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Nilpotent linear maps

» “Nilpotent maps” are very important and they appear in various
contexts.

» “Nilpotent CP-maps” appears when we consider some special classes
of unital CP-map called “roots of states”.
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Nilpotent linear maps

» “Nilpotent maps” are very important and they appear in various
contexts.

» “Nilpotent CP-maps” appears when we consider some special classes
of unital CP-map called “roots of states”.

V is a n-dimensional vector space, L : V — V linear.
L is nilpotent of order p > 1 if LP = 0 and LP~! #£ 0.
Take V; = ker(L?) for 1 < < p.

Then {0} cVicWVC---CV,=V.

l; :=dimV;/V;_1, Vo = {0}.
h+l+-+l=nandly >l > >1,

(1,12, -+ ,1,) is a partition of n.

We call (I1,1l2,--- ,1p) as nilpotent type of L.
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Nilpotent maps and invariant subspaces

e M C V invariant subspace of L.
o R:= L’M
o Define S: V/M — V/M by S(v+ M) =L(v)+ M.

Nirupama (ISIBC) OTOA 3/15



Nilpotent maps and invariant subspaces

e M C V invariant subspace of L.

e R:=L|py.

o Define S: V/M — V/M by S(v+ M) =L(v)+ M.

@ R, S are nilpotent of order at most p.

@ Suppose R, S are of nilpotent type (ry, -+ ,7p), (S1,--- ,5p)

respectively.

The tuples are extended by 0's if necessary.
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Nilpotent maps and invariant subspaces

e M C V invariant subspace of L.

e R:=L|py.

o Define S: V/M — V/M by S(v+ M) =L(v)+ M.

@ R, S are nilpotent of order at most p.

@ Suppose R, S are of nilpotent type (ry, -+ ,7p), (S1,--- ,5p)

respectively.

The tuples are extended by 0's if necessary.
o Littlewood-Richardson rules, Horn's inequalities.

o Majorization inequalities:
b4+l <(ri+-Frp)+(s1+--+s) forall 1 <k <p
and
Lt Hly=(r1++rp)+(s1++sp).
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Completely positive maps

@ Suppose H is a finite dimensional Hilbert space with dim(H) = n.
@ Let B(H) be the algebra of all bounded linear maps on H.
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Completely positive maps

@ Suppose H is a finite dimensional Hilbert space with dim(H) = n.
@ Let B(H) be the algebra of all bounded linear maps on H.

Definition
A linear map o : B(H) — B(H) is said to be CP-map if

k
> YVra(XiX;)Y; >0 VXY € B(H),k>1.
i,j=1
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Completely positive maps

@ Suppose H is a finite dimensional Hilbert space with dim(H) = n.
@ Let B(H) be the algebra of all bounded linear maps on H.

Definition
A linear map o : B(H) — B(H) is said to be CP-map if

k
> YVra(XiX;)Y; >0 VXY € B(H),k>1.
i,j=1

@ What happens if « is nilpotent ?
@ We want to define “nilpotency type” of a.

@ We will show that nilpotency order is not bigger than n
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Choi-Kraus decomposition

Suppose « : B(H) — B(H) is CP-map. Then there exists operators
Ly,---,L4 € B(H) such that

d
aX)=> LiXL, VX e B(H) (%)
=1
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Choi-Kraus decomposition

Suppose « : B(H) — B(H) is CP-map. Then there exists operators
Ly,---,L4 € B(H) such that

d
aX)=> LiXL, VX e B(H) (%)
=1

@ The decomposition is not unique.

e Butif a(X) = Z;l/:l M3 X Mj is another decomposition, then
span{L; : 1 <i < d} =span{M; : 1 < j <d'}.
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Choi-Kraus decomposition

Suppose « : B(H) — B(H) is CP-map. Then there exists operators
Ly,---,L4 € B(H) such that

d
aX)=> LiXL, VX e B(H) (%)
=1

@ The decomposition is not unique.

e Butif a(X) = Z;l/:l M3 X Mj is another decomposition, then
span{L; : 1 <i < d} =span{M; : 1 < j <d'}.

e We fix one such decomposition say (x). Then we can have

ker(a(1)) = N%_ ker(L;).
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Choi-Kraus decomposition

Suppose « : B(H) — B(H) is CP-map. Then there exists operators
Ly,---,L4 € B(H) such that

d
aX)=> LiXL, VX e B(H) (%)
=1

@ The decomposition is not unique.

e Butif a(X) = Z;l/:l M3 X Mj is another decomposition, then
span{L; : 1 <i < d} =span{M; : 1 < j <d'}.

e We fix one such decomposition say (x). Then we can have

ker(a(1)) = N%_ ker(L;).

