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Characterization of invariant subspaces . ..

e To give a complete characterization of (joint) invariant subspaces for
(M,,,...,M,) on the Hardy space H2(ID") over the unit polydisc D" in C",
n>1.
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Characterization of invariant subspaces . ..

e To give a complete characterization of (joint) invariant subspaces for
(M,,,...,M,) on the Hardy space H2(ID") over the unit polydisc D" in C",
n>1.

@ To discuss about a complete set of unitary invariants for invariant subspaces
as well as unitarily equivalent invariant subspaces.
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Characterization of invariant subspaces . ..

e To give a complete characterization of (joint) invariant subspaces for
(M,,,...,M,) on the Hardy space H2(ID") over the unit polydisc D" in C",
n>1.

@ To discuss about a complete set of unitary invariants for invariant subspaces
as well as unitarily equivalent invariant subspaces.

@ To classify a large class of n-tuples of commuting isometries.
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Characterization of invariant subspaces . ..

o Unit polydisc D" = {(z,...,2,) €C": |z]| < 1,i=1,...,n}
o Hardy space H*(D) = {f =Y 72 a,z" : > ooy |an|?> < 0o}
@ Vector-valued Hardy space

HZ(D) = {f = Zanz” :ap € € and Z llan]|2 < oo},
n=0 n=0

where £ is some Hilbert space.
@ M, denote the multiplication operator on H2(ID) defined by
(M,f)(w) = wf(w) (f € H3(D),w € D).

° Hg‘(’g)(]D)) denote the space of bounded B(&)-valued holomorphic functions on

v
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Invariant subspaces: Motivation

@ A closed subspace M of a Hilbert space H is said to be invariant subspace
under T € B(H) if T(M) C M.
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Invariant subspaces: Motivation

@ A closed subspace M of a Hilbert space H is said to be invariant subspace
under T € B(H) if T(M) C M.

@ Given an invariant subspace M of T € B(H), one can view T as an operator
matrix with respect to the decomposition H = M & M+

H
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Invariant subspaces: Motivation

@ A closed subspace M of a Hilbert space H is said to be invariant subspace
under T € B(H) if T(M) C M.

@ Given an invariant subspace M of T € B(H), one can view T as an operator
matrix with respect to the decomposition H = M & M+

H

@ One of the most famous open problems in operator theory and function
theory is the so-called invariant subspace problem: Does every bounded linear
operator have a non-trivial closed invariant subspace?
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Invariant subspaces: Motivation

@ The celebrated Beurling theorem (1949) says that a non-zero closed subspace
S of H?(D) is invariant for M, if and only if there exists an inner function
0 € H>*(D) such that
S = OH?*(D).
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Invariant subspaces: Motivation

@ The celebrated Beurling theorem (1949) says that a non-zero closed subspace
S of H?(D) is invariant for M, if and only if there exists an inner function
0 € H>*(D) such that
S = OH?*(D).

@ One may now ask whether an analogous characterization holds for (joint)
invariant subspaces for (M,,,..., M,) on H>(D"), n> 1, i.e.,
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Invariant subspaces: Motivation

@ The celebrated Beurling theorem (1949) says that a non-zero closed subspace
S of H?(D) is invariant for M, if and only if there exists an inner function
0 € H>*(D) such that
S = OH?*(D).

@ One may now ask whether an analogous characterization holds for (joint)
invariant subspaces for (M,,,..., M, ) on H3(D"), n> 1, i.e., if S is an
invariant subspace for (M,,, ..., M, ) on H*(D"), then

S = yH*(D"),

where 1) € H>*(D") is an inner function.
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Invariant subspaces: Motivation

@ The celebrated Beurling theorem (1949) says that a non-zero closed subspace
S of H?(D) is invariant for M, if and only if there exists an inner function
0 € H>*(D) such that
S = OH?*(D).

@ One may now ask whether an analogous characterization holds for (joint)
invariant subspaces for (M,,,..., M, ) on H>(D"), n> 1, i.e, if S is an
invariant subspace for (M,,,..., M, ) on H?(D"), then

S = yH*(D"),

where 1) € H>*(D") is an inner function.
@ Rudin’s pathological examples (Rudin (1969)): There exist invariant
subspaces S; and S, for (M,,, M,,) on H?(D?) such that

(1) 81 is not finitely generated, and
(2) 8o N H*=(D?) = {0}.
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Invariant subspaces: Motivation

@ To understand the structure of a large class of operators we need to
understand the structure of shift invariant subspaces for the vector-valued
Hardy space over the unit disc.

