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Basic definitions

@ A linear map ¢ : A — B between C*-algebras is said to be

o positive if p(a*a) > 0 for all a € A,;
o completely positive (CP) if o) : My (A) — My(B) is positive for all

k € N.
@(k)({au]):

o completely bounded (CB) if |||, := supy ||¢®|| < oo.

w(aij) }
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Basic definitions

@ A linear map ¢ : A — B between C*-algebras is said to be

o positive if p(a*a) > 0 for all a € A,;
o completely positive (CP) if o) : My (A) — My(B) is positive for all

keN.
Som({a”, ]) _

o completely bounded (CB) if ||¢||., := supy an(’“)H < 00.

plaij) }

@ Suppose F is a complex vector space which is also a right .A-module.
FE is said to be a Hilbert A-module if there exists A-valued
inner-product (-, -) such that E is complete with respect to the norm

1
x| = {z, 2)||>, v € E.
e B?(FE) denotes the space of bounded adjointable linear maps on FE.
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Motivation

@ Stinespring's representation theorem for CP-maps (1955):

T A— B(/C) unital x-homomorphism
o: A= B(H)~ (Ve B(H,K)
such that p(a) = V*r(a)V.
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Motivation

@ Stinespring's representation theorem for CP-maps (1955):

T A— 'B(IC) unital x-homomorphism
o: A= B(H)~ (Ve B(H,K)
such that p(a) = V*r(a)V.

@ We search for a similar representation theorem for CB-maps.
o ldea:

e In Stinespring’s representation theorem one requires *-homomorphisms
to represent CP-maps.

e For similar representation of CB-maps we need to consider
homomorphisms which are not necessarily x-preserving.
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Symmetric homomorphism

We consider homomorphisms which preserves * up to a “symmetry”.
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Symmetric homomorphism

We consider homomorphisms which preserves * up to a “symmetry”.

Definition: An element J in a unital C*-algebra B satisfying
J=J"=J!is called a symmetry. A homomorphism 7 : A — B is said
to be a

@ J-homomorphism if J7(a)*J = 7(a*) for all a € A.

@ symmetric homomorphism if 7 is a J-homomorphism for some
symmetry J € B.

@ x-homomorphisms = symmetric homomorphisms.

o Converse is not true.
7:C — B(C?) given by a — {g

J:ﬁ(ﬂ.

SIS

} is a J-homomorphism where
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Symmetric homomorphism

@ The following proposition answers the uniquness of symmetry J in a
symmetric homomorphism.
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Symmetric homomorphism

@ The following proposition answers the uniquness of symmetry J in a

symmetric homomorphism.
Proposition: Suppose 7 : A — B is a symmetric homomorphism. If there

exist symmetries .J, J' € B such that 7 is both J- and .J’-homomorphism,
then there exists a unitary U € 7(A)" C B such that J = UJU and

J = JuU.

@ Not all homomorphisms are symmetric.
7 : My(C) — M3(C) given by 7(a) = sas™!, where s = B ﬂ

@ But we can always associate a symmetry to a homomorphism.
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Symmetric homomorphism

@ The following proposition answers the uniquness of symmetry J in a
symmetric homomorphism.

Proposition: Suppose 7 : A — B is a symmetric homomorphism. If there
exist symmetries .J, J' € B such that 7 is both J- and .J’-homomorphism,
then there exists a unitary U € 7(A)" C B such that J = UJU and

J = JuU.

@ Not all homomorphisms are symmetric.
7 : My(C) — M3(C) given by 7(a) = sas™!, where s = B ﬂ

@ But we can always associate a symmetry to a homomorphism.

Proposition: Suppose 7 : A — B is a homomorphism. Then there exists a
symmetry J € B such that 7(a)* = J7(a)J for all a € A satisfying
T(a)*7(1) = 7(1)*7(a) and 7(a)7(1)* = 7(1)7(a)*.
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Regular homomorphisms

Definition: A map 7 : A — B is said to be regular if
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Regular homomorphisms

Definition: A map 7 : A — B is said to be regular if
T(u)*r(u) = 7(1)*7(1) and 7(u)7(u)* = 7(1)7(1)* for all unitary u € A. J

@ x-homomorphism = regular. Converse is not true.

7: A— My(A) given by 7(a) = [Z 8].

@ Unital regular homomorphism = x-homomorphism.

Theorem: Every regular homomorphism 7 : A — B is a symmetric
homomorphism. J

o Let v € B(H) be a non-scalar unitary. Define 7: B(H) — B(H & H)
by 7(a) = [g \/3(”‘;_ )|,
Then 7 is a J-homomorphism with symmetry

J = %L/%i \/13”] € B(H & H). But not 7 is not regular.
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Regular homomorphisms

Definition: A map 7 : A — B is said to be regular if
T(u)*r(u) = 7(1)*7(1) and 7(u)7(u)* = 7(1)7(1)* for all unitary u € A. J

@ x-homomorphism = regular. Converse is not true.

7: A— My(A) given by 7(a) = [Z g].

@ Unital regular homomorphism = x-homomorphism.

Theorem: Every regular homomorphism 7 : A — B is a symmetric
homomorphism. J

o Let v € B(H) be a non-scalar unitary. Define 7: B(H) — B(H & H)
by 7(a) = [8 \/3(”‘2_ ‘w)}
Then 7 is a J-homomorphism with symmetry
J = %L/%i \/13”] € B(H & H). But not 7 is not regular.

