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The Carathéodory—Fejér interpolation on the polydisc
by

RAJEEV GUPTA (Kanpur) and GADADHAR MISRA (Bangalore)

Abstract. We give an algorithm for finding a solution to the Carathéodory—Fejér
interpolation problem on the polydisc, whenever a solution exists. A necessary condition
for the existence of a solution becomes apparent from this algorithm. A generalization
of the well-known theorem due to Nehari has been obtained. A proof of the Koranyi—
Pukanszky theorem also follows from these ideas.

1. Introduction. The unit disc {z € C : |z| < 1} and the unit circle
{z € C: |z| = 1} are denoted by D and T, respectively. For a Banach
space X, let B(X) denote the set of all bounded linear operators on X.
Let C[z1,...,2,] be the set of all complex-valued polynomials in variables
Z1,...,2n. For any set S, let S™ denote the n-fold cartesian product of S.
Forne N={1,2,...} and z := (21, ..., 2,) € C", define ||z]|cc = max{|z;| :
1 <i<n} Let Ng ={0,1,2,...}. For every I = (i1,...,i,) € Nj, define
|I| := i1 + -+ + ip. For a holomorphic map h : D" — C, set hD(z) =
(0 -+ 9irh)(2), z €D, I = (i,...,i,) € NI

We recall a version of a well-known interpolation problem.

Carathéodory—Fejér interpolation problem (CF problem (n,d)). Given a
polynomial p in n variables, of degree d, find necessary and sufficient con-
ditions on the coefficients of p to ensure the existence of a holomorphic
function i defined on the polydisc D™ such that f := p+ h maps D™ into D
and h)(0) = 0 for any multi-index I with |I| < d.

An explicit solution to this problem for n = 1 has been found in [12]
p. 179]. More recently, several related results (see [7, 2, [6, [16, 9]) have been
obtained for n > 1.
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In this article, we present a reformulation of CF problem (n,d). It in-
volves associating d 4+ 1 polynomials po, ..., pq to the polynomial p appear-
ing in CF problem (n,d) according to a well defined and explicit rule. The
reformulation asks about the existence of a contractive holomorphic function
f:D — B(L*(T"')) extending the polynomial

P(2) = Mp, + Mp, 2+ - -- +Mpdzd7

where for each k = 0,...,d, M, denotes the operator on L?(T"!) of mul-
tiplication by pi. Thus the multi-variable interpolation problem is reduced
to a problem in one variable, but at the cost of replacing scalar coefficients
with operator coefficients. The precise statement follows.

Reformulation of the Carathéodory—Fejér interpolation problem (CF pro-
blem (R)). Let P : D — B(L?(T"!)) be an operator-valued polynomial of
the form

P(z) = My, + My 2+ -+ M, 2%  pe.a™,,

where

n—1

///,Eli)l = spam{zf‘1 e zzﬁf 0<o << ap_1, Zaj <(n-— 1)k}
j=1

Here, for each k = 0,...,d, Mp, is multiplication by py on L?(T""!). Find

necessary and sufficient conditions on py,...,pg ensuring the existence of

pe € //l@l for each ¢ > d such that f(z) := > .0, My, 2* maps D into the

n

unit ball of B(L(T"1)).

We show that the polynomials pi € .///éli)l, 0 < k < d, determine a

unique polynomial p in n variables of degree d and vice versa, making CF
problem (R) a reformulation of CF problem (n,d).
In Section [2]2, an algorithm is developed to solve CF problem (2,2). It

involves finding, inductively, polynomials pg in //ll(k) such that a certain
block Toeplitz operator made up of multiplication operators corresponding
to these polynomials is contractive. A solution to CF problem (2,2) exists
if and only if this process is completed successfully. Moreover, Theorem [2.5]
shows that the algorithm can be executed in certain special circumstances.
The conditions in that theorem might appear stringent but we believe that
the theorem can be extended to cover many other cases.

In Section [3] it is shown that the algorithm developed for solving CF
problem (2,2), after obvious necessary modifications, solves the general prob-
lem, namely, CF problem (n,d).

Our method, in general, gives an (explicit) necessary condition for the
existence of a solution to CF problem (n,d). The obstruction for it to be suf-
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ficient lies in the failure to solve, in general, a matrix completion problem.
If the latter admits a solution, then we must find one consisting of multipli-
cation operators alone to ensure the existence of a solution to the original
Carathéodory—Fejér interpolation problem on D™, n > 2. Specifically, let p
be a polynomial in two variables of degree 2 with p(0) = 0. Set

0 0
pi(z) = 50-(0) + = (0)z,
11 82’1 822
( : ) _ 1 82]9 62]) 1 82p

(0)22.

P2 =5 520 505 O T 2 oz

In this case, we show that |p1(2)? + |p2(2)] < 1, 2 € D, (abbreviated to
Ip1]? + [p2| < 1) is a necessary condition for the existence of a solution to CF
problem (2,2) for the polynomial p. By means of an example, we show that
this necessary condition is not sufficient. For CF problem (2,2), we isolate
a class of polynomials for which our necessary condition is also sufficient.
This is verified using a deep theorem of Nehari reproduced below (cf. [17,
Theorem 15.14]).

Let A(D"™) denote the algebra of functions continuous on the closed
polydisc D" and holomorphic in the interior D™. The pointwise multipli-
cation my(f) = hf, f € L?*(T"), defines a bounded operator for each
fixed h € A(D"). The map m : A(D") x L?(T") — L?(T") defined by
m(h, f) = mu(f) is called the module multiplication. Thus we think of
L?(T") as a module over A(D"). Also, a submodule is a subspace that
is invariant under the operators my, h € A(D"). A linear map between
two modules over the same algebra is said to be a module map if it is
bounded between the underlying Hilbert spaces and intertwines the two
module multiplications. In Section 4] for a submodule M C L2?(T"), we
let A: H?(T") - M+ C L%*(T") be a module map. For ¢ € L°°(T"), the
Hankel operator with symbol ¢ is the module map Hé)\/‘ : H2(T") — M+
defined by setting Hé” f = Py (of). For a specific choice of the submod-
ule M, and Hankel operators of the form H(Z{Vt with ¢ € L*°(T"™), we obtain
a generalization of Nehari’s theorem.

Finally, in Section 5 we give a new proof of the Koranyi—Pukanszky the-
orem using the spectral theorem. In the PhD thesis [§] of the first named au-
thor, the proof of Theorem 2.4 below was given using the Koranyi-Pukanszky
theorem. The proof of Theorem in this note does not make use of that
theorem. It then appears that the ideas from that proof lead to a different
proof of the Kordnyi—Pukéanszky theorem.

