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C—symmetric operators

H — complex separable Hilbert space with an inner product (-, -)
C — isometric antilinear involution in H

(ile. C* =T and (f,g) = (Cg,Cf) for all f,g e H )
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C—symmetric operators

H — complex separable Hilbert space with an inner product (-, -)
C — isometric antilinear involution in H

(ile. C* =T and (f,g) = (Cg,Cf) for all f,g e H )

T € B(H) is C-symmetric, it CTC =T*

Let us denote C = {7 € B(H): CTC =T"*}
(S. Garcia, M. Putinar)
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C—symmetric operators

H — complex separable Hilbert space with an inner product (-, -)
C — isometric antilinear involution in H

(ile. C* =T and (f,g) = (Cg,Cf) for all f,g e H )

T € B(H) is C-symmetric, it CTC =T*

Let us denote C = {7 € B(H): CTC =T"*}
(S. Garcia, M. Putinar)

Example

C-symmetry in [?(N) is given by

C(Z(),Zl,Zz, .. ) = (70,21,52, 500 )

Marek Ptak C-symmetric operators and its preanihilator



C—symmetric operators

Example
C-symmetry in C” is given by

0(21,22, . .,Zn) = (77,, 500 ,22,51).

Jordan block J,(\) is C—symmetric.
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C—symmetric operators

Example
C-symmetry in C” is given by

0(21,22, . .,Zn) = (En, 500 722,71).

Jordan block J,(\) is C—symmetric.

Example

H? — the classical Hardy space , u a nonconstant inner function
Cf=uzf feH,

C-symmetry on H2 = H? © uH?
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C—symmetric operators

Example
C-symmetry in C” is given by

0(21722, . .,Zn) = (En, 500 ,22,21).

Jordan block J,(\) is C—symmetric.

Example

H? — the classical Hardy space , u a nonconstant inner function
Cf=uzf feH,
C-symmetry on H2 = H? © uH?

pe L™ T,f =Puz(pf), fe€H:

T, € B(H2) Truncated Toeplitz Operator is C—symmetric,
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C—symmetric operators

Example

0 a bounded, positive continuous weight on [—1, 1],
o(t) = o(—t) for ¢ € [0, 1].
Then Cf(t) = f(—t) is C-symmetry on L?([—1,1], odt).
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C—symmetric operators

Example

0 a bounded, positive continuous weight on [—1, 1],

o(t) = o(—t) for ¢ € [0, 1].

Then C'f(t) = f(—t) is C-symmetry on L?*([—1, 1], odt).

Example
Cf(t)=f(1—1t)is C’—symmetry on L?([0, 1], dt).
Voltera operator V f(x fo t)dt is C—symmetric
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Reflexivity and transitivity

‘H — complex separable Hilbert space

B(H) — algebra of bounded linear operators on H
W C B(H) — subalgebra with I
LatW={LCH:ALC L forall Ae W}

Alg Lat W = {B € B(H) : Lat W C Lat B}

W C Alg Lat W C B(H)
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Reflexivity and transitivity

‘H — complex separable Hilbert space

B(H) — algebra of bounded linear operators on H
W C B(H) — subalgebra with I
LatW={LCH:ALC L forall Ae W}

Alg Lat W = {B € B(H) : Lat W C Lat B}

W C Alg Lat W C B(H)

W is reflezive (Sarason) = W = Alg Lat W
W is transitive = Alg Lat W = B(H) = LatW = {H,{0}}
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Reflexivity and transitivity

‘H — complex separable Hilbert space

B(H) — algebra of bounded linear operators on H

W C B(H) — subalgebra with I
LatW={LCH:ALC L forall Ae W}

Alg Lat W = {B € B(H) : Lat W C Lat B}

W C Alg Lat W C B(H)

W is reflexive (Sarason) = W = Alg Lat W

W is transitive = Alg Lat W = B(H) = LatW = {H,{0}}

Connections with von Neummann Algebras

N — von Neummann algebra N’

N N N'(=N)
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Reflexivity and transitivity

‘H — complex separable Hilbert space

B(H) — algebra of bounded linear operators on H

W C B(H) — subalgebra with I
LatW={LCH:ALC L forall Ae W}

Alg Lat W = {B € B(H) : Lat W C Lat B}

W C Alg Lat W C B(H)

W is reflexive (Sarason) = W = Alg Lat W

W is transitive = Alg Lat W = B(H) = LatW = {H,{0}}

Connections with von Neummann Algebras

N — von Neummann algebra N’

N N N'(=N)

W LatW Alg LatW (=W)
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Reflexivity and transitivity

M a subspace of B(H)
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Reflexivity and transitivity

M a subspace of B(H)
ref M :={B € B(H) : Bh € [Mh] for all h € H}

M C ref M C B(H)

