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Von Neumann’s inequality

If T is a contraction on a Hilbert space H, then

le(T)Il < sup [p(2)|

|z|<1

for every polynomial p.

Surjit Kumar Von Neumann’s inequality for operator-valued multishifts



Von Neumann’s inequality

If T is a contraction on a Hilbert space H, then

le(T)Il < sup [p(2)|

|z|<1

for every polynomial p.
The von Neumann'’s inequality can also be deduced from the Sz.-Nagy

dilation theorem.

Surjit Kumar Von Neumann’s inequality for operator-valued multishifts



Von Neumann’s inequality

If T is a contraction on a Hilbert space H, then

le(T)Il < sup [p(2)|

|z|<1

for every polynomial p.
The von Neumann'’s inequality can also be deduced from the Sz.-Nagy

dilation theorem.

Every contraction has a unitary (power) dilation.

Surjit Kumar Von Neumann’s inequality for operator-valued multishifts



Von Neumann’s inequality

If T is a contraction on a Hilbert space H, then

le(T)Il < sup [p(2)|

|z|<1

for every polynomial p.
The von Neumann'’s inequality can also be deduced from the Sz.-Nagy

dilation theorem.

Every contraction has a unitary (power) dilation.

Every pair of commuting contractions dilates to a pair of commuting
unitaries.
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Classical multishifts

Shields asked whether a contractive classical multishifs satisfies the von
Neumann’s inequality. This question was attributed to Lubin.
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Classical multishifts

Shields asked whether a contractive classical multishifs satisfies the von
Neumann’s inequality. This question was attributed to Lubin.

Let T = (Ti,..., Ty) be a contractive classical multishift with non-zero
weights. Then T dilates to a d-tuple of commuting unitaries.
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Operator-valued multishift

Let H = @, H, be the orthogonal direct sum of H,, & € N9.
An operator-valued multishift T on H = &,y H, with operator weights

(AY . @ eN9 j=1,.... d}isa d-tuple of operators Ts, ..., Ty in H
defined by

D(T) = {x = @paroxe € H Y IADIP < o

aeNd

Ti(@ectioXa) = BoerivALs Xasys X = BpenaXe € D(Ty), j=1,....d.

Foreacha e N9andj=1,...,d, if ¢j = 0, then we interpret Aaj_)gj to be a
zero operator and x,—; as a zero vector.
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Operator-valued multishift

Let H = @, H, be the orthogonal direct sum of H,, & € N9.
An operator-valued multishift T on H = &,y H, with operator weights

(AY . @ eN9 j=1,.... d}isa d-tuple of operators Ts, ..., Ty in H
defined by

D(T) = {x = @paroxe € H Y IADIP < o

aeNd

Ti(@ectioXa) = BoerivALs Xasys X = BpenaXe € D(Ty), j=1,....d.

Foreacha e N9andj=1,...,d, if ¢j = 0, then we interpret Aaj_)gj to be a
zero operator and X,,; as a zero vector.
e Forj=1,....d, T;is bounded if and only if sup s |AY]| < oo.
@ Fori,j=1,...,d, T; commutes with T; if and only if
AL AY = A9 AD forall o e NC.

a+teg;
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Operator-valued multishift

If H, = H for all @ € N9, then we denote H = @,quwH by ¢2(N?).

Let d be a positive integer and H be a complex Hilbert space. Let
T = (Ti,..., Tq) be a commuting operator-valued multishift on ¢2,(N¢)
with unitary operator weights (AY : @ e N9, j=1,....d}. Then T
satisfies the von Neumann’s inequality.
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Operator-valued multishift

If H, = H for all @ € N9, then we denote H = @,quwH by ¢2(N?).

Theorem

Let d be a positive integer and H be a complex Hilbert space. Let

T = (Ti,..., Tq) be a commuting operator-valued multishift on ¢2,(N¢)
with unitary operator weights (AY : @ e N9, j=1,....d}. Then T
satisfies the von Neumann’s inequality.

Any two commuting operator-valued multishifts with unitary operator
weights are unitarily equivalent.

Surjit Kumar Von Neumann’s inequality for operator-valued multishifts



Von Neumann’s inequality for tensor product of tuples

Theorem (R. Gupta, —, S. Trivedi)

Let d be a positive integer and let A = (A4, ...,Aq), B=(Bs,...,By) be
two commuting d-tuples of contractions on the Hilbert spaces H and K
respectively. Suppose that B satisfies the matrix-version of von
Neumann’s inequality and (1, ..., 1) belongs to the algebraic spectrum
o(B) of B. Then A® B = (A1 ® By, ..., Aq ® By) satisfies the von
Neumann’s inequality if and only if A satisfies the von Neumann’s
inequality.
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Operator-valued multishift and the von Neumann’s
inequality

Corollary

Let H be a complex Hilbert space and d be a positive integer. Suppose
that A = (A¢,...,Ay) is a d-tuple of commuting contractions on H and