Since the bi-holomorphic automorphism group of the polydisc D™ acts
transitively on D", the existence of a solution to the CF problem is inde-
pendent of the constant term in p. Hence throughout this paper we assume,
without loss of generality, that p(0) = 0.
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Preliminaries. In this subsection, we collect the tools that we use
repeatedly in what follows. The first is a variant of the spectral theorem for
a pair of commuting normal operators. For n € N, fix a non-empty subset
(2 C C" and define the supremum norm || f|| 0 of a bounded function f on 2
taking values in a normed linear space (E, ||-||) tobesup,c || f(2)]]. Whenever
there is no ambiguity about {2, we shall write || f||o in place of || f||2,00-

DEFINITION 1.1 (Multiplication operator). For ¢ € L>°(T), the multipli-
cation operator My : L*(T) — L*(T) is defined by the pointwise product:

My(f) = of, f € L*(T).

Since ¢f € L*(T) for any ¢ € L>®(T) and f € L*(T), the operator M,
is well defined for all ¢ € L*°(T). Also |[My| = ||¢]|ec (see |17, Theorem
13.14)).

THEOREM 1.2. If the power series ZaeNg aaz® represents a holomorphic

function f on the bidisc D? then |f(z)| < 1 for all z € D? if and only if the
operator norm of

My,
0
0

=

- 85
EEE ..

is at most 1, where p,(2) = Y p_oan—k k2" is a polynomial of degree n in
one variable for each n € Ny.

Proof. Let B* denote the adjoint of the bilateral shift on ¢?(Z) and let
f be as in the statement. The joint spectrum of I ® B* and B* ® B* is T?.
By the spectral theorem, the spectrum of f(I ® B*, B* ® B*) is the same as
that of f(T?). Therefore, by the maximum modulus principle,

I £llp2.00 = | fT®B*, B*® B*)|| = || Mp, @ I + My, @ B*+ Mp, @ B** +-- - |,

where p,(2) = >0, an,kykzk for each n € Ny. For the second equality
above, we identify ¢?(Z) and L%(T) isometrically. m

REMARK 1.3. We state separately the special case of Theorem in one
variable: Suppose f : D — C is a holomorphic function. Then f maps D into
itself if and only if My : L*(T) — L*(T) is a contraction.

THEOREM 1.4 (Parrott’s theorem [I5]). For i = 1,2, let H; and K; be
Hilbert spaces and set H = H; @ Hy and K = Ky & Ks. If

(é):Hl—HK and (C D):H — Ky
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are contractions, then there exists X € B(Ha, Ky) such that (é )5) TH—-K
s a contraction.

In this theorem, all the possible choices for X are of the form
(I —ZZY2V (I —Y*Y)/2 - ZzC*y,
where V' is an arbitrary contraction and Y, Z are determined from
D=(I-CCHY?y, A=zI-C*C)"%

We recall a very useful criterion for contractivity, due to Douglas, Muhly
and Pearcy [5, Prop. 2.2].

PropoSITION 1.5 (Douglas-Muhly—Pearcy). For i = 1,2, let T; be a
contraction on a Hilbert space H; and let X be an operator from Ho into Hi.
A necessary and sufficient condition for the operator on Hi @ Ha defined by
the matrix (7(;1 7)5;) to be a contraction is that there exists a contraction C

mapping Ho into Hi such that
X = /1y, — T/ T} C /1y, — T3 To.

Let H?(T) denote the Hardy space, a closed subspace of L?(T). Let P_
denote the orthogonal projection of L?(T) onto L?(T) © H?(T).

DEFINITION 1.6 (Hankel operator). A Hankel operator A : H?*(T) —
H?(T)* is defined to be any operator A such that P_M,A = AM:| g2ty
where M, : L*(T) — L*(T) is the multiplication operator. Clearly, such
an operator A has the structure (relative to the standard basis {z"},>0
in H2(T) and {Z™},,>1 in H2(T)Y) of what is known as a Hankel matrix,
namely, (Az", z™) = (A1, 2""™). Conversely, for such matrices, the defining
equation holds.

Finally, we recall the well known theorem due to Nehari relating the
quotient norm to that of a Hankel operator.

TuEOREM 1.7 (Nehari’s theorem [I1], [12]). An operator A : H*(T) —
H?(T)* is a Hankel operator if and only if there exists ¢ € L>(T) such that
A = Hy, where Hyf := P_(¢f), f € H*(T). Moreover, inf{||¢ — g1, :
g € H*(T)} = [|Hg|lop-

2. CF problem (2,2). Several different solutions to the CF problem with
n =1 are known (see [12, p. 179]). For n > 1, see [2] and [1, Chapter 3| for
a comprehensive survey of recent results. In this article, we shall obtain a
necessary condition for the existence of a solution to the CF problem and
an algorithm to construct a solution if one exists.

2.1. The planar case. Although we state the problem below for poly-
nomials p of degree 2 with p(0) = 0, our methods apply to the general case.
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CF problem (1,2). Let p(z) = a1z+a22%. Find a necessary and sufficient
condition for the existence of a holomorphic function g defined on I with
g®(0) =0, k =0,1,2, such that ||p+ g|lp.co < 1.

Solution. If this problem has a solution, then using Remark [I.3]it can be
deduced that
Ay e <a1 a2>
0 aq

is a contraction. Thus ||Az2|| < 1is a necessary condition. On the other hand,
if ||A2|| <1, then the existence of ag € C such that

ap az as
As:=10 a1 as
0 0 ai

has operator norm less than or equal to 1 follows from Parrott’s theorem.
Repeated use of Parrott’s theorem generates a sequence as, a4, . . . of complex
numbers such that | M¢|| < 1, where f(z) = a1z + a2z + az2® +--- . Thus
||A2|| < 11is anecessary and sufficient condition for the existence of a solution
to CF problem (1,2).

2.2. Carathéodory—Fejér interpolation in two variables. In [2],
the Carathéodory—Fejér interpolation problem for the polydisc is treated.
In the case of two variables, a necessary and sufficient condition for the
existence of a solution is given in [2, Theorem 5.1]. Also, a slightly different
necessary and sufficient condition, again for D?, appears in [6, Theorem 1]|.
They discuss separately the case n = 2 and state that it is special due to the
dilation theorem of Ando for commuting contractions.

Our investigations, giving somewhat different necessary and sufficient
conditions, not surprisingly, are also special in the case of n = 2. We therefore
discuss this case first.

We note in passing that CF problem (2,1), where we may assume that
aop = 0 without loss of generality, as pointed out earlier, is easily settled
using the Schwarz lemma, for D?. Hence the first non-trivial instance of the
Carathéodory—Fejér interpolation problem is the one we discuss below.

CF problem (2,2). Let p in Clz1,22] be an arbitrary polynomial,
p(z1,22) = a1021 + ap122 + agoz% +a112122 + CLQQZ%. Find necessary and suffi-
ctent conditions for the existence of a complez-valued holomorphic function
q on D? with (81'02¢)(0) = 0, i1 +ig < 2, such that ||p + qllp2,00 < 1.

The theorem given below follows from Theorem [I.2] and Proposition [I.5]
(compare [5, Proposition 2.2]). Asin (1.1)), set p1(2) = a1p+ao1z and p2(z) =
a0 + a1z + apz>.
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THEOREM 2.1. If p is any complex-valued polynomial in two variables of
degree at most 2 with p(0) = 0, then |p1|® + |pa| < 1 is a necessary condition
for the existence of a holomorphic function q : D?* — C with q(I)(O) =0,
[I] <2, such that ||p+ ql|p2,00 < 1.

