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o Let T € B(H). We say that T is left-invertible if there exists
S € B(H) such that ST = 1.

@ The Cauchy dual operator T’ of a left-invertible operator
T € B(H) is defined by

T =T7(T"7T)"..

@ An operator T is left-invertible if and only if there exists a
constant ¢ > 0 such that T*T > cl.

o We call T analytic if Hoo := (2 T'H = {0}.
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The classical Wold decomposition

Theorem (H. Wold 1938)

Let U be a isometry on Hilbert space H. Then H is the direct sum
of two subspaces reducing U, H = H, © H, such that

Uly, € B(Hy) is unitary and Uly, € B(H,) is unitarily equivalent
to a unilateral shift. This decomposition is unique and the
canonical subspaces are defined by

H, = ﬁ U"H and HPZéU”E,

n=1 n=1

where E := N(U*) = H o UK.
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We shall say that an operator T € B(#) admits Wold-type
decomposition, if the subspaces Hoo := (o ; T"H and
E := N(T*) have the following properties:

@ Hoo is reducing for T and T is unitary on Heo,
o H="Hsw®[E]T,
where [E]l7 := \{T"x: x € H,n € N}.
Theorem (S. Shimorin 2001)
Assume that T € B(#) satisfies one of the following conditions:
o || T2x| + |Ix]I? < 2|| Tx||? for x € H,
o [T(x+y)I” <2(Ix|I? + Ty [?) for x,y € H
Then T admits Wold-type decomposition.
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The construction of the Shimorin's model for a

left-invertible analytic operator (S. Shimorin 2001)

o Let T € B(#) be a left-invertible analytic operator and

E :=N(T").
@ For evey x € H define a vector-valued holomorphic functions
Uy as
U(z) = Y (PET"™"x)2", zeD(r(T')),
n=0

where T’ is the Cauchy dual of T.
@ The operator U : H 5 x — Uy € JZ is injective.

@ We equip the obtained space of analytic functions
A = {Uyx : x € H} with the inner product induced by H.

@ The operator U : H 5 x — Uy € S becomes a unitary
isomorphism.
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The space 77 is a reproducing kernel Hilbert space in the following
sense: the reproducing kernel for 7 is an B(E)-valued function of
two variables K : Q x Q — B(E) such that

@ foranye€ E and A € Q
R%(‘,/\)GG%,
o foranyec E, f e and A € Q

<f(>‘)’ e>E = <f7’€%('7)‘)e>%-
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Theorem (S.Shimorin 2001)

The space F¢ is a reproducing kernel Hilbert space and the
reproducing kernel k. - D(r(T')™1) x D(r(T') ') — B(E) is
given by

ka(z,N) = Pe(l = AT™) Y1 — zT) Y E.
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Theorem (S. Shimorin 2001)

Let T € B(H) be a left-invertible analytic operator. Then the
operator T is unitarily equivalent to the operator .#, of
multiplication by z on % and T'* is unitarily equivalent to the
operator .Z given by

f(z) - f(0)7

V4

(LF)(z) = fex
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The construction of the Shimorin-type analytic model for a

left-invertible operator (P.P. 2018)

o Let T € B(H) be a left-invertible operator.

o Let E be a subspace of H denote by [E] 7+ 1/ the following
subspace of H:

[E]r+ 77 = \/ ({T"x:x € E,ne N}JU{T""x: x € E,n € N}),

@ We choose closed subspace E such that [E]7+ 77 = H. where
T’ is the Cauchy dual of T.

@ For each x € H, define a formal Laurent series U, with vector
coefficients as

o 1 (o @]
Ux(2) = Z(PE T"X); + Z(PE T™"x)z",
n=1 n=0

where T’ is the Cauchy dual of T.



@ The operator U : H 5 x — Uy € JZ is injective.

@ We equip the obtained space of formal Laurent series
A = {U, : x € H} with the inner product induced by H.

