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Definitions of quasinormality

Kaufman's definition of quasinormality

We say that a closed densely defined operator C in H is
quasinormal if C commutes with Ej¢|, i.e CE|c| C Ej¢|C

J. Stochel, F. H. Szafraniec definition of quasinormality

A closed densely defined operator C in H is quasinormal if and only
if U|C| C |C|U, where C = U|C]| is the polar decomposition of C

e Z. J. Jablonski, I. B. Jung, J. Stochel proved that this
defnitions are equivalent.
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Charakterization of quasinormal operators

Let C be a closed densely defined operator in . Then the
following conditions are equivalent:

@ C is quasinormal
@ C*C" = (C*C)" for every n € Z,

@ there exists a (unique) spectral Borel measure E on R, such
that
cnCn = fR E(dx) for n € {1,2,3}

e C*"C" = (C*C)" for every n € {2,3}
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Composition operators in L2-spaces

e (X, A, ) is a o-finite measure space

@ ¢: X — X is an A-measurable transformation, i.e.,
¢ H(A) € Aforevery Ac A

o If the measure j o ¢! given by o ¢~ 1(A) = u(¢p~1(A)) for
A € A'is absolutely continuos with respect to p (we say that
v is nonsingular), then the operator Cy in L?(u) given by
D(Cy) ={f € L*(n): foop e LP(n)},
C¢f =foq,f € D(C¢)
is well-defined

@ We call it a composition operator with symbol ¢
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Weighted shifts on directed trees

e 7 =(V;E) is a directed tree (V and E are the sets of
vertices and edges of T , respectively)
o V° =V \ {root} if T has a root and V° = V if T is rootles.

e /?(V) is the Hilbert space of square summable complex
functions on V equipped with the standard inner product

e For u € V, we define e, € /(V) to be the characteristic
function of the one-point set {u}.
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Given a system A = {\, },eve of complex numbers, we define the
operator Sy in I?(V), which is called a weighted shift on T with
weights ), as follows

D(S)) = {f € ?(V) : Arf € 2(V)} (1)

Sy =Aqf for fe D(.S)\); (2)
where,

= { 310D 500
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Let Sy be a weighted shift on a directed tree 7 = (V, E) with
weights A = {\, },cvo. Then the following assertions hold:

(i) Sx is a closed operator,
(i) ew € D(Sy) if and only if D chi(u |Av|2 < oo and in this case

SAeu: Z )\vew HS)\euH: Z ‘)‘V‘2 (3)

ve Chi(u) ve Chi(u)

(iii) Sy is densely defined if and only if e, € D(S,) for every
ue V.
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Let Sy be a densely defined weighted shift with weights A and let
Sy = U|S,\| be its polar decomposition. Then U = S, where,

||5Ae)\7v if par(u) € Vi

par(v) ‘ ‘
otherwise
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Let Sy be a weighted shift on a directed tree 7 with weights
A = {Ay}ucve. Then the following conditions are equivalent:

(i) D(Sx) = £2(V),
(i) Sx € B(£3(V)),
(iii) suPuev vechi(u) IAvI? < 0o If Sy € B(12(V)), then

ISl = sup [|Sxeul| = sup >IN (4)
HEY vEChI (u)
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Let n € Z,. If Sy € B(/?(V)) is a weighted shift on a directed tree
T = (V; E) with weights A = {\, },cve, then the following two
conditions are equivalent:

() (535" = (53)"S%,

(i) || Sxeu ||"=|| SYeu || forall u e V.
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Transcendentality of In(a)

Theorem (Lindemann-Weierstrass)

For any finite system of distinct algebraic numbers ag, ..., ap, the
numbers ef', ..., ey are lineary independent over A

Corollary

In(v) is transcendental for any algebraic number o # 0, 1.

