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Introduction

Notations:
M = {(m, n) : m,n — integers such that m > 0, n > 0},
My = {(m, n): m,n— integers such that m+ n > 0}.
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Introduction

Notations:

M = {(m, n) : m,n — integers such that m > 0, n > 0},

My = {(m, n): m,n— integers such that m+ n > 0}.

Question: when a sequence ¥ = {Ym.n}mn>0 C C is a complex
moment sequence? l.e. there exists a Borel measure p on C such
that

Cmn = / z"z"dp(z), m,n>0.
C
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Introduction

Notations:
M = {(m, n) : m,n — integers such that m > 0, n > 0},
My = {(m, n): m,n— integers such that m+ n > 0}.

Question: when a sequence ¥ = {Ym.n}mn>0 C C is a complex
moment sequence? l.e. there exists a Borel measure p on C such
that

Cmn = / z"z"dp(z), m,n>0.
C

An ‘iff" criterion: PDE(7y) is nonempty, where
PDE(vy) = {7: 7 is a positive definite extension of 7 on 91}

i.e. ¥ = {Im.n}m+n=0 C C satisfies 4|y =y and
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Introduction

Notations:
M = {(m, n) : m,n — integers such that m > 0, n > 0},
My = {(m, n): m,n— integers such that m+ n > 0}.

Question: when a sequence ¥ = {Ym.n}mn>0 C C is a complex
moment sequence? l.e. there exists a Borel measure p on C such
that

Cmn = / z"z"dp(z), m,n>0.
C

An ‘iff" criterion: PDE(7y) is nonempty, where
PDE(vy) = {7: 7 is a positive definite extension of 7 on 91}

i.e. ¥ = {Im.n}m+n=0 C C satisfies 4|y =y and

E , Am,nAp,gYm+q,ntp = 0
m+nz0,p+q20

for every finitely supported {Am n}ovy 0 C C.
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y?

The main reason for this to work:
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N, is semiperfect,
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The main reason for this to work:
N, is semiperfect,

i.e. every positive definite complex function on this semigroup can
be represented via Borel measures.
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The main reason for this to work:
N, is semiperfect,

i.e. every positive definite complex function on this semigroup can
be represented via Borel measures. More specifically: if
{Am,n}m+n>0 is positive definite on 91, then there are Borel
measures p1 on C* (without 0) and pp on T (the unit circle) such
that

;}I/mm — / ZmE”dul(Z) —|— 5m+n70 / ZmEnd/,LQ(Z).
C* —— T

the Dirac delta
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The main reason for this to work:
N, is semiperfect,

i.e. every positive definite complex function on this semigroup can
be represented via Borel measures. More specifically: if
{Am,n}m+n>0 is positive definite on 91, then there are Borel
measures p1 on C* (without 0) and pp on T (the unit circle) such
that

;}I/mm = / ZmE”dul(Z) =+ 5m+n70 / ZmEnd/,LQ(Z).
* S—— T
the Dirac delta

The pair (u1, u2) will be called representing for 4.
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Is there any connection between the following two situations?

@ v is a determinate complex moment sequence on 1, i.e. the
representing measure for - is unique,
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Is there any connection between the following two situations?

@ v is a determinate complex moment sequence on 1, i.e. the
representing measure for - is unique,

@ PDE(y) is a singleton, i.e. PDE(y) = {7}.
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Is there any connection between the following two situations?

@ v is a determinate complex moment sequence on 1, i.e. the
representing measure for - is unique,

@ PDE(y) is a singleton, i.e. PDE(y) = {7}.

Remark: if (p1, p2) is representing for 4 € PDE(7y), then the
measure 11 + p2(T)dg is representing for .
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Is there any connection between the following two situations?
@ v is a determinate complex moment sequence on 1, i.e. the
representing measure for - is unique,

@ PDE(y) is a singleton, i.e. PDE(y) = {7}.

Remark: if (p1, p2) is representing for 4 € PDE(7y), then the
measure 11 + p2(T)dg is representing for .

The natural condition appearing when dealing with determinacy of
v: p.d. extension 4 € PDE(«) is called semideterminate if for any
two representing pairs of measures (1, p2) and (u}, i) for 5 we
have
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Is there any connection between the following two situations?

@ v is a determinate complex moment sequence on 1, i.e. the
representing measure for - is unique,

@ PDE(y) is a singleton, i.e. PDE(y) = {7}.

