (0,00). We say a function
[ R} — Hy © CQy is adapted if f(s1,...,8n) € t(Hs 4..4s,) for all
S1y--.,8n > 0.

Let C" = C™(H, ) denote the space of all adapted continuous maps
f:RY — Ho © CQoo, and d" : C"(H, Q) — C"T1(H,Q) be defined by

dnf(sl, oy Sna1) = Ksy f(S2,. 0, Snt1)

+ Z 81, ey ST Sig1, -, Sn+1) + (—1)n+1f(81, R Sn)
Lemma
(C,d) forms a cochain complex. J

R. SRINIVASAN () Cohomology for Super-Product Systems December 15, 2014 11 /31



Definition

For all n > 0, the collection of n-cocycles for (H,2) is the space
Z™(H,Q) := Ker(d") and the collection of n-coboundaries is defined by
B(H,Q) =0 and, for n > 2, B*(H,Q) = Ran (d"~!). The n-th
cohomology group is the space H"(E, Q) := Z"(E,Q)/B™(E, Q).
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Definition
Let H = (H;,Us,) be a super-product system with canonical unit Q. A
defective n-cochain for (H, ) is a member of C"™(E, Q) satisfying

a(s1,- - 8n) L tsyts,Usy,psn (Hsy ® -+ ® Hy,)

for all s1,...,8, >0, where Uy, 5, : Hs, ® -+ ®@ Hy, — Hg, 5, is
canonical unitary map determined uniquely by the assoaatmty axiom.

We denote the space of defective n-cochains by Cy, ((H,(2) and define,
similarly, the collection of defective n-cocycles Zc’l‘ef(H, Q) and
coboundaries Bdef(H, ). The corresponding quotient ngf(H, Q) is the
n-th defective cohomology group.
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Corollary
Let H = (Hy,Usy) and H = (K, U;,) be two spatial super-product

systems with canonical units ) and ) respectively. Let V, : H; — K; be

an isomorphism of super-product systems taking the unit (£2):>0 to
(Q})¢>0. Then, for each n > 0, there is an isomorphism

®: CF ,(H,Q) — Cf (K, Q) which preserves cocycles and coboundaries.

v
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Definition
A 2—addit for a spatial super-product system (Hy, Us ), with respect to a
canonical unit {€;}, is a measurable family of vectors {as+ : s,t > 0}
satisfying

(i) ast € Heyt V 5, >0,

(ii) Ufr—i—s,t(ar,s ® Qt) + Qr syt = Ur,s—l—t(Qr @ as,t) +aryst V T, 8, 2> 0.

A 2—addit is said to be defective if further a5 € (Us(Hs ® Ht))L
Vs, t>0.
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Identify L2([0,¢],k)®™ with L2([0,¢]",k®") by the natural isomorphism.

Then L2([0,],k)"\" is the collection of functions f € L?([0,#]",k®")
satisfying

F(8o1)s -+ 8o(n)) = €(@)s f(s1,. ., 8n),

for any permutation o € .S,,, where I, the corresponding tensor flip on
k®n,
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Proposition

Let {as; : s,t > 0} be a defective 2—addit for (H**(t),Us ). Then
ast € L2([0,5 +t)],k)"? C H®"(s +t). Further there exists
feL? (Ry,k®2%) such that

loc

as,t(xa y) = 1[s,s+t]><[0,s] (z,y)f(x —y) — 1[0,s]x[s,s+t] (z, y) o2 f(y — 2),

for all s,t,xz,y € (0,00), where Ilye2 is the usual tensor-flip.
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Proposition

Let {asy : s,t > 0} be a defective 2—addit for (EX(t),Us;). Then

i — (a;t R )+ (U agyt) + ai?t, with aivt € L%([0,s + )], k)"? for
i=1,2and a3 € L*([0,5 + t)],k) ® L*([0, s + t)], k), where Q1 and Q;
are vacuum vectors of the first and second Fock spaces respectively.
Further there exist f1, f2, fi2, f32 € L} (R4,k®?) such that

loc
a1 (2, ) = Ls s1ax[0,8 (@ ¥) F1 (@ — ¥) — Lo g)x (5,544 (@ ) ko2 f*(y — ),

ai,zt(xa y) - 1[s,s+t]><[0,s} ('T? y)f112(:70 - y) + 1[O,s]><[s,s+t] (x7 y)f212(y - x):
for all s,t,x,y € (0,00), i =1, 2.
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Proposition

Let {asy : s,t > 0} be a defective 2—addit for (EX(t),Us). Then
ast € L2([0,5 +t)], k) ® L2([0, s + t)], k). Further there exist
fi, f2 € L} (Ry,k®2) such that

as,t(T,Y) = Lis srex[0,5) (T, Y) [1(T = ¥) + Ljo,5]x[s,s+4 (T, ¥) f2(y — T),

for all s,t,x,y € (0,00), i =1, 2.
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Definition
A 2—addit {a}, : s,t > 0} is said to be orthogonal to another 2—addit
{ag,t : S’t > 0} if ai,t 1 ait for all 871/' > 0.

Definition

Let (H¢,Us+) be spatial super-product system with canonical unit 2. The
2—index with respect to (2 is defined as the supremum of the cardinality of
all sets containing mutually orthogonal 2—addits.

v

If the automorphism group acts transitively on the set of all units, then the
2—index with respect to any unit is an invariant of the super-product
system. In particular when the super product system is type Ilp (means
there exists a unique unit up to scalars), 2—index is an invariant.
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The function f € L? (Ry;k®?) associated with a given 2-cocycle will be
referred to as its symbol and, for a given f € L7 (Ry;k®?), we denote
the 2-cocycle with symbol f by (a;”’t)s,bo.

