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- (X, ¢, u) is a o-finite measure space
- ¢: X = Xis o/-measurable, w: X — C is «/-measurable

Define Cyu: L2(12) 2 D(Cypow) — L2(11) by

D(Cy) = {f € L2(1): /|fo o2 dpu < oo},
Cof =w(fod), feD(Cyw)
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Proposition
Cs,w is well-defined if and only if pw o ¢~ is absolutely continuosu with respect to ,
where

- pwo ¢ N (A) = pw(¢71(4)), A e,
- pw(A) = [, |wPdp.
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Proposition
Cs,w is well-defined if and only if pw o ¢~ is absolutely continuosu with respect to ,
where

- pwo ¢ N (A) = pw(¢71(4)), A e,
- pw(A) = [, |wPdp.

Subclasses

- multiplication operators in L2-spaces,
- composition and partial composition operators in L2-spaces,

unilateral/bilateral weighted shifts,
adjoints of unilateral/bilateral weighted shifts,
- weighted shifts on directed trees.
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Example

consider the following
- X=Zy, o =2X
- u(n)=1forne Nand u(0) =0
- ¢: X — X given by

n—1 ifneN
¢(”):{0 ith=0

- w: X — Cgiven by
W(n):{ 0 ifne{0,1}

1 ifn>2

then
- Cg,w is isometric
- Cy is not well-defined
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Remark
The following restrictive assumptions have been made in a literature:

- (X, o, u) is complete
- Cy is well-defined

- Cy is densely defined
- w>=0ae. [y

Remark

- ingeneral, Cy w # MwC,4 even if Cy is well-defined.
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Radon-Nikodym derivative
- pwo Tl L p
_ duwo ¢!

h =
b,w d/L

Forevery f: X — Ry or f: X — Csuch that f o ¢ € L?(uw) we have

/fo¢duW=/fh¢,Wdu
X X

- h¢ = h¢71, where 1 := XX
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Proposition
Assume that C,  is well-defined. Then:
(i) D(Cy,w) = L2((1 + hyp,w)dp).

(i) Cgy,w is densely defined in L?(w) if and only if hy w < co a.e. [u] if and only if
uw o ¢~ 1is o-finite.

(i) D(Cpm) = X{h, ,y<oo} L2(1)-

(iv) Cg,w is closed.

(V) Cy,w € B(L2(n)) if and only if hy w € L®(p); if Cy w € B(L?(p)), then
1Cowll® = llhg,wllLoo (-

(V) N(Cy,w) = X{hy, =0y L2 (10).
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Proposition

(i) if Cy is well-defined, then Cy \ is well-defined and My, Cy C Cgy w-
(i) if w+# 0a.e. [u] and Cy v is well-defined, then C, is well-defined.
(iii) if Cy,w is well-defined and has dense range, then Cy is well-defined.
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Proposition

(i) if Cy is well-defined, then Cy \ is well-defined and My, Cy C Cgy w-
(i) if w+# 0a.e. [u] and Cy v is well-defined, then C, is well-defined.
(iii) if Cy,w is well-defined and has dense range, then Cy is well-defined.

Theorem
Assume that C, is well-defined. Then Cy , is well-defined and tfae:

(i) MwCy = Cyn-
(ii) there exists ¢ € Ry such that hy < ¢(1 + hy w) a.e. [u].
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Proposition

(i) if Cy is well-defined, then Cy \ is well-defined and My, Cy C Cgy w-
(i) if w+# 0a.e. [u] and Cy v is well-defined, then C, is well-defined.
(iii) if Cy,w is well-defined and has dense range, then Cy is well-defined.

Theorem
Assume that C, is well-defined. Then Cy , is well-defined and tfae:

(i) MwCy = Cyn-
(ii) there exists ¢ € Ry such that hy < ¢(1 + hy w) a.e. [u].

Proposition

(i) if Cy € B(L2(1)), then Cy v is well-defined and My Cy = Cy.w-

(i) if p-essinf|w| > 0 and Cy  is well-defined, then C is well-defined and
MuCy = Copu.