T = (Ty,..., Tq) is the commuting operator-valued multishift on ¢2,(N®)
with operator weights given by A(E’) = Aforalla e Neandj=1,...,d.
Then T satisfies the von Neumann'’s inequality if and only if A satisfies

the von Neumann’s inequality.
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Proof of main result

@ p(2)= Z(@id a,z%, a, €C, ze CY be a polynomial.
ol

@ There exists a multiplicative linear functional y on the unital Banach
algebra B generated by By, ..., By such that x(B;) = 1 for all
j=1,....d.
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algebra B generated by By, ..., By such that x(B;) = 1 for all
j=1,....d.
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Proof of main result

@ p(2)= Z(@id a,z%, a, €C, ze CY be a polynomial.
ol

@ There exists a multiplicative linear functional y on the unital Banach
algebra B generated by By, ..., By such that x(B;) = 1 for all
j=1,....d.

@ By Hahn-Banach theorem there exists a contractive linear functional

¢ on B(H) such that ¢(p(A)) = llp(A)ll- Then ¢ ® y is a contractive
linear functional on B(H) ® B.

o lIp(A®B)ll > |(¢ ® x)p(A ® B)| = | Sene dab(A)x(B”)
l6(p(A))l = lIp(A)ll.

This establishes that A satisfies the von Neumann’s inequality if A ® B
satisfies the von Neumann’s inequality.
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Proof of main result

@ Consider the polynomial p(z, w) given by
p(z, W) = ¥ pene 8a2°W?,  z,w e CC.

lal<k

@ For each fixed w € C9, we get
(A, W)l = || Saerrs acA"w"

laf<k

< SUp,epa p(2Z, W)l
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Proof of main result

@ Consider the polynomial p(z, w) given by
p(z, W) = ¥ pene 8a2°W?,  z,w e CC.

lal<k

@ For each fixed w € C9, we get
(A, W)l = || Saerrs acA"w"

lal<k

< SUp,epa p(2Z, W)l

@ Define the (matrix-valued) polynomial
P (A, W) = Y ane 80 PEAYPEW®,  w e CC.

lel<k
@ Since B satisfies the matrix version of von Neumann'’s inequality,
1P (A, B)Il < supyepa [1P- (A, W)Il < supyepa IP(A, W)ll.
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Proof of main result

@ Consider the polynomial p(z, w) given by
p(z, W) = ¥ pene 8a2°W?,  z,w e CC.

lal<k

@ For each fixed w € C9, we get
(A, W)l = || Saerrs acA"w"

laf<k

< SUp,epa p(2Z, W)l

@ Define the (matrix-valued) polynomial
P (A, W) = Y ane 80 PEAYPEW®,  w e CC.

lal<k
@ Since B satisfies the matrix version of von Neumann'’s inequality,
10, (A, B)II < supess [1P; (A, W)l < supens ID(A, Wl
@ Now it follows that ||p(A ® B)|| < supyepe lIP(A, W)l <
SUPyepd SUPzepd Ip(z, W)' = SUPzepe |p(Z)|

This completes the proof of the theorem.
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Let ¢ € (0,1/(6 + V30)), consider the Varopoulos operators on C* given
by

0
%
Yj
0

V= , =123,

el eNoNo)
o O OoX
coooXx

where x;,y; € R and x? + y? = (1 - ¢)? for each j = 1,2, 3. Set
Aj:=cl+ Vforallj=1,2,3.
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Let ¢ € (0,1/(6 + V30)), consider the Varopoulos operators on C* given
by

0
%
Yj
0

V= , =123,

el eNoNo)
o O OoX
coooXx

where x;,y; € R and x? + y? = (1 - ¢)? for each j = 1,2, 3. Set
Aj:=cl+ Vforallj=1,2,3.

Let T = (Ty, T, T3) be the commuting operator-valued multishift on
£2,(NY) with operator weights given by AD = A for all @ € N9 and
j=1,2,3.
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Let ¢ € (0,1/(6 + V30)), consider the Varopoulos operators on C* given

by
Oij/'O
[0 0 0 x| .
islo o o y | /=123
0 0 0 O

where x;,y; € R and x? + y? = (1 - ¢)? for each j = 1,2, 3. Set
Aj:=cl+ Vforallj=1,2,3.

Let T = (T4, To, T3) be the commuting operator-valued multishift on
£2,(NY) with operator weights given by AD = A for all @ € N9 and
j=1,2,3.

Now, consider the Varopoulos-Kaijser polynomial

2 2 2
pV(Z1,Zg,23) =z aF Z5 aF Z3 — 272120 — 2ZpZ3 — 273271.

It is shown that sup,ps Ip,(2)| = 5. It can be concluded that
||pv(A1,A2,A3)|| > 6(1 = C)2 > 5.
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