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Introduction and Motivation Best approximation

Let (X, ||.||) be normed space, x € X and Y C X.
Recall the notion of distance between x and Y: d(x, Y) = infycy [ x — y||.

If there exists yp € Y such that || x — || = d(x, Y), then y, is called a best
approximation to x out of Y.

Divya Khurana (Weizmann Institute) Greedy Approximations December 18, 2018 2/17



Introduction and Motivation Motivation: Hilbert Space
Let H be Hilbert space with orthonormal basis (e).

If x e Hthen x =Y < x,e, > e, and || x| =Y. | < x, e, > |2.
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Introduction and Motivation Motivation: Hilbert Space
Let H be Hilbert space with orthonormal basis (e).
If x e Hthen x =Y < x,e, > e, and || x| =Y. | < x, e, > |2.
Rearrange (| < x,e; > |) into (| < x, e,;y > |) according to size, that is,

|<Xvep(1)>‘Z‘<Xvep(2)>‘2|<Xaep(3)>|2~-~
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Let H be Hilbert space with orthonormal basis (e).

If x e Hthen x =Y < x,e, > e, and || x| =Y. | < x, e, > |2.

Rearrange (| < x,e; > |) into (| < x, e,;y > |) according to size, that is,
| <x,e,1) > > < X852 > | > <X, 63> | > ...

Let Am(x) = {p(1),- -, p(m)} (m-th greedy set).
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Introduction and Motivation  Motivation: Hilbert Space

Let H be Hilbert space with orthonormal basis (e).

If x e Hthen x =Y < x,e, > e, and || x| =Y. | < x, e, > |2.

Rearrange (| < x,e; > |) into (| < x, e,;y > |) according to size, that is,
| <x,e,1) > > < X852 > | > <X, 63> | > ...

Let Am(x) = {p(1),- -, p(m)} (m-th greedy set).

For each m € N consider non linear operator G,, : H — H defined by
Gn(x) = ZieAm(x) < X, €,) > €,y (Gm is m-th greedy projection).

Consider Y, = {>_;cgqj6 : |[Bl=m, BCN, oj €R, j€ B}.
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Introduction and Motivation Motivation: Hilbert Space
Let H be Hilbert space with orthonormal basis (e).

If x e Hthen x =Y < x,e, > e, and || x| =Y. | < x, e, > |2.

Rearrange (| < x,e; > |) into (| < x, e,;y > |) according to size, that is,
| <x,e,1) > > < X852 > | > <X, 63> | > ...

Let Am(x) = {p(1),- -, p(m)} (m-th greedy set).

For each m € N consider non linear operator G,, : H — H defined by
Gn(x) = ZieAm(x) < X, €,) > €,y (Gm is m-th greedy projection).

Consider Y, = {>_;cgqj6 : |[Bl=m, BCN, oj €R, j€ B}.
Then

X = Gm()] = (Y | < x, & >2)2 = d(x, Yn).

iZAm
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Introduction and Motivation Set up in Banach spaces: Schauder basis

Schauder basis: Let X be an infinite-dimensional separable Banach
space. (ep);° C X is said to be Schauder basis for X if for each x € X
there exists a unique representation x = > anen, a, € R, that is, there
exists a unique sequence of scalars (g;) such that

S 8n€n — X, M — o0
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there exists a unique representation x = > anen, a, € R, that is, there
exists a unique sequence of scalars (g;) such that

S 8n€n — X, M — o0

For a basis (&) in a Banach space we can associate a sequence
(e;) € X* such that ej(e,) =1 and e(en) = 0 for all m # n.
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Schauder basis: Let X be an infinite-dimensional separable Banach
space. (ep);° C X is said to be Schauder basis for X if for each x € X
there exists a unique representation x = > anen, a, € R, that is, there
exists a unique sequence of scalars (g;) such that

S 8n€n — X, M — o0

For a basis (&) in a Banach space we can associate a sequence
(e;) € X* such that ej(e,) =1 and e(en) = 0 for all m # n.