@ The operator U : H 5 x — Uy € S becomes a unitary
isomorphism.
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Theorem (P.P. 2018)

Let T € B(#) be a left-invertible operator and E be a closed
subspace of H such that [E]7+ 77 = H. Then the operator T is
unitary equivalent to the operator 4, : 7 — ¢ of multiplication
by z on JZ given by

(A,f)(2) = zf(2), e,

and operator T'* is unitary equivalent to the operator
L . H — I given by

f(z) = (Pynias) )(Z)

z

(ZF)(z) = fedt.
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Theorem (P.P. 2018)

Let T € B(H) be left-invertible and analytic, 761, Uy be the
Hilbert space and the unitary map construceted in our analytic
model with E := N'(T*) and 7%, Ux be the Hilbert space and the
unitary map obtained in Shimorin's construction. Then 4 = 76
and U; = Us.
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Theorem (P.P. 2018)

Let T € B(H) be a left-invertible operator and E be a closed

subspace of H such that [E]7+ 7+ = H. Then for every m € N the
following assertions hold:

(i) T'"E is a closed supspace and [T'"E) 1+ 7+ = H,
(ii) the mapping ®p, : g — 7, defined by

<Dm( Z a,,z") = Z (Vmam+n)z", Z anz" € I
n=—o0 n=—o0 n=—o0

is a unitary isomorphism, where 5¢, for k € N is the Hilbert
space construceted in our analytic model with subspace T’ kg
and V. : E — T'E for k € N is defined by,

Ve = P—,—/kETke, ecE.
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Theorem (P.P. 2018)

Let T € B(H) be a left-invertible operator and E be a closed
subspace of H such that [E]r- 7+ = H. Let

1
=liminf || P T"™"|| ",

n—oo

r~ :=limsup ||Pg T”H?

n—o0

If rt > r—, then formal Laurent series

o0

U(2) =D (PeT"x) Z PeT"*"x)

n=1

represent analytic functions on annulus A(r=,rt).
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Theorem (P.P. 2018)

Let T € B(H) be a left-invertible operator and E be a closed
subspace of H such that [E]T- 7 = H and the series

Ue(2) = i PeT"x) +Z PeT""x)
n=1

is convergent in E on an annulus A(r—, r*) with r— < r* and
r=,rt €]0,00) for every x € H. Then S is a reproducing kernel
Hilbert space of E-valued holomorphic functions on A(r—,rt).
The reproducing kernel k. : A(r=,r™) x A(r—, r*) — B(E)
associated with J€ is given by

k(2 \) =Y PET'TH|g *Y+ > Pe T'T’J|E N (1)

ij>1 ,>1,J>o
+ Y PeT T2 < +ZP T T2’ .
i>0,>1 N ij=0
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Theorem (P.P. 2018)
Moreover, the following assertions hold.
(i) Forany A€ A(r—,rT)

o 1 o N
D (PET") =+ (PeT”")A" € B(H, E), (2)
An
n=1 n=0
o 1 (0.0)
T"— 4+ 3 T'"\'eB(E,H), 3
Z - Z (E,H) (3)

(i) The series (1), (2) and (3) converges absolutely and
uniformly in operator norm on any compact set contained in
A(r=, rt)y x A(r—,r™), A(r—, rt) and A(r—, r"), respectively.

(iii) the function A(r=,r*) 3 X = kp(-,\e € H#, ec E is
holomorphic and given by

- s 1 0 N
fa(Ne=) UTem+> UT"eA",  XeA(r,r).
n=1 n=0
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Theorem (P.P. 2018)

Let T € B(H) be a left-invertible operator and E be a closed
subspace of H such that [E]r- 7+ = H and the series

UX(z):i PeT"x) Z PET™"x)z",
n=1

convergent in E for every x € H on open nonempty subset Q2 C C.
Then the following assertions hold:

(i) the point spectrum of T is empty, that is op(T) = 0,
(il) Ak, p)g = k(s 11)g, for every p € Q, g € E,
(i) Q C o,(T%),
(iv) VIN(T*—R): pe U} =H, where U C Q and int U # ().
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Composition operators in L2-spaces

e (X, A, ) is a o-finite measure space

@ ¢: X — X is an A-measurable transformation, i.e.,
¢ H(A) € Aforevery Ac A

o If the measure j 0 ¢! given by o ¢~ (A) = pu(¢p~1(A)) for
A € A'is absolutely continuos with respect to p (we say that
w is nonsingular), then the operator C, in L2(u1) given by
D(Cy) ={f € L*(n): fop e LP(n)},
C¢f =foq,f€ D(C¢,)
is well-defined

@ We call it a composition operator with symbol ¢

Pawet Pietrzycki A Shimorin-type analytic model for left-invertible operators



For x € X the set
[X]s = {y € X : there exist i,j € N such that ¢()(x) = ¢U)(y)}

is called the orbit of f containing x.

