SPECTRAL ANALYSIS OF SEMIBOUNDED
OPERATORS BY TRUNCATION

M.N.N. Namboodiri
Cochin University of Science and Technology,
Cochin, Kerala

International Conference on Operator Theory and Operator Algebra
Indian Statistical Institute, Bangalore

21 December 2016



The scheme of presentation

@ Introduction

@ Preliminary Results

@ Szego-type Theorem For Unbounded Selfadjoint Operators
@ Arveson’s Query

@ Truncation method for semibounded operators.

OTOA 2016 - M.N.N. Namboodiri SPECTRAL ANALYSIS OF SEMIBOUNDED 21 December 2016 2/53



Introduction

Abstract

In this lecture the infinite dimentional numerical linear algebraic
method of William .B.Arveson is extended to semibounded,
unbounded operators on complex separable Hilbert spaces.The
idea is to apply the truncation method for bounded self- adjoint
operators to a suitableAa self-adjoint resolvent of the
operator.Sufficient conditions are obtained for minimising
computational difficulties that arise from inversion.An answer to
‘Arveson’s query’ regarding distinguishability of transient points
which are not in the spectrum is also given in one of the sections..
The techniques donot involve pseudospectral analysis via
Hausdorff metric. This lecture reports a joint work with Prof.Kalyan
B.Sinha,J.N. Centre for Advanced Scientific Research, Bangalore ,
India

*This work is supported by UGC,India
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Introduction

We start with the defenition of a semibounded operator.
Definition
A positive defenite linear operator T in H with dense domain D(T) is

called semibounded, if there exists A = 0 such that
< Tx,x >> A< x, x > for all x in D(T)
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Introduction

Definition

A point X in R is called essential if for every neighbourhood U of \,we

have lim,_,. Nn(U) = co and transient if there exists a neighbourhood
U of A such that lim,_,~ Ny(U) < co.The set of all essential points will
be denoted by A and the set of transient poits will be denoted by A;.
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Introduction

Definition

A point A in R is called essential if for every neighbourhood U of A,we

have lim,_,. Nn(U) = co and transient if there exists a neighbourhood
U of A such that lim,_,~ Ny(U) < co.The set of all essential points will
be denoted by A and the set of transient poits will be denoted by A;.

As remarked in [6],0ne can easily see that X in R is nonessentail iff
there is an open neighbourhood Uof A and an infinite subsequence
{nk} such that Nj,, (U) < M < oo forevery k=1, 2, 3, ...,. The
following theorem is analogous to Theorem 2.3[6].
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Introduction

Definition

A point A in R is called essential if for every neighbourhood U of A,we

have lim,_,. Nn(U) = co and transient if there exists a neighbourhood
U of A such that lim,_,~ Nn(U) < co.The set of all essential points will
be denoted by A and the set of transient poits will be denoted by A;.

As remarked in [6],0ne can easily see that X in R is nonessentail iff
there is an open neighbourhood Uof A and an infinite subsequence
{nk} such that Nj,, (U) < M < oo forevery k=1, 2, 3, ...,. The
following theorem is analogous to Theorem 2.3[6].

Theorem

Assume that the sequence Ay As As.., arises from the operator A as
before satisfy the additional condition that limp_... Anx = A(x) for all x
in the domain D(A) of A.Then we have o(A) C A and o¢(A) C Ae(A)
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Szego-type Theorem For Unbounded Selfadjoint Operators

In [7] Arveson proves Szego-type theorem for bounded selfadjoint
operators on seperable Hilbert spaces. It is well known that
Szego-type results are very useful for localisation of spectrum.In this
section similar results are proved for selfadjoint operators which are
not necessarily bounded.
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Szego-type Theorem For Unbounded Selfadjoint Operators

In [7] Arveson proves Szego-type theorem for bounded selfadjoint
operators on seperable Hilbert spaces. It is well known that
Szego-type results are very useful for localisation of spectrum.In this
section similar results are proved for selfadjoint operators which are
not necessarily bounded.

Definition

Let A be a selfadjoint opearator on a seperable Hilbert space #.Then a
sequence { P} of orthogonal projections on # is said to be adapted to
A if it converges strongly to the identity operator /, increasing, is of
finite rank for each nand Pp(#) C Domain(.A) for each n.
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Szego-type Theorem For Unbounded Selfadjoint Operators

Now we define degree of an operator as in [7], but slightly different,as
follows.

