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Introduction

Definition
Let T be a contraction on H. A unitary U on K D H is a dilation
of Tif (?) T = PuUly, ie.

with respect to the decomposition K = H & H-.
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Introduction

Definition
Let T be a contraction on H. A unitary U on K D H is a dilation
of Tif T" = PyU"|y for all n €N, i.e.

o[

* *

with respect to the decomposition K = H @ H=. In this case,
p(T) = Pyp(U)|y for any polynomial p € C[z].
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Introduction

Definition

Let T =(Ty,..., T,) be an n-tuple of commuting contractions on
H. An n-tuple of commuting unitary U = (Uy,...,U,) on K O H
is a dilation of T if p(T) = Pyp(U)|y for any polynomial

p € Clzn,...,z), ie.

with respect to the decomposition K = H & H-.
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Nagy-Foias and Ando dilation

Theorem (Nagy-Foias)

Let T be a contraction on a Hilbert space H. Then T has a
unique minimal unitary dilation.
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Nagy-Foias and Ando dilation

Theorem (Nagy-Foias)

Let T be a contraction on a Hilbert space H. Then T has a
unique minimal unitary dilation.

e von Neumann inequality: For any polynomial p € C|z],

|p(T)|| < sup|p(z)|
zeD
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Nagy-Foias and Ando dilation

Theorem (Nagy-Foias)

Let T be a contraction on a Hilbert space H. Then T has a
unique minimal unitary dilation.

e von Neumann inequality: For any polynomial p € C|z],

|p(T)|| < sup|p(z)|
zeD

Theorem (T. Ando)

Let (T, T3) be a pair of commuting contractions on H. Then
(T1, T) dilates to a pair of commuting unitaries (U, Uz).
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Nagy-Foias and Ando dilation

Theorem (Nagy-Foias)

Let T be a contraction on a Hilbert space H. Then T has a
unique minimal unitary dilation.

e von Neumann inequality: For any polynomial p € C|z],

|p(T)|| < sup|p(z)|
zeD

Theorem (T. Ando)

Let (T, T3) be a pair of commuting contractions on H. Then
(T1, T) dilates to a pair of commuting unitaries (U, Uz).

e von Neumann inequality: For any polynomial p € C[z1, z],

Ilp(T1, T2)| £ sup  |p(z1, )|

(Zl,ZQ)ED
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Nagy-Foias and Ando dilation

Theorem (Nagy-Foias)

Let T be a contraction on a Hilbert space H. Then T has a
unique minimal unitary dilation.

e von Neumann inequality: For any polynomial p € C|z],

|p(T)|| < sup|p(z)|
zeD

Theorem (T. Ando)

Let (T, T3) be a pair of commuting contractions on H. Then
(T1, T) dilates to a pair of commuting unitaries (U, Uz).

e von Neumann inequality: For any polynomial p € C[z1, z],

lp(T1, T2)|| < sup  |p(z1,22)]

(Zl,ZQ)EDZ

e Neither dilation nor the von Neumann inequality holds for




Hardy space and Szego positivity

@ E-valued Hardy space over the unit polydisc D":

HED") :={>  az"rak €&, ||akl® < oo}.

kezn kezn
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Hardy space and Szego positivity

@ E-valued Hardy space over the unit polydisc D":

HED") :={>  az"rak €&, ||akl® < oo}.

kezn kezn

o The n-tuple of shift on H3(D") is denoted by (M,,, ..., M,,).
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Hardy space and Szego positivity

@ E-valued Hardy space over the unit polydisc D":

HED") :={>  az"rak €&, ||akl® < oo}.

kezn kezn

o The n-tuple of shift on H3(D") is denoted by (M,,, ..., M,,).
o H2(D") is a reproducing kernel Hilbert space with kernel
Sn(z, w)lg where S, is the Szego kernel defined by
Sn(z,w) = [0 = zw)™" (z,w € D").

i=1
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Hardy space and Szego positivity

@ E-valued Hardy space over the unit polydisc D":

HED") :={>  az"rak €&, ||akl® < oo}.

kezn kezn

o The n-tuple of shift on H3(D") is denoted by (M,,, ..., M,,).
o H2(D") is a reproducing kernel Hilbert space with kernel
Sn(z, w)lg where S, is the Szego kernel defined by

n

Sn(z,w) = [0 = zw)™" (z,w € D").

i=1
@ An n-tuple of commuting contractions T = (T1,..., Tp)
satisfies Szegd positivity if
ST 7= > (-)FTETE>0
Fc{1,...,n}
where for F = {Fy,...,Fk} C{1,....n}, TF:==Tg - TF,.
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Dilation under Szego positivity

o If T=(Ty,..., Tp) satisfy Szegd positivity then
Dy := S;l(T7 T"‘)l/2 is the defect operator and
Dt := RanD7 is the defect space of T.
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Dilation under Szego positivity

o If T=(Ty,..., Tp) satisfy Szegd positivity then
Dy := S;l(T7 T"‘)l/2 is the defect operator and
Dt := RanD7 is the defect space of T.

