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Let T ∈ B(H). We say that T is left-invertible if there exists
S ∈ B(H) such that ST = I .

The Cauchy dual operator T ′ of a left-invertible operator
T ∈ B(H) is defined by

T ′ := T (T ∗T )−1.

An operator T is left-invertible if and only if there exists a
constant c > 0 such that T ∗T > cI .

We call T analytic if H∞ :=
⋂∞

i=1 T iH = {0}.
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The classical Wold decomposition

Theorem (H. Wold 1938)

Let U be a isometry on Hilbert space H. Then H is the direct sum
of two subspaces reducing U, H = Hu ⊕Hp such that
U|Hu ∈ B(Hu) is unitary and U|Hp ∈ B(Hp) is unitarily equivalent
to a unilateral shift. This decomposition is unique and the
canonical subspaces are defined by

Hu =
∞⋂
n=1

UnH and Hp =
∞⊕
n=1

UnE ,

where E := N (U∗) = H	 UH.

Pawe l Pietrzycki A Shimorin-type analytic model for left-invertible operators



We shall say that an operator T ∈ B(H) admits Wold-type
decomposition, if the subspaces H∞ :=

⋂∞
n=1 T nH and

E := N (T ∗) have the following properties:

H∞ is reducing for T and T is unitary on H∞,

H = H∞ ⊕ [E ]T ,

where [E ]T :=
∨
{T nx : x ∈ H, n ∈ N}.

Theorem (S. Shimorin 2001)

Assume that T ∈ B(H) satisfies one of the following conditions:

‖T 2x‖+ ‖x‖2 ≤ 2‖Tx‖2 for x ∈ H,

‖T (x + y)‖2 ≤ 2(‖x‖2 + ‖Ty‖2) for x , y ∈ H
Then T admits Wold-type decomposition.
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The construction of the Shimorin’s model for a
left-invertible analytic operator (S. Shimorin 2001)

Let T ∈ B(H) be a left-invertible analytic operator and
E := N (T ∗).

For evey x ∈ H define a vector-valued holomorphic functions
Ux as

Ux(z) =
∞∑
n=0

(PET ′∗
∗n

x)zn, z ∈ D(r(T ′)
−1

),

where T ′ is the Cauchy dual of T .

The operator U : H 3 x → Ux ∈H is injective.

We equip the obtained space of analytic functions
H := {Ux : x ∈ H} with the inner product induced by H.

The operator U : H 3 x → Ux ∈H becomes a unitary
isomorphism.
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The space H is a reproducing kernel Hilbert space in the following
sense: the reproducing kernel for H is an B(E )-valued function of
two variables κH : Ω× Ω→ B(E ) such that

for any e ∈ E and λ ∈ Ω

κH (·, λ)e ∈H ,

for any e ∈ E , f ∈H and λ ∈ Ω

〈f (λ), e〉E = 〈f , κH (·, λ)e〉H .
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Theorem (S.Shimorin 2001)

The space H is a reproducing kernel Hilbert space and the
reproducing kernel κH : D(r(T ′)−1)× D(r(T ′)−1)→ B(E ) is
given by

κH (z , λ) = PE (I − λT ′∗)−1(I − zT ′)−1|E .
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Theorem (S. Shimorin 2001)

Let T ∈ B(H) be a left-invertible analytic operator. Then the
operator T is unitarily equivalent to the operator Mz of
multiplication by z on H and T ′∗ is unitarily equivalent to the
operator L given by

(L f )(z) =
f (z)− f (0)

z
, f ∈H .
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The construction of the Shimorin-type analytic model for a
left-invertible operator (P.P. 2018)

Let T ∈ B(H) be a left-invertible operator.

Let E be a subspace of H denote by [E ]T∗,T ′ the following
subspace of H:

[E ]T∗,T ′ :=
∨(
{T ∗nx : x ∈ E , n ∈ N}∪{T ′nx : x ∈ E , n ∈ N}

)
,

We choose closed subspace E such that [E ]T∗,T ′ = H. where
T ′ is the Cauchy dual of T .

For each x ∈ H, define a formal Laurent series Ux with vector
coefficients as

Ux(z) =
∞∑
n=1

(PET nx)
1

zn
+
∞∑
n=0

(PET ′∗
n
x)zn,

where T ′ is the Cauchy dual of T .

