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The Model

d
82
o A= ——, d dimensional Laplacian,
; Ox? P
@ V¥ is the multiplication operator on L?(RY),

(VH)(x) = VE()F(x), V¥(x) = Q(x) Y wnx,, g 0 (X)-

nezd

Q(x) = O(|x|~), a > 0 for large x and {wn}, are iid
random variables with common distribution by .,
Bu(x) = O(|x|=(1+9)), 6> 0, x| — ox.

@ Consider the probability space (2 = RZ’ B, P = ®p).
Define the random operator H* as

HUJ = —A =+ VUJ’ w = ((.Un)nezd & Q
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The spectrum of —A

@ ltis well known that —A is essential self-adjoint and

d
F(=B)F " = My, o(x) = [xil?, x e RY.
i—1
F is the Fourier transform on L2(R9).
@ Now we have o(—A) = gac(—A) = [0, 00).
@ Let —A/ is the restriction of —A to the domain (—L, L)¢
with Neumann boundary condition.

o(~ A1) = ogs(~Ar) = {(Z”L)Z é i ey}
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Results (Spectrum of H*)

@ For ad < d we have o(H*) = gess(H¥) =R a.e w.

@ For ad > d we have oggss(HY) = [0, 00) and
o(H¥) N (—o0,0) is discrete a.e w.
In above case 0 may be the limit point for negative
eigenvalues. But for (a« — 2)d > d we have
#{o(H“) N (—00,0)} < .
@ Ford >2and o > 1 we have [0,00) C 05c(H*) a.e w.
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The negative spectrum (Anderson localization)

@ The negative spectrum of H* always exhibits exponential
localization (Anderson Localization), independent of the
choice of aw and 6.

@ The negative part of the spectrum always pure point i.e
(—00,0)No(HY) C opp(HY), a.ew.

H Yy = Ety, 1hy(X) < c,e” %P E <0, aew.

1. is the localization center, v, attain its maximum at 7,,.
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Out line of the proof

@ Using Weyl’s criterion together with Borel-Cantelli lemma
we get (for any choice of o and 6)

[0, OO) C Uess(Hw), a.ew.
@ For aé > d the Dirichlet Neumann bracketing
(@neZdH,“,jN < HY < @nedeﬁ’D> will give
#{(—00,—€)No(H")} < o0, aew, Ve> 0.

@ For ad > d we have [0, o) is the essential spectrum and
below zero there is the discrete spectrum a.e w.
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@ For ad > d still 0 may be the limit point for the negatives
eigenvalues.

@ But for (o — 2)§ > d we can show

w
H* >

>-A——— €>2, aew.
14 |x]°

@ Let H=—A — V with V(x) = O(|x|¢), € > 2. The number
of negative eigenvalues of H is finite.

@ Now we get

#{(—00,0)No(H)} < o0, a.ew.
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@ Using min-max principle we can show that

U O'( — A+ AX(OJ]C’) =R.
AER

@ Forad <d

U O'( — A+ )\X(Oﬂd) g O'ess(Hw)7 a.ew.
AR ’

@ The above two will imply

o(HY) = 0ess(HY) =R, a.ew, for ad < d.
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Absolutely continuous spectrum

@ If the potential decay fast enough, 6 > 2 and a > 1 then we
verified the following:

/ (14 |x])"2™(V¥(x))?dx < oo, a.ew, for some m > 0,
Rd

/ </ (V“(xt))zdx> dt < 00, aew, 0<a<b< .
1 a<|x|<v

@ With above two estimation (Cook’s Method, scattering
theory, existence of wave operators) will ensure that
[0,00) C oac(HY), a.ew.
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Negative part of the spectrum (Wegner estimate)

@ Let H,‘\"L(X) be the restriction of H* to the cube A, (x) with
center at x and side length L. Set

Wn

Qr={w:|V¥)| < L% neA(0)},a>0, |V¥(n)| ~ e

@ Wegner estimate for E < 0

sup P(dist(a( XL(”))’ E)<n ’ QL> < C L9t

nezd

@ The above estimate follows from

E(ﬁ(EHw()(/))> < C|ISL9a, ¢ v,a> 0, s € (0,1].
Ap(n
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Initial Scale estimate

@ The Initial scale estimate for E < 0 is given by (¢, m, b > 0)

“(

@ Once we have Wegner estimate and Initial scale estimate
we can use Bootstrap Multiscale analysis (Germinet-Klein)
and show that (—oo, 0) exhibits exponential localization.

@ This Bootstrap Multiscale analysis is an induction method

and to start the induction all we need the Wegner estimate
and the Initial scale estimate.

w -1
Xon, (H/\L(n) - E) X/\%(O)
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Essenstial self-adjontness of H*

@ We can see that H* is densely define with domain C°(RY)
a.ew.

@ For (2 + «)d > d we have essential self-adjointness of H~.
@ The above choice of o and § we can show that

Ve (x) < M*(1 +|x])27¢, >0, a.ew.

@ ltis known that if V_(x) = o(|x|?>~¢) then —A + V'is
essential self-adjoint on L?(RY). Here
V_(x) = min{0, V(x)}.
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The reason to study the spectrum of H“

@ In Mathematical Physics there is a phenomenal called
existence of extended states in low disorder.

@ Define Hy on L?(RY) by

W =—A+ X)) wpu(x—n),

nezd

u is compactly supported and u € L>(RY), {w,} are iid
random variables and A > 0.

@ It is expected that for small enough A

0 +# oac(HY) C [0,0), a.e w.
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