Marek Ptak C-symmetric operators and its preanihilator



Reflexivity and transitivity

M a subspace of B(H)
ref M :={B € B(H) : Bh € [Mh] for all h € H}

M Cref M C B(H)
M is reflezive = ref M = M
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Reflexivity and transitivity

M a subspace of B(H)
ref M :={B € B(H) : Bh € [Mh] for all h € H}

M Cref M C B(H)
M is reflezive = ref M = M
M is transitive = ref M = B(H)
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Reflexivity and transitivity

M a subspace of B(H)

ref M :={B € B(H) : Bh € [Mh] for all h € H}
M Cref M C B(H)

M is reflezive = ref M = M

M is transitive = ref M = B(H)

(re)” = B(H)

< At >=tr(At), AeB(H), terTc
MCBH)  M={terc:tr(At)=0,A € M}
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Reflexivity and transitivity

M a subspace of B(H)

ref M :={B € B(H) : Bh € [Mh] for all h € H}
M Cref M C B(H)

M is reflezive = ref M = M

M is transitive = ref M = B(H)

(re)” = B(H)

< At >=tr(At), AeB(H), teTc

MCBH)  M={terc:tr(At)=0,A € M}
Fi(H) — set of operators of rank at most k
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Reflexivity and transitivity

M a subspace of B(H)

ref M :={B € B(H) : Bh € [Mh] for all h € H}
M Cref M C B(H)

M is reflezive = ref M = M

M is transitive = ref M = B(H)

(re)” = B(H)

< At >=tr(At), AeB(H), teTc

MCBH)  M={terc:tr(At)=0,A € M}
Fi(H) — set of operators of rank at most k

r,yceH (®yz=(zyz, zQyc Fi(H)
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Reflexivity and transitivity

M a subspace of B(H)

ref M :={B € B(H) : Bh € [Mh] for all h € H}
M Cref M C B(H)

M is reflezive = ref M = M

M is transitive = ref M = B(H)

(re)” = B(H)

< At >=tr(At), AeB(H), teTc

MCBH)  M={terc:tr(At)=0,A € M}
Fi(H) — set of operators of rank at most k

nyeM (z@y)z=(zy)z zQy¢c F(H)
A€ B(H) <Az®y>=trA(z®y) = (Az,y)
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Reflexivity and transitivity

B€refM <— Vz,yeH

VAeEM <Azrzy>=0)—=<B,zQy>=0
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Reflexivity and transitivity

B erefM < Vz,yecH

VAeEM <Azrzy>=0)—=<B,zQy>=0

M C B(H) — weak*-closed subspace
M is transitive = Fy(H) N M = {0}
M is reflexive = Fy(H) N L M spans | M
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Reflexivity and transitivity

B erefM < Vz,yecH

VAeEM <Azrzy>=0)—=<B,zQy>=0

M C B(H) — weak*-closed subspace

M is transitive = F1(H) N M = {0}

M is reflexive = Fy(H) N L M spans | M
M is k-reflexive = F(H) N L M spans ;| M
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Reflexivity and transitivity

BerefM <= Vz,yeH

VAeEM <Azrzy>=0)—=<B,zQy>=0

M C B(H) — weak*-closed subspace

M is transitive = F1(H) N M = {0}

M is reflexive = Fy(H) N L M spans | M
M is k-reflexive = F(H) N L M spans ;| M

C={TeBH):CTC =T*} C B(H)
norm, WOT, SOT, weak* — closed subspace

Describe preanihilator of C
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Transitivity of C—symmetric operators
Theorem

Let H be a complex separable Hilbert space with isometric anti-

linear involution C'. Let C be the set of C'-symmetric operators.
The subspace C s transitive.
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Transitivity of C—symmetric operators

Theorem

Let H be a complex separable Hilbert space with isometric anti-
linear involution C'. Let C be the set of C'-symmetric operators.
The subspace C s transitive.

Proof.

{en} — orthonormal basis of H, Ce, = e, [Garcia, Putinar]
u® Cu € C for all u € H [Garcia, Putinar] thuse; ® e; €C, i €N
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Transitivity of C—symmetric operators

Theorem

Let H be a complex separable Hilbert space with isometric anti-
linear involution C'. Let C be the set of C'-symmetric operators.
The subspace C s transitive.

Proof.

{en} — orthonormal basis of #, Ce, = e, [Garcia, Putinar]

u® Cu € C for all u € H [Garcia, Putinar] thuse; ® e; €C, i €N
z®y € 1C 0=<e;®e,zQ@y>= ((e; Ve, y) = (z,e;){e;,y)
zle oryle; forall i eN

k € N — smallest number such that (z,ex) # 0

1 € N — smallest number such that (y,e;) # 0

Hence k # 1, (z,e;) =0, (y,ex) =0
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Transitivity of C—symmetric operators

Theorem

Let H be a complex separable Hilbert space with isometric anti-
linear involution C'. Let C be the set of C'-symmetric operators.
The subspace C s transitive.

