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@ D: unit disc in C.
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0<r<1JT



Introduction
e0
Notation

Notation

(]
(]
(]
("]

D: unit disc in C.

T = OD: unit circle in C.

H(D): class of all holomorphic functions on D.

HP(D): Hardy spaces on D. Freely identified with HP(T).

Fe (D) L i, = swp [ AP do(0) < o
0<r<1JT

o AP

[

(D): Bergman space on D.
e D) L |1y o = [ IFR)P dAu(z) <
“ D

where @ > —1 and dA,(z) = c(1 — |z|?)*dA(z2).
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Composition Operator

Composition Operator

For ¢ : Q — Q holomorphic self-map, composition operator is defined by

Cof =foq.

Examples of Q: D,B,, D", C", strongly pseudoconvex domain.
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For a smooth function g, we have
o g(a+h)—g(a)=0(h).
o g(a+h)—2g(a) —g(a—h)=O0(h).
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For a smooth function g, we have

o g(a+h) —g(a) = O(h).

o g(a+h) —2g(a) —g(a—h) = O(h).
Let

Tj=Cp — Cpy sothat Tyf(z):= f(pi(2)) — f(vj(2)),
and
Tf(z) := T1af (2) — Tasf(2) = f(p1(2)) — 2f(p2(2)) + f(p3(2))-

In view of this, can T behavior better than Ty ?
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Question

For a smooth function g, we have

o g(a+h) —g(a) = O(h).

o g(a+h) —2g(a) —g(a—h) = O(h).
Let

Tj=Cp — Cpy sothat Tyf(z):= f(pi(2)) — f(vj(2)),
and
Tf(z) := T1af (2) — Tasf(2) = f(p1(2)) — 2f(p2(2)) + f(p3(2))-

In view of this, can T behavior better than Ty ?

Double Difference Cancelation?

Can (C,, — Cp,) — (C,, — Cy,) be compact while both (C,, — C,,) and
(Cp, — Cy,) are not compact?
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More generally,

Double Difference Cancelation?

Suppose (C901 - C«Pz) » (C<P3 - C<P4) y (C% - C<P3) and (Ctpz - CLP4)
are all not compact.

Can T :=(Cp, — Cp,) = (G = C) = (G — Cy) — (Cop, — Ci)
be compact?
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Theorem 1

e Three sum

K-Wang (2015)
Let 0 < p < co and o > —1. Let a; € C\ {0} and assume C,, is not
compact on A2(D) for each i = 1,2,3. Let T := Y a;C,,.
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Theorem 1

K-Wang (2015)
Let 0 < p < co and o > —1. Let a; € C\ {0} and assume C,, is not
compact on A2(D) for each i = 1,2,3. Let T := Y a;C,,.

If T compact on AP (D), then one of the following holds:
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Theorem 1

K-Wang (2015)
Let 0 < p < co and o > —1. Let a; € C\ {0} and assume C,, is not
compact on A2(D) for each i = 1,2,3. Let T := Y a;C,,.

If T compact on AP (D), then one of the following holds:

o T = ai(Cw - CLPJ - CLPk)'

where (i, j, k) is some permutation of (1,2, 3).
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Theorem 1

K-Wang (2015)
Let 0 < p < co and o > —1. Let a; € C\ {0} and assume C,, is not
compact on A2(D) for each i = 1,2,3. Let T := Y a;C,,.

If T compact on AP (D), then one of the following holds:

o T = ai(Cw - CLPJ - CLPk)'

where (i, j, k) is some permutation of (1,2, 3).

o T =a1(Cyp, — Cp,) + a3(Cypy — Co, ).
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Theorem 2

e Double difference
K-Wang (2015)

Let 0 < p <oo, &> —1. Let a,b e C\ {0} and a+ b # 0.
Assume C,, is not compact on AP (D) for each i =1,2,3.
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e Double difference
K-Wang (2015)

Let 0 < p <oo, &> —1. Let a,b e C\ {0} and a+ b # 0.
Assume C,, is not compact on AP (D) for each i =1,2,3.

T :=a(C,, — Cp,) + b(Cy, — Cp,) is compact on AP (D)
—
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Theorem 2

e Double difference

K-Wang (2015)
Let 0 < p <oo, &> —1. Let a,b e C\ {0} and a+ b # 0.
Assume C,, is not compact on AP (D) for each i =1,2,3.