Remark: if (p1, p2) is representing for 4 € PDE(7y), then the
measure 11 + p2(T)dg is representing for .

The natural condition appearing when dealing with determinacy of
v: p.d. extension 4 € PDE(«) is called semideterminate if for any
two representing pairs of measures (1, p2) and (u}, i) for 5 we
have

p1=ph and pp ot = pho ot

where ¢ : T > z+— z2 € T. This happens if v is determinate.

1
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Some answers

The following are equivalent:

©Q ~ is determinate on N,
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Some answers

The following are equivalent:
© ~ is determinate on ‘N,

@ there exists a unique 4 € PDE(y) of Lebesgue type (i.e. uy is
a multiple of the Lebesgue measure on T),
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Some answers

The following are equivalent:

©Q ~ is determinate on N,

@ there exists a unique 4 € PDE(y) of Lebesgue type (i.e. uy is
a multiple of the Lebesgue measure on T),

© there exists a unique 7 € PDE() of 61 type (i.e. uy is a
multiple of the Dirac measure 61 on T)
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Some answers

Theorem

The following are equivalent:

©Q ~ is determinate on N,

@ there exists a unique 4 € PDE(y) of Lebesgue type (i.e. uy is
a multiple of the Lebesgue measure on T),

© there exists a unique 7 € PDE() of 61 type (i.e. uy is a
multiple of the Dirac measure 61 on T)

If v is determinate with the representing measure u such that

1({0}) # 0, then it follows that PDE(7) is of cardinality
continuum.
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Some answers

Theorem

The following are equivalent:
© ~ is determinate on ‘N,

@ there exists a unique 4 € PDE(y) of Lebesgue type (i.e. uy is
a multiple of the Lebesgue measure on T),

© there exists a unique 7 € PDE() of 61 type (i.e. uy is a
multiple of the Dirac measure 61 on T)

If v is determinate with the representing measure u such that
1({0}) # 0, then it follows that PDE(7) is of cardinality

continuum.

Reason: if (1, 12) and (u1, pb) are representing for 4 and
3" € PDE(¥), then (u1,v) with v — a convex combination of sy
and p5 is also representing for some new extension in PDE(7).
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Answers - continued

Determinacy implies uniqueness of p.d. extensions under an
additional condition.
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Answers - continued

Determinacy implies uniqueness of p.d. extensions under an
additional condition.

If v is determinate on N,  is representing for v and p({0}) =0,
then PDE(v) = {7}.
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Answers - continued

Determinacy implies uniqueness of p.d. extensions under an
additional condition.

If v is determinate on N,  is representing for v and p({0}) =0,
then PDE(v) = {7}.

A more refined version:

Theorem
Let v be a sequence defined on . Then the following are
equivalent:

© ~ is a determinate moment sequence with a representing
measure [ satisfying 1({0}) = 0,
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Answers - continued

Determinacy implies uniqueness of p.d. extensions under an
additional condition.

If v is determinate on N,  is representing for v and p({0}) =0,
then PDE(v) = {7}.

A more refined version:

Theorem

Let v be a sequence defined on . Then the following are
equivalent:
© ~ is a determinate moment sequence with a representing
measure [ satisfying 1({0}) = 0,
@ PDE(y) = {4} and 7 is determinate.
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Example

If {sp}52 is an indeterminate Hamburger sequence (i.e. it has
non-unique representing Borel measure on R) and Ym n = Sm+n,
then PDE(~) is of cardinality continuuum.
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If {sp}52 is an indeterminate Hamburger sequence (i.e. it has
non-unique representing Borel measure on R) and Ym n = Sm+n,
then PDE(«) is of cardinality continuuum. This is due to the fact,
that every indeterminate Hamburger moment problem has a
representing measure with atom at 0.
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If {sp}52 is an indeterminate Hamburger sequence (i.e. it has
non-unique representing Borel measure on R) and Ym n = Sm+n,
then PDE(«) is of cardinality continuuum. This is due to the fact,
that every indeterminate Hamburger moment problem has a
representing measure with atom at 0.

Example
If in turn {s,}°2, is a Herglotz moment sequence (i.e. representing

measure is supported on the unit circle T), then ym p = Sm—p is
determinate with representing measure without atom at 0. Thus

PDE(y) = {¥}.
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If {sp}52 is an indeterminate Hamburger sequence (i.e. it has
non-unique representing Borel measure on R) and Ym n = Sm+n,
then PDE(«) is of cardinality continuuum. This is due to the fact,
that every indeterminate Hamburger moment problem has a
representing measure with atom at 0.