Definition
Let A be a densely defined operator on a seperable Hilbertspace H
and {P,} be a sequence of projections adapted to it. Then the degree

ofNA is defined as
deg(A) = sup rank(Pn(A)(I — Pn);n=1,2,3,...,)
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Szego-type Theorem For Unbounded Selfadjoint Operators

Now we define degree of an operator as in [7], but slightly different,as
follows.

Definition
Let A be a densely defined operator on a seperable Hilbertspace H
and {P,} be a sequence of projections adapted to it. Then the degree

ofNA is defined as
deg(A) = sup rank(Pn(A)(I — Pn);n=1,2,3,...,)

Definition
A selfadjoint operator A adapted to (P,) as in the above
defenition.Then A is said to be quasibounded with respect to (Pp) if

q(A) = sup||[A, Pn]Pnl| : n=1,2,3,... <0 (1)
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Szego-type Theorem For Unbounded Selfadjoint Operators

Through this section the operatorA is assumed to be quasibounded
with quasibound g(A). Now we list a few properties of the above notion
in what follows.

(1) Recall that for Arveson degree of A i,denoted by degA is ,

degA = suprank([Pn,Al,n=1,2,3....) (2)

. Itis easy to see that ,by orthogonality of ranges, degA is twice
deg(A) when A is selfadjoint.
(2) If Ais symmetric,then

deg(A) < deg(A*) (3)
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Szego-type Theorem For Unbounded Selfadjoint Operators

(8) If {P,} is adapted to A and B then
deg(A+ B) < deg(A) + deg(B) (4)
For all nonzero scalars A
deg(\A) = deg(A) (5)
(5) If B is bounded then
deg(BA) < deg(A) + deg(B) (6)

Now we prove the main theorem of this section.
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Szego-type Theorem For Unbounded Selfadjoint Operators

Theorem

Let P, be adapted to a selfadjoint operator A and A be the
Von-Neumann algebra affiliated to itthat admits a unique tracial state .
For each Borel set A\ in R,let E4(A) denote the associated spectral
projection.

na(2) =T(En) (7)

where I'(.) denote the unique tracial state on A.Thenl is a probability
measure on R.
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Szego-type Theorem For Unbounded Selfadjoint Operators

Theorem

For each positive integer n ,let A, =Py,APn/Hn,where Hpy=rangeP,. Let
{1, A2, A3, ...., \n} be the eigenvalues of An,repeated according to
multiplicity. Then for each f in CL(R),

1
) - /Rf(A)dM (8)

as n — oo,where d, denotes the dimention of H,, for each n. In
addition we have

! T % exp(i)j) — / exp(itA)dy (9)
dn 1= R

as n— oo
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Szego-type Theorem For Unbounded Selfadjoint Operators

For every T in A let

1

—t(Po(T)). (10)
n

where {;(.) denotes the usual trace.Now,by Duhamel’s
formula,p.161,5.1,[10]

Ma(T) =

n(exp(itA) — T ph(exp(itPn(A)Py)
= dlt,[(exp(itA)Pn — exp(itPrAPy)]

C:,t,/t(exp(i(t — 8)A))(APn) — (PhAP;)(exp(isPnAPp))ds

< [HITA, PolPnlrank([A, PalPr)
dn
- 2ltlq(A)deg(A)
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Szego-type Theorem For Unbounded Selfadjoint Operators

By Banach-Alaglou theorem,{I';(.)} has limit points and are all tracial
states on A. But by assumption,l’(.) is the only tracial state on A.

Finally ,let,f belong to L'(R). Now let, f(A) = 1=

Now we have

~
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Fa(F(A)) — Ta(F(PaAP,))
L

LI(F(AYPn — F(PaAPY))]
_ 2ltlg(A)deg(A)

dn
—0 as n— oo.
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Szego-type Theorem For Unbounded Selfadjoint Operators

Remark

The above theorem shows that the Szego limit property holds for a
large class of functions f by which one can localise spectrum of A.
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Remark

The above theorem shows that the Szego limit property holds for a
large class of functions f by which one can localise spectrum of A.