T :=a(C,, — Cp,) + b(Cy, — Cp,) is compact on AP (D)
—
both C,, — C,, and C,, — C,, are compact on A% (D).
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Notation

Let
T:=To—Tau="Ts—Tu, T;j=C)—C,.
We also put
a—»>b
Pi(2) = Poe,(2) = p(0i(2), ¢i(2), plab) = | ——
and
1—|z| 1—|z|
My(2) = M 1 (2) = s(2).
’ o 1—[pi(z)]  1—lp(2)]] ™"

Finally, we put

M = My + M3, and M= Miz + Moy,
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Results for AP, (D)

Theorem 3

e General double difference

Choe-K-Wang (2017)
T := Typ — T34 is compact on AP (D) if and only if
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Results for AP, (D)

Theorem 3

e General double difference

Choe-K-Wang (2017)
T := Typ — T34 is compact on AP (D) if and only if

lim M(z)M(z) = 0.

|z]—1
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Hardy space case

Questions for HP(D)

e Component problems
Shapiro-Sundberg (1990)

o If C, — Cy is compact, then do they belong to the same component?

o Is there non-compact C, which belongs to the component
containing compact operators?
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e Component
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There are C, and C; which belong to the same component, but
C, — Cy is compact
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Known results for H?(D)

Moorhouse-Toews (2001), Bourdon(2003)
There are C, and C; which belong to the same component, but
C, — Cy is compact

e Component
Gallardo-Gutierrez, Gonzalez, Nieminen-Saksman (2008)
e HP(D): There is a non-compact C, which belongs to the
component containing compact operators.
e AP(D): The set of compact operators is a component.

o AP(D): If the difference is compact, then they belong to the same
component.

A
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Hardy space case

Known results for H?(D)

e Component

Moorhouse-Toews (2001), Bourdon(2003)
There are C, and C; which belong to the same component, but
C, — Cy is compact

e Component

Gallardo-Gutierrez, Gonzalez, Nieminen-Saksman (2008)
e HP(D): There is a non-compact C, which belongs to the
component containing compact operators.
e AP(D): The set of compact operators is a component.

o AP(D): If the difference is compact, then they belong to the same
component.

| A

e Component

Nieminen-Saksman (2004)
C, — Cy is compact on HP(D) for some p > 1, then for all p > 1.
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@ Characterize components.
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@ Characterize components.

o Characterize the component containing compact operators.

@ Characterize the compact difference, the joint Carleson measure.
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Questions for HP(D)

e Component problems for H?(D)

@ Characterize components.
o Characterize the component containing compact operators.
@ Characterize the compact difference, the joint Carleson measure.

@ Characterize the double difference compact operators.
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Boundedness On Unit Disk

Weighted Bergman spaces

For p >0 and o > —1, the weighted Bergman space AP (D) is the set of
analytic functions f with

1117 ::/le(Z)\pdAa(Z)y dAa(2) = (1 — |2*)*dA(2).
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Boundedness On Unit Disk

Weighted Bergman spaces

For p >0 and o > —1, the weighted Bergman space AP (D) is the set of
analytic functions f with

1117 ::/le(Z)\pdAa(Z)y dAa(2) = (1 — |2*)*dA(2).

e Boundedness on weighted Bergman spaces

By Littlewood’s Subordination Principle.

C,: AP — AP

A\
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e Littlewood's Subordination Principle

If g subharmonic and ¢ analytic with ©(0) = 0, then

27 27
/ g0 p(re®)do < / g(re®)do.
0 0
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e Littlewood's Subordination Principle

If g subharmonic and ¢ analytic with ©(0) = 0, then

27 27
/ g0 p(re®)do < / g(re®)do.
0 0

Proof) Let G = P(g), the Poisson integral of g.
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Subordination Principle

e Littlewood's Subordination Principle

If g subharmonic and ¢ analytic with ©(0) = 0, then

2m 2m
/ g0 p(re)do g/ g(re®)do.
0 0
Proof) Let G = P(g), the Poisson integral of g.

2 2
. do . do
i < i0
/o gop(re )—27T = | Gop(re )—27T
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e Littlewood's Subordination Principle

If g subharmonic and ¢ analytic with ©(0) = 0, then

27 27
/ g0 p(re®)do < / g(re®)do.
0 0

Proof) Let G = P(g), the Poisson integral of g.