@ Suppose In(«) is algebraic. Then, by Theorem with a3 =0,
as = In(a), we see that €® and €™ are lineary independent
over A thus €™ is transcendental. But (@) = o € A thus
we have a contradiction.
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e Is the equality C*"C" = (C*C)" sufficient for quasinormality
of a composition operator C in L2-space?
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Theorem

For every integer n > 2, there exist an injective, non-quasinormal
composition operator C in L?-space over a o-finite measure such
that

(C*C)n —Cc*en (C*C)k # C*kck (5)
forall k € {2,3,...} \ {n}.
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Special directed tree

Leafless and rootless directed trees with one branching vertex of
valency Ng

textupLet 7 = (V/, E) be a directed tree with

V={-k:keZ}U{(i,j):i,jeN} (6)
and

E={(-k —k+1) - k e N}U{(0, (7, 1)) : i € N}U{((7,)), (7, j+1)) = i, ) €
(7)
(the symbol "UU" detonates disjoint union of sets).
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Special directed tree

Leafless and rootless directed trees with one branching vertex of
valency Ng

Define the system of weights A = {\, },ecv by

a if v={(i,1),ieN
A=< B if v=(i,j),ieN,j>2
vi if v=ii€Zy
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If n> 2 and Sy is a weighted shift on the directed tree F
then,(555,)" = (55)"SY if and only if the following conditions
holds

(i) [vktn-11" = |Vktn—1TVk+n—2--7k| k € Zy,
(ii) |’7nfi71’n = ’7nfi71~-'70|\/220:1 |akﬁli<_1’2 i=12,...,n—1,

(i) (/5 Jou®)" = /25 LBy 2.
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Special sequence of function

we will consider some sequences of special functions For k € Z, we
define Sy : (0,1) — (0,00) by

Si(x) = 1K+ 2kx 4+ 3kx2 4 . (8)
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The following assertions are valid.
(i) Sk(x) € Q(x) for every k € Z

(i) So(x) = T25.51(x) = (. and Sk(x) = G=Er for
k =2,3,... where my is a polynomial of degree k —1 and 1 is
not a root of my for k > 1 .

(iii) S_1(x) =1+ 3x+ 32+ .. = In(1—x)

X
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Theorem (Z. J .Jablonski, I. B. Jung, J. Stochel)

Let Sy be a weighted shift on a rootless directed tree 7 = (V/; E)
with positive weights. Then Sy is unitarily equivalent to a
composition operator C in an L?-space over a o-finite measure
space. Morover, if the directed tree is leafless, then C can be made
injective.
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Define

1
k= VETIgT, go= e, (9)
where g, c € Q are chosen as follows
(Sn-1(9))" = cSo(q) (10)

and ;
cn1¢Q forall ke{l,2,...,n—2} (11)
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o (S;S\)P # (S5)PSY for pe {2,3,...,n—1}

Suppouse, contrary to our claim that for some
p €{2,3,...,n— 1} the equality (5;5\)P = (5;)PS} holds. In
view of Theorem, this equality implies that

( Z|Oék!2>p= Z!akﬁf_l\z (12)
ps k=1

We verify that for the directed tree the last equation is of the
form

(> K"k = (Y] K Pqk) (13)
k=1 k=1
which we can write as

—1
Sn-1(q) = c™15, g (14)
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Recall that by the condition (i) Lemma S,-1(q) € Q and
Sn—p(q) € Q. But this is a contradiction since ¢ was such

p—1
that ¢ ¢ Q.
o (S;S\)P # (S5)PSS for p=n-—+1

As in the previous case we see that the equality
(S35t = (5}\*)”+:L5)’\’+1 implies that

(Tad) =S sy (15)
k=1 k=1

which is equivalent in this case with

(ik”‘lqk) = ¢ Z e (16)
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which one can note as

Sn_1(q)™?! = cﬁs_l(q) This is a contradiction because
Sp—1(q) € A and cm1 € A but S5_1(q) = @ is
transcendental

o (S5 )P#(SP)Sy. forpe{n+2,n+3,...}

Otherwise, we have

o
12
Voo1-ip = (Yp-1-i-70)" D B " (17)
k=1

fori=1,2,...,p—1, which implies that to
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for i = n+ 1. But this is a contradiction as in the previous
case, because 7; is an algebraic number and 3277 ; 1¢¥ is
transcendental.

This completes the proof.
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