Proof.

{en} — orthonormal basis of #, Ce, = e, [Garcia, Putinar]

u® Cu € C for all u € H [Garcia, Putinar] thuse; ® e; €C, i €N
z®y€ 1C 0=<e;Re;,zRy >= ((e; ® e;)z,y) = (x,e;){e;,y)
zle oryle; forall i eN

k € N — smallest number such that (z,ex) # 0

1 € N — smallest number such that (y,e;) # 0

Hence k # 1, (z,e;) =0, (y,ex) =0

ae; + e, a, B #0,  then C(ae; + Ber) = ae + Bey,

(ae; + Ber) ® (ae; + Bey) € C for any o, 8 # 0

0 =< (ae; + Bex) @ (ae; + Bex), v @ y >= (x, ae; + Bex)(ae; + Ber, y) = Bz, ex)aler, y)

Since a, 8 # 0 and (z, ex) # 0, (e;,y) # 0 we get the contradiction.
Hence z =0 or y = 0.
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Rank 2 operators in the preanihilator

Theorem

Let H be a complex separable Hilbert space with isometric anti-
linear involution C'. Let C be the set of C'-symmetric operators.
Then FoN  C={h®g—CgRCh:h,g € H}.
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Rank 2 operators in the preanihilator

Theorem

Let H be a complex separable Hilbert space with isometric anti-
linear involution C'. Let C be the set of C'-symmetric operators.
Then FoN  C={h®g—CgRCh:h,g € H}.

To show the inclusion ,,2” note that for 7' € C we have

<T,h@g—Cg®Ch>=(Th,g) — (TCg,Ch) =

Marek Ptak C-symmetric operators and its preanihilator



Rank 2 operators in the preanihilator

Example

C-symmetry in (?(N)

C(Z(),Zl,Zg, .. ) = (50,71,22, .. )

CoNF={h®g—gh:h,gec?(N)}.
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Rank 2 operators in the preanihilator

Example

C-symmetry on H2 = H? © uH?
u nonconstant inner function in H?

Cf=wuzf forfe H?
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Rank 2 operators in the preanihilator

Example

C-symmetry on H2 = H? © uH?
u nonconstant inner function in H?

Cf=wuzf forfe H?

CoNF,={h®g—uzgQuzh: h,g € H>}.
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Rank 2 operators in the preanihilator

Example

C-symmetry on L*([—1,1], odt) Cf(t) = f(—t)
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Rank 2 operators in the preanihilator

Example

C-symmetry on L*([—1,1], odt) Cf(t) = f(—t)

CLNFy={A()®g() —g(=()) ®h(=()) : h,g € L*([-1,1], odt)}.
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Rank 2 operators in the preanihilator

Theorem

Let H be a complex separable Hilbert space with isometric
antilinear involution C'. Let C be the set of C'-symmetric

operators. The subspace C C B(H) of C-symmetric operators is
2-reflezive.
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Hyperreflexivity

Ae B(H) W C B(H) — algebra
dist(A, W) =inf{||[A-T| : T € W}
(A, W) = sup{||PAP|| : P € Lat W}
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Hyperreflexivity

A€BH) W CB(H) - algebra
dist(A, W) =inf{||[A-T| : T € W}
(A, W) = sup{||PAP|| : P € Lat W}
a( A, W) < dist(A, W)
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Hyperreflexivity

A€BH) W CB(H) - algebra
dist(A, W) =inf{||[A-T| : T € W}
(A, W) = sup{||PAP|| : P € Lat W}
a( A, W) < dist(A, W)

M C B(H) — subspace
a(A, M) = sup{||Q+AP|| : Q* MP =0, Q, P projections}
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Hyperreflexivity

A€BH) W CB(H) - algebra
dist(A, W) =inf{||[A-T| : T € W}
(A, W) = sup{||PAP|| : P € Lat W}
a( A, W) < dist(A, W)

M C B(H) — subspace
a(A, M) = sup{||Q+AP|| : Q* MP =0, Q, P projections}

Arveson(for algebras), Larson, Kraus(for subspaces)

M is called hyperreflerive if there is k such that

dist(A, M) < k (A, M)

The smallest constant (M) is called hyperreflexive constant.
C-symmetric operators and its preanihilator



Hyperreflexivity

dist(A, M) = sup{|(A, )| : t € 7¢c, t € ball L M}
a(A, M) = sup{|(Az,y)| = (A, z®y)| : 2®y € Fi(H)NballL M}
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dist(A, M) = sup{|(A, )| : t € 7¢c, t € ball L M}
a(A, M) = sup{|(Az,y)| = {4,z ®y)| : 2®y € F1(H) Nball M}
A€ refM <= (A, M) =0