Pawe l Pietrzycki A Shimorin-type analytic model for left-invertible operators



The operator U : H 3 x → Ux ∈H is injective.

We equip the obtained space of formal Laurent series
H := {Ux : x ∈ H} with the inner product induced by H.

The operator U : H 3 x → Ux ∈H becomes a unitary
isomorphism.
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Theorem (P.P. 2018)

Let T ∈ B(H) be a left-invertible operator and E be a closed
subspace of H such that [E ]T∗,T ′ = H. Then the operator T is
unitary equivalent to the operator Mz : H →H of multiplication
by z on H given by

(Mz f )(z) = zf (z), f ∈H ,

and operator T ′∗ is unitary equivalent to the operator
L : H →H given by

(L f )(z) =
f (z)− (PN (M ∗

z )f )(z)

z
, f ∈H .
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Theorem (P.P. 2018)

Let T ∈ B(H) be left-invertible and analytic, H1, U1 be the
Hilbert space and the unitary map construceted in our analytic
model with E := N (T ∗) and H2, U2 be the Hilbert space and the
unitary map obtained in Shimorin’s construction. Then H1 = H2

and U1 = U2.

Pawe l Pietrzycki A Shimorin-type analytic model for left-invertible operators



Theorem (P.P. 2018)

Let T ∈ B(H) be a left-invertible operator and E be a closed
subspace of H such that [E ]T∗,T ′ = H. Then for every m ∈ N the
following assertions hold:

(i) T ′mE is a closed supspace and [T ′mE ]T∗,T ′ = H,

(ii) the mapping Φm : H0 →Hm defined by

Φm

( ∞∑
n=−∞

anzn
)

=
∞∑

n=−∞
(Vmam+n)zn,

∞∑
n=−∞

anzn ∈H0

is a unitary isomorphism, where Hk for k ∈ N is the Hilbert
space construceted in our analytic model with subspace T ′kE
and Vk : E → T ′kE for k ∈ N is defined by,

Ve = PT ′kET ke, e ∈ E .
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Theorem (P.P. 2018)

Let T ∈ B(H) be a left-invertible operator and E be a closed
subspace of H such that [E ]T∗,T ′ = H. Let

r + := lim inf
n→∞

∥∥PET ′∗
n∥∥− 1

n ,

r− := lim sup
n→∞

‖PET n‖
1
n .

If r + > r−, then formal Laurent series

Ux(z) =
∞∑
n=1

(PET nx)
1

zn
+
∞∑
n=0

(PET ′∗
n
x)zn,

represent analytic functions on annulus A(r−, r +).
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Theorem (P.P. 2018)

Let T ∈ B(H) be a left-invertible operator and E be a closed
subspace of H such that [E ]T∗,T ′ = H and the series

Ux(z) =
∞∑
n=1

(PET nx)
1

zn
+
∞∑
n=0

(PET ′∗
n
x)zn,

is convergent in E on an annulus A(r−, r +) with r− < r + and
r−, r + ∈ [0,∞) for every x ∈ H. Then H is a reproducing kernel
Hilbert space of E -valued holomorphic functions on A(r−, r +).
The reproducing kernel κH : A(r−, r +)× A(r−, r +)→ B(E )
associated with H is given by

κH (z , λ) =
∑
i ,j>1

PET iT ∗j |E
1

z i

1

λ̄j
+

∑
i>1,j>0

PET iT ′
j |E

1

z i
λ̄j (1)

+
∑

i>0,j>1

PET ′∗
i
T ∗j |E z i 1

λ̄j
+
∑
i ,j>0

PET ′
∗i

T ′
j |E z i λ̄j .

for any z , λ ∈ A(r−, r +).
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Theorem (P.P. 2018)

Moreover, the following assertions hold.

(i) For any λ ∈ A(r−, r +)

∞∑
n=1

(PET n)
1

λn
+
∞∑
n=0

(PET ∗′
n
)λn ∈ B(H,E ), (2)

∞∑
n=1

T ∗n
1

λn
+
∞∑
n=0

T ′
n
λn ∈ B(E ,H), (3)

(ii) The series (1), (2) and (3) converges absolutely and
uniformly in operator norm on any compact set contained in
A(r−, r +)×A(r−, r +), A(r−, r +) and A(r−, r +), respectively.