Unbounded pseudodifferential operators. I

The above theorem shows that for large values of n,

rof(PaAP) = [ T(t)dua oA #P]

—0o0

b a

It is worth observing that the Szego-type formula becomes more useful
when it is given in the remainder estimate form as given above.
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Laptev- Safarov Szego- type Theorem

The following theorem due A. Laptev and Y. Safarov deals with (given
an operator)problem of identifying an appropriate family family of
orthogonal projections with respect to which the Szego distribution
formula of eigenvalues holds.In fact the abstract theorem is applied to
concrete cases such as pseudo differential operators on suitable
manifolds.

Theorem

[14] Let B be the multiplication operator by a real function b in C2™(R")
in Lo(R") and let e W (R").If4(0) = 0,then

T.Pyi(Py\BPy )Py = / w(b(x))e(x, x, \)ax + O\ 57)

= (27)” ”)\"/2’"/ 1d§/w ))dx + O(\'zm )
aom<
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Szego-type Theorem For Unbounded Selfadjoint Operators

If we restrict A to natural numbers one gets the usual statements.lt is
also possible to define filtrations with continuous parameter instead of
integers!
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Szego-type Theorem For Unbounded Selfadjoint Operators

Szego-Hansen,[3]

In [2] Hansen obtains a generalisation of Arveson’s Szego-type
theorem to a certain class of nonselfadjoint operators using Brown
measures in the setting finite Von Neumann algebras with unique

tracial states.
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Haar System

t is to be noted that Szego,s theorem can fail if the filtrations arise from
a 'wild orthonormal basis’ uch as Haar system in L,[01]. [17].Let ¢, be

be the Haar system in L,[01] which is ordered Lexicographically.To be
more precise each ¢, is give as follows;
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Szego-type Theorem For Unbounded Selfadjoint Operators

dn(x)=—=2M2 jf (r+1/2)/2Mm < x < (r+1)/2m
=2m/2 jf r/2Mm < x < (r+1/2)/27m
=0, otherwise

wheren=2"+r 0<r<2" m>0
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Szego-type Theorem For Unbounded Selfadjoint Operators

Propostion 3,page 148, [17]

Let T4, be the multiplication operator on L>[0, 1] with ¢4 as multiplier.
Then the asymptotic Szego type formula is not satisfied when the
trigonometric basis is replaced by the lexicographically ordered Haar

basis.
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Concluding remarks

\'

ictor Guillimen observed that the projections used in the classical
theorem of Szego, are spectral projections of a second order
differential operator.Following this idea,Laptev and Saffarov obtained
Szego-type theorem for more general case using spectral projections
of pseudo differential operators.Moreover the remainder estimate of
this assymptotic formula is also obtained,which is very importand.
In the other situations the proofs by and large relie heavily on
Tauburian theorems to ensure existance of limits.Following
W.Arveson’s method we start with aribitray ,increasing sequence
sequece of orthogonal projections that converges strongly to the
identity operator.Then prove Szego-type results under the assumtion
that the affiliated algebra has unique tracial state.

The problem remains to be investigated is to find conditions under
which the affiliated algebra has unige traicial state !.
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Szego-type Theorem For Unbounded Selfadjoint Operators

Proof.

T~ being a uniform limit of band limitted operators in DA(H), we may
assume that T~ is band limitted and then the general case follows by
continuity. For A € DL(H) P,AP; is identified with the matrix of P,AP,
restricted to H,, throughout the proof.

Let T = (tj) and T~! = (sj). Let N be a positive integer such that

Sij = 0 for |i — j| > N.

Now

(PaTPR) ™" = Pa T Pyl < I(PaTPa) | ||Pn— PnTPn PaT1P,]).

Here ||(P,TP,)~ || is bounded uniformly.
We show that ||P, — P, TP, P,T~'Pp|| = 0as n — 0.
Now

1tz - t1n-‘

by to - bp
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Arveson’s Query

W. Arveson studied the role of C*-algebras in infinite dimensional
numerical linear algebra wrote a series of articles articles[6, 7, 8]and
dealt with determination of essential spectrum of bounded self adjoint
operators on separable Hilbert spaces, using the method of truncation.
He concludes his investigation by applying the theory to descretised
Hamiltonion.
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Arveson’s Query

W. Arveson studied the role of C*-algebras in infinite dimensional
numerical linear algebra wrote a series of articles articles[6, 7, 8]and
dealt with determination of essential spectrum of bounded self adjoint
operators on separable Hilbert spaces, using the method of truncation.
He concludes his investigation by applying the theory to descretised
Hamiltonion.