2 2
. dO . do
i < i0
/o gop(re )—27T = | Gop(re )—27T
= Goyp(0)
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Subordination Principle

e Littlewood's Subordination Principle

If g subharmonic and ¢ analytic with ©(0) = 0, then

27 27
/ g0 p(re®)do < / g(re®)do.
0 0

Proof) Let G = P(g), the Poisson integral of g.

2 2
. dO . do
i < i0
/o gop(re )—27T = | Gop(re )—27T
= Goyp(0)

27
0. do
/ g(re’e)—.
0 27T




Background
oeo

Boundedness

Subordination Principle

e Littlewood's Subordination Principle

If g subharmonic and ¢ analytic with ©(0) = 0, then
27 ) 2T .
/ g0 p(re)do g/ g(re®)do.
0 0

Proof) Let G = P(g), the Poisson integral of g.

2 2
. dO . do
i < i0
/o gop(re )—27T = | Gop(re )—27T
= Goyp(0)

27
0. do
/ g(re’e)—.
0 27T

Let g = |f|P to get the boundedness on AP (D).
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Carleson Measure

o Carleson Measure

For 0 < § < 1, let D(a) := Ds(a) := D(a,0(1 — |a])). Then

1(Ds(a) < (1 —[a)**

/ |FlPdp < / F[PdAq.
D D
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Carleson Measure

o Carleson Measure
For 0 < § < 1, let D(a) := Ds(a) := D(a,0(1 — |a])). Then

1(Ds(a) < (1 —[a)**

/Wwwus/Wﬂ%mw
D D

<) Let f;(2) = (z—5p, then

T-za)"

Asop '(D(a) . (1—la)™ Y
Aa(D(a)) ’“u—wwﬁwmwwwﬂﬂa)
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Boundedness

Carleson Measure

o Carleson Measure
For 0 < § < 1, let D(a) := Ds(a) := D(a,0(1 — |a])). Then

1(Ds(a) < (1 —[a)**

/Wwwus/Wﬂ%mw
D D

<) Let f;(2) = (z—5p, then

T-za)"

Asop '(D(a))  (1—]a|)™ v 7
A.(D(a)) ’“u—wwﬁwmwwwﬂﬂa)
I%]1P

A

— 0 as |a] — 1.
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Liean < [ <Aa(95(z)) /| NG )) di(z)
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Carleson Measure

/ [flPdu <
D

1 , . ]
(i o e anso) s

WP,
/D </{z:w€Dg(z)} d,U(Z)> (1 — |W|)2+a dAa( )

IN
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Carleson Measure

[ipau <
D

1 , . ]
(i o e anso) s

WP,
/D </{z:w€Dg(z)} d,U(Z)> (1 — |W|)2+a dAa( )

S / |f|PdA,.
D

IN
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Carleson Measure

=)

IN

IR
D

1 , . ]

[ (oo y F00)
T

/|; (Az:WEDS(Z)} d'u(Z)> (1 — |W|)2+a dAOL( )

< / I7[PdA.
D

, . pu(D(a))
Com act version: ||m —_—
P a1 Ay (D(a))

IN

=0.
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Carleson Measure

Carleson Measure

Change of Variables

C, compact iff A, o ! is an a-Carleson measure.
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Carleson Measure

Carleson Measure

Change of Variables

C, compact iff A, o ! is an a-Carleson measure.

Proof)

/ |f o @|PdA :/ |flPdA o ot
D D
where Ao p~1(E) := Jo-1(e) 9A.
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Carleson Measure

Compactness

e Compactness on Bergman spaces
MacCluer and Shapiro (1986)
For p >0, o > —1, Co is compact on AP

1-|7|

= lim =y =0 as |z| = 1.
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Carleson Measure

Compactness

e Compactness on Bergman spaces
MacCluer and Shapiro (1986)
For p >0, o > —1, Co is compact on AP

1-|7|

= lim =y =0 as |z| = 1.

Remark: Julia-Caratheodory Theorem

© has finite angular derivative at (.

<= liminf,_¢ 1;|_«:|(Zz|)| < o0.
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Compactness

Compactness

Messiy ]

Let ¢(0) = 0. By Schwartz Lemma, D(0,r) C ¢~*(D(0,r)) and

Ds,(a) C ¢7H(Ds(b)), b= (a).
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Messiy ]

Let ¢(0) = 0. By Schwartz Lemma, D(0,r) C ¢~*(D(0,r)) and

Ds,(a) C ¢7H(Ds(b)), b= (a).