(iii) the function A(r−, r +) 3 λ→ κH (·, λ̄)e ∈H , e ∈ E is
holomorphic and given by

κH (·, λ̄)e =
∞∑
n=1

UT ∗ne
1

λn
+
∞∑
n=0

UT ′
n
eλn, λ ∈ A(r−, r +).
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Theorem (P.P. 2018)

Let T ∈ B(H) be a left-invertible operator and E be a closed
subspace of H such that [E ]T∗,T ′ = H and the series

Ux(z) =
∞∑
n=1

(PET nx)
1

zn
+
∞∑
n=0

(PET ′∗
n
x)zn,

convergent in E for every x ∈ H on open nonempty subset Ω ⊂ C.
Then the following assertions hold:

(i) the point spectrum of T is empty, that is σp(T ) = ∅,
(ii) M ∗

z κH (·, µ)g = µ̄κH (·, µ)g, for every µ ∈ Ω, g ∈ E ,

(iii) Ω̄ ⊂ σp(T ∗),

(iv)
∨
{N (T ∗ − µ̄) : µ ∈ U} = H, where U ⊂ Ω and int U 6= ∅.
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Composition operators in L2-spaces

(X ,A, µ) is a σ-finite measure space

φ : X → X is an A-measurable transformation, i.e.,
φ−1(∆) ∈ A for every ∆ ∈ A
If the measure µ ◦ φ−1 given by µ ◦ φ−1(∆) = µ(φ−1(∆)) for
∆ ∈ A is absolutely continuos with respect to µ (we say that
µ is nonsingular), then the operator Cφ in L2(µ) given by
D(Cφ) = {f ∈ L2(µ) : f ◦ φ ∈ L2(µ)},
Cφf = f ◦ φ, f ∈ D(Cφ)
is well-defined

We call it a composition operator with symbol φ
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For x ∈ X the set

[x ]φ = {y ∈ X : there exist i , j ∈ N such that φ(i)(x) = φ(j)(y)}

is called the orbit of f containing x .

If x ∈ X and φ(i)(x) = x for some i ∈ Z+ then the cycle of φ
containing x is the set

Cϕ = {φ(i)(x) : i ∈ N}

We will only consider composition functions with one orbit,
since an orbit induces a reducing subspace to which the
restriction of the weighted composition operator is again a
weighted composition operator.

Any self-map φ : X → X induces a directed graph (X ,Eφ)
given by

Eφ = {(x , y) ∈ X × X : x = φ(y)}
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Lemma (P.P. 2018)

Let X be a countable set, w : X → C be a complex function on X
and ϕ : X → X be a transformation of X . Let Cϕ,w be a weighted
composition operator in `2(X ) and

E :=

{ ⊕
x∈Genϕ(1,1)〈ex〉 ⊕ N ((Cϕ,w |`2(Des(x)))∗) if ϕ has a cycle,

〈eω〉 ⊕ N (C ∗ϕ,w ) otherwise,
(4)

where Des(x) :=
⋃∞

n=0 ϕ
(−n)(x) and ω is a generalized root of the

tree. Then the subspace E has the following properties:

(i) [E ]C∗ϕ,w ,Cϕ,w′ = H and [E ]Cϕ,w ,C∗ϕ,w′ = H,

(ii) E ⊥ Cn
ϕ,wE and E ⊥ Cn

ϕ,w ′E , n ∈ Z+.
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The non-negative number

r +
w ,ϕ := lim inf

n→∞

(∑
x∈W E ,ϕ

n
n>0

|w ′(x)w ′(ϕ(x)) · · ·w ′(ϕ(n−1)(x))|2
)− 1

2n
(5)

will be called the outer radius of convergence for Cϕ,w , and
similarly the non-negative number

r−w ,ϕ :=

{
τ

√∏
x∈Cϕ

|w(x)| if ϕ has a cycle,

lim supn→∞
n
√
|w(ϕ1(ω))w(ϕ2(ω)) . . .w(ϕn(ω))| otherwise,

(6)
where τ := card Cϕ will be called the inner radius of convergence
for Cϕ,w .
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Theorem (P.P. 2018)