Example

If in turn {s,}°2, is a Herglotz moment sequence (i.e. representing
measure is supported on the unit circle T), then ym p = Sm—p is
determinate with representing measure without atom at 0. Thus
PDE(y) = {4}. Reason: a representing measure supported on
compact subset is always determinate, besides 0 ¢ T so there can
be no atom at Q.
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Question revised

The only case left to consider when v on 1 is indeterminate and
none of its representing measures has atom at 0. Then the
question of the cardinality PDE(7) is not settled.
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Question revised

The only case left to consider when v on 1 is indeterminate and
none of its representing measures has atom at 0. Then the
question of the cardinality PDE(7) is not settled.

None of representing measures has atom at 0 — is it possible at all?
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Question revised

The only case left to consider when v on 1 is indeterminate and
none of its representing measures has atom at 0. Then the
question of the cardinality PDE(7) is not settled.

None of representing measures has atom at 0 — is it possible at all?

In case of Hamburger moment sequences - it is not.
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Question revised

The only case left to consider when v on 1 is indeterminate and
none of its representing measures has atom at 0. Then the
question of the cardinality PDE(7) is not settled.

None of representing measures has atom at 0 — is it possible at all?
In case of Hamburger moment sequences - it is not.

It turns out that in the case of complex moment sequence the
answer is in the affirmative.
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Question revised

The only case left to consider when v on 1 is indeterminate and
none of its representing measures has atom at 0. Then the
question of the cardinality PDE(7) is not settled.

None of representing measures has atom at 0 — is it possible at all?
In case of Hamburger moment sequences - it is not.

It turns out that in the case of complex moment sequence the
answer is in the affirmative. You may take line R + i and define
on N via

Ym, N = / z"z"dp(z), m,n =0,
C

with some indeterminate measure supported in R +i. Now apply
the proposition: if there is a representing measure supported in a
real algebraic subset A of C, then all other representing measures
are also supported in A.
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Algebraic sets without 0

Theorem

Let P € C[z, 2] be a polynomial such that Zp = P~1({0}) is the
proper nonempty subset of C. Let 0 ¢ Z, and ~y on 9 be a
sequence with a representing measure supported in Zp.
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Algebraic sets without 0

Theorem

Let P € C[z, 2] be a polynomial such that Zp = P~1({0}) is the
proper nonempty subset of C. Let 0 ¢ Z, and ~y on 9 be a
sequence with a representing measure supported in Zp. Then

© all representing measures of y are supported in Zp,
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Algebraic sets without 0

Theorem

Let P € C[z, 2] be a polynomial such that Zp = P~1({0}) is the
proper nonempty subset of C. Let 0 ¢ Z, and ~y on 9 be a
sequence with a representing measure supported in Zp. Then

© all representing measures of y are supported in Zp,

@ if (1, 12) is representing for some 4 € PDE(~y), then puy =0,
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Algebraic sets without 0

Theorem

Let P € C[z, 2] be a polynomial such that Zp = P~1({0}) is the
proper nonempty subset of C. Let 0 ¢ Z, and ~y on 9 be a
sequence with a representing measure supported in Zp. Then

© all representing measures of y are supported in Zp,
@ if (1, 12) is representing for some 4 € PDE(~y), then puy =0,

© if u and v are representing for vy, then p o w;l =vo ¢;1,
where vp : Zp > z+ 22|z| 2 € T,
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Algebraic sets without 0

Theorem

Let P € C[z, 2] be a polynomial such that Zp = P~1({0}) is the
proper nonempty subset of C. Let 0 ¢ Z, and ~y on 9 be a
sequence with a representing measure supported in Zp. Then

© all representing measures of y are supported in Zp,

@ if (1, 12) is representing for some 4 € PDE(~y), then puy =0,

© if u and v are representing for vy, then p o w;l =vo ¢;1,
where p : Zp D z + Z?|z| 2 € T,

Q if the every Borel subset T of Zp is of the form T = ¢5*(0)
with some Borel o C T, then
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Algebraic sets without 0

Theorem

Let P € C[z, 2] be a polynomial such that Zp = P~1({0}) is the
proper nonempty subset of C. Let 0 ¢ Z, and ~y on 9 be a
sequence with a representing measure supported in Zp. Then