Any element x € X can be represented uniquely as x = >, &;,(x)en.
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Introduction and Motivation  Set up in Banach spaces: Schauder basis

Let H be Hilbert space with orthonormal basis (ep).

If x e Hthen x =" < x,e, > epand || x|? =Y | < x, e, > |2

Rearrange (| < x,e; > |) into (| < x, e,;y > |) according to size, that is,
| <X,e)> |2 <x 60> 2| <x, 653> 2> ..

Let Am(x) = {p(1),- -, p(m)} ( m-th greedy set)

Gm(x) = Z,E,\ () < X5 (i) > €p(i) y ( m-th greedy sum) and

Ym={> g€ :|Bl=m, BCN, oj €R, j€ B}.

Then

[x = Gm(x)ll = (3 | < x. & >%)2 = d(X. Yim). ")

i@Am
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Greedy algorithm Greedy basis

Let X be a Banach space with Schauder basis (e,) and x € X. Then

x =5 e (x)ei

Rearrange (|e;(x)|) into (|e;‘(,-)(x)|) according to size, that is,
€5y ()| = €52 (X)] = |eg)(X)] = ...

Let Am(x) = {p(1),--- . p(M)}, Gim(X) = Dicn,(x) €5y (X)Es(i) and

Yn={)_ajg:|B|=m, BCN, oj€R, j€B}.
jeB

Definition (Temlyakov and Konyagin)
A basis (e,) is said to be greedy basis if there exists a constant C such that

IX = Gm(x)| < C inf |lx—y|

forall x € X and m € N.
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Greedy algorithm Greedy basis

Theorem (Temlyakov and Konyagin)

Any basis (ey,) is greedy if and only if it is unconditional and democratic.
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Theorem (Temlyakov and Konyagin)

Any basis (ey,) is greedy if and only if it is unconditional and democratic.

Democratic basis: A basis (e,) is said to be democratic if there exists a
constant C > 1 such that ||}, , €|l < C|| >, €| for any finite sets
A, B c Nwith |A| < |B|.
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Greedy algorithm Greedy basis

Theorem (Temlyakov and Konyagin)

Any basis (ey,) is greedy if and only if it is unconditional and democratic.

Democratic basis: A basis (e,) is said to be democratic if there exists a
constant C > 1 such that ||}, , €|l < C|| >, €| for any finite sets
A, B c Nwith |A| < |B|.

Unconditional basis: A basis (e,) is said to be unconditional if > a,e,
exists then ) a.() €x(n) exists for any permutation 7 of N (in fact for
unconditional basis } _ anen = _ @r(n)€x(n))-
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Relatives of greedy basis Quasi-greedy basis

L4[0, 1] doesn’t embeds into any Banach space with unconditional basis
(Pelczynski). Thus L4[0, 1] and CJ[0, 1] fail to have unconditional basis.
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Relatives of greedy basis Quasi-greedy basis

L4[0, 1] doesn’t embeds into any Banach space with unconditional basis
(Pelczynski). Thus L4[0, 1] and CJ[0, 1] fail to have unconditional basis.

Quasi-greedy basis:(Wojtaszczyk) Any basis (e,) is quasi-greedy if
x =) ej(x)e = )€ (x)ey for all greedy orderings p, that is, for

every greedy ordering p, > e;(,)(x)ep(,-) — xas m-— oo.
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Relatives of greedy basis Almost greedy basis

[IXx = Gm(x)|| < Cd(x, Ym) where

Ym={>jcgj€ : |Bl=m, BCN, o; € R, j € B}. (Greedy basis)
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[IXx = Gm(x)|| < Cd(x, Ym) where
Ym={>jcgj€ : |Bl=m, BCN, o; € R, j € B}. (Greedy basis)
For x =} e7(x)gj, let

YA(X) = {>jepe/(x)g: [Bl<m, BCN, je B}

Definition (Dilworth, Kalton, Kutzarova, Temlyakov)

A basis (e,) is said to be almost-greedy basis if there exists a constant C
such that

X = Gm(x)|| < Cd(x, YA(x)).

forall x € X and m € N.
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Ym={>jcgj€ : |Bl=m, BCN, o; € R, j € B}. (Greedy basis)
For x =} e7(x)gj, let

YA(X) = {>jepe/(x)g: [Bl<m, BCN, je B}

Definition (Dilworth, Kalton, Kutzarova, Temlyakov)

A basis (e,) is said to be almost-greedy basis if there exists a constant C
such that

X = Gm(x)|| < Cd(x, YA(x)).

forall x € X and m € N.