Let X be a countable set, w : X → C be a complex function on X
and ϕ : X → X be a transformation of X , which has finite
branching index. Let Cϕ,w be a left-invertible weighted
composition operator in `2(X ). If r +

w ,ϕ > r−w ,ϕ, then there exist a
z-invariant reproducing kernel Hilbert space H of E -valued
holomorphic functions defined on the annulus A(r−w ,ϕ, r

+
w ,ϕ) and a

unitary mapping U : `2(X )→H such that MzU = UCϕ,w , where
Mz denotes the operator of multiplication by z on H , where E is
as in (4).
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Theorem (P.P. 2018)

Moreover, the following assertions hold :

(i) the reproducing kernel
κH : A(r−w ,ϕ, r

+
w ,ϕ)× A(r−w ,ϕ, r

+
w ,ϕ)→ B(E ) associated with

H has the property that κH (·,w)g ∈H and
〈Uf , κH (·,w)g〉 = 〈(Uf )(w), g〉 for f , g ∈ `2(X ).

(ii) the reproducing kernel κH has the following form:

κH (z , λ) =
∑
i ,j>1

Ai ,j
1

z i

1

λj
+

∑
i>1,j>0

Bi ,j
1

z i
λj

+
∑

i>0,j>1

Ci ,jz
i 1

λj
+
∑
i ,j>0

Di ,jz
iλj ,

where Ai ,j ,Bi ,j ,Ci ,j ,Di ,j ∈ B(E );
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Theorem (P.P. 2018)

(iii) if ϕ does not have a cycle, then the linear subspace generated
by E-valued polynomials in z and Ẽ -valued polynomials
involving only negative powers of z is dense in H , that is∨

({znE : n ∈ N} ∪ { 1

zn
Ẽ : n ∈ Z+}) = H ,

where Ẽ :=
∨
{ex : x ∈ Genϕ(1, 1)};
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Theorem (P.P. 2018)

if ϕ has a cycle Cϕ with τ := card Cϕ, then there exist τ functions
f1, . . . , fτ on A(r−w ,ϕ, r

+
w ,ϕ) given by the following Laurent series

fi (z) :=
∞∑
k=0

τ∑
i=1

ΛkAi
1

zkτ+i
, i = 1, ..., τ,

where Λ :=
∏

x∈Cϕ
w(x) such that the linear subspace generated

by E-valued polynomials in z and the above functions is dense in
H , that is∨

({znE : n ∈ N} ∪ {fi : i ∈ {1, . . . τ}}) = H .
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Example (P.P. 2018)

Fix m ∈ N and set X = {0, 1, . . . ,m}. Let w : X → C be a
function and define a mapping ϕ : X → X by

ϕ(i) =

{
i + 1 if i < m
0 if i = m

(see Figure 1). Set Λ := w(0)w(1) . . .w(m). Let Cϕ,w be the
left-invertible composition operator in Cm+1.

xm

x0

x1

x2

x3

Figure:

The matrix of this operator is of the form

Cϕ,w =


0 w(0) 0 · · · 0
0 0 w(1) · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

w(m) 0 0 · · · 0

 .
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Example

Let E := lin {e1}. It is easy to see that [E ]Sλ,S ′∗λ = H. One can o
verify that

PECmk+r
ϕ,w x = Λk

( r−1∏
i=0

w(i)
)

xre0,

PEC
′∗(mk+r)
ϕ,w x =

1

Λk

( m∏
i=m+1−r

w(i)
)−1

xn+1−re0,

for r < n, r , k ∈ N.
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Example (P.P. 2018)

This shows that formal Laurent series takes the following form:

Ux(z) =
∞∑
k=1

n−1∑
r=0

(
Λk
( r−1∏

i=0

w(i)
)

xre0

) 1

znk+r

+
∞∑
k=0

( n−1∑
r=0

1

Λk

( m∏
i=m+1−r

w(i)
)−1

xn+1−re0

)
znk+r .