If not, then

=~ (4 |so<a)|>2+“

1—|al
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Compactness

Messiy ]

Let ¢(0) = 0. By Schwartz Lemma, D(0,r) C ¢~*(D(0,r)) and

Ds,(a) C ¢7H(Ds(b)), b= (a).

If not, then

(1= p(a)\ Aa(Ds, (b))
1“( T ) <
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Compactness

Compactness

Messiy ]

Let ¢(0) = 0. By Schwartz Lemma, D(0,r) C ¢~*(D(0,r)) and

Ds,(a) C ¢7H(Ds(b)), b= (a).

If not, then

(1 e@IV L Al(Ds (b))
1“( T—a] ) (04()
_ Awoo }(Di(b)
S T AD)



Compactness

Compactness

Let ¢(0) = 0. By Schwartz Lemma, D(0,r) C ¢~*(D(0,r)) and

D51(a) C (p_l(D(;(b)),

If not, then

24«
o (Ll
1—a ~

IN

b= ¢(a).

A (Ds, (b))

A.(Ds(a))

Aa 050 ~1(Ds(b))
Aa(Ds(a))

Aa o 91 (Ds(b))
Aa(Ds(b))
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Compactness

COmpactness

(e )

Aq 09~} (D(a))

— |z a—pf
) /1(D< ))((ll)ﬁ(l—lw(Z)l)a‘ﬁdAB(z)

1—[e(2)))*
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Compactness

(e )

A 097 (D(2))

1—|z))o= 8 o
[Pl(D(a)) (]_(MZD))M(]‘ - |90(Z)|) 'BdAB(Z)

(1~ [a)*""Ag 0571 (D(a))

IN
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Compactness

(e )

Aa 0 p7(D(a))
— |z a—p
) /ww(a)) (1(1|sdz|)))‘”’(1 ~le(2))* " dAs(2)
e(1—1a])*PAg 0 ™ 1(D(a))
e(1—al)*~"As(D(a))

NN
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COmpactness

(e )

Aa 0 971 (D(a))
— |z a—pf
) / 1(D(a ))(1(1|gdz|)))045(1_|90(2)|)a_'3dA5(z)
€(1—[a)* " As 0 o7(D(a)
e(1—a])*~? As(D(a))
Aa(D(a))

QAN IN
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Compact Difference

Compact Difference:Joint Carleson measure

e Joint Carleson Measure(Saukko(2011), K-Wang(2014))

C, — Cy compact on AP, iff 11 is an a-Carleson where

E) = PdA,, ;)P dA,
wE = [ etewrdts [ o)

where
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Compact Difference

Compact Difference:Joint Carleson measure

Messi ]

Suppose 4 (( (;k);) >c >0, and let
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Compact Difference

Compact Difference:Joint Carleson measure

Messi ]

Suppose A*;((DD(("";B) > c >0, and let

1

fo= (1—za)"

Take test functions fi := f,, and gk = fp,:

by := ak(1 — N(1 — |ak|)).
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Compact Difference

Compact Difference:Joint Carleson measure

L —.—..I

Submeanvalue property:

if(a) = (D))" < |b—al SUEIf’(Z)I"

D
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Compact Difference

Compact Difference:Joint Carleson measure

L —.—..I

Submeanvalue property:

if(a) = (D))" < |b—al SUEIf’(Z)I"

[a

, b)P
(1 p(‘lga)|))2+°‘ /05(3) (W)l dAa(w)

s

A



Background
[e]e] lele]e]

Compact Difference

Compact Difference:Joint Carleson measure

L —.—..I

Submeanvalue property:

f(a) = f(b)I” < [b—al” sup|f'(2)|”
[a.b]

, b)P
(1 p(‘lga)|))2+°‘ /05(3) (W)l dAa(w)

Forz¢ E={z:p<e€}let a=yp(z)and b=1)(z), then

A

N ORI e -
(€= P S O G [, P A
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Compact Difference

Compact Difference:Joint Carleson measure

(Siigeney ]

Thus,

I(C, = Cu)fIP

< / I GIENAGIEES
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Compact Difference

Compact Difference:Joint Carleson measure

(Siigeney ]

Thus,

I(C, = Cu)fIP

< / I GIENAGIEES

Sl [ N
* /E<(l—|<p(z)|)2+a D5(Lp(2))|f( )‘ dAa( )) dAa()
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Compact Difference

Compact Difference:Characterization

e Moorhouse(2005)

Cy, — C,, is compact on AP iff

lim _ plipa(a), eal=)) L _ g,

lipi(2)| -1 1 —[p(2)]
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Compact Difference