M is norm—closed
M is hyperreflexivite = M is reflexivite
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Hyperreflexivity

dist(A, M) = sup{|(A, )| : t € 7¢c, t € ball L M}
a(A, M) = sup{|(Az,y)| = (A, 2 ®@y)| : @y € Fi(H)Nball M}
A€ refM <= (A, M) =0

M is norm—closed
M is hyperreflexivite = M is reflexivite

ar(A, M) = sup{|tr(Af)| : f € Fx(H) N ball; M}
M is k-hyperreflexive if there is k such that for any A € B(H): J

d(A,M) < kag(A,M).
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Hyperreflexivity

dist(A, M) = sup{|(A, )| : t € 7¢c, t € ball L M}
a(A, M) = sup{|(Az,y)| = (A, 2 ®@y)| : @y € Fi(H)Nball M}
A€ refM <= (A, M) =0

M is norm—closed
M is hyperreflexivite = M is reflexivite

ar(A, M) = sup{|tr(Af)| : f € Fx(H) N ball; M}
M is k-hyperreflexive if there is k such that for any A € B(H): J

d(A,M) < kag(A,M).

The smallest constant xx(M) is called k-hyperreflexive constant.
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2—hyperreflexivity of C—symmetric operators

Theorem

Let H be a complex separable Hilbert space with isometric anti-
linear involution C'. Let C be the set of C'-symmetric operators.
The subspace C is 2-hyperreflexive with constant 1.
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2—hyperreflexivity of C—symmetric operators

Proof.
A€ B(H)

a2(A,C) =sup{|tr(A(3(h® g — Cg @ Ch)))| : |3(h® g~ Cg® Ch)|1 < 1} =
3 sup{[(Ah, g) — (ACg,Ch)| : |3(h® g — Cg® Ch)|1 < 1} =
3 sup{[(h, A*g) — (h,CACg)|: |5(h®g—Cg®@Ch)|1 <1} =
3 sup{|(h, (A" — CAC)g)| : |3(h® g — Cg® Ch)ll1 <1} >
3 sup{[[(h, (A" — CAC)g)| : [IBll < 1, llgll < 1} = 3||A* = CAC||
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2—hyperreflexivity of C—symmetric operators

Proof.
A€ B(H)
a2(A,C) =sup{|tr(A(3(h® g — Cg @ Ch)))| : |3(h® g~ Cg® Ch)|1 < 1} =
3 sup{[(Ah, g) — (ACg,Ch)| : |3(h® g — Cg® Ch)|1 < 1} =
sup{|(h, A*g) — (h, CACg)| : |5(h® g — Cg® Ch)|1 < 1} =
3 sup{[(h, (A* = CAC)g)| : l5(h® g~ Cg®Ch)|l1 <1} >
%Sup{H( (A" = CAC)g)| : Il <1, llgll < 1} = 3]|A* — CAC|

1
2
1

(CACh, g) = (Cg,C? ACh) = (Cg, ACh) = (A*Cg,Ch) = (C*h,CA*Cg) = (h,CA*Cg)
Hence (A+ CA*C)* = A* + CAC,

C(A+ CA*C)C = CAC + C?A*C? = CAC + A* = (A+ CA*C)*

Thus A+ CA*C € C,
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Proof.
A€ B(H)
a2(A,C) =sup{|tr(A(3(h® g — Cg® Ch)))| : [|3(h® g - Cg®Ch)[1 <1} =
3 sup{|(4h, g) — (ACq,Ch)| : |3 (h® g — Cg® Ch)|l1 <1} =
3 sup{|(h, A*g) — (h,CACg)| : |5 (h® g — Cg®Ch)|l1 <1} =
3 sup{|(h, (A* = CAC)g)| : |5(h©® g — Cg® Ch)|l1 <1} >
3 sup{||(h, (A* = CAC)g)| : ||R]| <1, [lgll < 1} = §[|A* — CAC||
(CACHh, g) = (Cg,C?ACh) = (Cg, ACh) = (A*Cyg, Ch) = (C?h,CA*Cg) = (h, CA*Cyg)
Hence (A + CA*C)* = A* + CAC,

C(A+ CA*C)C = CAC + C?A*C? = CAC + A* = (A+ CA*C)*
Thus A+ CA*C € C, which implies that
d(A,C) < |[A— L(A+CA*O)|| = |A— CA*C| = L||A* — CAC| < a2(4,C).

Hence C is 2-hyperreflexive with constant 1.
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2—hyperreflexivity of C—symmetric operators

Thank you!
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