Theorem (Dilworth, Kalton, Kutzarova, Temlyakov)

Any basis (ep) is almost greedy if and only if it is quasi-greedy and
democratic.
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Relatives of greedy basis Partially greedy basis

Definition (Dilworth, Kalton, Kutzarova, Temlyakov)

A basis (&) is partially greedy if there exists a constant C such that

Ix = Gm()l < C|| Y ef (x)ei(x)l|

m-+1

forall x € X and m € N.
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Relatives of greedy basis Partially greedy basis

Definition (Dilworth, Kalton, Kutzarova, Temlyakov)

A basis (e;) is partially greedy if there exists a constant C such that

Ix = Gm()l < C|| Y ef (x)ei(x)l|

m-+1

forall x € X and m € N.

Theorem (Dilworth, Kalton, Kutzarova, Temlyakov)

A basis (ey) is partially greedy if and only if it is quasi-greedy and
conservative.

Conservative basis: A basis (e,) is said to be conservative if there
exists a constant C > 1 such that || >, &il| < C| > ;. &il for any finite
sets A,B C Nwith |A| < |Bland A < B.
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Results New characterizations of partially greedy basis

Ix — Gm(x)|| < Cinf{|x — Y,cpajell < 1Bl =m, BCN, oj € R} (G)
[ = Gm(x)[| < Cin{|lx = X_;cg €/ (x)gjll : [Bl < m, B C N} (AG)

IX = Gm(X)Il < Cl X251 € (X)ei(x)]| (PG)
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Results New characterizations of partially greedy basis

Ix — Gm(x)|| < Cinf{|x — Y,cpajell < 1Bl =m, BCN, oj € R} (G)
[ = Gm(x)[| < Cin{|lx = X_;cg €/ (x)gjll : [Bl < m, B C N} (AG)

IX = Gm(X)Il < Cl X251 € (X)ei(x)]| (PG)

Any basis (ey) is partially greedy if and only if

Ix — Gm(x)|| < Cinf{||x — Z e (x)ejll : [Bl| <m, BCN,B<An}
j€B

for all x € X and m € N.
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Results New characterizations of partially greedy basis

Any basis (ep) is partially greedy if and only if

[Ix = Gm(x)|| < Cinf{||x — Za,-e,-” (Bl <m, BCN,B<Anm, aj €R,je B}
jeB

for all x € X and m € N.
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Results Reverse partially greedy basis

Definition
A basis (e) is said to be reverse partially greedy if there exists a constant C
such that

X — Gm(x)|| < Cinf{||x — Zef(x)e,” (Bl <m, BCN,B> Ay}
jeB

forall x € X and m € N. )
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Results Reverse partially greedy basis

Definition
A basis (e) is said to be reverse partially greedy if there exists a constant C
such that
X — Gm(x)|| < Cinf{||x — Z e’ (x)gl : 1Bl <m, BCN,B> Ap}
jeB

forall x € X and m € N.

Theorem
Any basis (ey) is reverse partially greedy if and only if

X — Gm(x)|| < Cinf{||x — Za,-e,-” (Bl <m, BCN,B>Ap, aj €R,je B}
jeB

for all x € X and m € N.
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Results Reverse partially greedy basis

Definition
A basis (e) is said to be reverse partially greedy if there exists a constant C
such that
X — Gm(x)|| < Cinf{||x — Z e’ (x)gl : 1Bl <m, BCN,B> Ap}
jeB

forall x € X and m € N.

Theorem
Any basis (ey) is reverse partially greedy if and only if

Ix — Gm(x)|l < Cinf{|x =Y cigj|| : |B]| < m, BCN,B> A, oy € R,j € B}
jeB

for all x € X and m € N.