For X > 0,a(X) = 0 iff ran(X) C N¢_,ker(L}).

{z: a(|z)(z]) = 0} = NL_ ker(L;).

ran(a(1)) =span{L;u:u € H}.

aP(X) =0forall X € B(H) iff L;, Ly,....L; ,—o for all iy, ia...., 7, > 1.
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CP Nilpotent Type

o Let a: B(H) — B(H) be nilpotent CP-map of order p.
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o Let a: B(H) — B(H) be nilpotent CP-map of order p.
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CP Nilpotent Type

o Let a: B(H) — B(H) be nilpotent CP-map of order p.

o Let Hy := ker(a(1)) and Hj, := ker(a(1)) N ker(a*~1(1))* for
2<k<p.

o Then H=H  ® Hy®---® Hp.

@ Let a; :=dim(H;) for 1 <i < p.

e We call (a1, as2,--- ,ap) as the CP nilpotent type of a.
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CP Nilpotent Type

o Let a: B(H) — B(H) be nilpotent CP-map of order p.

Let Hy := ker(a(1)) and Hy, := ker(a*(1)) N ker(a*~1(1))* for
2<k<p.

Then H=H, @ Hy & --- @ H,,

Let a; := dim(H;) for 1 < i < p.

We call (a1,as,--- ,ap) as the CP nilpotent type of a.

Some inequalities:
ai+az+---+ap = dim(H).
ait1 < d.a;forall1 <i<(p-—1).
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CP Nilpotent Type

o Let a: B(H) — B(H) be nilpotent CP-map of order p.

Let Hy := ker(a(1)) and Hy, := ker(a*(1)) N ker(a*~1(1))* for
2<k<p.

Then H=H, @ Hy & --- @ H,,

Let a; := dim(H;) for 1 < i < p.

We call (a1,as,--- ,ap) as the CP nilpotent type of a.

Some inequalities:

ay+az+---+ap :dim(H).

ait1 < d.a;forall1 <i<(p-—1).

o Conversely, given a tuple (ai,ag, - ,ap,) of natural numbers adding
up to dim(H) i.e., a1 +ag + - - - + a, = dim(H) and satisfying
a;+1 < d.a;, then there exists a nilpotent completely positive map
a: B(H) — B(H) of order p.
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CP Nilpotent Type

o Let a: B(H) — B(H) be nilpotent CP-map of order p.

Let Hy := ker(a(1)) and Hy, := ker(a*(1)) N ker(a*~1(1))* for
2<k<p.

Then H =H ® Hy @ --- @® H,,.

Let a; := dim(H;) for 1 < i < p.

We call (a1,as,--- ,ap) as the CP nilpotent type of a.

Some inequalities:

ay+az+---+ap :dim(H).

ait1 < d.a;forall1 <i<(p-—1).

Conversely, given a tuple (aj,ag, - - ,ap,) of natural numbers adding
up to dim(H) i.e., a1 +ag + - - - + a, = dim(H) and satisfying
a;+1 < d.a;, then there exists a nilpotent completely positive map
a: B(H) — B(H) of order p.

If o : B(H) — B(H) is a completely positive map of nilpotent order
p, then p < dim(H).
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Dual nilpotent CP-maps

o Define o* : B(H) — B(H) by o*(X) = > | L;X L.
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e trace(a(X)'Y) =trace(X*a*(Y)) for all X,Y € B(H).
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Dual nilpotent CP-maps

Define o* : B(H) — B(H) by o*(X) = > | L;X L.
trace(a(X)*Y) =trace(X*a*(Y)) for all X,Y € B(H).
« is a nilpotent of order p if and only if @ is a nilpotent of order p.

Type of a nilpotent operator and the type of its adjoint are same.