Theorem (Beurling-Lax-Halmos)

A non-zero closed subspace S of H2(D) is invariant for M, if and only if there
exists a closed subspace 7 C £ and an inner function © € Hg‘(”fyg)(]D)) such that

S = OHZ(D).
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Invariant subspaces: Motivation

@ To understand the structure of a large class of operators we need to
understand the structure of shift invariant subspaces for the vector-valued
Hardy space over the unit disc.

Theorem (Beurling-Lax-Halmos)

A non-zero closed subspace S of H2(D) is invariant for M, if and only if there
exists a closed subspace 7 C £ and an inner function © € Hg(» 8)(ID)) such that

S = OHZ(D). )
o Identify Hardy space over polydisc H2(D"*1) to the H?(ID")-valued Hardy
space over disc HEIZ(DH)(]D)).
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Invariant subspaces: Motivation

@ To understand the structure of a large class of operators we need to
understand the structure of shift invariant subspaces for the vector-valued
Hardy space over the unit disc.

Theorem (Beurling-Lax-Halmos)

A non-zero closed subspace S of H2(D) is invariant for M, if and only if there
exists a closed subspace 7 C £ and an inner function © € Hg(» 8)(ID)) such that

S = OHZ(D). )
o Identify Hardy space over polydisc H2(D"*1) to the H?(ID")-valued Hardy
space over disc HEIZ(DH)(]D)).
o Represent (M, M,,,...,M,,,) on H*(D"!) to (M,, M,,,,...,M,,) on

Hepn (D), where ki € Hglp oy (D), i = 1,...,n, is a constant as well as
simple and explicit B(H?(D"))-valued analytic function.
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Basic definitions

o A closed subspace S C H2Z(D") is called a (joint) invariant subspace for
(Mg, ..., M) on HZ(D") if

Z,'SQS,

foralli=1,... n.
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Basic definitions

o A closed subspace S C H2Z(D") is called a (joint) invariant subspace for
(Mg, ..., M) on HZ(D") if

n

Z,'S Q S,
foralli=1,... n.
@ An isometry V on H is called a pure isometry (or shift) if V*™ — 0 in SOT.
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Basic definitions

o A closed subspace S C H2Z(D") is called a (joint) invariant subspace for
(Mg, ..., M) on HZ(D") if
Z,'S Q S,

foralli=1,... n.
@ An isometry V on H is called a pure isometry (or shift) if V*™ — 0 in SOT.
@ Let V be a pure isometry on H. Then

o0
H= @0 VW,

where W = ker V* = H © VH.
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Basic definitions

o A closed subspace S C H2Z(D") is called a (joint) invariant subspace for
(Mg, ..., M) on HZ(D") if
Z,'S Q S,

foralli=1,... n.

@ An isometry V on H is called a pure isometry (or shift) if V*™ — 0 in SOT.
@ Let V be a pure isometry on H. Then

oo
H= 620 VW,
where W = ker V¥ = H & VH.
o The natural map My : H — H,(D) defined by
My (V™) = 2™,
for all m > 0 and n € W, is a unitary operator and
MyV = M,My.

We call My, the Wold-von Neumann decomposition of the shift V.
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Commutator of shift

Theorem 1 (Maji, Sarkar, & Sankar’ 18)

Let V be a pure isometry on H, and let C be a bounded operator on H. Let Piy
be the Wold-von Neumann decomposition of V. Let W = Ker(V*) and assume
that M =Ty CI1},. Then

CV = VC,

if and only if
M = Mo,

where

O(z) = Pw(ly — zV*)7IC | (z e D).
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Commutator of shift

Theorem 1 (Maji, Sarkar, & Sankar’ 18)

Let V be a pure isometry on H, and let C be a bounded operator on H. Let Piy
be the Wold-von Neumann decomposition of V. Let W = Ker(V*) and assume
that M =Ty CI},. Then

CV = VC,

if and only if
M = Mo,

where
O(z) = Pw(ly — zV*)71C |w (z € D).

In addition if CV* = V*C, then

O(z2)=Clw =0©(0) (z€D),

as C(I — W*) = (I — VW*)C and V*™ | =0 for all m > 1.
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Preparation for main result

@ For the sake of simplicity we discuss firstly for n = 2, i.e., vector-valued
Hardy space over the bidisc H3(D?).
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Preparation for main result

@ For the sake of simplicity we discuss firstly for n = 2, i.e., vector-valued
Hardy space over the bidisc H3(D?).

e We now identify HZ(D?) with HH2 ()() by the canonical unitaries

U
HZ(D?) = H*(D) ® Hg(D) 4 HHZ(]D)( )
where
U(zPzn) =2 @ (2°n),  (kiko>0,n€E)

and B
U(*®¢)=2¢, (k>0 (€ HzD)).
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Preparation for main result