Proof. Suppose p and q are as in the statement. Then from Theorem

we get
I a)l=

The contractivity criterion of Proposition |1.5 then implies that |p1|? + |p2]
<l =

Combining Theorems[I.2]and 2.1} we obtain the following theorem, which
is the reduction to CF problem (R) withn =2,d = 2.

THEOREM 2.2. For any polynomial p of the form
p(2) = aroz1 + ap1z2 + asozi + a112122 + ag2z3,
there exists a holomorphic function q on D? with ¢1)(0) =0 for |I| =0, 1,2
such that
1P+ dllp2,00 <1
if and only if |pa| <1 — |p1|? and there exists a polynomial py of degree less
than or equal to k such that f : D — B(L*(T)), where

F®(0)
k!
defines a holomorphic function with sup,cp || f(2)|| < 1.

=M,, forallk>0, py=0,

Thus CF problem (2, 2) has been reduced to a one-variable problem except
it now involves holomorphic functions taking values in B(L?(T)). To discuss
this variant of the CF problem, we first introduce the following convenient
notation.

Let H be a separable Hilbert space. Given n operators Aip,..., A, in
B(H), define the operator

A Ay Ay - A,

0 A Ay - Ap
T(Ar,.. A= 0 0 A - Ao,

0 0 0 - A

which is in B(H® C").

DEFINITION 2.3 (Completely polynomially extendible). Suppose k is a
natural number and {p; }?:1 is a sequence of polynomials with deg(p;) < j
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for all j = 1,...,k. Then the operator .7 (M,,, ..., My, ) will be called m-
polynomially extendible if it is a contraction and there exists a sequence
{P1}i2)41 of polynomials with deg(p;) <I such that ||.7(M,,,..., M, )| <1.
Also, T (Mp,, ..., My, ) will be called completely polynomially extendible if
it is m-~polynomially extendible for all m € N.

For p1,p2 € C[z] of degree at most 1 and 2 respectively, let P(z) =
My, 2+ M,, 2. We shall say that P is in the CF class if there is a holomorphic
function f : D — B(L?(T)) with the properties stated in Theorem Such
a function f will be called a CF-extension of P. It follows that a solution to
CF problem (2,2) exists if and only if P is in the CF class. We have thus
proved the following theorem.

THEOREM 2.4. A solution to CF problem (2,2) exists if and only if
the corresponding one-variable operator-valued polynomial P is in the CF
class, or equivalently the operator 7 (Mp,, Mp,) is completely polynomially
extendible.

2.3. Algorithm for finding a solution to the CF problem. Now,
we have all the tools to produce an algorithm for finding all the polynomials
P(z) = My, z + My, 2? which are in the CF class:

o If || T (Mp,, My,)|| > 1, that is, if [pa| > 1 — |p1|?, then P is not a CF class
polynomial; otherwise go to the next step.

e Parrott’s theorem gives all possible operators T € B(L?(T)) such that
T (Mp,, My,,T) is a contraction. Let Cs be the set of all operators T that
are multiplication by a polynomial of degree at most 3 and .7 (M, , Mp,,T)
is a contraction. If C3 is empty then P is not a CF class polynomial.

e For each k > 3, using Parrott’s theorem we can construct Cg, the set of all
operators 1" that are multiplication by a polynomial of degree at most k
and I (My,, ..., Mp, ,,T) is a contraction, where M, is an element of C;
forj=3,....,k—1.

e If all of the sets C are non-empty, then (and only then) P is a CF class
polynomial.

It is clear, from Theorem that |p1]? + |pe| < 1 is a necessary condi-
tion for the existence of a solution to CF problem (2,2). This condition, via
Parrott’s theorem, is also equivalent to |7 (M,,, M,,)|| < 1.

We now give some instances where this necessary condition is also suf-
ficient for the existence of a solution to CF problem (2,2). This amounts
to finding conditions for .7 (M,,, M,,) to be completely polynomially ex-
tendible.

THEOREM 2.5. Let pi(z) = v+ 0z and pa(z2) = (a + Bz)(y + 02) for
some complex numbers a, B, v and 8. Assume that |p1|? + |pa| < 1. If either
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afvy0 =0 or arg(a) — arg(B) = arg(y) — arg(d), then T (My,, My,) is com-
pletely polynomially extendible.

Proof. Throughout this proof, for brevity, for any holomorphic function
f:D — B(L?(T)), we let || f|| denote the norm sup{||f(z)op : z € D}.

CASg 1: 8 =0. Then
P(2) = My, (z + az?).
Define a polynomial p in one variable by p(z) = z + az?. Using Nehari’s

theorem, we extend p to a holomorphic function p(z) = 2z +az? +azz3+- -
with [|p||p.co = |7 (1,a)|. Define f : D — B(L*(T)) by

f(2) = My p(2) = My, z + My, 2> + M, 25 -+

where pp = agp1 for k € N with a1 = 1 and as = a. Also,
If1l = sup [[ My, p(2)[| = [| M, || sup [(2)| = |Mp, || [|.7 (1, a)].

z€eD zeD
Thus || f|| = || Mp, ® T (1, a)|| = |7 (Mp,, Mp,)|| < 1. Hence, f is a required
CF-extension of P.

CASE 2: @« =0. Then
P(2) = My, (z + BM,2%).

Define an operator-valued function @ on D as Q(z) = 2z + 8M.2? and define
a polynomial 7 on D? as 7(z1, 20) = 21(1+ Bz2). Let s(z2) = 1+ B22. Suppose
5(z2) = s(z2) + 5223 + ﬁgz% + -
is such that ||§]pe = [|Z(1,B)|. If 7 := 215(22), then ||| = ||5|| =

17 (L, B)|. 1f i
Q(z) = 2+ Mp,2* + Mg, 2% + - -
and f(z) = My, Q(2), then ||f|| = My, Q| < ||My[|[|Q]. Since 3(M)

= Q(z), from the von Neumann inequality it follows that || Q|| < ||3]|. There-
fore, 1| < 1My, |17 (1, )| = |17 (M, 5My, ). Hence,

M. O\ (M, BM,\ /M: 0

RS o [ el [ G | R E TRV
p1

Consequently, f is a CF-extension of P.

CASE 3: @ # 0 and 8= 0. Then P(2) = My, (24 My y5.22). Let Q(2) :=
z+ Ma+52z2. Define r(z1, 22) := 21 + az% + Bz122 = 21(1 + az1 + PBz2). Let
A:=|al/|B| and a := A/(1 + X). Define

s(z1,22) =14+ az1 + fzo = (a4 az) + (1 —a+ Bz2).