This section is based on an attempt to answer a query of Arveson
during the general formulation his program. The following is a brief
summary of the genesis of the problem.

Forany T € B(H), T self-adjoint, o(T) C A
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Arveson’s Query
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Query

How to distinguish between transient points which belong to o(T) and
transient which do not belong to o(T). J
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Query

How to distinguish between transient points which belong to o(T) and
transient which do not belong to o(T).

An answer to the query is as follows Let T € B(H), be self adjoint.

m = infim o(T)

M = supo(T)
v = infim o¢(T) and
p=supoe(T).

Let X € Ay(T).
Case 1. )\ ¢ [v, pu].Let

o(T)N[m,v] = {A; <)y --- < A\g} and
o(T) N[, M = {A] > A - > )
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Arveson’s Query

Then it is known that [?]

A, fS=o000r1<k<S
v, fS<ocoand k > S+ 1.
)\}, fR=cor1<k<R
u, ifR<occand K >R+ 1.

n”—>moo )\n+1 fk( Tn) = {

Jim 7 = {

Hence A & o(T) N {[m,v] U [u, M]} iff. and

lim lim &, \(A«(Tn)) = 0 for all k

e—0 n—oo

lim lim &, \(Apt1-k(Tn)) = 0 for all k

e—0 Nn—oo
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Arveson’s Query

Note that in both the cases ,the *-convergence to 0 is
exponential,which helps numerical verification computationally
feasible.
where

_ (x=2)?
e 2e
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Arveson’s Query

Note that in both the cases ,the *-convergence to 0 is
exponential,which helps numerical verification computationally
feasible.

where

Case 2. Let ) € (v, ). This is more difficult to handle. In this case,
[\ — €, A+ €] is a spectral gap in o¢(T) for some € > 0.
Observe that A € o(T) iff

[PeA(T)II = Per(N).

OTOA 2016 - M.N.N. Namboodiri SPECTRAL ANALYSIS OF SEMIBOUNDED 21 December 2016 26 /53



Arveson’s Query

Now
limsup [|®ex(Th)l| = [|®eA(T)])-

Let A(Mea(T,) N[\ — €, A + €] be the closest to .
Hence limp_,o0 @ A(AM) = &\ (V).
Now & \(A™) = [|[&A(Th)]|-

Therefore [P A(Th)l| — [[Pen(V)]]

Thus A € o(T) if [P A(T)[| < e a(A)
iff. there exists N large enough so that

[P A(Th)l| < Pe(N), foralln > N.
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Arveson’s Query

Remark

It would be interesting to observe that one can consider ®. \(T — \/)?
so that the gap arround ) is opened.As a consequence,\ belongs to
the resolvent p(T) iff 0 belongs to p(®. \(T — A)?).Observe that ,in this

case,0 is below gg(® A (T)).
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Truncation method for semibounded operators

H

ere truncation method for computing eigen values of semibounded
operators is carried out by using known method for the bounded
resolvent of it. However,care is taken to avoid actoual computation of
resolvent by demanding certain feasible conditions for the original
operator.
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Arveson’s Query

For a separable complex Hilbert space H, DL(H) will denote the class
of all densely defined closed linear operators in H, SB(H) will denote
the class of all semibounded linear operators in H and B(H) will
denote the class of all bounded linear operators on H. Let

{eq, e, €3,...} be an orthonormal basis in H. Throughout this paper it
is assumed that all operators T will contain the above bases in its
domain. For T in DL(H), o(T) and oess1) Will denote the spectrum
and essential spectrum respectively. Also for each positive integer k,
Sk(T) will denote the kth singular value of T. Let K(H) denote the
class of all compact operators on H. For T € B(H) let

1T |less = infimum {||T — K|| : K € k(H)}.