Theorem

A basis (ey) is reverse partially greedy if and only if it is quasi-greedy and
reverse conservative.
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Results New characterizations of almost greedy basis

Any basis (ep,) is almost greedy if and only if

X = Gm(x)|| < Cinf{||x — Za,e;H C|Bl < mya; R, B> Ay or B< Ap}.
jeB

for all x € X and m € N.
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Results New characterizations of almost greedy basis

Any basis (ey) is almost greedy if and only if

X = Gn(x)|| < Cinf{[lx — > aigjl| : |B| < m,a; €R, B> Ay or B < An}.
jeB

for all x € X and m € N.

Theorem
Let (e,) be a bounded Markushevich basis for a Banach space X. Then (ey)
is almost greedy if and only if there exists a constant C such that for any

x € X,BCNwith|Bl <m,0>\<1and|BnAn(x) <Am, and any a; € R,
i € B, we have

Ix = Gm()ll < Clix =) aieil.

ieB
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Results New characterizations of almost greedy basis (weak and branch algorithms)

Theorem

Let (e,) be almost greedy Markushevich basis of a Banach space X. Let
0<7<1and0 <\ <1 beany scalar. Then exists a constant C such that for
any x € X, Bc Nwith|BNAL(x)| < Am, |B| < manda; €R,ie B, we have

Ix = GR(x)ll < Clx = aeil.

ieB
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Results New characterizations of almost greedy basis (weak and branch algorithms)

Theorem

Let (e,) be almost greedy Markushevich basis of a Banach space X. Let
0<7<1and0 <\ <1 beany scalar. Then exists a constant C such that for
any x € X, Bc Nwith|BNAL(x)| < Am, |B| < manda; €R,ie B, we have

Ix = GR(x)Il < Clix = _aieil]-

ieB

Theorem

Let0 < 7 < 1. Suppose that (e;)Y , is a basis of X and there exists a constant
C such that

X = Gm(x)]l < Cllx — Pa(x]]|

where x € X, B C N with |B| < m, and either B < N\ (x) or B> A"(x). Then
(en)N, is almost greedy.
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Applications of new characterizations Special case when C = 1

e Characterizations of greedy and almost greedy basis are known when
constant C = 1.
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Applications of new characterizations Special case when C = 1

e Characterizations of greedy and almost greedy basis are known when
constant C = 1.

e New characterizations of partially greedy basis helped us to prove a
characterization for partially greedy basis when C = 1.

o Property A: A basis (e,) is said to have Property A if
Ix +t> icatill < Cllx+1t> . geil where A, B are disjoint finite subsets
and disjoint from the support of x, |A| = |B| and t > max |/ (x)|.
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Applications of new characterizations Special case when C = 1

Characterizations of greedy and almost greedy basis are known when
constant C = 1.

New characterizations of partially greedy basis helped us to prove a
characterization for partially greedy basis when C = 1.

Property A: A basis (&) is said to have Property A if

Ix +t> icatill < Cllx+1t> . geil where A, B are disjoint finite subsets
and disjoint from the support of x, |A| = |B| and t > max |/ (x)|.
Characterizations of greedy and almost greedy basis are known in terms
of Property A.

Original definition of partial greedy basis doesn’t provides any connection
with variants of Property A.
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Applications of new characterizations Special case when C = 1

Characterizations of greedy and almost greedy basis are known when
constant C = 1.

New characterizations of partially greedy basis helped us to prove a
characterization for partially greedy basis when C = 1.

Property A: A basis (&) is said to have Property A if

Ix +t> icatill < Cllx+1t> . geil where A, B are disjoint finite subsets
and disjoint from the support of x, |A| = |B| and t > max |/ (x)|.
Characterizations of greedy and almost greedy basis are known in terms
of Property A.

Original definition of partial greedy basis doesn’t provides any connection
with variants of Property A.

Using new characterizations of partially greedy basis we proved a new
characterization in terms of some variant of Property A
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Thank Youl!
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