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> The rank of the tuple T:

rank T = inf{#S L SCHI[S]T = H} e NU {oo}.
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H?(D) : the Hardy space over D with co-ordinate
multiplication operator M,.

Non-zero submodule of H2(D): S, := ¢pH?*(D);

proper quotient module of H?(D): Q, := H?*(D) © S.
H?(D") = H*(D) ® - - - ® H?(DD).

My =y @ @M, @+ @ lpppy (i =1,...,n).

For a quotient module Q of Hz(]D)”),

co-rank Q :=rank (M7 |g,..., M |g).

For a proper quotient module Q of H?(ID), co-rank Q = 1.
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Rudin’s quotient module

» Blaschke factor corresponding to o € :
_ —Q Z—ap
bo = i imarz

» Blaschke product:
o(z) = 11,24 bg'n with 7% 1 (1 — lplan]) < oo,
Let ®; = {; x}22 _ ., be a sequence of Blaschke products with a
least common multiple ¢;, for all i =1,...,n.

» The Rudin's quotient module corresponding to
¢ = (Pg,...,P,):

Qo= \/ Q4@ ®Qy,,.
k=—oc0
Let ¢ be a Blaschke product with Z(¢) = {a, : n € N} and
ln = ord(ba,, ¢) (n € N).
> Qp= V Quin -
)

an€Z(¢) "
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Lower bound of co-rank

Qo = \/ Qag,...,ap)

(041,.‘.,04,,)62

For (B1,...,0n) # (a1,...,a,) € Z, one can find Blaschke
products ¢} (1 < i < n) such that

> (/\/];;/1 ® - ® M*Z)(Q(al’ cooyap)) = Qag, ... ap).
> (M(;';ll R R M*,n)(Qq,) = Q(al, .. ,an).

> sup  co-rank Q(ay,...,a,) < co-rank Q.
(a,...,an)EZ
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Minimal representation

Qay,...,ap) = V Qb(al,k) R ® Qb(an,k)
k€Z(aa,...,an) 1 on

Note that for ki, kp € Z, if (i, k1) < (aj, kp) foralli=1,...,n
then

Qb,(fil’kl) R ® Qb((lan,kl) C Qb((lall,kz) R ® Qb(aa"’k2)'
Proposition
For all Q(ax, ..., an), there exists Z(a, ..., an) C Z(aq,. .., o)
with finite minimal cardinality such that
Qaty-san)= N Qe @ ® Qyeni-
oy an

kej(al,...,an)
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Co-rank of Q(ay, ..., ap)

Theorem

Let V Q (010 ® "+ ® Q, (ank) be a minimal
keZ(oq,...,an) 1 an

representation of Q(a1,...,an). Then

co-rank Q(ay, ..., an) = #1(ay,. .., o).

Idea of the proof: Let #Z(a,...,a,) =r.
> f; k is a star-generator of Q B(@1H) for all / and k.

> [k @ @ fard vz
» co-rank Q(ai,...,a,) <r.
» For any closed subspace &£ with Q(a1,...,a,) © &€ is a

quotient module,
rank (PeMj |e, ..., PeM; |¢) < co-rank Q(ar,. .., an).

> g = b MEb,, @ - @ B T ME b, for all k.

- Qb((loil,k) (SRR ng};n’k)
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co-rank of Qg

sup  #IL(a1,...,an)= sup  co-rank Q(ov,. .., an)
(a1ye.,an)€Z (a1yeeyan)EZ

< co-rank Q.
Theorem
Let Q¢ be the Rudin quotient module corresponding to . Then
co-rank Q¢ = sup  co-rank Q(aq,...,ap)

=  sup  #I(oa,...,ap).
(eu,...,an)€Z
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Examples

Example (1)

Let ¢1 == {bak}iO:—oo and ¢2 = {bﬁk}zO:—oo with
Yok —Jak]), >4 (1 —|Bk|) < co. Then

Qo= \/ Qb ® Qs

k=—00

v

Z = {(o, Bk) : k € Z}.
Qe Bk) = Qba, ® Ly, (k € Z).

#1 (o, Br) =1 (k € 7).
co-rank Q¢ = 1.

v

v

v
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Example (2)

Let g1 = {zK}52 and ¢p = {Yi}32o, where ¢y = ]2, b .
Here «’s are distinct. Then

Qo = \/ Qi @ Qy, -
k=0
» For (0,ap) € Z,

n—1

Q(0, avn) = \/%@QW

> #7(0, ) = n.
» co-rank Q¢ = o0.
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