@ For the sake of simplicity we discuss firstly for n = 2, i.e., vector-valued
Hardy space over the bidisc H3(D?).

e We now identify HZ(D?) with HH2 ()() by the canonical unitaries

H3(0%) & (D) @ H3(D) & HEp (D)

where
U(zPzn) =2 @ (2°n),  (kiko>0,n€E)

and B
U(*®¢)=2¢, (k>0 (€ HzD)).

o Set U= UU. Then it follows that U : H2(D?) — HZ, (D)(]D)) is a unitary
£
operator. Since

UM, = (M. ® lippy ))U and UM, = (le(y @ My,) U,

we have UM,, = M, U, and UM,, = M,;, U, where k1(w) = M, for w € D.
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Preparation for main result

Let € be a Hilbert space and let £, = H?(D") ® £ for n > 1. Let k; € Hg‘zgn)(]D))
denote the B(E,)-valued constant function on D defined by

ki(w) = M, € B(E,),
for all w € D, and let M, denote the multiplication operator on Hz (ID) defined by
M, f = rif,

for all f € HZ (D) and i =1,...,n. Then

Theorem 2 (Maji, Aneesh, Sarkar, & Sankar’ 18)

(i) My, M, ..., M

on) o0 HZ(D™1) and (M, M, ..., M,,) on H3 (D) are
unitarily equivalent.
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Preparation for main result

o Let SC H, (D)(]D)) be a closed invariant subspace for (M., M,,) on
£
HE@(D)(D)' Set

V= MZ‘S and V1 = MN1|5'
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Preparation for main result

o Let SC H, (D)(]D)) be a closed invariant subspace for (M., M,,) on
£
HE@(D)(D)' Set

V= MZ‘S and V1 = MN1|5'

o Let My : S — HZ,(D) be the Wold-von Neumann decomposition of V on S.
Then
MV, =M, and MyWIT, = Me,,

where
¢1(W) = Pw(ls — WV*)71V1|W,

forallweD, ¢; € Hg?w)(]D)).
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Preparation for main result

o Let SC HH2 (D)(]D)) be a closed invariant subspace for (M., M,,) on
H,z_lé(D)( ). Set
V= MZ‘S and V1 = MN1|5'

o Let My : S — HZ,(D) be the Wold-von Neumann decomposition of V on S.
Then
MV, =M, and MyWIT, = Me,,

where
¢1(W) = Pw(ls — WV*)71V1|W,

forallweD, ¢; € Hg?w)(]D)).
o Let is denote the inclusion map is : S < HZ (D). Then
Hy(D) % 5 5= Hip ()(D)
ie, Ns=isoMy : H,(D) — HZ, 2()(ID) is an isometry and

ran Mg = S.
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Main result

We have invariant subspace result on vector-valued Hardy space over polydisc
setting:

Theorem 2 (Maji, Aneesh, Sarkar, & Sankar’ 18)

(ii) Let £ be a Hilbert space, S C HZ (D) be a closed subspace, and let

W =S8 ©zS. Then S is invariant for (M, M, ..., M, ) if and only if

(Mg, ..., Ms,) is an n-tuple of commuting shifts on H,(ID) and there exists an
inner function © € Hy),, (D) such that

5 = OH} (D),
and
Ii,'@ = @CD,',

where
®;i(w) = Py(ls — wPsMZ) My, |,

forallweDand i=1,...,n.
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@ One obvious necessary condition for a closed subspace S of HZ (D) to be
(joint) invariant for (M, M., ..., M,,) is that S is invariant for M,, and,
consequently

S = OH;,(D),

where W =S8 © z8 and © € Hg,,, ¢ (D) is the Beurling, Lax and Halmos
inner function.
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@ One obvious necessary condition for a closed subspace S of HZ (D) to be
(joint) invariant for (M, M., ..., M,,) is that S is invariant for M,, and,
consequently

S = OH;,(D),

where W =S8 © z8 and © € Hg,,, ¢ (D) is the Beurling, Lax and Halmos
inner function.
@ Again K;SCS, =
K;@ = @I',-,

for some I'; € B(HZ,(D)), i = 1,..., n (by Douglas’s range inclusion theorem

).
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@ One obvious necessary condition for a closed subspace S of HZ (D) to be
(joint) invariant for (M, M., ..., M,,) is that S is invariant for M,, and,

consequently
5 = OH, (D),
where W =S8 © z8 and © € Hg,,, ¢ (D) is the Beurling, Lax and Halmos
inner function.
@ Again K;SCS, =
H,‘@ = @I',-,

for some I'; € B(HZ,(D)), i = 1,..., n (by Douglas’s range inclusion theorem
)-

@ In the above theorem, we prove that I'; is explicit, that is
M=o ¢ H%?W)(D)’

foralli=1,...,n, and (I'y,...,[,) is an n-tuple of commuting shifts on
Hiy (D).
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Remarks