Compact Difference:Characterization

e Moorhouse(2005)

Cy, — C,, is compact on AP iff

lim _ plipa(a), eal=)) L _ g,

lioj(2)| =1 1 —[p(2)]

Adjoint action on kernels(Moorhouse for p = 2.)
Test function f,(Choe-K-Park(2014)).
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Compact Difference

Compact Difference:Characterization

(Sigaey ]

Joint-Carleson measure criteria. Let p(z) = p(¢1(2), v2(2)).
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Compact Difference

Compact Difference:Characterization

(Sigaey ]

Joint-Carleson measure criteria. Let p(z) = p(¢1(2), v2(2)).

[ plerdane)
@7 1(D(a))

J

— z)P 1—7|Z| o’ — iz a—p z
- /so,-‘l(D(a)) [p() (1—|<pj(2)|) 1(1 o2} a4 2)
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Compact Difference

Compact Difference:Characterization

(Sigaey ]

Joint-Carleson measure criteria. Let p(z) = p(¢1(2), v2(2)).

[ plerdane)
71 (D(2))

= z)P 1—|z] o —lo(2))> 8 >
- /_1([,( 2) [p( : (1—|¢J(Z)I) ](1 i) dAe(2)
S el=1aD)*™" As o0 (D(a)
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Compact Difference

Compact Difference:Characterization

(Sigaey ]

Joint-Carleson measure criteria. Let p(z) = p(¢1(2), v2(2)).

[ plerdane)
71 (D(2))

_ e (212 N e P
- /‘l(D(a» [p() (1—|¢J(Z)I) ](1 i) dAe(2)

e(1—[a)*™" Ag o9 (D(a))
cAa(D(a))
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Consequences of Theorem 3

Recall
Let
T:=Ti—Tau=Ts3— Ty
We also put
Pii(2) = Ppip,(2) = p(0i(2), 9i(2))
and
1—|z| 1—|z|
Mi(z) = My, . (z) == pii(2).
12 = Moo = [T 0@+ T Tea] ) )
Finally, we put

M = M]_2 + M34 and M = M13 + M24.
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[ Jele]e]

Consequences of Theorem 3

Recall
Let
T:=Tip—Tss=Tiz— Ty
We also put
0ii(2) = peie;(2) = p(pi(2), 9i(2))
and
1—|z| 1—|z] }
Mi(z) = My, . (z) == pii(2).
) = M (@) = | T2+ 1y | o
Finally, we put

M = M]_2 + M34 and M = M13 + M24.

T is compact on A?(D) <= lim;_,1 M(z)M(z) = 0.
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Consequences of Theorem 3

P1 = P4

If o1 = @4, then we get

T := T12 — T34 = 2C<p1 — Ctp2 — C<p

3

And B
M = Mo + Msy = M := M3 + Mpy.
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And B
M = Mo + Msy = M := M3 + Mpy.

Thus, the following are equivalent.(K-Wang(2015))
@ T is compact
o lim;o1(M2(2) + Mi3(2)) =0
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3

And B
M = Mo + Msy = M := M3 + Mpy.

Thus, the following are equivalent.(K-Wang(2015))
@ T is compact
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Consequences of Theorem 3

P1 = P4
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If o1 = @2, then we get
T := T12 — T34 = T43.
And

M= My + Mz = Mg, M := M3+ Moy = M3 + My,

Thus, the following are equivalent.(Moorhouse(2005))
e T is compact
o lim; 1 May(2)(Mi3(z) + Mia(2)) = 0
o lim; 1 Msy(2) =0
@ T34 compact.
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P1 = P4

If o1 = @2, then we get
T := T12 — T34 = T43.
And

M= My + Mz = Mg, M := M3+ Moy = M3 + My,

Thus, the following are equivalent.(Moorhouse(2005))
e T is compact
o lim; 1 May(2)(Mi3(z) + Mia(2)) = 0
o lim; 1 Msy(2) =0
@ T34 compact.