CP nilpotent type of a and o™ are may not be same.
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Dual nilpotent CP-maps

Define o* : B(H) — B(H) by o*(X) = > | L;X L.
trace(a(X)*Y) =trace(X*a*(Y)) for all X,Y € B(H).

« is a nilpotent of order p if and only if @ is a nilpotent of order p.
Type of a nilpotent operator and the type of its adjoint are same.

CP nilpotent type of a and o™ are may not be same.

Decompose the Hilbert space H as

H=H ®Hy® ---®H,andalso H=H'® H>®--- ¢ HP
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Dual nilpotent CP-maps

Define o* : B(H) — B(H) by o*(X) = > | L;X L.
trace(a(X)*Y) =trace(X*a*(Y)) for all X,Y € B(H).

« is a nilpotent of order p if and only if @ is a nilpotent of order p.
Type of a nilpotent operator and the type of its adjoint are same.
CP nilpotent type of a and o™ are may not be same.

Decompose the Hilbert space H as

H=H ®Hy® ---®Hyandalso H=H'® H?>®--- & HP
where H! = ker(a*(1)) and H* = ker((a*)*(1)) N ker((a*)*=1(1))+
for all k > 2.

Let a* := dim(HF) for 1 < k < p.

Then ap—it1+ ap—jp2 + - +ap <a'+a*+---+a' for 1 <i<p
and a; +as+ -+ +a, =at +a’>+ - +aP.
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Invariant subspaces and majorization

e a: B(H) — B(H) nilpotent CP map.
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@ Let M be a subspace of H. Take N = M. Then H =M & N.

e Consider B(M) C B(H) via X — [)é 8}.
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Invariant subspaces and majorization

e a: B(H) — B(H) nilpotent CP map.

@ Let M be a subspace of H. Take N = M. Then H =M & N.
Consider B(M) C B(H) via X [)é 8}.
We say that M is invariant under «, if o leaves B(M) invariant.
This happens iff every Choi-Kraus coefficient leaves N invariant.

We get a(X) = S LI X L; with L; = [g CO] € B(M @ N) for some

operators B; € B(M),C; € B(N),D; € B(M,N), 1 <i <d.
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Invariant subspaces and majorization

a: B(H) — B(H) nilpotent CP map.

Let M be a subspace of H. Take N = M~". Then H=M & N.

Consider B(M) C B(H) via X [)é 8}.

We say that M is invariant under «, if o leaves B(M) invariant.

This happens iff every Choi-Kraus coefficient leaves N invariant.

We get a(X) = S LI X L; with L; = [g CO] € B(M @ N) for some

operators B; € B(M),C; € B(N),D; € B(M,N), 1 <1i<d.

Define CP-maps 3 : B(M) — B(M) and v : B(N) — B(N) by
B(X) = Y. BiXB; and 4(Y) = ¥ C;Y (.
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Invariant subspaces and majorization

e a: B(H) — B(H) nilpotent CP map.

@ Let M be a subspace of H. Take N = M. Then H =M & N.

e Consider B(M) C B(H) via X — [)é 8}.

e We say that M is invariant under «, if « leaves B(M) invariant.

@ This happens iff every Choi-Kraus coefficient leaves N invariant.

o We get a(X) = S LIXL; with L; = [g CO] € B(M @ N) for some
operators B; € B(M),C; € B(N),D; € B(M,N), 1 <1i<d.

@ Define CP-maps 5 : B(M) — B(M) and v : B(N) — B(N) by

B(X) = Y. BiXB; and 4(Y) = ¥ C;Y (.
o Note that for any i1,42,...,%,

B;. B, ...B; 0
L. L L — i1 Pig ip
12 'p Diyig,..ip CiyCiy ... Cyy,

for some operator Dj, i, i,
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Invariant subspaces and majorization

e a: B(H) — B(H) nilpotent CP map.
@ Let M be a subspace of H. Take N = M. Then H =M & N.
e Consider B(M) C B(H) via X — [)é 8}.
e We say that M is invariant under «, if « leaves B(M) invariant.
@ This happens iff every Choi-Kraus coefficient leaves N invariant.
o We get a(X) = S LIXL; with L; = [g CO] € B(M @ N) for some
operators B; € B(M),C; € B(N),D; € B(M,N), 1 <i <d.
@ Define CP-maps 5 : B(M) — B(M) and v : B(N) — B(N) by
B(X) = Y. BiXB; and 4(Y) = ¥ C;Y (.
o Note that for any i1,42,...,%,
Li Liy ... Li, = {BB?ZBP% Ci, Cy 0...Cip]

for some operator D;, 4,,..i,-
@ Thus if « is nilpotent of order p, then 8 and ~ are nilpotent of order
at most p.
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Majorization