If hi(z1) = a + az and hz(z2) := 1 — a + Bz, then there exist hy =
at+azi+ag2? 4 and hg = 1 —a+Bza+ faz2 +- -+ with ||k = || 7 (a,a)||
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and ||ho|| = |7 (1 - a, B)]|. It

(21, 22) == 21(h1(21) + ha(22)) = 21 + a2z} 4 Bz120 + agzl + Bazi2s + -+,

then ||7|| < ||h1]| + ||h2]|. Define an operator-valued holomorphic map Q as
Q(2) = Tz 4 Mayp.2" + My, yp,.22° + -

and f(z) = M,,Q(z) = > M, 29, where pji1(z) = (o + Brz")py for all
k > 1. Thus, ||f|| < |Mp, | |Q|l Since Q(2) = #(z, M), the von Neumann
inequality yields

< My L7 < 1My (] + [12]]).

As 7 (a,]al) = AT (1—a,|B]), we have [|h1||+ | k| = |7 (1, |a| +|B])] and
hence

LA < 1M (1117 (1, Lo + 18D = (|7 (lpa . (Lol + 18D Ipa D]
SUBCASE 1: v # 0, § # 0 and arg(«) — arg(f) = arg(y) — arg(d). Then

(laf + [BDlpall = lli(a + B)pall = [Ip2]l-

Our hypothesis clearly implies that [|p2|leo + |[p1]|%, < 1. Hence the norm of

f on D is at most 1.
SUBCASE 2: vy =6 = 0. Then
(lal +[8Dllpsll = l[(a + B)p1ll = llp=]l-

As in Subcase 1, here also || f|| < 1 can be inferred easily. m

REMARK 2.6. In CF problem (2,2), if p; or py is the zero polynomial
and |7 (Mp,, Mp,)|| <1, then ||P|| <1 and hence f in Theorem [2.2] can be
taken to be P itself.

Having verified that the necessary condition ||.7 (M,,, M,,)|| < 1 is also
sufficient for P to be in the CF class in several cases, we expected it to
be sufficient in general. But unfortunately this is not the case. We give an
example of a polynomial P for which ||.7(M,,, M,,)|| < 1 but P is not in
the CF class.

EXAMPLE. If pi(2) = 1/v/2 and pa(2) = 22/2, then 7 (M,,, M,,) is not
even 3-polynomially extendible.

It can be seen that ||.7(Mp,, Mp,)|| < 1. Now suppose there exists a
polynomial p3 of degree at most 3 such that ||.7 (M,,, Mp,, Mp,)|| < 1. Then
Parrott’s theorem yields a contraction V' € B(L?(T)) such that

My, = (I = M2 — Mp, (I — M, 12) " "M )V
— My, (I = My, )™ 2 M3 (I = My, 2) "2 M,
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As (1= Ip1[*)? = Ip2|* =0,
s = —P5Phy _ a
1—p1f? 2v/2
Thus ps is of degree more than 3, a contradiction. Hence .7 (M, , M,,) is not
even 3-polynomially extendible.

We close this subsection with an open problem: Find an explicit strength-
ening of the inequality |7 (Mp,, Mp,)|| < 1 to ensure that P is in the CF
class.

3. Carathéodory—Fejér interpolation: the general case. First, we
obtain an explicit necessary condition for the existence of a solution to the
CF problem in the case of n variables, n € N. The computations in this case
are analogous to those for two variables but they are somewhat cumbersome.
Nevertheless, we provide the details. Also, an algorithm to determine the set
of all CF class polynomials in n variables analogous to that in the case of
two variables is given.

We state below the Carathéodory—Fejér interpolation problem on the
polydisc D™ for a given polynomial in n variables of degree d:

CF problem (n,d). Fizp € Clz,...,z,| of degree d of the form

n n
(31) p(zla"'vzn) :Zaejzj“‘"“" Z a6i1+"'+€idzi1"'zid7
j=1

Ulyenyig=1

where e; is the row vector of length n which has 1 at the jth position and
0 elsewhere (eg denotes the zero vector). Find necessary and sufficient con-
ditions for the existence of a holomorphic function q defined on D" with
¢ (0) = 0 for all |I| < d such that ||p + q|lpn 0o < 1.

Let f be an analytic function on D" represented by the power series
oo n
f(zl) SRR ZTL) = Z Z aeilJr"-Jreik Rt Ry, -
k=11, ip=1
Replacing z; by the operator ("7 @ B*®J yields

U D @B B =Y Ay @ B*OF,
k=1

n k
(32) Ak = Z aeil+...+eik H(I®(n_zp) ® B*®(7fp_1))'

i1, ip=1 p=1
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In what follows, it will be convenient to replace Ay by the multiplication
operator

(3.3) M, : L(T" 1) — L*(T™ 1Y),

where p;, = ZZ@FI Qey +tes, Hlple Zn—iyt1%n—ip42 * - Zn—1, With the un-
derstanding that if i, = 1 then the monomial z,—;,+12n—i, 12 - 2p—1 is the
constant function 1. Evidently, Ay, is unitarily equivalent to M, , and there-
fore this makes no difference.

Note that py, € ///( )1 with £ = Zp_l(ip—l) (see Sect. 1). As Zp 1(ip—1)
< (n—1)k, the degree of py is at most (n — 1)k.

ProproSITION 3.1. The function f maps D™ into D if and only if

N

- & &
EEE

T (Mp,, Mp,,...)=

oohg

is a contraction, where the My, are as in (3.3)).
Proof. Apply the spectral theorem, in the form of functional calculus for
a commuting tuple of normal operators, to (I®"~1 @ B* ... B*®"). u
First, a necessary condition for the existence of a solution to CF problem
(n,d) is now evident.

THEOREM 3.2. A solution to CF problem (n,d) exists only if the operator
T (Mp,, ..., My, is a contraction, where the operators My, , ..., My, are as

m .

Second, we claim that the polynomial p in (3.1) and pi,...,pq in (3.3)
determine each other. Consequently, the reformulation of CF problem (n,d)

announced in the Introduction follows by using Proposition [3:1]
To prove the claim, first note that the constant ae, 4..4¢;, and the

monomial szl Zn—ip+1%n—i,+2 " Zn—1 are invariant under the permuta-

tion of (i1,...,i). Therefore, to compute the monomial corresponding to
(i1, ...,1) we assume without loss of generality that 1 <i; <--- <1, < n.
Now, the monomial corresponding to (i1, ...,ix) is

ik—l Z‘kfl_l i1—1

(3.4) IT o I 20 T4
=1

l=ik_1 l=ig_2
If all i1,...,4% are 1, then ( is the constant function 1. Otherwise, there
exists s > 1 such that iy = -+ = i1 = 1 and i5; > 1. In this case, the
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exponent of each of the variables 2z, i 41,..., 20 —i,_; in (3.4) is k+1 — g,

s < ¢ < k, where g is assumed to be 1. Thus if (i1,... i) # (¢,...,14}),
1<ip <---<ip<nand1l < <--- <) <n, then it is clear from ({3.4)
that the monomials corresponding to (i1, ...,4;) and (¢}, .., ) are distinct.

To give a necessary and sufficient condition for the existence of a solution
to CF problem (n,d), we need the notion of complete polynomial extendibility
for the operator .7 (M, , ..., Mp,,). For each k € {1,...,d}, let M, be the
operator defined in , where pj is the homogeneous term of degree k in

B-1).

