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Abstract

We capitalize on the order structure of directed trees to introduce
and study the classes of weighted join operators and their rank one
extensions. In particular, we discuss the issue of closedness, unravel
the structure of Hilbert space adjoint and identify various spectral
parts of members of these classes. Certain discrete Hilbert
transforms arise naturally in the spectral theory of rank one
extensions of weighted join operators.
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Spiral-like ordering (SLO)

e V is countably infinite

e 7 =(V,E) a rooted directed tree with root root

Chi(+) as a function from the power set P(V) into itself
Chi(.) is Chi(-) composed k-times with itself

The depth of u € V is the unique non-negative integer d,,
such that u € Chi‘?(root).



Spiral-like ordering (SLO)

e V is countably infinite

e 7 =(V,E) a rooted directed tree with root root

Chi(+) as a function from the power set P(V) into itself
Chi(.) is Chi(-) composed k-times with itself

The depth of u € V is the unique non-negative integer d,,
such that u € Chi‘?(root).

Definition
Define the relation < on V as follows:

v < w if d, < dy.

e V is a partially ordered set: < is reflexive and transitive.
e Givenv,w € V,du€ Vsuchthat v<wuvand w < u.



Extended directed tree

Definition
Let 7 = (V, E) be a rooted directed tree. The extended directed
tree Too associated with T is the directed graph (Vu, Ex) given by

Voo = VU{0}, Exo=EU{(u,0):ue V}.

Remark. oo is a boundary point when 7, is considered as a
directed graph with boundary.
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Definition
Let 7 = (V, E) be a rooted directed tree. The extended directed
tree Too associated with T is the directed graph (Vu, Ex) given by

Voo = VU{0}, Exo=EU{(u,0):ue V}.
Remark. oo is a boundary point when 7, is considered as a
directed graph with boundary.

e [A.R. Pruss, 1988, Duke Math J]
e [T. Biyikoglu and J. Leydold, 2007, J. Combin. Theory Ser. B]
e [J. Friedman, 1993, Duke Math J]



Join and meet operations

Definition (Join operation)
For u,v € V, set
u if u € Des(v),
uldv = qv if v €Des(u),

oo otherwise.
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Definition (Meet operation)

Let u,v € V. We say that u meets v if there exists a unique vertex
w € V such that

sup d, =d,, where
wepar(u,v)

pac(u, v) :={w € V : par’” (1) = w = par™ (v) for some m, n € N}.

Set uMv=w,andocoMu=u=ulMooin case u € V.



Join and meet operations

Definition (Join operation)
For u,v € V, set
u if u € Des(v),
uldv = qv if v €Des(u),
0o otherwise.
Definition (Meet operation)

Let u,v € V. We say that u meets v if there exists a unique vertex
w € V such that

sup d, =d,, where
wepar(u,v)

pac(u, v) :={w € V : par’” (1) = w = par™ (v) for some m, n € N}.

Set uMv=w,andocoMu=u=ulMooin case u € V.

e Any two vertices always meet.



Definition (Join operation at a base point)

Fix b € Vi (base point) and let u,v € V.
The binary operation L, on V4, is given by

ullv if u,v € Asc(b),
u if v=~o,
v if b=u,

ullv otherwise.

ullpv =

e Note that U,eot = LI and Ly, =
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Fix b € Vi (base point) and let u,v € V.
The binary operation L, on V4, is given by

ullv if u,v € Asc(b),
u if v=~o,
v if b=u,

ullv otherwise.

ullpv =

e Note that U,eot = LI and Ly, =

Theorem
For every b € V| the pair (Vx,Up) is a commutative semigroup
admitting b as a neutral element and oo as an absorbing element.
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The weighted join operator Wy, , on T = (V, E) by
DW= {f € 2(V): ADF e 2(V)},
WPr = APf, fFeD(Wb,u),

where /\S,b) is given by

AW = S A f(v), weV,
VEML(,b)(W)

ML(,b)(W) ={veV:iulpv=w}



Weighted join operators

ueV,be Ve, Ay ={Awtvev, € C with Ao =0.
Definition
The weighted join operator Wy, , on T = (V, E) by
DW= {f € 2(V): ADF e 2(V)},
WPr = APf, fFeD(Wb,u),

where /\S,b) is given by

AW = S A f(v), weV,
VEML(,b)(W)

ML(,b)(W) ={veV:iulpv=w}

e Well-definedness and size of Ml(,b)(w)
e Cf. [Z. Jablonski, Il B. Jung, J. Stochel, Memoirs AMS, 2012]



For b,u € V, consider the subspace 82(UL(,b)) of £2(V), where

VA {u} if b=u,
Ut = Asc(u) U Desp(u) if b € Des,(u),
Des,(u) otherwise.