© all representing measures of y are supported in Zp,

@ if (1, 12) is representing for some 4 € PDE(~y), then puy =0,

© if u and v are representing for vy, then p o w;l =vo ¢;1,
where p : Zp D z + Z?|z| 2 € T,

Q if the every Borel subset T of Zp is of the form T = ¢5*(0)
with some Borel o C T, then
o the mapping M(~) 3 p— 4 € PDE(y), where
Hmn = Jo2™2"du(z), m+n >0, is bijective,
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Algebraic sets without 0

Theorem

Let P € C[z, 2] be a polynomial such that Zp = P~1({0}) is the
proper nonempty subset of C. Let 0 ¢ Z, and ~y on 9 be a
sequence with a representing measure supported in Zp. Then

© all representing measures of y are supported in Zp,

@ if (1, 12) is representing for some 4 € PDE(~y), then puy =0,

© if u and v are representing for vy, then p o w;l =vo ¢;1,
where p : Zp D z + Z?|z| 2 € T,

Q if the every Borel subset T of Zp is of the form T = ¢5*(0)
with some Borel o C T, then

o the mapping M(~) 3 p— 4 € PDE(y), where
Hmn = fc z™z"dp(z), m+ n >0, is bijective,
o every ¥ € PDE(v) is determinate,
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Algebraic sets without 0

Theorem

Let P € C[z, 2] be a polynomial such that Zp = P~1({0}) is the
proper nonempty subset of C. Let 0 ¢ Z, and ~y on 9 be a
sequence with a representing measure supported in Zp. Then

© all representing measures of y are supported in Zp,
@ if (1, 12) is representing for some 4 € PDE(~y), then puy =0,

© if u and v are representing for vy, then p o w;l =vo ¢;1,
where vp : Zp > z+ 22|z| 2 € T,

Q if the every Borel subset T of Zp is of the form T = ¢5*(0)
with some Borel o C T, then

o the mapping M(~) 3 p— 4 € PDE(y), where
Fm,n = fc zMz"du(z), m+ n > 0, is bijective,

o every ¥ € PDE(v) is determinate,

o PDE(«) is of cardinality continuum provided ~y is
indeterminate.
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Proof of (3)

Proof of

© if 1 and v are representing for ~, then po 1/;;1 =vo ¢;1,
where ¢¥p : Zp 3 z > 2%|z| 2 € T,
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Proof of (3)

Proof of

© if 1 and v are representing for ~, then po 1/;;1 =vo ¢;1,
where ¢¥p : Zp 3 z > 2%|z| 2 € T,

We know that

/ z"z"du(z) = / z"z"dv(z), m+n>=0.
C C
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Proof of (3)

Proof of

© if 1 and v are representing for ~, then po 1/;;1 =vo ¢;1,
where ¢¥p : Zp 3 z > 2%|z| 2 € T,

We know that
/ z"z"du(z) = / z"z"dv(z), m+n>=0.
C C
Take m > 0 and n = —m, then

22z| 7)™ du(z) = 2212|729 "dy(z m > 0.
/C(H ymdu(2) /C( 2 2)md(z), m >0
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Proof of (3)

Proof of

© if 1 and v are representing for ~, then po 1/;;1 =vo ¢;1,
where ¢¥p : Zp 3 z > 2%|z| 2 € T,

We know that
/ z"z"du(z) = / z"z"dv(z), m+n>=0.
C C
Take m > 0 and n = —m, then
[ @2tz = [ @z )iz, m>o
C C
But 1p(z) = z2|z| 72 so by the measure transport theorem we get

[ wmatuo wphyw) = [ wrawe wpw), m>o.
T

T
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Proof of (3)

Proof of

© if 1 and v are representing for ~, then po 1/;;1 =vo ¢;1,
where ¢¥p : Zp 3 z > 2%|z| 2 € T,

We know that
/ z"z"du(z) = / z"z"dv(z), m+n>=0.
C C
Take m > 0 and n = —m, then
[ @2tz = [ @z )iz, m>o
C C
But 1p(z) = z2|z| 72 so by the measure transport theorem we get

[ wmatuo wphyw) = [ wrawe wpw), m>o.
T

T

Now apply determinacy of Herglotz moment sequences.