DEFINITION 3.3 (Completely polynomially extendible). We say that the
operator .7 (Mp,,...,Mp,) with p; € ///153_)1 for j = 1,...,d is m-polyno-
mially extendible if there exist p; € ///7{71 for d+1 < j < m such that
T (Mp,,...,M,,) is a contraction. The operator .7 (M,,, ..., Mp,,) is called
completely polynomially extendible if it is m-polynomially extendible for
each m.

It is easy to provide a necessary and sufficient condition for the existence
of a solution to CF problem (n,d) using the notion of complete polynomially
extendibility.

THEOREM 3.4. A solution to CF problem (n,d) exists if and only if the
operator T (My,, ..., Mp,) is completely polynomially extendible.

We give an algorithm to obtain a solution to CF problem (n, d) analogous

to the one in the case of two variables. As in that case, for p; € ///,Eﬁ)l,
1 <k <d,let P(z) = My, + Mp,z + -+ + M,,2%. We shall say that P
is in the CF class if there is a holomorphic function f : D — B(L?(T""1))
with the properties stated in CF problem (R). Such an f will be called a
CF-extension of P. It follows that a solution to CF problem (n,d) exists if

and only if P is in the CF class.

3.1. Algorithm for finding a solution to the CF problem. This
algorithm identifies all polynomials p such that CF problem (n,d) admits a
solution.

o If |7 (Mp,,...,Mp,)|| > 1, then P is not a CF class polynomial; otherwise
move to the next step.

e Parrott’s theorem gives all possible operators T for which the operator
T (Mpy,, ..., M,,,T) is a contraction. Let Cg441 be the set of all operators

T such that T'= M, , for some pg 1 € //lé‘il) and 7 (My,,...,Mp,,T)
is a contraction. If C411 is empty then P is not a CF class polynomial.

e For each s > d + 1, using Parrott’s theorem we can construct Cg, the
set of all operators T' such that T' = M,  for some p, € ///,ES_)I and
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T (Mp,,...,Mp,_,,T) is a contraction, where M), € C; for j = d + 1,
o, s— 1.

o If all of the sets Cs are non-empty, then (and only then) P is a CF class
polynomial.

4. A generalization of Nehari’s theorem. Let M be a closed sub-
space of a Hilbert space H. For any vector h in H, the distance from h to M
is attained at P(h), where P is the orthogonal projection from H onto M.
A deep result due to Nehari, recalled in Theorem|[I.7] shows that the distance
from a vector ¢ in L>(T) to the closed subspace H*°(T) is the norm of the
Hankel operator Hy with symbol ¢.

To obtain a multi-variable generalization, one must first consider what
operators might be designated to be Hankel operators. One possibility is
to look for operators A : H?(T") — M=, where M C L?(T") is any in-
variant subspace for the multiplication operators M, : L?(T") — L%(T"),
i =1,...,n. As in Definition and following [4, Section 4|, we say that
A H*(T") — Mt is a Hankel operator if PM,,A = AM, g2y, @ =
1,...,n, where P is the projection onto M=*. An alternative and proba-
bly more pleasing way to state this requirement is to simply say that A
is a module map from H2?(T") to M~ (see |4, Section 4] for the details).
The operators H:O\/i . H*(T") — Mt with symbol ¢ € L*(T"), where
H;th = P(¢f), f € H*(T"), are bounded and define a module map. In
consequence, they are Hankel operators. However, unlike the case of one
variable, here many ‘“natural” choices for the subspace M exist. In particu-
lar, the “big” and the “small” Hankel operators have been frequently discussed
in the literature [1 Section 4.4]. We choose, in the case of two variables, the
subspace M C L%(T?) to be L?(T) ® £2(Ng) ~ L*(T) ® H?(T). Having made
this choice, we prove a Nehari type theorem for these operators. Of course,
it is not clear what happens if one makes a different choice of M. Our choice
was dictated by the form of the matrix representation which agrees with an
existing class of Hankel operators possessing operator symbols discussed in
[3, p. 34].

REMARK 4.1. We are grateful to one of the reviewers for pointing out
that Theorem [4.6] below follows immediately from [I3, Theorem 3.1] (see also
[14] Theorem 4]) by applying it to the case where the coefficient space C' is
equal to ¢2(7Z). However, Lemmas below are possibly of independent
interest. In particular, these ideas are used to give the matrix-theoretic proof
of the Koranyi—Pukénsky theorem. The reviewer also points out that our
approach fails for the case of the “small” and “big” Hankel operators, making
the theory for these operators much different.
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4.1. Nehari’s theorem for L>°(T?). In this subsection, we present a
possible multivariate generalization of Nehari’s theorem for L°(T?). This
generalization is most conveniently stated in terms of the D-slice ordering
on Z2.

For k € Z, define Py := {(z,y) : = +y = k}. The subsets Py of Z?
are disjoint and | |, Pr = Z?. An order on Z?, which we call the D-slice
ordering, is defined below. It is obtained from the usual co-lexicographic
ordering by rotating it through an angle of 7/4.

DEFINITION 4.2 (D-slice ordering). For (z1,y1) € P, and (z2,y2) € Py,

e if [ = m, then the order between (z1,y1) and (z2,y2) is determined by the
lexicographic ordering on P, C Z?;

o if | < m (resp., if | > m), then (z1,y1) < (x2,y2) (resp., (x1,y1) >
<$27 Z/2))~

Define
Hy := {f = Z amn?1'2y 1 f € LOO(']I‘2)}7
(m,n)eA
W= {f= 3 anuaf fer=m},
(m,n)EA2

where Ay := {(m,n) € Z®> : m+n > 0} and Ay := {(m,n) € Z> : m +n
< 0}. Then H; and H, are disjoint closed subspaces of L°°(T?) satisfying
L>®(T?) = H;+ Hs. The answer to the following question would be one possi-
ble generalization of Nehari’s theorem. Let distoo (¢, H1) denote the distance
from ¢ to the subspace Hj.

QUESTION 4.3. For any ¢ in L>=(T?), what is disteo (¢, H1)?

To answer this question, it will be convenient to introduce the notion of
a Hankel operator with symbol ¢ € L>(T?).