Here Des, (u) = Des(u) \ [u, v], v € Des(u).
. {ev}veu(b): standard orthonormal basis of Ez(Ul(,b))
e diagonal operator in 52(UL(,b)):
D,(,b)ev =Apey, VE U[(,b).

o the rank one operator N\ = e, ® e,, in (2(V'\ UL(,b)), where
e, = ZVEAU Auv€, and the subset A, of V is given by

Au
A — [u, b] if b € Des(u),
Y | Asc(u) U {b,u} otherwise.



For b,u € V, consider the subspace 82(UL(,b)) of £2(V), where

VA {u} if b=u,
Ut = Asc(u) U Desp(u) if b € Des,(u),
Des,(u) otherwise.

Here Des, (u) = Des(u) \ [u, v], v € Des(u).
. {ev}veu(b): standard orthonormal basis of Ez(Ul(,b))
e diagonal operator in 52(UL(,b)):
D,(,b)ev =Apey, VE U[(,b).

o the rank one operator N\ = e, ® e,, in (2(V'\ Ul(,b)), where

€,, ‘= ZVEAU Auv€, and the subset A, of V is given by
A — [u, b] if b € Des(u),
Y | Asc(u) U {b,u} otherwise.
Theorem

W,Sb) is unitarily equivalent to DL(,b) &) N,(,b).



Rank one extensions

o« Fe(V\UP), g ¢ AU)
e the rank one operator f © g is given by

D(f o g) = {h e 12( U(b) Z h(j)g(j) is convergent}
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fogh) = Z h()gl))f, heD(f 2 g).
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Rank one extensions

o« Fe(V\UP), g ¢ AU)
e the rank one operator f © g is given by

D(f o g) = {h e 12( U(b) Z h(j)g(j) is convergent}
JEU(b)

fogh) = Z h()gl))f, heD(f 2 g).

.o JGU
Definition
(b)

The rank one extension Wr , of W™ is given by

D(Wrg) = {(hk):heDDPYND(f®g), ke (VUM

p® o

W, =
f.g fog Nl.(lb)




e Spectral theory of block operator matrices:
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e Rank one perturbations of self-adjoint operators:
e [E. lonascu, Inte Eq Oper Th, 2001]
e [C. Foias, Il B. Jung, E. Ko and C. Pearcy, J. Funct A, 2007]
e [A. Baranov and D. Yakubovich, Advances in Math, 2016]
e [C. Liaw and S. Treil, J. Funct A, 2009]



An illustration

o Ay :=dy —dy, veUP
e Forwe V\ U,(,b), xeR,let f =ey, g« = Zveu(b) dley.



An illustration

e \yi=d,—dy, ve UL(lb)

e Forwe V\ U,(,b), xeR,let f =ey, g« = Zveu(b) dley.
Theorem ’
Assume that (Des(u), E,) is a countably infinite narrow subtree of
T. Then o(Wr g ) € C iff x < 1/2. Under latter condition, TFAT:
(i) Wk, is a closed operator with domain D(Dl(,b)) @V UL(,b)).
(i) o(Wrg) = {dy —dy:ve UP U {u}} = 0p(Wrg,).
(iii) oe(Wrg )\ {0} ={d, —dy:ve utP ]Chl )(root)| = 00}

Moreover, indw, , =0 on C\ O'e(Wf,gX)

(iv) Wr g, is a sectorial operator, which generates a strongly
continuous quasi-bounded semigroup.

(v) Wk g, is never normal.

(vi) If, in addition, T is leafless, then Ws g admits a compact
resolvent if and only if the set V< N Asc(u) = 0.



Compatibility conditions

o dist(j1, Aw) = inf {|st — A | : v € supp 2(UP)}, peC
o My, = {peC:dist(u,\,) > 0}.



Compatibility conditions

o dist(j1, Aw) = inf {|st — A | : v € supp 2(UP)}, peC
o My, = {peC:dist(u,\,) > 0}.

Definition
(1) We say that Ws , satisfies compatibility condition | if there
exists po € Iy, such that g, € 62(U[(,b)), where

g(v)

=227 v esuppl? UL(,b) .
>\uv*,U'0 PP ( )

gku,u() (V) =

(2) We say that Wk , satisfies compatibility condition Il if

3 lg(v)[?
e < .
D21 = %
vesupp 2(UP)

If (1) or (2) holds, then Ws . satisfies a compatibility condition.