Theorem (Curto & Vasilescu, 1993)

Let T =(Ti,..., Ty) be an n-tuple of commuting pure
contractions which satisfy Szegé positivity. Then T dilates to
(Mg, ...,M,,)) on H%T(]D)”).
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Dilation under Szego positivity

o If T=(Ty,..., Tp) satisfy Szegd positivity then
Dy := S;l(T7 T"‘)l/2 is the defect operator and
Dt := RanD7 is the defect space of T.

Theorem (Curto & Vasilescu, 1993)

Let T =(Ti,..., Ty) be an n-tuple of commuting pure
contractions which satisfy Szegé positivity. Then T dilates to
(Mg, ...,M,,)) on H%T(]D)”).

Remark: The hypothesis of the above theorem is also necessary
for an n-tuple of commuting contractions T to be dilated to
(M, ..., M,,) on some H3(D").
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Class of operator tuples

e For an n-tuple T =(Ty,...,T,)and 1 < r <n,
T, =(T1,..., Tr—1, Try1,---, Tn).
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Class of operator tuples

e For an n-tuple T =(Ty,...,T,)and 1 < r <n,
T, =(T1,..., Tr—1, Try1,---, Tn).
Letn>2and 1 <p<qg<n

Isometric dilation and von Neumann inequality for operator tug



Class of operator tuples

e For an n-tuple T =(Ty,...,T,)and 1 < r <n,
T, =(T1,. ., Tro1, Trg1, oo, Th).
Letn>2and 1 <p<qg<n

o Pog={(T1,..., Ty): 7A'p, 7A'q satisfy Szego positivity
and || T;|| < 1,i=1,...,n}.
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Class of operator tuples

e Foran n-tuple T=(Ty,...,T,)and 1 <r<n
Tr=(Te,....Tro1, Tria, ., Th).
Letn>2and 1 <p<qg<n

o Pog=1{(T1,..., Tn): Tp, T, satisfy Szegé positivity
and || T;|| < 1,i=1,...,n}.

0

Example: Let T; = {0 0

] forall i=1,...,nand let

f<r<\/7 Then for any 1 < < n,
Aoa —r2(pn—
S, (T, T7) = [1 ' (()n Y (1)] >0

and

0 1

Thus T € Ppq forany 1 < p < q < n. But T does not satisfy
Szego positivity.

ST, T%) = [1 —rn 0} #0.
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Dilation of the class P, 4

Theorem (Vinnikov et all, 2009)

Let T be an n-tuple of commuting contractions. If T € Pp g for
somel < p < qg<n, then T can be dilated to a tuple of
commuting unitaries. Therefore, T satisfies von Neumann
inequality on D".
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Dilation of the class P, 4

Theorem (Vinnikov et all, 2009)

Let T be an n-tuple of commuting contractions. If T € Pp g for
somel < p < qg<n, then T can be dilated to a tuple of
commuting unitaries. Therefore, T satisfies von Neumann
inequality on D".

e Tog :A{(Tl’ ey Th) 7A_p, 7A'q satisfy Szego positivity
and T, is pure}.
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Dilation of the class P, 4

Theorem (Vinnikov et all, 2009)

Let T be an n-tuple of commuting contractions. If T € Pp g for
somel < p < qg<n, then T can be dilated to a tuple of
commuting unitaries. Therefore, T satisfies von Neumann
inequality on D".

e Tog :A{(Tl’ ey Th) 7A_p, 7A'q satisfy Szego positivity
and T, is pure}.

® Ppq € Tpg-
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Dilation of the class P, 4

Theorem (Vinnikov et all, 2009)

Let T be an n-tuple of commuting contractions. If T € Pp g for
somel < p < qg<n, then T can be dilated to a tuple of
commuting unitaries. Therefore, T satisfies von Neumann
inequality on D".

e Tog={(T1,..., Th): 7A_p, 7A'q satisfy Szegd positivity
and T, is pure}.
® Ppq € Tpg-

e For T € 7y 4, we say that T is of finite rank if dimD+ < oo,
forall i =p,q.
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Explicit dilation for finite rank tuples

Theorem (-, Barik, Haria & Sarkar, 18)

If T € Tpq is a finite rank tuple, then T dilates to the n-tuple of
commuting isometries