Uniqueness

Let S be an invariant subspace for (M,, M, ..., M,

) on HZ (D). Then
S = OH,(D) and

n

kK®=00, (i=1,...,n),

from the above Theorem.
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Remarks

Uniqueness

Let S be an invariant subspace for (M, My, ..., M,,) on HZ (D). Then
S = OH,(D) and
K© =00, (i=1,...n),
from the above Thgorem. B . ~
Now suppose S = @le/—v(]D)) and k;© = ©®; for some Hilbert space W, inner

function © € Hg?w)(ID)) and shift Mg on Hf;v(D), i=1,...,n.
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Remarks

Uniqueness

Let S be an invariant subspace for (M, My, ..., M,,) on HZ (D). Then
S = OH,(D) and

Kki© = O9; (i=1,...,n),
from the above Theorem. o ~
Now suppose S = @le/—v(]D)) and k;© = ©®; for some Hilbert space W, inner
function © € Hg?w)(ID)) and shift Mg on Hf;v(]]?) i=1,...,n.
Then there exists a unitary operator 7 : VYW — WV such that

O = 6r,

and

foralli=1,...,n.
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Nested invariant subspaces

Theorem (Maji, Aneesh, Sarkar, & Sankar’ 18)

Let £ be a Hilbert space, and let S; = ©1H3, (D) and S; = ©:H3, (D) be two
invariant subspaces for (M, M, ..., My,) on HZ (D) and W = S 6 z8; for
j=1,2. Let

®;i(w) = Pw,(Is, — wPs,M}) "M, |w,,

foralweD,j=1,2,andi=1,...,n
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Nested invariant subspaces

Theorem (Maji, Aneesh, Sarkar, & Sankar’ 18)

Let £ be a Hilbert space, and let S; = ©1H3, (D) and S; = ©:H3, (D) be two
invariant subspaces for (M, M, ..., My,) on HZ (D) and W = S 6 z8; for
j=1,2. Let

®;i(w) = Pw,(Is, — wPs,M}) "M, |w,,

foralweD,j=1,2,andi=1,...,n
Then §; C &, if and only if there exists an inner multiplier W € Hy),, (D)
such that ©; = ©,V and V&, j = &, ;W forall i =1,...,n.
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Unitarily equivalent invariant subspaces

Definition

Let S and S be invariant subspaces for the (n+ 1)-tuples of multiplication
operators (M, My, , ..., M,,) on HZ (D) and H; (D), respectively. We say that S

and § are~unitarily equivalent, and write S &2 5 if there is a unitary map
U:S — S such that

UMZ|$ = MZ|5U and UMK,-|S = M’QI|S~U’

forall i=1,...,n.
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Unitarily equivalent invariant subspaces

Definition

Let S and S be invariant subspaces for the (n+ 1)-tuples of multiplication
operators (M, My, , ..., M,,) on HZ (D) and H§~ (D), respectively. We say that S

and § are unitarily equivalent, and write & = S, if there is a unitary map
U:S — S such that

UMZ|5:MZ|5U and UMK,-|5:MK,-|‘§U,

foralli=1,...,n.

|dentification
There exists a unitary operator Ug : H3(D"*') — HZ (D) such that

UEM21 — Mz U£7

and

USMz - Mm,- US,

i+1

forall i=1,...,n.
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Intertwining maps

Let F be another Hilbert space, and let X : HZ(D""!) — H%(D"*!) be a bounded
linear operator such that
XM, = M, X, (0.1)

foralli=1,...,n+1. Set
Xn = UrXU;.

Then X, : Hz (D) — H% (D) is bounded and
XoM, = M,X, and  XpM,, = M, X, (0.2)
foralli=1,...,n.

Definition
Any map satisfying (0.2) will be referred to module maps.
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Unitarily equivalent invariant subspaces

Theorem (Maji, Aneesh, Sarkar, & Sankar' 18)

Let S C H% (D) be a closed invariant subspace for (M, M, , ..., M,,) on

HZ (D). Then S = HZ (D) if and only if there exists an isometric module map
X : HZ (D) — HZ (D ) such that

S = X,Hz (D).