Lemma

Let f,g € L? (R4, k®?) and T € (0,00], then f(r) L g(r) for almost all
r € (0,T) if and only if ag,t L af, forall s,t € (0,00) with s+t <T.
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Theorem

The super-product system (H®*(t),Us) has 2—index equals to
(dim(k))2. Hence these super-product systems are non-isomorphic if
dim(k) differs.

Corollary

Clifford flows on hyperfinite Il, factors are non-cocycle-conjugate for
different ranks.
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Theorem

)

The super-product system (EK(t),Us,) has 2—index equals to 2(dim(k))?.

)

The super-product system (EX(t),Us ;) has 2—index equals to 4(dim(k))?

These super-product systems are non-isomorphic if dim(k) differs.

Corollary

CAR flows on hyperfinite type Il factors are non-cocycle-conjugate for
different ranks. They are not cocycle conjugate to any of the GICAR flows.
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Definition

Let M be any von Neumann algebra. An Ep-semigroup on M is a
semigroup {oy : t > 0} of ‘normal’ unital x—endomorphisms, which are
o—weakly continuous, (i.e) the map ¢ +— p(ay(x)) is continuous as a
complex valued function, for every fixed p € M, and x € M.

We further assume ay (M) # M, (i.e) ay is not an automorphism.
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Definition
A cocycle for an Ep-semigroup e on M is a strongly continuous family of
unitaries U = (Uy)¢>0 satisfying Ugas(Uy) = Usgyy for all s,t > 0.

The family of endomorphisms oY (x) := Usa;(z)U; defines an
Eo-semigroup. This leads to the following equivalence relations on
Eo-semigroups.

Definition
Let a and 3 be Eg-semigroups on von Neumann algebras M and N.
(i) a and (3 are conjugate if there exists a *-isomorphism 6 : M — N
such that By =f o 00! forall t > 0.
(i) « and 3 are cocycle conjugate if there exists a cocycle U for a such
that 3 is conjugate to aV.
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Let M C B(L*(M, ¢)) be a factor, where ¢ is a faithful normal state and
) cyclic and separating vector (i.e) M is in standard form. J be the
modular conjugation operator associated to the vector Q) by the
Tomita-Takesaki theory. We can define the dual (or complementary)
Ey—semigroup on M’ by

ay(2") = Joy(J2' J)J Vo' € M.

The dual Eg-semigroup is well-defined up to cocycle conjugacy.

Proposition

If the Eg-semigroups o and 3 on M are cocycle conjugate, then the dual
Ey-semigroups o and (3’ are also cocycle conjugate.
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Theorem
Let M C B(H) be a factor in standard form and « an Ey-semigroup on

M. For eacht > 0, Let

Hta = {X € B(H) :vaM,m’EM’ O[t(m)X = Xm, a;(m/)X — Xm/}

Then H* = {H{* : t > 0} is a super-product system with respect to the

family of isometries Us; (X ® Y) = XY
Let o and 3 be Ey-semigroups acting on respective factors M and N in

standard form. If o and (3 are cocycle conjugate then H® and HP are

isomorphic.
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Let K be a complex Hilbert space. We denote by A(K) the CAR algebra
over K, which is the universal C*-algebra generated by {a(z) : x € K},
where = +— a(x) is an antilinear map satisfying the CAR relations:

a(z)a(y) + a(y)a(z) =0,

a(z)a(y)” + a(y) a(z) = (z,y) 1,
for all z,y € K.

The quasi-free state w4 on A(K), associated with a positive contraction
A € B(K), is the state determined by its 2n-point function as

wala(@n) -+ a(z1)a(yr)” - a(ym)") = onm det((zi; Ay;)),
where det(-) denotes the determinant of a matrix.

(Ha,ma,924) be the GNS triple associated with w4 on A(K), and set
My = ma(A(K))”, which is a factor.
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Let K = L?((0,00),k) and A € B(K) be a positive contraction satisfying
Ker(A) = Ker(1 — A) = {0}. We further assume that A is a Toeplitz
operator, meaning T AT, = A for all t > 0.

There exists a unique Eg-semigroups a* = {af! : t > 0} on My,
determined by

o (malalf) = mala(TLf)), Vf € K.

We call o as the Toeplitz CAR flow on M4 associated with A.
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Now assume A is of the form 1,2z ) ® R for some R € B(k). Then when
R# % My is of type Ill, and when R =1/2 My is of type Il;.

Example

We denote the Eq-semigroup associated with 172z, ) ® R by af. As the
Toeplitz part is trivial, we just call these Eg-semigroups as CAR flows on
May.

Let M€ denotes the von Neumann subalgebra generated by the even
products of wa(a(f)),ma(a*(g)). When tr(A% — A) = oo this action is
outer and hence M 4 is a factor. The restriction of o to M€ is called as
the even CAR flow on M 4. We denote it by 8%, when A = lr2r,) @ R.

The gauge group action on M4 is given by w4 (a(f)) — ema(a(f)) for

t € R. We denote the von Neumann subalgebra fixed by the gauge group
action by MY. Again since tr(A? — A) = co, MY, is factor. The restriction
of o to M is called as the GICAR flow on M 4. We denote it by 7%,
when A =172k, )® R.
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