(iii) if Mw € B(L2(1)) and Cy is well-defined, then Cy ,, is well-defined and
hgw < |[Mw|[2hg.
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Theorem
Assume that Cy is well-defined. Then Cy  is well-defined and tfae:

(i) MwCy is a closed operator.
(i) there exists ¢ € Ry such that hy < ¢(1 + hy w) a.e. [u] on {hy < co}.
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Theorem
Assume that Cy is well-defined. Then Cy  is well-defined and tfae:

(i) MwCy is a closed operator.
(i) there exists ¢ € Ry such that hy < ¢(1 + hy w) a.e. [u] on {hy < co}.

Proposition

Assume that Cy is densely defined. Then C, , is well-defined and tfae:
(i) MwCy is a closed operator.
(i) MwCy = Cyw-
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Conditional expectation
- hg.w < ocoae. [y

If f: X — Ry is o/-measurable, then E, ,(f) is the unique ¢~ (/)-measurable
function on X such that

/ i = / Epw(f)du, Ac .
4=1(2) 6=1(2)

We call E,, () the conditional expectation of f with respect to ¢~ ().
- Eg,w(f) makes sense whenever f: X — Ry or f € LP(u), p € [1, 00]
- the mapping L2(uw) 3 f +— Eg w(f) € L?(uw) defines an orthogonal projection
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Proposition
Assume that Cy is densely defined. Then C, , is well-defined and

how = he Eg(IW?) 0o~ ae. [u].
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Proposition
Assume that Cy is densely defined. Then C, , is well-defined and

how = he Eg(IW?) 0o~ ae. [u].

Proposition
Assume that w # 0 a.e. [u] and Cy  is densely defined. Then Cy is well-defined and

hd) = h¢’w E¢,W( ) o ¢71 a.e. [u]

w|?
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Proposition
Assume that Cy is densely defined. Then C, , is well-defined and

how = he Eg(IW?) 0o~ ae. [u].

Proposition
Assume that w # 0 a.e. [u] and Cy  is densely defined. Then Cy is well-defined and

hd) = h¢’w E¢,W( ) o ¢71 a.e. [u]

w|?

Proposition
Assume that w # 0 a.e. [u] and Cy4 w and C, is densely defined. Then the following
are hold:

() {hsw >0} = {hy >0} ae. [ul,
(i) Eg(Iw?) 0 ¢™" Epu(fyp) 067" = Xih>0} €. [u],

(ii) g (|wl?) Egw(frz) = 12 1]
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Theorem
Assume that C4  is densely defined. Then the following equalities hold:

D(Cju) = {f € L3(1): hyw - Epwlfw) o6~ " € L2(u)},
Chuf=hyw Egu(fw)od™", feD(C},),

where
f T
w = X{w#0} w
Moreover, we have
() N(C;,) ={f € L3(n): By w(fu) =0ae. ]},
(i) Xw=ol?() S N(C] ),
(i) D(C} ) = xwz0D(C; ) & xw=0L?(n) and C; ,f = C} , (xwof)-
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- A= U|A] - the polar decomposition of A
- U - a partial isometry satisfying N'(A) = NV (V)
- Al = VA*A

Theorem
Suppose Cy,w is densely defined and Cy , = U|Cy | is its polar decomposition.
Then

(i) |C¢,w| = M\/m,

(i) U= C, g where w: X — Cis an «/-measurable function such that

~ 1

w= 72 & [1].

W. e —
(he,w © &)

(i) U*f=hY2Esw(fu) 06", for f € L2(n)

(iv) D(IC; 1) = {f € L2(1): (hg,w 0 8)'/2Eq w(fw) € L2(1)},
(V) 1G5 If = (hgw 0 8)'/2Eq w(fu) for f € D(IC3,1).
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- Ais quasinormal iff U|A| C |A|U (equivalently, A* AA = AA* A)

Theorem
Suppose C, v is densely defined. Then the following are equivalent:

(i) Cg,w is quasinormal,
(i) hg,wo¢=hgwae. [uw]
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- Ais quasinormal iff U|A| C |A|U (equivalently, A* AA = AA* A)