Moreover, in this case

dim & < dim F.
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Unitarily equivalent invariant subspaces

Theorem (Maji, Aneesh, Sarkar, & Sankar’ 18)

Let S C H% (D) be a closed invariant subspace for (M, M, , ..., M,,) on
HZ (D). Then S = HZ (D) if and only if there exists an isometric module map
X : HZ (D) — HZ (D ) such that

S = X,Hz (D).

Moreover, in this case
dim & < dim F.

Corollary

Let S C H7, (D) be a closed invariant subspace for (M;, My, ..., M,,) on
H7, (D). Then S = H (ID) if and only if there exists an isometric module map
X : HE (D) — HE (D) such that

8§ = Xa(Hp, (D).

The above corollary was first observed by Agrawal, Clark and Douglas (1986).
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A complete set of unitary invariants

Definition

Let £ and & be Hilbert spaces, and let {W;,...,W,} C Hg‘()g)(]D)) and
{Vy,...,¥,} C ngé)(D)' We say that {W¥y,...,W,} and {V¥q,...,V,} coincide
if there exists a unitary operator 7 : £ — & such that

TV(2) = U(2)r,

forallzeDandi=1,...,n
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A complete set of unitary invariants

Definition

Let £ and & be Hilbert spaces, and let {W;,...,W,} C H 8(5 (D) and
{Vy,...,¥,} C H;‘Eé)(D). We say that {\Ul, ..., V,} and {\Ill, ..., V,} coincide
if there exists a unitary operator 7 : £ — & such that

TV(2) = U(2)r,

forallzeDandi=1,...,n

Theorem (Maji, Aneesh, Sarkar, & Sankar’ 18)

Let £ and £ be Hilbert spaces. Let S C HZ (D) and Sc Hg (D) be invariant
subspaces for (M, M, ..., M,,) on Hz (D) and Hg (D), respectively. Then

n

S =S if and only if {®,...,®,} and {&>1, .. .,52',,} coincide.
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Representations of model isometries

Given a Hilbert space &, characterize (n + 1)-tuples of commuting shifts on
Hilbert spaces that are unitarily equivalent to (M, M, , ..., M,,) on Hz (D).

Amit Maji (IIIT G) Characterization of invariant subspaces in the polydisc



Representations of model isometries

Given a Hilbert space &, characterize (n + 1)-tuples of commuting shifts on
Hilbert spaces that are unitarily equivalent to (M, M, , ..., M,,) on Hz (D).

| A

Answer

Answer to this question is related to (numerical invariant) the rank of an operator
associated with the Szego kernel on D1,

v
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Representations of model isometries

The defect operator corresponding to an m-tuple of commuting contractions
(T1,..., Tm) on a Hilbert space H is defined (see, Guo & Yang (2004)) as

S (T1, oo Tm) = Z (-pMTe . T Tk T
0<[k[<m

)

where k| =k +ko+ ...+ kn, 0< k<1, i=1,...,m.
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Representations of model isometries

The defect operator corresponding to an m-tuple of commuting contractions
(T1,..., Tm) on a Hilbert space H is defined (see, Guo & Yang (2004)) as

SoH T, T) = Z (—)M T Thn ke ek
0<|k|<m

where k| =k +ko+ ...+ kn, 0< k<1, i=1,...,m.

| \

Definition
We say that (T1,..., Tp) is of rank p (p € NU {co}) if

rank [S;H( Ty, ..., Tm)] = p,

and we write

rank (T,..., Tm) = p.
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Representations of model isometries

o Let (V,Vi...,V,) be an (n+ 1)-tuple of doubly commuting shifts on .
Then Sarkar (2014) proved that (V, V4,...,V,) on H and (M,,,..., M, .,)
on H2(D"1) are unitarily equivalent, where

D=ran S;4(V, V4,..., V) = (i\l ker v) M ker V*.
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Representations of model isometries

o Let (V,Vi...,V,) be an (n+ 1)-tuple of doubly commuting shifts on H.
Then Sarkar (2014) proved that (V, V4,...,V,) on H and (M,,,..., M, .,)
on H2(D"1) are unitarily equivalent, where

D=ran S;4(V, V4,..., V) = (,-él ker v) M ker V*.

Theorem (Maji, Aneesh, Sarkar, & Sankar' 18)

Let (V, V4,...,V,) be an (n+ 1)-tuple of doubly commuting shifts on some
Hilbert space H. Let W =H & VH, and let

\U,'(Z): \/I|W (i:]-a"'an)a

for all z € D. Then (V, V4,...,V,) on H, (M,, My,, ..., My,) on HZ,(D), and
(Mz,My,, ..., M,,) on Hz (D) are unitarily equivalent, where & is a Hilbert space
and dim & =rank (V, V4,..., V).
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