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Definitions of quasinormality-bounded case

Quasinormal operators (AA*A = A*AA), which were introduced by
A. Brown (1953), form a class of operators which is properly larger
than that of normal operators (A*A = AA*), and properly smaller
than that of subnormal operators (A has a normal extension)
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Definitions of quasinormality-unbounded case

Kaufman's definition of quasinormality

We say that a closed densely defined operator C in H is
quasinormal if C(C*C) = (C*C)C

J. Stochel, F. H. Szafraniec definition of quasinormality

A closed densely defined operator C in H is quasinormal if and only
if U|C| C |C|U, where C = U|C]| is the polar decomposition of C

e Z. J. Jablonski, I. B. Jung, J. Stochel proved that this
defnitions are equivalent.
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Composition operators in L2-spaces

e (X, A, ) is a o-finite measure space

@ ¢: X — X is an A-measurable transformation, i.e.,
¢ H(A) € Aforevery Ac A

o If the measure j 0 ¢! given by o ¢~ (A) = pu(¢p~1(A)) for
A € A'is absolutely continuos with respect to p (we say that
w is nonsingular), then the operator C, in L2(u1) given by
D(Cy) ={f € L*(n): fop e LP(n)},
C¢f =foq,f€ D(C¢,)
is well-defined

@ We call it a composition operator with symbol ¢
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Weighted shifts on directed trees

@ Let 7 = (V; E) be a directed tree (V and E are the sets of
vertices and edges of T, respectively)

o Let ?(V) be the Hilbert space of square summable complex
functions on V' equipped with the standard inner product

e For u € V, we define e, € ¢2(V) to be the characteristic
function of the one-point set {u}.
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@ For a family A = {\, },cve let us define the operator Sy in
72(V) by

D(Sy\) = {f € P(V) : AMrf € 2(V)}

S\f =Nrf for feD(Sy);

@ where At is define on a function f: V — C

[ Af(par(v)) ifve Ve,
(A7f)(v) = { 0 otherwise.
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Characterization of quasinormal operators

Let C be a closed densely defined operator in 7. Then the
following conditions are equivalent:

e C is quasinormal

e C*"C" = (C*C)" for every n € Z,

@ there exists a (unique) spectral Borel measure E on R, such
that
crnen = fR x"E(dx) for n € {1,2,3}

@ C*"C" = (C*C)" for every n € {2,3}

Pawet Pietrzycki A note on quasinormal operators



@ Is the equality C*"C" = (C*C)" sufficient for quasinormality
of a composition operator C in L2-space?
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Let kK > 2. Then any bounded injective bilateral weighted shift W
that satisfies the equality (W*W)* = (W*)KW¥k is quasinormal.

Pawet Pietrzycki A note on quasinormal operators



Theorem

For every integer n > 2, there exist an injective, non-quasinormal
composition operator C in L2-space over a o-finite measure such
that

(C*C)n — Cc*ncn (C*C)k 7& C*kck
forall k € {2,3,...} \ {n}.
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Special directed tree

Leafless and rootless directed trees with one branching vertex of
valency Ng

Let 7 = (V, E) be a directed tree with

V={-k:keZi }u{(i,j):i,jeN} (1)
and

E={(—k,—k+1): ke N}U{(0,(i1):ieN}  (2)

L{((7,), (1,j +1)) - i, j € N}.

(the symbol "LI" detonates disjoint union of sets).
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Theorem (Z. J .Jablonski, I. B. Jung, J. Stochel)

Let Sy be a weighted shift on a rootless directed tree 7 = (V; E)
with positive weights. Then Sy is unitarily equivalent to a
composition operator C in an L?-space over a o-finite measure
space. Morover, if the directed tree is leafless, then C can be made
injective.
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We say operator A satisfies the condition M if the equality
Ak Ak = (A*A)¥ holds.

Lemma

Let A be a bounded operator in H and p,q € N.
(i) A satisfies Mp, Mg, Mpiq, Mop, Mopiq.
(ii) A satisfies AP*APAT = ATIAP* AP and M.

