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Introduction

Let T = (T1, . . . ,Tn) be a commuting tuple of operators on a
seperable Hilbert space H.

Definition
A non-empty subset S of H is a T -generating set if

[S ]T :=
∨{

p(T1, . . . ,Tn)h : p ∈ C(z), h ∈ S
}

= H.

I The rank of the tuple T :

rank T = inf
{

#S : S ⊆ H, [S ]T = H
}
∈ N ∪ {∞}.
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Setup

I H2(D) : the Hardy space over D with co-ordinate
multiplication operator Mz .

I Non-zero submodule of H2(D): Sφ := φH2(D);
proper quotient module of H2(D): Qφ := H2(D)	 Sφ.

I H2(Dn) = H2(D)⊗ · · · ⊗ H2(D).

I Mzi = IH2(D) ⊗ · · · ⊗Mz ⊗ · · · ⊗ IH2(D) (i = 1, . . . , n).

I For a quotient module Q of H2(Dn),

co-rank Q := rank (M∗z1
|Q, . . . ,M∗zn |Q).

I For a proper quotient module Q of H2(D), co-rank Q = 1.
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Rudin’s quotient module

I Blaschke factor corresponding to α ∈ D:
bα = −ᾱ

|α|
z−αn

1−ᾱnz
.

I Blaschke product:
φ(z) =

∏∞
n=1 bln

αn
with

∑∞
n=1(1− ln|αn|) <∞.

Let Φi = {φi ,k}∞k=−∞ be a sequence of Blaschke products with a
least common multiple φi , for all i = 1, . . . , n.

I The Rudin’s quotient module corresponding to
Φ = (Φ1, . . . ,Φn):

QΦ :=
∞∨

k=−∞
Qφ1,k

⊗ · · · ⊗ Qφn,k .

Let φ be a Blaschke product with Z (φ) = {αn : n ∈ N} and
ln = ord(bαn , φ) (n ∈ N).

I Qφ =
∨

αn∈Z(φ)

Q
blnαn

.
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Different representations

Set Zk := Z (φ1,k)× · · · × Z (φn,k) (k ∈ Z) and Z :=
⋃
k∈Z

Zk . For

(α1, . . . , αn) ∈ Zk , let (αi , k) = ord(bαi , φi ,k), i = 1, . . . , n.

Then rewrite QΦ as
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Lower bound of co-rank

QΦ =
∨

(α1,...,αn)∈Z

Q(α1, . . . , αn)

For (β1, . . . , βn) 6= (α1, . . . , αn) ∈ Z , one can find Blaschke
products φ′i (1 ≤ i ≤ n) such that

I (M∗φ′1
⊗ · · · ⊗M∗φ′n)(Q(β1, . . . , βn)) = {0}.

I (M∗φ′1
⊗ · · · ⊗M∗φ′n)(Q(α1, . . . , αn)) = Q(α1, . . . , αn).

I (M∗φ′1
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Minimal representation
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Q
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with finite minimal cardinality such that
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∨
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⊗ · · · ⊗ Q
b
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be a minimal

representation of Q(α1, . . . , αn). Then
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Idea of the proof: Let #Ĩ(α1, . . . , αn) = r .

I fi ,k is a star-generator of Q
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(αi ,k)
αi

for all i and k .

I [f1,k ⊗ · · · ⊗ fn,k ](M∗z1
,...,M∗zn ) = Q

b
(α1,k)
α1

⊗ · · · ⊗ Q
b

(αn,k)
αn

.

I co-rank Q(α1, . . . , αn) ≤ r .

I For any closed subspace E with Q(α1, . . . , αn)	 E is a
quotient module,
rank (PEM∗z1

|E , . . . ,PEM∗zn |E) ≤ co-rank Q(α1, . . . , αn).

I gk = b
(α1,k)−1
α1 M∗z bα1 ⊗ · · · ⊗ b

(αn,k)−1
αn M∗z bαn for all k .
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Idea of the proof: Let #Ĩ(α1, . . . , αn) = r .

I fi ,k is a star-generator of Q
b

(αi ,k)
αi

for all i and k .

I [f1,k ⊗ · · · ⊗ fn,k ](M∗z1
,...,M∗zn ) = Q

b
(α1,k)
α1

⊗ · · · ⊗ Q
b

(αn,k)
αn

.

I co-rank Q(α1, . . . , αn) ≤ r .

I For any closed subspace E with Q(α1, . . . , αn)	 E is a
quotient module,
rank (PEM∗z1

|E , . . . ,PEM∗zn |E) ≤ co-rank Q(α1, . . . , αn).

I gk = b
(α1,k)−1
α1 M∗z bα1 ⊗ · · · ⊗ b

(αn,k)−1
αn M∗z bαn for all k .



Co-rank of Q(α1, . . . , αn)

Theorem
Let

∨
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#Ĩ(α1, . . . , αn) = sup
(α1,...,αn)∈Z

co-rank Q(α1, . . . , αn)

≤ co-rank QΦ.

Theorem
Let QΦ be the Rudin quotient module corresponding to Φ. Then

co-rank QΦ = sup
(α1,...,αn)∈Z

co-rank Q(α1, . . . , αn)

= sup
(α1,...,αn)∈Z
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Example (1)

Let φ1 = {bαk
}∞k=−∞ and φ2 = {bβk}∞k=−∞ with∑
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k(1− |βk |) <∞. Then
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Qbαk
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.
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(k ∈ Z).

I #Ĩ(αk , βk) = 1 (k ∈ Z).

I co-rank QΦ = 1.
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.

I #Ĩ(0, αn) = n.

I co-rank QΦ =∞.
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