The following remarkable theorem is due to I. Goghberg, S. Goldberg
and M. A. Kaashoek [11].
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Arveson’s Query

Theorem

For T € B(H) let |T| = (T*T)"/2. Then o(| T|)\[0, || T||ess] is atmost
countable and || T||ess is the only possible accumulation point, and all
points of the set are eigen values of finite algebraic multiplicity of | T|.
Let

AT = 2(IT)) = - .. (12)

be the eigen values in non increasing order (multiplicities taken into
account) and let N € {0,1,2,...} U {co} be the number of terms in
(12). Then

M(IT) fN=ooor1<k<N,
[Tlless fN<ooandk >N+ 1.

Sk(T):{
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Arveson’s Query

An attempt to get a semi bounded version of the above theorem was
done in [?]. We recall this result and provide the proof so as to correct
a misprint that went unnoticed.

Let T € SB(H) be such that T and T, are invertible on H and H,
respectively. Also assume that

7.1 — T~ strongly (as n — ).

Then
lim  1im Sk(Pa(PmTPm)Pn) = Sk(T™")

n—oo Mm—oo

for each k.
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Arveson’s Query

Proof.

Since T € SB(H), T~' € B(H) and is self adjoint.
Since (PmTPy,)~1 — T strongly,

lim Pp(PmTPm)~'Py=P,T~'P, (uniformly)

m—o0

for each n. Here

lim Sk(Pn(PmTPm)~'Pn) = Sk(Pn T~ Py),

m—o0

for each k and for each n. Here

lim lim Sk(Pn(PmT)Pm)~'Py) = Sk(T~") for each k.

n—o0 Mm—o0
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Remark

The drawback of the above result is the lack of computational feasibility
that arises due to inversion followed by truncation of matrices of
growing order. This reveals the significance of the Problem mentioned
in the abstract namely when is it true that

Jim_ Sk((PaTP,)™ ") = Sk(T~') foreach k (13)
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Arveson’s Query

It is known that (13) is not true in general, even for bounded operators.
See for instance example 1.12, p.34 [?]. How ever we present a
modified version of it in what follows.
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Arveson’s Query

Let A = {\,} be a sequence of positive real numbers that
decrease to zero and let T be the block diagonal operator on /2 whose
nth block is given as

€+ An 0
An:
5 E‘i’)\n

where ¢ > 0 and 6 > 0 to be chosen later. It is clear that
o(An) ={e+ A\n+0,e+ Ay — &} for each n. Also, if € # 6.

1 1

E+ A+ e+ Ay —
1 1

€+/\n+5’€+>\n—5

o(Ay") = { -} and

}

o(T~") = closure U3 {
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Arveson’s Query

Now choose § > 0 such that e + Ay < [e — § + Ap| for all n.
Let Ty denotes the corner Nth truncation of T. Then it can be seen
that Ty is invertible for each N and

1 1
T—1 — N_ h Ni
o(Ty") U"_1{6+)\n+5’e+>\n—5}’ when N is even,
1 1 1
_ N1 .
=U, {e+>\n+5’6+>\n—5’e+>\/\/}’ when N is odd.
Now
1
—1\ _ =1 _
Si(Ty') =Ty H——€+>\n_5 N even
1
= — N )
€+/\N’ odd
where as
T =1

€
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Arveson’s Query

Sk(T™1) = 12 for all k and

1
T Y=——— N
Infactonecanseethat Sk(Ty ') o odd Hence
1
=—————  Neven.
|6 + AN—k — (5‘

limn_,o0 Sk(Ty ') does not exist for any k.

OTOA 2016 - M.N.N. Namboodiri SPECTRAL ANALYSIS OF SEMIBOUNDED



Arveson’s Query

In this section we assume that T € SB(H), T is invertible, P,TP,’s are
invertible and (P,TP,)~" — T~ strongly as n — oc. First of all the
notion of assymptotic diagonality is defined.

defi T € B(H) is assymptotically band limitted diagonal w.r.t the bases
chosen, if [T] = (f;) the matrix of T w.r.t the bases is band limitted and

tmn — 0 uniformly as m, n — oo. defi
m=#£n
T is called assymptotically diagonal, if T is a uniform limit of

assymptotically band limitted diagonal operators.

AD(H) and D(H) will denote the class of all assymptotically diagonal
and diagonal operators in B(H). The following theorem gives a better
picture of the class AD(H).
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AD(H) = D(H) + K(H), where K(H) denote the class of all compact
operators on H. In particular AD(H) is a C*-algebra with identity and
AD(H)/K(H) is «-isomorphic to /°°/Cy, where Cy is the set of all
sequences of scalars converging to 0.