(iii) A satisfies A*AA9 = ATA*A

Then the implication (/) = (ii) = (iii) holds.
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By (i), we have

A*(p+q)ApA*PAp+q — A*q(A*PAP)zAC’ — A*q(A*A)Q”A"
— A*q(A*2PA2P)Aq — A*2PTap2pt+q (A*A)2P+q

A*P AP A*(Pa) AP+a — (A*A)P(A*A)P“’ — (A*A)2P+q and
AP AP AT ATA*P AP = (A*A)P(A*A)9(A*A)P = (A* A)2P+d
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This equalities yields

H(A*”APJF" _ AqA*pAp)f|]2 —

= (A*PAPTIf AP APTAF) — DRe(A™P APTIf A9A*PAPF)
(ATAPAPF AIA*PAPF)

<A*(p+q APA*PAPTAF ) — 2Re(A*P AP A*IA*P APTAf f)
(AP APA*T AT AP APE ) =

((A* )2p+qf f) — 2Re<A*PApA*(p+q)Ap+qf, f)
(A*PAP(A I AT) A*P AP f) =

((A* )2p+qf f) — 2Re((A*A)P(A*A)PTIf f)
((ATA)P(A"A)I(A"A)PE, ) = 0

_l’_

_l’_

_l’_

_l’_
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Theorem

Let A be a bounded operator in H and k € N. Then the following
conditions are equivalent:

(i) Ais quasinormal.

(i) A satisfies My, M1, Mok, Mok1.
(iii) A satisfies Mo, My, Myt1, Myqo.
(iv) A satisfies My, Moy, M3y.
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(iii)=(ii) By Lemma applied to p =1 and g = k, we have
(A*A) Ak = AK(A*A)
This equation and conditions My and M1 implies that
A#2k+s pg2kts _ pxk pskets pkets gk Mics AFK(A*A)KTs Ak
— Ak AK(A* Ak M (A* A)2k+s
for s =0, 1.

Hence operator A satisfies conditions M, M1, Moy,
Mok41. This completes the proof.
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(iv)=-(ii) We have the following equalities for s = 2,3
(AR)S(AKYS = A*sk sk Mk (A*A) My (A*k Ak
By this is equivalent to
(AR)*S(AKYS = (A*k Ak

This equalities implies that operator A¥ is quasinormal, hence
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(A*kAk)Ak — Ak(A*kAk)
This fact combined with condition M gives
(A*A)kAk = Ak(A*A)k (3)

which is equivalent to

(A*A)AK = AK(A*A)
This and conditions M and My, implies that

A*sk+1Ask+1 — A*sk(A*A)Ask — A*skAsk(A*A)
Aék (A*A)sk(A*A) — (A*A)sk—l—l

fors=1,2.
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Lemma

Assume that M, N, T € B(#), M and N are positive, and
TM* = N*T (4)

Then TM = NT
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An application of Berberian's trick concerning 2 x 2 operator
matrices gives the following equation which is equivalent to
equation (4)

0o 0][M 01 [mM 010 o

T 0 o N| |0 N T 0
The Spectral Theorem shows that if T € B(H), T > 0 and
STk = TkS, then ST = TS hence

7ol =10 N7 o]

The last equality is equivalent to TM = NT. This completes the
proof.
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Let A be a bounded operator in ‘H and k € N. Then the following
conditions are equivalent:

(i) operators A and A* satisfies conditions My and M1
(i) Ais normal.
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It is clear that

Ak(A*kAk) — (AkA*k)Ak
We use now, the condition M and obtain the equality
AN(ATA) = (AAT)KAK, (5)

which is equivalent to

AK(A*A) = (AA")AK, (6)

The same reasoning gives us

ARTL(A*A) = (AAT) AR (7)
An induction argument shows that for every natural number j the
equality holds

(AATY AR = ARFL(A*AY
In particular for j = k we have
(AA*)FARTL = AKTL(A* A



Using algebraic manipulations the last equation and conditions M
and M1 for operator A we obtain
||(A>s<kAk+1 _ AA*kAk)f-H2 —
= (AKAKTLE, AKARTLE) — OR(AKARTLE, AATKAKF)
+ (AAK AR AATKAKF)
= (AT (AR AR ARTLYE ) — 2R(ATH AR A" ATK ARTLE f)
+ (AFARATAAKARE F) =
<A* k+1)(Ak+1A*kAk)f f> §R<A*kAkA*(k+l)Ak+l f, f>
(A*kAk(A* )A*kAkf, f> —
= ((A*A)THAA)KF, F) — 2R((A*A)K(A* AT f)
(A" A)S(A*A)(A*A)“F, f) = 0

_|_

+
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Hence,
A*kAk+1 — AA*kAk

Using condition My and Lemma, we have
A*A% = AA*A

we see that A is quasinormal. The same reasoning gives us that
also A* is quasinormal
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