Proof of Theorem
[e]ele] ]
Consequences of Theorem 3

ws =0

If ¢4 =0, then we get

Ti= Tio = Tae = Gy = Cou = G pia = 0(51(2): 0) = Ii(2)]
And
1 e

- 15 +1—|2|| |gj(2)| = —— = —(1—|2z])[1—|¢;(2)]

Hale) = T~ ()
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Consequences of Theorem 3
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If o4 =0, then we get
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Thus, the following are equivalent.(Moorhouse(2005))
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And
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Thus, the following are equivalent.(Moorhouse(2005))
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Consequences of Theorem 3

w4 =0

If o4 =0, then we get
Ti=To—Tu= C% - C<P2 - C¢3,Pj4 = p(goj(z),O) = |ij(2)|.
And

1ol (2l = 2~z D (2]

1- 7|

Mia(2) = [1 “Te@l

Thus, the following are equivalent.(Moorhouse(2005))
o C,, — C,, — C,, is compact on AP(D);
. 1— |z ] [ 1—|z|
e lim (M Miz(z) + ———| =0
i [mete) 2y st

e F=FRUF, [FNF=0and lim,_,c Myj(z) =0 for ¢ € Fj.
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Proposition

The following are equivalent.

(1) lim;-1 M(z2)M(z) = 0.

(2) For any ¢ € T and any z, — (, there is z,, such that
lim M(z,)=0 or lim M(z,)=0.

k—o0 k—o0
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Proposition

The following are equivalent.

(1) lim;-1 M(z2)M(z) = 0.

(2) For any ¢ € T and any z, — (, there is z,, such that
lim M(z,)=0 or lim M(z,)=0.

k—o0 k—o0

Proof of (1) = (2)

Note that both M(z) and M(z) are non-negative.
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Proposition

Proof of (2) = (1)
Recall

1- 7| 1- 7|
L—lpi(2)] 1 lpi(z

My(2) = M (2) = |

| it

and
M= My + M3z, and M := My3 + Moy

Thus, both M(z) and M(z) are bounded.
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Proof

Proposition

Proof of (2) = (1)
Recall

1- 7| 1- 7|
L—lpi(2)] 1 lpi(z

My(2) = M (2) = |

| it

and
M= My + M3z, and M := My3 + Moy

Thus, both M(z) and M(z) are bounded.
If not (1), there is a sequence {z,} such that M(z,)M(z,) > &y > 0.
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Proof of Sufficiency

Let _ _
U={z: M(z) <€}, U.={z:M(z)<e}.

Then, by assumption MM — 0, for each CeT

S(¢,6¢) € U. U U

for some J¢(€) > 0, since otherwise M(z5)M(zs) > €2, zs — (.
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Since T is compact, there is (j such that

N
D\(1-r)DC US(Cj,éj), r:=min{d;} > 0.
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Proof of Sufficiency

Let _ _
U={z: M(z) <€}, U.={z:M(z)<e}.

Then, by assumption MM — 0, for each CeT

S(¢,6¢) € U. U U

for some J¢(€) > 0, since otherwise M(z5)M(zs) > €2, zs — (.
Since T is compact, there is (j such that

N
D\(1-r)DC US(Cj,éj), r:=min{d;} > 0.

Jj=1

Next, use standard argument with a sequence {f,} converging weakly to
0 and some weighted Carleson measure argument.
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This implies the following holds:

max{Mlz(z,,), M34(Zn)} Z C/2 and max{M13(z,,), M24(Zn)} Z C/2
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Proof of Necessity

Suppose MM -+ 0. Pick a sequence z, — ( so that
M(z,) > c>0 and M(z,) > c>0.
This implies the following holds:
max{Mi2(z,), Mas(z,)} > ¢/2 and max{Mi3(z,), Mas(z,)} > ¢/2

Then, we have the following four possibilities:
(a) min{Mi2(z,), M13(z,)} > ¢/2;
(b) min{Mi2(z,), Maa(z,)} > ¢/2;
(c) min{Ms4(z,), M13(z,)} > ¢/2;
(d) min{Ms4(z,), M2s(z,)} > c/2.
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Proof

Proof of Necessity

Suppose MM -+ 0. Pick a sequence z, — ( so that
M(z,) > c>0 and M(z,) > c>0.
This implies the following holds:
max{Mi2(z,), Mas(z,)} > ¢/2 and max{Mi3(z,), Mas(z,)} > ¢/2

Then, we have the following four possibilities:

(a) min{Mi2(z,), M13(z,)} > ¢/2;

(b) min{Mi2(z,), Maa(z,)} > ¢/2;

(c) min{Ms4(z,), M13(z,)} > ¢/2;

(d) min{Ms4(z,), M2s(z,)} > c/2.

Divide each cases into sever cases, and then take appropriate test

functions to deduce a contradiction.
Proof of these are long and some parts are delicate.
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