Suppose (ai, -+ ,ap), (b1, -+ ,bp) and (c1,--- ,¢p) are CP nilpotent type
of a, B and ~ respectively. Then

k k k
Z a; < Z b + Z Ci
i=1 i=1 i=1

forall 1 < k < p, and

p p p

E a; = E b; + Ci.

=1 =1 i=1
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Majorization

Suppose (ai, -+ ,ap), (b1, -+ ,bp) and (c1,--- ,¢p) are CP nilpotent type
of a, B and ~ respectively. Then

k k k
Z a; < Z b + Z Ci
i=1 i=1 i=1

forall 1 < k < p, and

p p p

Zai:meLZci.

i=1 u=l 1=1

Proof:
@ For the inequality part, first consider the case k = 1.
Let {ui,us,...,u,} be a basis for (), ker(B;)) (N, ker(D;)).
o Let {v1,v2,...,v¢, } be a basis for [, ker(C}).
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((5).(3)- () (O (0) (i

independent in (), ker(L;).

@ Extend this collection to:

G () () () () ) ()

a basis of N, ker(L;).

@ In particular, a1 =1+ ¢1 + s.

o Now we observe that x, 9, ..., are vectors in (), ker(B;).

e We claim that {uj,uo,...,u,, o1, 2,...,xs} are linearly independent
in (), ker(By).

@ We have r + s < by and hence a1 < by + ¢;.
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Proof continues:

Suppose Zj Dju; + Zj gjxj = 0 for some scalars p;, g;.

Fix 1 <7<d.

Then as u; € [, ker(D;) for all j, > qjx; € ker(D;). Further as

<§J> is in ker(L;), we have D;z; 4+ Cyy; = 0 or Cyy; = —D;x; for
j

all 5.

Consequently Zj Ciqjy; = — Zj D;qgjz; = 0. Therefore,

> 495 € [ ker(Cy).

So there exist scalars t;,1 < ¢ < ¢y, such that ) . t;v; = — Zj q;Yj-

Then, >, p; (%J) +2,t) <1?]> +22, 4 (;jj) =0.

Now due to linear independence of these vectors, p; = 0,¢; = 0 and
t; =0.

Consider o*(1), 8%(1) and 7*(1), Z?Zl a; < 2521 bj + Z?Zl c; for
1<k<pas Z;?:l a; =dim ker(a*(1)).
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Roots of states

Definition
Let H be a finite dimensional Hilbert space and let v € H be a unit vector
in H. Consider the pure state X +— (u, Xu)l on B(H). Then a unital

completely positive map 7 : B(H) — B(H) is said to be an n'” root of
this state if

(X)) = (u, Xu)I VX € B(H).
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Roots of states

Definition
Let H be a finite dimensional Hilbert space and let v € H be a unit vector
in H. Consider the pure state X +— (u, Xu)l on B(H). Then a unital

completely positive map 7 : B(H) — B(H) is said to be an n'" root of

this state if
T(X) = (u, Xu)I VX € B(H).

Let 7: B(H) — B(H) be a unital CP-map such that 77(X) = (u, Xu)I
where u is a unit vector of H. Set Hy = {x € H : (x,u) = 0} so that

H = Cu@® Hy. Suppose « : B(Hy) — B(Hy) is the compression of T to
B(H), then « is nilpotent CP map of order at most p.
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Roots of states

Theorem
Let o : B(Hp) — B(Hp) be a contractive CP-map such that o”(Y) =0

for all Y € B(Hy). Take H =C @ Hy and u = <(1)> Suppose
7:B(H) — B(H) is a map defined by

T<<§; §;§)>—<X51 a<x22>+xci1<f—a<f>>>

for all X = [X;;] € B(C @ Hy). Then 7 is a CP-map and
(X)) = (u, Xu)I for all X € B(H).
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