4.2. The Hankel matrix corresponding to ¢. Any f € L?(T?) can
be represented as a power series

f(z1,29) Z Amn?] 25 = Z Amn?l 25 + Z Amn 21 25
m,nez m,ne€A m,n€As
Suppose zo = Az;. Then
f(z1,A21) Z( Z amn/\”)zl +Z< Z mn ")z{€
k>0 m+n=k k<0 m+4n=k
Setting fx(A) := >, 1ok Gmn A", We have

(4.1) 2:1, /\21 ka

kEZ
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In this way, L2(T?) is first identified with L?(T) ® L?(T) and then with
L?(T) ® (*(Z), the identifications in both cases being isometric. For any
¢ € L°°(T?), define the multiplication operator My : L*(T) ® (*(Z) —
L?(T) ® £%(Z) as follows:

My (Z g; ® €j> = Z(Z 9q¢q+k) ® ek,

JEZ keZ q€cZ
where ¢; satisfies ¢(z1,A21) = >y B;j(\)zF.
LEMMA 4.4. For any ¢ € L*(T?), we have | M| = ||¢|/12 oo-
Proof. Let ¢ € L>®(T?). From (4.1)), it follows that
Bz, 22) = > dr(N)2"
kEZ

for some ¢y in L>°(T). Note that {2' ® e; : (i,j) € Z*} is an orthonormal
basis in L?(T) ® ¢*(Z). The matrix of M, with respect to this basis and the
D-slice ordering on its index set is of the form

M¢—1 M¢o M¢1
M¢72 M¢71 M¢o

M¢73 M¢72 M¢—1

We know that ||¢||12 o0 = Supyer Sup,er | Dopez @1(A)2"|. Thus

R (A)
[9]l72,00 = Sup|if - ¢—2(A) o-1(N)  ¢o(N)
R $—2(N)

Hence |[¢]lr2,00 = [[Mg]]. =
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The Hilbert space £2(Np) and the normed linear subspace
{( 0,20, 21, ..0) Z |z;]? < 0o with zg at the Oth position}
i>0

of ¢%(Z) are naturally isometrically isomorphic. Let H := L?(T) ® ¢*(Np).
Then H is a closed subspace of L?(T)®¢?(Z). We define the Hankel operator
H, with symbol ¢ € L>®(T?) to be Py o Mg, . Writing down the matrix

for Hy with respect to the bases {#’®e; :i€Z j=012,..} and
{#’®e_j:i€Z,j=1,2,...} in H and H" respectively, we get
My, My, My,
My_, My, My,

H, = ,
¢ M¢—3 M¢—4 M¢5

¢ € L°°(T?).

We note that Hy is the Hankel operator with symbol ¢ modulo the signs
of the indices [3, p. 34]. However, it is different from the usual definition
of either the big or small Hankel operator in two variables as defined in [I}
Section 4.4].

LEMMA 4.5. For any ¢ in L(T?), we have ||Hy| < distoo (¢, H1).
Proof. From the definition of Hy, and Lemma FlZ[l, it can be seen that
[Hgll = [|Prre o My || < [Mpl = [[@]l72,00-

From the matrix representation of Hy, it is clear that for any g in Hi,
Hy g = Hy. Hence |[Hg|| = [[Hp—g|| < [[¢ = gllT2,00-

For n € N, ag,a1,...,a,-1 € C and (by,)men, bm € C, define
aop a1 st Qp-1
b1 apg o Ap-2

LEMMA 4.6. SUppOS@ f07 f17 SRR fnfl GLOO(T) and (gm)mENf 9m ELOO(T)f
are such that

ilelIT) HTn((gm(A))v fO(/\)7 R fn—l()‘))H <L

Then there exists f, € L>®(T) satisfying
Sup [Tn41((g9m (X)), fo(A), -+ fu (M) < 1.
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Proof. Let
QM) = (foN) -+ fum1(N), RN = (fum1(N) -+ fo(X) g1 (A) ---)Y,
g (A)  fo(A) o fams(N)
92N g1(N) fn—a(N)
svy=| : o
gn-1(A) gn—2(A) - g1(N)

All possible choices of f,,(\) for which Ty 41 ((gm(A)), fo(A), ..., fu(A)) is a
contraction are given, via Parrott’s theorem (cf. [I7, Chapter 12, p. 152]),
by the formula

(4.2) FaN) = (I = ZZ)Y2V (I - Y*Y)Y2 = ZS(\)*Y,

where V' is an arbitrary contraction and the operators Y, Z are obtained from
the formulae R(\) = (I — S(\)S(A\)*)Y2Y, Q(\) = Z(I — S(\)*S(\)Y/2.

We note that every entry of I — S(A)*S(\) is in L™ as a function of A.
Thus all entries in (I — S(A\)*S(\))'/? are measurable functions which are
essentially bounded. Consequently, so are all entries of Z. A similar assertion
can be made for Y. Therefore, choosing V = 0 in , we get f, with the
required property. In fact, one can choose V' to be any contraction whose
entries are L™ functions. =

Let H be a Hilbert space. For any (T}, )nen, T € B(H), define an operator
H(Th,T>,...) as follows:

Thn Ty T3
T T3 Ty

H(T),Ts,...) = LT T

THEOREM 4.7 (Nehari’s theorem for L>®(T?)). If ¢ € L>®(T?), then
[Hyll = distoo (¢, H1).

Proof. From Lemma we know that ||Hy| < distes (¢, H1). Without
loss of generality we assume that |[[Hg|| = 1. Using Lemma we find ¢g €
L>(T) such that the norm of the operator H(Mg,, My_,,...) is at most 1.
Now, one proves the desired conclusion by repeated use of Lemma [1.0] =

4.3. Nehari’s theorem in n variables. The generalization of Nehari’s
theorem to n variables is very similar. Therefore we will be brief. The key is
the D-slice ordering on Z", defined below.
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For k € Z, define Py := {(z1,...,2y) € Z" : 1 + -+ + x,, = k}. The
subsets Py, of Z™ are disjoint and leeZ P, =7".

DEFINITION 4.8 (D-slice ordering for Z"). For [,m € Z, and (z1, ..., %)
€ P and (y1,...,Yn) € P,

e if [ = m, then the order between (z1,...,2,) and (y1,...,yn) is deter-
mined by the lexicographic ordering on P, C Z",

e if [ < m (respectively if [ > m), then (x1,...,2,) < (y1,-..,yn) (respec-
tively (x1,...,2n) > (Y1, -, Yn))-

Define
Hy = {f = Z Amy,..., mnzinl ezt f € LOO(T2)}7

Ho={f= 3 amomdtam f e},

(m1,....,mn)EA2

where Ay := {(mi,...,my) € Z" : my + -+ + my, > 0} and Ay =
{(mi,...,my) € Z" : my + -+ +my, < 0}. The subspaces H; and Hy of
L>®(T™) are closed disjoint, and L°(T") = Hy + Hs. Let f € L*(T?) have

power series expansion

f(zlv cee 7Zn) — Z aml,...,mnzinl e Z:{Ln

mi,...,MpEZL

_ E mi Mn
- amlv---vmnzl e Z’I’L

(m17~-~amn)€A1

my m
+ E Amy,.omn @1 2

(m1,...,mn)€A2
Suppose z; = \j_121 with A\j_1 € D for j = 2,...,n. Then
flz1, 21,0 Adpm121) = Z( Z Uy AL )\Zlfl)zlf

k>0 mi+---+mn=k
5 3( (D DR RPN B
k<0 mi+--+mnp=Fk
For each k € Z, we set
e dnc) = ) e m AT AR
For any ¢ € L>(T"), define My : L*(T" 1) @ (2(Z) — L*(T" 1) ® £2(Z) by

My (Z g; ® €j> = Z(Z gq¢q+k> ® ek,

jez kEZ q€Z
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where ¢(z1,A\121,...,\p—121) = ZjeZ qu(/\l,...,)\n_l)zf. Now, we define
the Hankel operator Hy corresponding to ¢ by

M¢—1 M¢—2 M¢>—3

Mg, Mg 5, Mg,

M¢ 3 M¢—4 M¢—5

The proof of the following theorem is very similar to that of Theorem [.7}
we omit the details.