Condition (3) once more

A result similar to (3):

If (p1, p2) and (py, pb) are representing for 4 € PDE(7y),
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Condition (3) once more

A result similar to (3):
If (1, p2) and (py, pb) are representing for % € PDE(y),then

prop ™t +ppop Tt = popT + pubo Tt

where
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Condition (3) once more

A result similar to (3):

If (1, p2) and (py, pb) are representing for % € PDE(y),then

prop ™t +ppop Tt = popT + pubo Tt

where

2|Z‘72

Y :C*3z— 2z €T, ¢:T3z—22€T.
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Condition (3) once more

A result similar to (3):

Proposition

If (1, p2) and (py, pb) are representing for % € PDE(y),then

1

=poy Tt ppopTh

podpt+ppop”
where

Yp:C* 3z 2%z[ €T, ¢:T3z—2?€T.

One may substitute a subset of C* in place of C* if we know that
a representing measure is supported in this subset.
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Condition (4)

Recall

Q if the every Borel subset 7 of Zp is of the form 7 = ¢5*(0)
with some Borel 0 C T,
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Condition (4)

Recall

Q if the every Borel subset 7 of Zp is of the form 7 = ¢5*(0)
with some Borel o C T, then we are happy because we know
all about PDE(~).
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Condition (4)

Recall

Q if the every Borel subset 7 of Zp is of the form 7 = ¢5*(0)
with some Borel o C T, then we are happy because we know
all about PDE(~).

Going back to the example of the line R 4+ i we see that every
Borel subset of this line is of the form ¢)5*(c) with some Borel
o CT. Here P(z,z) =z—Zz+2.
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Condition (4)

Recall

Q if the every Borel subset 7 of Zp is of the form 7 = ¢5*(0)
with some Borel o C T, then we are happy because we know
all about PDE(~).

Going back to the example of the line R 4+ i we see that every
Borel subset of this line is of the form ¢)5*(c) with some Borel
o CT. Here P(z,z) =z—Zz+2.

Some other sets satisfy this condition, e.g.
P(x,y) =x* —(y - 1)/,

where | > 2k is odd (this may be written in variables z and z).
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Does uniqueness imply determinacy?

Assume that PDE(v) = {#}. Does it follow that v is determinate?
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Does uniqueness imply determinacy?

Assume that PDE(v) = {#}. Does it follow that v is determinate?
A partial solution:

Theorem

Let P € C[z,Zz| be a polynomial such that & # Zp # C. Let v on
N admit a representing measure supported in Zp.
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Does uniqueness imply determinacy?

Assume that PDE(v) = {#}. Does it follow that v is determinate?
A partial solution:

Theorem

Let P € C[z,Zz| be a polynomial such that & # Zp # C. Let v on
N admit a representing measure supported in Zp. Suppose
condition (4) holds for 1p, i.e. every Borel subset T of Zp is of the
form T = w;l(a) with some Borel o C T.
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Does uniqueness imply determinacy?

Assume that PDE(v) = {#}. Does it follow that v is determinate?
A partial solution:

Theorem

Let P € C[z,Zz| be a polynomial such that & # Zp # C. Let v on
N admit a representing measure supported in Zp. Suppose
condition (4) holds for 1p, i.e. every Borel subset T of Zp is of the
form T = w;l(a) with some Borel o C T. If PDE(v) = {4}, then
v is determinate.
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Does uniqueness imply determinacy?

Assume that PDE(v) = {#}. Does it follow that v is determinate?
A partial solution:

Theorem

Let P € C[z,Zz| be a polynomial such that & # Zp # C. Let v on
N admit a representing measure supported in Zp. Suppose
condition (4) holds for 1p, i.e. every Borel subset T of Zp is of the

form T = w;l(a) with some Borel o C T. If PDE(v) = {4}, then
v is determinate.

(Recall that converse is true if there is no atom at 0.)

Dariusz Cichon Determinacy via positive definite extensions



Does uniqueness imply determinacy?

Assume that PDE(v) = {#}. Does it follow that v is determinate?
A partial solution:

Theorem

Let P € C[z,Zz| be a polynomial such that & # Zp # C. Let v on
N admit a representing measure supported in Zp. Suppose
condition (4) holds for 1p, i.e. every Borel subset T of Zp is of the
form T = w;l(a) with some Borel o C T. If PDE(v) = {4}, then
v is determinate.

(Recall that converse is true if there is no atom at 0.)

So the condition (4) becomes even more important. It holds on
occasions, but it seems to fail in most cases. e.g. for the hiperbola
xy = 1, the parabola y = x2 + 1, the unit circle itself,
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