@ x-homo C regular homo C symmetric homo.
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Regular homomorphisms

A, B - unital C*-algebras
FE - Hilbert B-module
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Regular homomorphisms

A, B - unital C*-algebras
FE - Hilbert B-module

Definition: A linear map 7 : A — B?%(E) is said to be x-nondegenerate if

E =span{7(a1)z1,7(a2)*xze : 2; € E, a; € A,i =1,2}.

A sx-homomorphism 7 : A — B?(E) is *-nondegenerate iff it is unital.

Theorem: Suppose 7 : A — B*(FE) is a *-nondegenerate, regular

homomorphism. Then there exists a unique unital x-homomorphism
v : A — B*FE) such that

for all a € A. Consequently 7 is completely bounded with ||7||, = ||7(1)]].
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Normal regular homomorphism

Theorem:

K+ Hilbert space,

7 B(H) —romel |, BK) ~ T € B(K;) idempotent operator,
regular homo. V HRQK, = K isometry

such that 7(a) = V(a ® T)V*.
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Normal regular homomorphism

Theorem:

K+ Hilbert space,
7:B(H M) B(K) —~ T e "B(ICT) idempotent operator,
regular homo. V. H® ]CT — K isometry
such that 7(a) = V(a ® T)V*.

If 7 is x-nondegenerate, then V is a unitary and (K, 7T, V) is unique up to
unitary equivalence.

v
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Normal regular homomorphism

Theorem:

IC; Hilbert space,
o B T B(KC) ~ T € B(K;) idempotent operator,
regular homo. V:H® ]CT S K isometry
such that 7(a) = V(a ® T)V*.

If 7 is x-nondegenerate, then V is a unitary and (K, 7T, V) is unique up to
unitary equivalence.

@ We can have a similar structure theorem for regular homomorphisms
7:BYE) — BYF) if Eis a "“full” Hilbert C*-module and 7 is
continuous w.r.t the “strict” toplology.
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Regular representation of CB-maps

Theorem:

T:A— B(/C) *-nondegenerate regular homomorphism
b AR BH) ~ W e B(H,K)
such that ¢(a) = W*r(a)W.
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e If 9 is completely contractive (i.e., ||¢||, < 1), then we can choose
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Regular representation of CB-maps

Theorem:

T:A— B(/C) *-nondegenerate regular homomorphism
b AR BH) ~ W e B(H,K)
such that ¢(a) = W*r(a)W.

e If 9 is completely contractive (i.e., ||¢||, < 1), then we can choose
W to be an isometry. But 7 need not be x-nondegenerate.

@ In previous theorem, given any ¢ € (1,00) we can choose 7 and W
such that 7 satisfies

7(a)T(b)*1(c) = tr(ab*c) VYV a,b,ce A (1)
and [l < VE[IW]*.
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Ternary homomorphisms

Definition: Let ¢ € R. A homomorphism 7 : A — B satisfying (1) is called
t-ternary homomorphism. J
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Ternary homomorphisms

Definition: Let ¢ € R. A homomorphism 7 : A — B satisfying (1) is called
t-ternary homomorphism. J

o If 7 is a t-ternary homomorphism, then ¢ > 1. If t =1, then 7 is a
*-homomorphism.

@ t-ternary homomorphisms are regular. But converse is not true.
Theorem:

FE1 C E closed, complemented, 3-submodule
it 7: A— B*FE1) unital *-homomorphism
P s A, gog) U0 i Gl
homo Vi,V € 'B(El,E) isometries WIthV2 Vi = WIEI
such that 7(a) = VtVim(a)Vy.
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Other known representations of CB-maps

@ Fundamental theorem for CB-maps:

T A— B(K) unital *-homomorphism
¥ A BH) ~ { Vi, Vs € B(H, K)
such that ¢(a) = Vi*r(a)Va.
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Other known representations of CB-maps

@ Fundamental theorem for CB-maps:

T A— B(K) unital *-homomorphism
¥ A BH) ~ { Vi, Vs € B(H, K)
such that ¢(a) = Vi*r(a)Va.

o Commutant representation for CB-maps:

m: A— B(K) unital x-homomorphism
p: A= B(H)~ (VeBH,K), Ten(A) CB(K)
such that ¥ (a) = V*rr(a)TV.

@ Regular representation:

Y(a) = Wir(a)W = W*d(a)r(1)W
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Representations of CB-maps: One from another

@ We saw that any regular representation also gives fundamental
representation for CB-maps and commutant representation for
CB-maps.
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Representations of CB-maps: One from another

@ We saw that any regular representation also gives fundamental
representation for CB-maps and commutant representation for
CB-maps.

@ Suppose (K, m,T,V) is a commutant representation of a CB-map
p: A— B(H). Set K=K @& K. Define 7: A — B(K) by

v
7(a) = WE)CL) (21 _Ol)ﬂ(a)] and set W = [‘éﬁ € B(H,K).
V2

Then 7 is a regular homomorphism and W is an isometry such that
() =Wrr()W

@ These relationships between various representations show the richness
of the subject.

@ For a given C'B-map we may choose the representation of our liking.
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