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CAREFUL! Monoids of semigroups and (sub)(super)PS are
opposite!



» Implications

» Sub not into super = no dilation. (Example!)

» B4(E) = A has to do with one of the (stronger and not
necessarily achievable) minimality conditions: E = Ap ~
B3(E) = span° ApA. (¢ =pepA=E.)

» We will try to embed subPS into PS. ([BS00] in the
one-parameter case

» We choose S for the semigroups because:

> convenient as we work more in PS;

» Ore S™'S = G, necessary for certain constructive results. To
make p increasing, the semigroup indexing T should be
anti-Ore.

> In the end, no problems in the abelian case, like R9,N9.

» Also: Arveson-Stinespring (Daniel’s talk) are contravariant with
the subPS and, thus, anti-Ore.

> In the sequel:

» Explain (repetition) the preceding slide.

» Go into the construction of product systems (for
CP-semigroups and not) in the multi-parameter cases.

» Use this to solve discrete 2-parameter and procude a 1000
C.-ex.s.
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Paschke [Pas73]: CP-map T;: 8 —» B~ &; 3 & such that
Tt = (&, &), &t = span BEB.

We compute Ty o Ts = (&, (Es, 88s5)ét) = (§s © &, 085 O &4).
If (T:) semigroup over S°P(!), then T; o Tg = Tgt, SO

Est > EsO&;

defines B-B-linear isometry ws;: 5t — €5 O &4
So,

» O = (&)tes is a subproduct system (over S = (S°%)°) and

» 0= (gt)teS is a unit for €2, generating it as subPS.

Example (Shalit-ms)

The exist B and a semigroup (c,) in B over Ny such that the
GNS-subPS of Ty = ¢} e ¢t does have non-adjointable ws ;.
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» There are weak dilations that are not strong.

» We don’t know if there is a CP-semigroup that admits a weak
dilation but no strong.
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A CP-semigroup T is if T:(1) =1, that s, iff (&, &) = 1.
(A, 6, p) is a dilation of a Markov semigroup iff p is

(6:(p) = p), and therefore strong.

Many construction are performed for Markov semigroups/unital
units and, then, generalized via the following unitalization.

Recall A=A+ Cl1=CoA = (;) with the central projection
q: = 1-1.

For R: A — Adefine R on A by R(a+ A1) = R(a) + 1.
For p € A put p := p + g. Note that pAp = pAp.

Theorem (Shalit-ms)

(A, 6, p) is a strong dilation (of T) iff
(A, 6,p) is a (strong) dilation (of T).

Henceforth, we restrict our attention to strong dilation and mainly
to the unital case. (Exception: Next slide.)
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For Xs, y; in (super)PS write Xsy; := Vst(Xs © ).
» Suppose S is Ore=cancellative+V¥r,s3r’,s’: r'r = s’s.
» PS E®+unit unital £ ~» inductive system E; — &gE;.

» ~ indlim E and v;: E© E; — E such that ¢ := v;(e ©id;) v
defines an Ep—semigroup.

» &= ¢ € E; c Eis unit vector and p := &££* a projection.
Theorem (Shalit-ms)
(E, 9, f) dilates Tt = (.ft, 051).

Suppose S is such that J; := {t = (tp,...,t1): neN, t,...ty = t} is
directed by refinement.

Theorem (Shalit-ms)

If £° is a subPS with unit £°, then the E; = limindiey, E;, © ... 0 E,
form a product system containing £° as a subPsubS (and the unit).
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PS over N¢ and over R
Suppose we have PS E® = (E;,) overS’,i=1,...,d.

.....

S :=S"x...x S by defining a product

(ELo...0E%) 0 (E,0...0EY)
— (ELOE})0...0(ES, 0 EY)

1 d
— ES1t1 @...@Esdtd?

For Hilbert spaces: Yes, with the flip.
For modules? In general, no. (E © F and F ©® E need not even be
isomorphic.)
However, if we have E® over S, then:
> Foreach i, the E}, := E(y__oi0..0) form a PS over §', the

.....

» All these can be reconstructed from the “flips” (j < i, only)
VisiVy gt EL O E, — E,0E,



The case NJ



The case N§
(PS E® over Np) = (E®n)n€N0



The case N§

(PS E° over Np) = (EG”)neNO ~» try to define PS on

) = E{M 0. 0 E™

.....

by self-inverse isomorphisms Jj;: E;© E; —» E;0 E; (j < ).



The case N§

(PS E° over Np) = (EQ”)HGNO ~» try to define PS on

) =E"0...0E)™

by self-inverse isomorphisms Jj;: E;© E; —» E;0 E; (j < ).
Theorem (Shalit-ms)

The following conditions are equivalent:



The case NJ

(PS E° over Np) = (EQ”)HGNO ~» try to define PS on

) = E{M 0. 0 E™

by self-inverse isomorphisms Jj;: E;© E; —» E;0 E; (j < ).
Theorem (Shalit-ms)

The following conditions are equivalent:
1. The above family admits a PS structure fulfilling

Vej,o Ve, = i forj <.