Theorem
If Wt ¢ satisfies a compatibility condition, then we have the

domain inclusion D(D?) C D(f @ g). If Tx, # 0, TFAE:

(DY C D(f 0 g).
Ws ¢ satisfies compatibility condition |.

The discrete Hilbert transform H), ; given by

o) = 3 8

ve Ul(‘b)

is well-defined for every pn € Ty, and every h € 62(UL(,b)).

For every € I'y,, Ly, :=(f @g)(Dl(,b) — p)~ 1 defines a
bounded linear transformation from (2(US) into 2(V\ UP).



Theorem
If Wt ¢ satisfies a compatibility condition, then we have the

domain inclusion D(D?) C D(f @ g). If Tx, # 0, TFAE:

(i)
(ii)
(iii)

(iv)

D(DY) C D(f 0 g).
Ws ¢ satisfies compatibility condition |.
The discrete Hilbert transform H), ; given by

o) = 3 8

ve Ul(‘b)

is well-defined for every pn € Ty, and every h € 62(UL(,b)).

For every € I'y,, Ly, :=(f @g)(Dl(,b) — p)~ 1 defines a
bounded linear transformation from (2(US) into 2(V\ UP).

e The operator Ly, , appears in the Frobenius-Schur-type
factorization in [F. Atkinson et al, 1994, Math. Nachr, Eq (1.6)].



Spectral picture

The regularity domain w(T) of a linear operator T is the set of
those X in C for which S — X is bounded from below
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The regularity domain w(T) of a linear operator T is the set of
those X in C for which S — X is bounded from below

Theorem

o 0(Wrg) is a proper closed subset of C if and only if Ws g
satisfies the compatibility condition |.

e In case Ws , satisfies the compatibility condition |

o o(Wrg)=0p(Wrg).
o m(Wrg) =C\op(Wryg).
e In case Wr , does not satisfy the compatibility condition |
o o(Wr,)=C.
e Either Wy 4 is not closed or m(Wr g) = 0.

e In general, the spectrum of W ; may not be the topological
closure of its point spectrum.



Operator-sum and form-sum

Theorem
Let J be a countably infinite directed set and let Dy be a sectorial

operator in (2(J) and let f € (>(J). Let g : J — C be such that
for some zy € p(D)),

Then Dy + f @ g is sectorial in ¢(?(J) with domain D(D)).



Operator-sum and form-sum

Theorem
Let J be a countably infinite directed set and let Dy be a sectorial

operator in (2(J) and let f € (>(J). Let g : J — C be such that
for some zy € p(D)),

Then Dy + f @ g is sectorial in ¢(?(J) with domain D(D)).

e Consider a sectorial diagonal operator Dy in £2(J
e Ry be the unique square-root of Dy with D(Ry) = D(RY)
e Consider the form Qg given by

Qr(h, k) := (R\h, Rik), h,k € D(R)).



Theorem
e D, be a sectorial diagonal operator in {>(J) with angle
0 € (0,7/2) and vertex 0
e f:J— Candg:J— C be such that for some zy € (—0o0,0),

FU)? ~ lgU)? ~
JZEJ:|\/7 Zo|2 ’ jezﬂﬁ—zo!z -

Then Qr g(h, k) == Y e, h(j)g() Yoje, FU)k()) is defined for all
h,k € D(R)). Moreover, the form Qr + Qr g is sectorial and there
exists a unique sectorial operator T in (2(J) with domain
contained in the domain of Qr such that

Qr(h, k) + Qrg(h k) = (Th, k), heD(T), k € D(QR).



Theorem

e D, be a sectorial diagonal operator in {>(J) with angle
0 € (0,7/2) and vertex 0
o f:J— Candg:J— C be such that for some zy € (—00,0),

FU)? ~ lgU)? ~
JZEJ:|\/7 Zo|2 ’ jezﬂﬁ—zo!z -

Then Qr g(h, k) == Y e, h(j)g() Yoje, FU)k()) is defined for all
h,k € D(R)). Moreover, the form Qr + Qr g is sectorial and there
exists a unique sectorial operator T in (2(J) with domain
contained in the domain of Qr such that

Qr(h, k) + Qrg(h k) = (Th, k), heD(T), k € D(QR).

e Rootless case