THEOREM 4.9 (Nehari’s theorem for L*°(T™)). If ¢ € L*>°(T"), then
[ Hyll = distoo (¢, H1).

4.4. CF problem in D? and Nehari’s theorem for L>(T?). Fix
p € Clz1, 22] with
p(21, 22) = a1021 + 122 + agzs + a1 2122 + agez;.
Denote
(21, 22) = Zi’p(zl, z9) = aloﬁ + a01§?z2 + ag0z1 + a11§%2’2 + aog?{fz%.

Suppose p1(A) = a0 + agi A and pa(X) = ago + a1 A + ageA?. Then ||Hy|l =
disteo (¢, H1), where

MPQ Mpl 0
M, 0 0
Ho=1 149 0o o

Thus, if there exists a holomorphic function ¢ : D? — C with ¢(V(0) = 0
for [I| < 2 such that ||p + qllp2,c < 1, then ||[Hy|| < [[p + ql|p2,00- Hence
|Hg|| < 1is a necessary condition for such a ¢ to exist. As we have seen
before, this necessary condition, however, is not sufficient.

5. Alternative proof of the Koranyi—Pukanszky theorem. We
recall the following theorem of Koranyi and Pukanszky [10, Corollary, p. 452].
It gives a necessary and sufficient condition for the range of a holomorphic
function on D™ to be in the right half-plane H, .

THEOREM 5.1 (Koranyi-Pukanszky theorem). Suppose ZaeN(; aaz™

represents a holomorphic function f on D™. Then R(f(z)) > 0 for all z € D"
if and only if the map ¢ : Z™ — C defined by
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Mae if =0,

a if a>0,
pla) =4 ° .

a_o if <O,

0 otherwise,

is positive, that is, the k x k matriz (¢p(m; —m;));; is non-negative definite
for any k € N and mq,...,my € Z™.

We call ¢ the Kordnyi—Pukdnszky function corresponding to the coeffi-
cients (aa)aeny-

5.1. The planar case. Suppose f : D — H, is holomorphic. Without
loss of generality we can assume f(0) = 1. Consider the Cayley map x :

H, — D defined by
1=z
x(2) =1
which is a bi-holomorphism. Suppose x o f mapping D into D has a power
series expansion Y 7 a,z". Then

(5.1) f(z) = M—Q(CO—FZ% ),

where 2¢, = f™(0)/n! for all n € Ny. The exact relationship between the
coefficients ¢, and a,, is obtained in the lemma below.

LEMMA 5.2. For each n € N,

n—1
Cn = Qpn + E AjCp—j-
J=1

Proof. Consider the expression

f(z) = 2(00 + i cnz">
n=1

=25+ (o D)+ (o NP+ (o N+ ).
Rewriting, we get
W—l—l—ch
Hence,
1+ ) (1 — apz™) = 1.
(1 X ) (1= 2 o)

A comparison of the coefficients completes the verification. =
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Let ¢ denote the Koranyi-Pukanszky function corresponding to (c,)52.
The matrix (¢(j — k));x is given by

-1 0 1
-1 PN 1 C1 ©o
(52) 0 - 1 g
1 Cy C1 1
For each n € N, let
1 C1 Co Cn, aip as as an,
ca 1 [ Y O | 0 a1 a2 -+ ap—1
C,=|c a 2 |, A, =10 0 a an—2 |,
Cn Cn—1 Cpn—2 *** 1 o 0 o --- ay
1 —a; —ay —ap
0 1 —aq —Qp—1
Pp=1: : . . :
0 O 0o - —aq

0 0 0o - 1
LEMMA 5.3. For alln € N, P,CLP* = (I — A, A%) & 1.

Proof. We use induction on n. The case n = 1 is trivial. Assume the
result is valid for n — 1, n > 1. For each n € N, let

P, = (—an, —n_1,...,—a1)" and C, = (CnyCn1,.--,c1)"

The verification of the identity

par = (% ) (G ) (% )
o 1/)\¢ 1)\ P 1

is easy. Hence P, C! Py takes the form

<Pn_1c,glpgl + P,CiP¥ | 4+ PH(Py1Cy + Py) Py 1Cy + n)
(Pn_lCn + Pn)* 1

From Lemma we have Pn_lé'n + f’n = 0, and therefore
PyiCL_ Py + PCrPY 0)

P,Ct P = < 0 )
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—an n—1 n—2
D vk Dk . — - —
P,C P, _ = : (Cn— g aiCp—i Cp—1— E aiCp—i - 01)-
i—1 i=1

From Lemma [5.2 we get

—ay,
Pn ~;;P;—1 = (an cet al) = (_an—ian—j);’tj_:lo'
—ay
Since
k ) k
L= laj|* = > a1 -+ —apd
j=1 =2
ko = I, B
I—ApAr = |~ 2 @a— 1= 2 el - —apaan |
j=2 j=1
—a1ay —ayap—y - 1—]ag]?
we obtain

I = Ap Ay = ((I = A1 A5 g) @ 1) + (=an—jln-1)1<ji<k-1-
Thus I — A, A% = P,_1Ct | P* |+ P,C,,P*_,, and the proof is complete. m
An immediate corollary to Lemma [5.3] is the following proposition.

PROPOSITION 5.4. The matriz Cy, is non-negative definite if and only if
[An] < 1.

Since x o f (= g, say) is a holomorphic map from D to D, the multi-
plication operator M, on L*(T) has the property that || M| = ||g|lp.co (see
[17, Theorem 13.14]). Writing the matrix for M, with respect to the basis
{272,271 1,21 22 ...}, we conclude that My, is a contraction if and only
if A, is a contraction for each n € N. Using Proposition together with
the equality || My|| = ||g]/p,c0, We see that f maps D into H if and only if C),
is non-negative definite for each n € N. Thus we recover the solution of the
Koranyi-Pukanszky problem (solvability criterion in terms of the positivity
of the associated Herglotz matrix) for the single-variable case.