(My,,..., M,

P

Mo, M,,,...,M,,_,) on H%fp (DY),

. . . s
where ®, is an one variable inner function in HB(DfP)(]D))'
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Explicit dilation for finite rank tuples

Theorem (-, Barik, Haria & Sarkar, 18)

If T € Tpq is a finite rank tuple, then T dilates to the n-tuple of
commuting isometries

(My,,..., M,

P

Mo, M,,,...,M,,_,) on H%fp (DY),

. . . s
where ®, is an one variable inner function in HB(Dfp)(]D))'

Theorem (-, Barik, Haria & Sarkar, 18)

If T € Tp,q is a finite rank operator, then 3 an algebraic variety V
in D" such that

Ip(TI < sup p(2)l, (peCla,...,z]).

If, in addition, T, is a pure contraction, then 3 a distinguished
variety V' in D? such that V = V' x D"~2 C D".
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Let T € 7pq forsomel < p<qg<n.

@ Since 'IA',J is pure and Szego tuple, we can dilate 'IA'p to
(e My ) on HB (D7),
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Let T € 7pq forsomel < p<qg<n.

@ Since 'IA',J is pure and Szego tuple, we can dilate 'IA'p to
(e My ) on HB (D7),

@ We need find an isometric dilation of T, on H%f (D" 1)
P

which commutes with (M, ..., M, ,).
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Let T € 7pq forsomel < p<qg<n.
@ Since 'IA',J is pure and Szego tuple, we can dilate 'IA'p to
(e My ) on HB (D7),
@ We need find an isometric dilation of T, on H%f (D" 1)
P

which commutes with (M, ..., M, ,).

. : A B
@ Need to find a unitary [C D}
some Hilbert space H such that ®(z) = A+ zB(l — zD)~*C
is inner and My is a dilation of T,.

:D-,A—p@H*)D-,A—p@HfOI’
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Let T € 7pq forsomel < p<qg<n.
@ Since 'IA',J is pure and Szego tuple, we can dilate 'IA'p to
(e My ) on HB (D7),
@ We need find an isometric dilation of T, on H%f (D" 1)
P

which commutes with (M, ..., M, ,).

. : A B

@ Need to find a unitary [C D}

some Hilbert space H such that ®(z) = A+ zB(l — zD)~*C
is inner and My is a dilation of T,.

:D-,A—p@H*)D-,A—p@HfOI’

@ It turns out that the map
{Dfph &) qu Tgh:heH} — {Dfp T,h @ Df.ph cheH}is
an isometry and therefore extends to a unitary
U:Ds ©®D4 — D4 @ D4 . This uniary do the job for us.
p q p q
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Dilation of general tuples

Theorem (-, Barik, Haria & Sarkar, 18)
Let T=(T1,...,Tp) € Tpq. Then T dilates to

(Mzyy..., M,

P

1, Mo, M

Zpy1y e

, M,

q

—1) M‘qu qu7 coog Mzn_1)7
on HZ(D"1) with
®p(2)Pq(2) = Pq(2)Pp(2) = 2zple,

for some Hilbert space .
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Let T = (T, T2, T3) € To3. Then (Ty, T3) and (T, T») satisfy
Szego positivity.

@ Then it can be shown that (T3, T> T3) satisfy Szegd positivity.
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Let T = (T, T2, T3) € To3. Then (Ty, T3) and (T, T») satisfy
Szego positivity.

@ Then it can be shown that (T3, T> T3) satisfy Szegd positivity.
o Then (T1, T2T3) can be dilated to (M,,, M,,) on H2(D?).
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Let T = (T, T2, T3) € To3. Then (Ty, T3) and (T, T») satisfy
Szego positivity.

@ Then it can be shown that (T3, T> T3) satisfy Szegd positivity.
o Then (T1, T2T3) can be dilated to (M,,, M,,) on H2(D?).
o Need to dilate (T2, T3) to (Mo, My) on H3(D?) such that

S(2)V(z) = V(2)P(2) = zls.

B. K. Das Isometric dilation and von Neumann inequality for operator tug



Let T = (T, T2, T3) € To3. Then (Ty, T3) and (T, T») satisfy
Szego positivity.
@ Then it can be shown that (T3, T> T3) satisfy Szegd positivity.
o Then (T1, T2T3) can be dilated to (M,,, M,,) on H2(D?).
o Need to dilate (T2, T3) to (Mo, My) on H3(D?) such that

S(2)V(z) = V(2)P(2) = zls.

@ This can be done using a technique recently found in the
following artice:
B. Krishna Das, S. Sarkar, J. Sarkar, Factorizations of
contractions, Adv. Math. 322 (2017), 186 - 200.
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Thank You !

inequality for operator t