Proof.
Clearly D(H) + K(H) is a e*-subalgebra of B(H). Let
T € D(H)+ K(H). Then T = Ty + Tx where Ty € D(H) and
Tk € K(H).
Now T4 + P, Tk Py is band limitted, assymptotically diagonal for each
n. Also
HTd + Tk — (Td i PnTKPn)H — 0)

asn— 0. Here Ty+ Tx = T € DA(H).

Now let T € DA(H) and [T] = (), matrix of T w.r.t the concerned
bases chosen.

Put

Td = (dlj)>
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Arveson’s Query

Remark

(1) Itis to be remarked that fairly large class of semibounded operators
have there inverses in DA(H). However many important class of
operators like Toeplitz operators and certain Hankel operators are not
of this class.

(2) Example.

The condition that |t ; | — 0 uniformly is not sufficient for the operator

I#]
T where matrix [T] = (#;) to be in DA(H). The following Hilbert matrix

[?] is an example for that.

OTOA 2016 - M.N.N. Namboodiri SPECTRAL ANALYSIS OF SEMIBOUNDED 21 December 2016 41/53
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Hilbert matrix

_1 1 l —
2

PR

2 3 4

1 1 1

3 4 5
H(a) = | .

LI .

n+1 n+2
- - V.
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Arveson’s Query

It is known that H(a) is not compact . But its diagonal part,

is a compact operator. Hence its non-diagonal part can not be
compact. Therefore H(a) is not in DA(H).
It is not clear whether

lim Si(PaH(2)Pn)~" = Sk(H(a)™")

n—oo

where H(a) = 81+ H(a), 3 > ||H(a)| for each k. Observe that
H(a) ¢ DA(H).
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Arveson’s Query

Theorem

Let T € SB(H) be such that T-' € DA(H), P, TP, are invertible on H,
for each n and

(P,TP,)~" — T~ strongly as n — .

sup [(Tee)| < oo then
#
ij=1,...

lim Sk((PaTP,)~ 1) = Sk(T~') for each n.
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Proof

Proof.

T~ being a uniform limit of band limitted operators in DA(H), we may
assume that T~ is band limitted and then the general case follows by
continuity. For A € DL(H) P,AP; is identified with the matrix of P,AP,
restricted to H,, throughout the proof.

Let T = (tj) and T-! = (sj). Let N be a positive integer such that

Sij = 0 for |i — j| > N.

Now

1(PaTPR) ™' = Po T Pyl < I(PaTPa) Y| ||Pn— PaTPn PaT1P,]).

Here ||(P,TP,)~ || is bounded uniformly.
We show that ||P, — P, TP, P,T~'Pp|| = 0as n — 0.
O
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Arveson’s Query

Proof.
Now _ -
ty tH2 -+ Hp
by bo -+ by
P, TP, = |31 f2 -+ l3n
_tm1 fm2 - tm,n—_
DJ
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Arveson’s Query

Proof.
where s;j = 0 for |i — j| > N. Here t;; = 0 for |i — j| > N.
Put

Qn = PrSPn PSPy = (qy).

Fori #j,i,j < nwe have

qij = Z tim Sm.j-

|i—m|<N
lj—mI<N
m=1,2,...

Nowletn=N-+k, k> 1. Thus g; =00f 1 </,j < k. If
i=k+randj=k+s,r>s

gij = (—1) Z ti,m Sm,j-
k+N<m<N-+k+s

Here 1 <r,s < N. O
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Arveson’s Query

Proof.
Similarly when i = j

Qi,j:1 If1§l§k

=1- Z tim Sm,-

Kk+N<m<N+k+s

Herei=j=k+s,s>1.
Hence
Bro— Fp il BT By = =y

where rj = 0,1 < i,j < k.

Therefore each R, has atmos non-zero entries for each n,
which tends to zero uniformly as n — oc. Hence ||Rs|| — 0 as n — .
But

im Sk(PnT~1Pp) = Sk(T~1) for each n.

N—1)N
{ (-1)

lim Sk((PaTP,)~") = Sk(T~ 1) foreach k > 1. O
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