5.2. The case of several variables. In this subsection, all the compu-
tations are given for n = 2 only. These computations are easily seen to work
equally well, using the D-slice ordering on Z", for any n € N. The details
are briefly indicated in Subsection [5.3
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Suppose f : D — Hy is holomorphic. Without loss of generality, we
assume that f(0) = 1. As before, let x : H — D be the Cayley map and

oo
xo f(z) = Z Q2] 2y -

m,n=0
Thus x o f maps D? into D and agy = 0. With the understanding that
co = 1/2, we have

14+ xof - mon

Let ¢ be the Koranyi-Pukanszky function corresponding to (¢, ). The fol-
lowing theorem describes ¢ with respect to the D-slice ordering on Z2.

m,n=1

THEOREM 5.5. Let (Cmn)m.nen, be an infinite array of complex numbers.
The matriz of the Kordnyi—Pukdnszky function ¢, in the D-slice ordering,
corresponding to this array is

P R Py

Pl 1o oG

p |- 0 I Cf - |,

P cee CQ Cl I

where C), = cpol + cp—11B* + -+ conB™, n € N, and B s the bilateral
shift on (*(Z).
Proof. With respect to the D-slice ordering on Z?, the matrix correspond-

ing to ¢ is a doubly infinite block matrix. The (k,n) element ¢((k, —k+1) —
(n,—m~+m)), in the (I, m) block in this matrix, is computed below separately:

k —n < 0: The quantity ¢ ((k,—k +1) — (n,—m +m)) is non-zero only
if k—n >1—m. Hence if [ > m, then ¢ ((k,—k+1) — (n,—m+m)) = 0.
Now, assume | < m. In this case, if k —n ¢ {{—m,l —m+1,...,—1}
then ¢ ((k,—k+1) — (n,—n+m)) = 0. For p € {0,1,...,—l +m — 1} and
k—n=1—m+ p, we have

(b((k? —k+ l) - (TL, —n+ m)) = Em,l,pp.

k—n=0:

01>
6(0,1 —m) = ¢ 0=
Com—1 it 1 <m.

k —n > 0: The quantity ¢((k,—k + 1) — (n, —n + m)) is non-zero only
if kK —n <1 —m. Hence if | < m, then ¢ ((k,—k+1) — (n,—n+m)) = 0.
Now, assume [ > m. In this case, if k —n ¢ {{ —m,l —m —1,...,1}
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then ¢((k,—k +1) — (n,—n+m)) = 0. For p € {0,1,...,l —m — 1} and
k—n=101—m — p, we have

¢((k? —k+ l) - (na —n+ ’I?’L)) = Cl—m—p,p-
Therefore, the (I, m) block ¢(I,m) in the matrix of ¢ is of the form

cr o, ifl<m,

o(l,m) =<1 if m=1,
Ci_py il>m.

Hence the block matrix of the Koranyi—Pukanszky function ¢, in the D-slice
ordering, corresponding to the array (c¢;,) takes the form

P, P P

Pyl T Cr oG

Py Ch 1 Cik e | m

P CQ Cl I

LEMMA 5.6. For alln € N, setting Ay, := anol +an—11B*+---+apnB*"
and Cp, = cpol + cp—11B* + -+ - + con B*", we have

n—1
C,=A4,+ ZAan_j.

j=1
Proof. Let C(z1, 22) := Z;};’:o cijzizg. We have

f(z1, 22)
2

Thus C(z1,22)(1 — x o f(z1,22)) = 1, which is the same as

1+ xo f(z1,22) + x0 f(z1,20)% + -+ = + coo = C(21, 22).

2 2
(1 + cr021 + co122 + 2027 + c112122 + Co225 + -+ +)
2 2
X (1 — @1021 — Ap1R2 — G202] — A112122 — Gp22y + - ) =L

For each k € N, comparing the coeflicient of the monomial z?_kzé:, we have

k n
Cnkk = DD AnjpCikk—ps

p=0 j=k

where agg = 0. The coefficient of B** in A,, + Z?:_ll A;C,_;is



290 R. Gupta and G. Misra

Qn—k kCO0 T On—k k—1C01 + Qp—k—1,kC10 + Qn—k k—2C02
+ ap—k—1k-1C11 + Gn—f—2,kC20 + -
= (an—k,kC00 + Gn—f k—1C01 + -+ + An—k 0C0k)
+ (an—k—1kC10 + Qn—k—1k—1C11 + - + An—k—1,0C1k)
+ -+ (aorCn—k,0 + Q0 k—1Cn—k1 + -+ QO0CH—k k)
k n
= Z Z An—j,pCj—kk—p>
p=0 j=k
completing the proof of the lemma. u
The relationship between A,, and C,, is given by the following lemma.
LEMMA 5.7. If A, and C, are defined as above, then

I Cf ¢y - Cr
o, I cr oo Oy
Cy O r .- Cp,
Cn Cn—l Cn—2 te I
18 mon-negative definite if and only if
A1 Ay Az -+ A,
0 A Ay -+ Ap
0 0 A - Aol
o o o --- A

Proof. For each n € N, C,, commutes with C,, and A,, for all m € N,
and hence we can adapt the proof of Lemma to this case. =

An application of the spectral theorem along with Lemma gives an
alternative proof of the Koranyi—-Pukanszky theorem, as shown below.

Proof of the Kordnyi—Pukdnszky theorem. The operators I ® B* and
B* ® B* are commuting unitaries and they have T? as their joint spec-

trum. Applying the spectral theorem and the maximum modulus principle,
we get

(5.3) Ixo f(I®B",B" @ B")| =[x o fllp2,ec-

Note that yo f(I ® B*, B*@ B*) = A| @ B*+ Ay ® B*2+ ... | where A, :=
anol + an—11B* + -+ - + ag, B*" as in Lemma Since [[x o fllp2,oo < 1, it
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follows from (5.3)) that |.7(A1,..., A,)|| < 1foralln € N. From Lemmal5.7]
we conclude that

I c oo
Cl I C{ e ;’1‘71

(5.4) Cy (1 r . i,
Cn C’n—l Cn—2 e I

is non-negative definite for all n € N, where C), := cu0f + cp—11B* + -+ +
con B*". Hence from Theorem [5.5] we see that the Koranyi-Pukanszky func-
tion ¢ corresponding to the array (c;i) is positive.

Conversely, suppose the Kordanyi-Pukénszky function ¢ corresponding to
(¢ji) is positive, where ¢y is assumed to be 1/2. Then from Theorem
it follows that the operator in is non-negative definite for all n € N.

From Lemm and (5.3), we conclude that |[x ™' o g|lp2o, < 1, where

9(21,22) =23, 1 Cmn 2125 This is so if and only if g maps D? into H, .

Hence the theorem is proved. m

5.3. The case of n variables. Suppose f : D" — H, is holomorphic.
Without loss of generality, we assume that f(0) = 1. Let

oo n
xo f(z)= Z Z ey +-rtes, Zin " Zig-

k=011,....ip=1

As before, x o f maps D" into D and ag = 0. Then with the understanding
that co = 1/2, we have

f(Z) = wojgzg = 2(00 + Z Z cei1+...+eikzi1 cee Zik).

1—vyo f(z
xof k=111,..,ix=1

For k € N, let
n k
Cri= Y Coppote, | [T @ By,
i1y =1 p=1
n k
Ay = Z Qe; 1t H(I®(n—z’p) ® B*®(ip—1))‘
i1,ik=1 p=1

Computations similar to the case of n = 2, using Ay and Ci, k € N, prove a
result analogous to Lemma [5.7] Hence, as before, using the spectral theorem
for the operators 1) @ B*®J j = 1,...,n, we deduce the Koranyi-
Pukénszky theorem for the polydisc D™.
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