The case NJ

(PS E° over Np) = (EQ”)HGNO ~» try to define PS on

) = E{M 0. 0 E™

by self-inverse isomorphisms Jj;: E;© E; —» E;0 E; (j < ).
Theorem (Shalit-ms)

The following conditions are equivalent:

1. The above family admits a PS structure fulfilling
Vej,o Ve, = i forj <.
2. The Jj; fulfill

(idx 0F}i)(Fk,i0id;)(id; 0Fk ;) = (Fk,j©id;)(idj OFk ;) (F}i@idk)

fork <j <.



The case NJ

(PS E° over Np) = (EQ”)HGNO ~» try to define PS on

) = E{M 0. 0 E™

by self-inverse isomorphisms Jj;: E;© E; —» E;0 E; (j < ).
Theorem (Shalit-ms)

The following conditions are equivalent:

1. The above family admits a PS structure fulfilling

Vej,o Ve, = i forj <.

2. The 3, fulfill
(idx 0F}i)(Fk,i0id;)(id; 0Fk ;) = (Fk,j©id;)(idj OFk ;) (F}i@idk)

fork <j <.
Unique;



The case NJ

(PS E° over Np) = (EQ”)HGNO ~» try to define PS on

) =E"0...0E)™

by self-inverse isomorphisms Jj;: E;© E; —» E;0 E; (j < ).
Theorem (Shalit-ms)

The following conditions are equivalent:

1. The above family admits a PS structure fulfilling

Vej,o Ve, = i forj <.

2. The 3, fulfill
(idx 0F}i)(Fk,i0id;)(id; 0Fk ;) = (Fk,j©id;)(idj OFk ;) (F}i@idk)

fork <j <.
Unique; every PS over Ng arises that way.



The case NJ

(PS E° over Np) = (EQ”)HGNO ~» try to define PS on

) =E"0...0E)™

by self-inverse isomorphisms Jj;: E;© E; —» E;0 E; (j < ).
Theorem (Shalit-ms)

The following conditions are equivalent:
1. The above family admits a PS structure fulfilling

Vej,o Ve, = i forj <.

2. The 3, fulfill
(idx 0F}i)(Fk,i0id;)(id; 0Fk ;) = (Fk,j©id;)(idj OFk ;) (F}i@idk)

fork <j <.
Unique; every PS over Ng arises that way.

What is remarkable?



The case NJ

(PS E° over Np) = (EQ”)HGNO ~» try to define PS on

) = E{M 0. 0 E™

by self-inverse isomorphisms Jj;: E;© E; —» E;0 E; (j < ).
Theorem (Shalit-ms)

The following conditions are equivalent:
1. The above family admits a PS structure fulfilling
Vejei Ve, = Fji forj < i.

%
€j,¢j

2. The 3, fulfill
(idx 0F}i)(Fk,i0id;)(id; 0Fk ;) = (Fk,j©id;)(idj OFk ;) (F}i@idk)

fork <j <.
Unique; every PS over Ng arises that way.

What is remarkable? Conditions empty.for d = 2!
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About the proof
To show:
» Well-definedness of

(E™o...0E;™ o (E{"0...0 EJ™)

®(m1 +nq ) o

— Ej gO(ma+nq)

.OEy
by means of next-neighbour-transpositions.
» Associativity of

(E20...0EY)0(EY™0...0 E2™) 0 (EP" 0...0 ES™)

E@(f1+m1+n1) o E;D(fd—&-md—i-nd)‘

) ©

Both is established by using the J;; to define a representation of
Spon (Ey@...® E4)®" containing all the preceding tensor
products with n factors E; as subspaces and by the observation
that the permutation doing the right thing to these subspaces is
unique and it it does not matter in which order we obtain it from
transpositions.
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Dilations of CP-semigroups over N3

Corollary
Suppose we have ¢&; € E; fulfilling Fi(& © &) = & @ &i. Then the the

Theorem (Schalit-ms)

Every CP-semigroup over Ng in a vN-algbra allows a strong
dilation. If it is Markov then it can be chosen E,.

Proof: If non-Markov, first unitalize.
We manage to define E > &1,& and 3: E® E — E © E such that

F(20&1) = &1 08. O

An THIS leads to a whole bunch of ....
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Counter examples

» The superPS &€ generated by the GNS-subPS € is not a
product system.
» The dilation is not in that 8 and shifts 9;(8B)
do not generate E out of &.
» If Bis a factor, then the PS generated by £° is E®: There is
no proper PsubS of E® containing £°.
» The dilation is incompressible.
> This puts an end to our hope we might for all £© 5 €S 5 &°
(that’s what we get if there exits any strong dilation) a PS in

between. 5
(We may however hope to make € bigger.)
» The dilation is not minimal:

BA(E) # W (U dhe(B)) = As.

» The minimalized version on A, is not of the form (E’, ¥, ¢’).
That is, it is not



. YAt d
About the case R{: Exponentiating PS over N§

(Apart from our general results about products of d.)
» The basic example of a PS over R, is the

M(F) := wBa P A.L2([0,1)", F°")
neN

where A, is the indicator function of {t, > ... > t; > 0}.

Theorem (Shalit-ms)

© d i i on
Let F* be PS Ng with marginals (FI. )neNo. Then

1) =Ty (F1)©...0 T (Fy)

.....

inherits the structure of a PS over Ri. Moreover, units lift to
(exponential) units.



Thank you!
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