Theorem
Suppose C, v is densely defined. Then the following are equivalent:

(i) Cg,w is quasinormal,
(i) hg,wo¢=hgwae. [uw]

Theorem
Suppose C, is densely defined. Then the following are equivalent:

(i) C4 is quasinormal,
(i) hyoo=hae. [u],
(iii) forevery n € N, hyn = hg a.e. [u].
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- Ais hyponormal iff D(A) C D(A*) and ||A*f|| < ||Af]| for f € D(A)

Theorem
Suppose Cg v is densely defined. Then the following are equivalent:

(i) Cg,w is hyponormal,

hqb,wO(f)
)

(i) he,w > 0a.e. [uw] and E¢,W(h¢ -) < h¢ 53 a-€. [uw].

(i) hgw >0ae. [uw] and Eg w (%

< 1ae. [uw],
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- Ais cohyponormal iff D(A*) C D(A) and ||Af]| < ||A*f|| for f € D(A*)

Theorem
Suppose C, v is densely defined. Then the following are equivalent:

(i) Cg,w is cohyponormal,
(i) the following conditions hold:
(i-a) hg,w =0o0n{w =0} a.e. [u],
(ii-b) Eg,w(6]912) < |Eg,w(g)|? a.e. [uw], for every g € L?(uw), where

h
92 — h¢mvg¢ a.e. [pw]-
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Theorem
Suppose Cy, is densely defined. Then the following are equivalent:

(i) Cg,w is cohyponormal,

(i) the following conditions hold:
(i-a) hg,w =0o0n{w =0} a.e. [u],
(i-b) X{h, ,>0yL%(1) € R(Eg,w),
(i-c) hgw < hpwo ¢ ae. [uw]

Moreover, if Cy v is cohyponormal, then
(i) Eg,w(Po,w) = how ae. (],
(iv) My € B(L?(p)), My is a contraction, R(E,) reduces M, and

Mo = Mol R(E, ) ©OIN(E,.)-
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Theorem
Suppose Cy,w is densely defined. Then the following are equivalent:

(i) Cg,w is normal,
(i) the following conditions hold:
(i-a) hg,w =0o0n{w =0} a.e. [u],
(ii-b) L2(jiw) = R(Egw).
(ii-c) hyw = hywooae. [uw]
Moreover, if C, w is normal, then {h, > 0} = {w # 0} a.e. [u].
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Theorem
Suppose Cy,w is densely defined. Then the following are equivalent:

(i) Cg,w is normal,
(i) the following conditions hold:
(i-a) hg,w =0o0n{w =0} a.e. [u],
(ii-b) L2(jiw) = R(Egw).
(ii-c) hyw = hywooae. [uw]
Moreover, if C, w is normal, then {h, > 0} = {w # 0} a.e. [u].

- Ais formally normal iff D(A) C D(A*) and ||Af|| = ||A*f|| for f € D(A)

Proposition
Suppose Cy,y is formally normal. Then C , is normal.
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- Ais symmetric iff A C A*
- Ais selfadjoint iff A = A*

Proposition
Suppose Cg v is densely defined. If Cy \ is symmetric or positive, then C,; \ is
selfadjoint.
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- Ais symmetric iff A C A*
- Ais selfadjoint iff A = A*

Proposition
Suppose Cg v is densely defined. If Cy \ is symmetric or positive, then C,; \ is
selfadjoint.

Theorem

Suppose Cg v is densely defined. Then the following are equivalent:.
(i) Cg,w is selfadjoint,
(i) the following conditions hold:

(i-a) hyw = (Wop)wae. [u],
(i-b) C e is well-defined in L?(uw) and Ch2 = li2,,)
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Theorem
The the following are equivalent:.

(i) Cg,w is well-defined, selfadjoint, and positive,

(i) the following conditions hold:
(i-a) w>0a.e. [y,
(i-b) C, is well-defined in L2(uw) and Cy, = 120y

i) C, is well-defined, Cy w = Mw, and w > 0 a.e. [u].
(] b,
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