If x € X and ¢()(x) = x for some i € Z, then the cycle of ¢
containing x is the set

C, = {6()(x): i € N}

We will only consider composition functions with one orbit,
since an orbit induces a reducing subspace to which the
restriction of the weighted composition operator is again a
weighted composition operator.
Any self-map ¢ : X — X induces a directed graph (X, E?)
given by

E? ={(x,y) € X x X: x = ¢(y)}
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Lemma (P.P. 2018)

Let X be a countable set, w : X — C be a complex function on X
and ¢ : X — X be a transformation of X. Let C, ,, be a weighted
composition operator in £?(X) and

_ @xEGendl,l)(eX) e9-/\/((C4,£7,W‘€2(Des(x)))*) if ¢ has a cycle,
(ew) ®N(Cy ) otherwise,
(4)

where Des(x) := [J02, ©(~"(x) and w is a generalized root of the
tree. Then the subspace E has the following properties:

() [Elcs,, ., =H and [Elc,,c: , = H,

@w) =p,w

(i) ELC,EandELC,E neZy,.
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The non-negative number

1

o = liminf (32 W 0w (e0) - w (" D0)2) T (5)

n—o0
xeWE®
n>0
will be called the outer radius of convergence for C, ,, and
similarly the non-negative number

_ /lxee, lw(x)| if ¢ has a cycle,
o =
T\ limsupy e TP @NW(FA@) W@ @) otherwise,

(6)
where 7 := card ¢, will be called the inner radius of convergence
for Co -
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Theorem (P.P. 2018)

Let X be a countable set, w : X — C be a complex function on X
and ¢ : X — X be a transformation of X, which has finite
branching index. Let C, ,, be a left-invertible weighted
composition operator in (*(X). If r;;’@ > 1, then there exist a
z-invariant reproducing kernel Hilbert space .7 of E-valued
holomorphic functions defined on the annulus A(r,, ,, r‘j#,) and a
unitary mapping U : (>(X) — 5 such that .#,U = UC, ,, where
M, denotes the operator of multiplication by z on 5, where E is
as in (4).
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Theorem (P.P. 2018)

Moreover, the following assertions hold :

(i) the reproducing kernel
Ko A(ry o 1 o) X A(ry 4, 1y ) — B(E) associated with
A has the property that k (-, w)g € H and
(UF ke (-, w)g) = ((Uf)(w), g) for f,g € £(X).

(ii) the reproducing kernel k 4 has the following form:

#(2,2) = ZA,J ~ J+ > B,ﬁ»

ij>1 i=21,j>0
Lol T v
+ E sz/\j"'g Di;jz' N,
i>0,>1 ij>0

where A; j, B; j, Cij, D;j € B(E);
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Theorem (P.P. 2018)

(i) if ¢ does not have a cycle, then the linear subspace generated
by E-valued polynomials in z and E-valued polynomials
involving only negative powers of z is dense in F, that is

\/({z"E: ne N} U {Zini—-; neZ.}) =,

where E := \/{ex: x € Gen,(1,1)};
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Theorem (P.P. 2018)

if ¢ has a cycle 6, with T := card €, then there exist T functions

fi, .., fron A(ry o, ry <,0) given by the following Laurent series
(o) T
1
— ka. 3
—ZZ/\ A,W, I—].,...,T,
k=0 i=1

where \ := er% w(x) such that the linear subspace generated
by E-valued polynomials in z and the above functions is dense in
JE, that is

V{ZE:neN}U{firie{l,...7}}) =
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Example (P.P. 2018)

Fix me N and set X ={0,1,...,m}. Let w: X — C be a
function and define a mapping ¢ : X — X by

(i) = i+1 ifi<m
LA ) ifi=m

(see Figure 1). Set A := w(0)w(1)...w(m). Let C, . be the
left-invertible composition operator in C™*1.