Since C ∗ϕ,w acts on the finite dimensional space, the spectrum of
C ∗ϕ,w is finite. Therefore, by assertion (iii) of Theorem 8 the above
series does not converge absolutely on any open subset of C.
Alternatively, one can prove this fact directly by calculating
convergences radii.
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Example (Bilateral weighted shift)

Let Sλ : `2(Z)→ `2(Z) be a bilateral weighted shift with weights
{λn}n∈Z and {en}n∈Z be the standard orthonormal basis of `2(Z).
Then

Sλen = λn+1en+1, n ∈ Z

Let E := lin {e0}. It is easy to see that [E ]S∗λ,S
′
λ

= H. It is worth
noting that N (S∗λ) = {0} and thus [N (S∗λ)]S∗λ,S

′
λ

= {0}. This
phenomenon is quite different comparing with the case of
left-invertible and analytic operators in which [N (T ∗)]T∗,T ′ = H,
where T is in this class.
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Example

x−2 x−1 x0 x1 x2

Figure:

It is a matter of routine to verify that the Cauchy dual S ′∗λ of Sλ
has the following form

S ′∗λ en =
1

λn
en−1, n ∈ Z.

It is now easily seen that

PE (S ′∗λ )nx =
( n∏

i=1

λi

)−1
xne0, n ∈ Z+,
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Example

and

PESn
λx =

( 0∏
i=−n+1

λi

)
x−ne0, n ∈ Z+.

Therefore, the formal Laurent series takes the form

Ux(z) =
∞∑
n=1

( 0∏
i=−n+1

λi

)
x−n

1

zn
+
∞∑
n=0

( n∏
i=1

λi

)−1
xnzn.

One can show that

r +
w ,ϕ = lim inf

n→∞
n

√√√√ n∏
i=1

|λi |
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Example

and

r−w ,ϕ = lim sup
n→∞

n

√√√√ 0∏
i=−n+1

|λi |.

In this case, the reproducing kernel
κH : A(r−, r +)× A(r−, r +)→ B(E ) is given by

κH (z , λ) =
∞∑
i=1

0∏
i=−n+1

|λi |2
1

(z λ̄)i
+
∞∑
i=0

( n∏
i=1

|λi |2
)−1

(z λ̄)i .
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Example

Set m ∈ N and X = {0, 1, . . .m} t {(0, i) : i ∈ N}. Let w : X → C
be a measurable function and ϕ : X → X be transformation of X
defined by

ϕ(x) =


(0, i − 1) for x = (0, i), i ∈ N \ {0},
m for x = (0, 0),
i − 1 for x = i and i ∈ {1, . . . ,m},
m for x = 0,

(see Figure 3). Let Cϕ,w : `2(X )→ `2(X ) be a left-invertible
composition operator. It is easily seen that

Cϕ,wex =


w((0, i + 1))e(0,i+1) for x = (0, i), i ∈ N \ {0}
w(i + 1)ei+1 for x = i and i ∈ {0, 1, . . . ,m}
w(0)e0 + w((0, 0))e(0,0) for x = m.
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Example

x1

x0

xm

xm−1

xm−2

xm−3

x0,0 x0,1

Figure:

It is routine to verify that N (C ∗ϕ,w ) = lin{w((0, 0))e0−w(0)e(0,0)}.
Let E := lin{e(0,0)}. One can check that this one-dimensional
subspace satisfies [E ]T∗,T ′ = H.
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Example

This implies that

PE (C ∗ϕ,w ′)
nx =

( n∏
i=1

w(0, i)
)−1

xne(0,0),

PECnm+r+1
ϕ,w x = Λnw((0, 0))

( r−1∏
i=0

w(m − i)
)

xm−re(0,0),

for r < m, r , n ∈ N. Hence, the Hilbert space H consist of the
functions of the form

Ux(z) =
∞∑
n=1

k∑
r=0

Λkw((0, 0))
( r−1∏

i=0

w(m − i)
)

xm−r
1

znm+r+1
(7)

+
∞∑
n=0

( n∏
i=1

w((0, i))
)−1

xnzn.
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Example

The formulas for the inner and outer radius of convergence take
the following form

r +
w ,ϕ = lim inf

n→∞
n

√√√√ n∏
i=1

|w((0, i))|

and

r−w ,ϕ = m+1

√√√√ m∏
i=0

|w(i)|.
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Example

The reproducing kernel κH : A(r−, r +)×A(r−, r +)→ B(E ) takes
the form

κH (z , λ) =
∑

i>1,j>1

Λi Λ̄j |w((1, 0))|2
( r−1∏

i=0

|w(m − i)|2
) 1

z im+r+1λ̄jm+r+1

+
∞∑
i=0

( n∏
i=1

|w((0, i))|2
)−1

(z λ̄)i .
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Thank you for your attention!
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