7 Xm \

X0

)
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Let E :=lin{e1}. It is easy to see that [E]SA,S’; =7H. Onecan o

verify that
r—1
PEngffrx = NK ( H W(i))XrE‘o,
i=0
K 1/ —
PEC/*,S,Vm )y = ﬂ( H W(i)) Xn+1—r€0,
i=m+1—r

for r < n, r,k € N.
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Example (P.P. 2018)

This shows that formal Laurent series takes the following form:

oo n—1

35 (T w0)n)
B (T r0) e

k=0 i=m+1—r

Since C7 , acts on the finite dimensional space, the spectrum of
C; w is finite. Therefore, by assertion (iii) of Theorem 8 the above
series does not converge absolutely on any open subset of C.
Alternatively, one can prove this fact directly by calculating

convergences radii.
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Example (Bilateral weighted shift)

Let Sy : £?(Z) — %(Z) be a bilateral weighted shift with weights
{An}nez and {e,}nez be the standard orthonormal basis of ¢?(7Z).
Then

SAe,, = )\n+1en+1, nez

Let £ :=lin{ep}. It is easy to see that [E]sy s; = H. It is worth
noting that NV/(S3) = {0} and thus [NV(5})]s; s; = {0}. This
phenomenon is quite different comparing with the case of
left-invertible and analytic operators in which [N (T*)]7- 7 = H,
where T is in this class.
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Example

< X2 €« X1 €« X0 €« X] €« X2 <---

Figure:

It is a matter of routine to verify that the Cauchy dual S§* of Sy
has the following form

1
Sien = et neZ.
n

It is now easily seen that

Pe(stx = ([14) e mez,
IS
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Example

and

0
PES/I\'X = ( H )\,')X,,,eo, neZy.
i=—n-+1

Therefore, the formal Laurent series takes the form

0o 0 s n B
Ux(2) = Z ( H A,-)X_nz—ln + ,,Z:;) (131)\,-) 1X,,z”.

n=1 j=—n+1

One can show that

+ — It i n
r” = liminf
W, n—o00

JJY
i=1
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Example

and

Iw,, = limsup
n—o0

i=—n-+1

In this case, the reproducing kernel
K A(r—,r) x A(r—, rt) — B(E) is given by

00 0
-3 11 W (Hw) (23"
i=1 i=—n+1 i=0 =1
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Example

Set me Nand X ={0,1,...m}U{(0,i): ie N}. Let w: X - C
be a measurable function and ¢ : X — X be transformation of X

defined by
(0,i —1) for x=(0,i), i € N\ {0},
(x) = m for x = (0,0),
LSO SR | for x=iand i€ {1,...,m},
m for x =0,

(see Figure 3). Let C, : £2(X) — £2(X) be a left-invertible
composition operator. It is easily seen that

w((0,7+1))eq,i+1) for x =(0,i), i € N\ {0}
Cowex = w(i+1)eits for x=1/and i€ {0,1,..., m}
w(0)eo + w((0,0))eq0) for x =m.
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B G
. X0
Xm =& X00 €« X01 <------
Xm—3 Xm—1
™ Xm—2 <

Figure:

It is routine to verify that N(C ,,) = lin{w((0,0))eo — w(0)e(,0)}-
Let E :=lin{eq,0)}. One can check that this one-dimensional
subspace satisfies [E] 7+ 7/ = H.
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Example
This implies that

Pe(Cor ) = (TTw(0.1)) 00y
i=1

PECSZ:UV—"_""_]'X = A"w((0,0)) ( H w(m — i))xm—re(o,o),

for r < m, r,n € N. Hence, the Hilbert space 57 consist of the
functions of the form

oo k r—1
U(2) = 30 3 New(© ) (TT wlm — ) )i+ ()
n=1 r=0 i=0
+y ( w((0, /)))71xnz".

n=0 i=1
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Example
The formulas for the inner and outer radius of convergence take

the following form

+ — I i n
r’ = liminf
U2 n—o00

and
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Example

The reproducing kernel k7 : A(r—, rt) x A(r—, r*) — B(E) takes

the form
. r—1 1
w20 = D NNw(@0)P (T wm - )P) s
i>1,j>1 i=0 z
o n ] 5 1 oy
+ > (TTIwt©.MF) ().
i=0 =1
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Thank you for your attention!
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