MULTIPLICITY-FREE HOMOGENEOUS OPERATORS IN THE
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ABSTRACT. In arecent paper, the authors have constructed a large class of operators in the Cowen-
Douglas class of the unit disc D which are homogeneous with respect to the action of the group Mob
— the Mdbius group consisting of bi-holomorphic automorphisms of the unit disc D. The associated
representation for each of these operators is multiplicity free. Here we give a different indepen-
dent construction of all homogeneous operators in the Cowen - Douglas class with multiplicity free
associated representation and verify that they are exactly the examples constructed previously.

The homogeneous operators form a class of bounded operators T on a Hilbert space H. The
operator 7' is said to be homogeneous if its spectrum is contained in the closed unit disc and for every
Mobius transformation g the operator ¢g(7'), defined via the usual holomorphic functional calculus,
is unitarily equivalent to T'. To every homogeneous irreducible operator T' there corresponds an
associated unitary representation m of the universal covering group G of the Mdbius group G:

©(9)* Tn(g) = (pg) (T), § € G,
where p : G — G is the natural homomorphism. In the paper [6] (see also [3]), it was shown
that each homogeneous operator T', not necessarily irreducible, in B,,11(D) admits an associated

representation. The representations of G are quite well-known, but we are still far from a complete
description of the homogeneous operators. In the recent paper [6], the following theorem was proved.

THEOREM 1. For any positive real number A > m/2, m € N and an (m+1) - tuple of positive reals
o= ([o, f1y .-y fom) with o = 1, there exists a reproducing kernel KWW on the unit disc such
that the adjoint of the multiplication operator M) on the corresponding Hilbert space AR (D)
is homogeneous. The operators (MM)* are in the Cowen-Douglas class By,41(D), irreducible and
mutually inequivalent.

In the paper [6], we have presented the operators M (AK) in as elementary a way as possible, but
this presentation hides the natural ways in which these operators can be found to begin with. Here
we will describe another independent construction of the operators MM #) . We will also give an
exposition of some of the fundamental background material. Finally, we will prove that if T is an
irreducible homogeneous operator in B,,;1(ID) whose associated representation is multiplicity free
then, up to equivalence, T is the adjoint of of the multiplication operator M*#) for some \ > m/2
and p > 0.

1. BACKGROUND MATERIAL

Although, we intend to discuss homogeneous operators in the Cowen-Douglas class B, (D), the
material below is presented in somewhat greater generality. Here we discuss commuting tuples of
operators in the Cowen-Douglas class B, (D) for some bounded open connected set D C C™. The
unitary equivalence class of a commuting tuple in B, (D) is in one to one correspondence with a
certain class of holomorphic Hermitian vector bundles (hHvb) on D [4]. These are distinguished
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by the property, among others, that the Hermitian structure on the fibre at w € D is induced by
a reproducing kernel K. It is shown in [4] that the corresponding operator can be realized as the
adjoint of the commuting tuple multiplication operator M on the Hilbert space H of holomorphic
functions with reproducing kernel K.

Start with a Hilbert space H of C” - valued holomorphic functions on a bounded open connected
set D C C™. Assume that the Hilbert space H contains the set of vector valued polynomials and
that these form a dense subset in H. We also assume that there is a reproducing kernel K for H.
We use the notation K, (2) := K(z,w).

Recall that a positive definite kernel K : D x D — C"*™ on D defines an inner product on the
linear span of {Ky(-)¢ :w e D, ¢ € C"} C Hol(D,C") by the rule

<Kw()£7Ku()77> = <Kw(u)§>77>7 5777 e C".

(On the right hand side (,) denotes the inner product of C". We denote by ¢1,...,&, the natural
basis of C™.) The completion of this subspace is then a Hilbert space H of holomorphic functions
on D (cf. [1]) in which the set of vectors {K,, : w € D} is dense. The kernel K has the reproducing
property, that is,

(f, Kw€) = (f(w),&), fEH, weD, € C™

Now, for 1 < i < m, we have
M K& = w0, K&, w € D, where (M; f)(z) = zif(2), f € H

and {Kye;}, is a basis for N, ker(M; — w;)*, w € D.

The joint kernel of the commuting m - tuple M* = (M7,..., M;,), which we assume to be

bounded, then has dimension n. The map o; : w — Kge;, w € D, 1 < i < n, provides a trivialization
of the corresponding bundle E of Cowen - Douglas (cf. [4]). Here D := {z € C™ | z € D}).

On the other hand, suppose we start with an abstract Hilbert space H and a m-tuple of commut-
ing operators T = (T1,...,T},) in the Cowen - Douglas class B, (D). Then we have a holomorphic
Hermitian vector bundle E over D with the fibre E,, = N}, ker(7; — w;) at w € D. Following [4],
one associates to this a reproducing kernel Hilbert space H consisting of holomorphic functions on
D as follows. Take a holomorphic trivialization o; : D — H with oi(w), 1 < i < n, spanning Ej,.

For f € 'H, define fj(w) = (f,0;(0))p, w € D. Set (f 9)5 = (f, 9)n- The function Kye; := o;(w)
then serves as the reproducing kernel for the Hilbert space H. Note that

(Ku(2)ej ien = (Kuej, Kagi)y = (05(0), 01(2)), = (0(0), 04(2)) 0, 2w € D.

If one applies this construction to the case where H is a Hilbert space of holomorphic functions

on D, possesses a reproducing kernel, say K, and the operator M* is in B, (D) then using the
trivialization o;(w) = Kge;, w € D for the bundle E defined on D, the reproducing kernel for H is

<Kw(z)€j,€i>cn = <Kw5jaKz5j>H = <O’j(’£f}),0i(§)>7-( = <Kw5jaKz5i>7ﬁp Z,W € D.

Thus H = H.

Let G be a Lie group acting transitively on the domain D C C%. Let GL(n,C) denote the set
of non-singular n X n matrices over the complex field C. We start with a multiplier J, that is, a
smooth family of holomorphic maps J; : D — C"*" satisfying the cocycle relation

(1.1) Jon(2) = Jp(2)Jg(h - 2), for all g,h € G, z € D,

Let Hol(D,C™) be the linear space consisting of all holomorphic functions on D taking values in
C™. We then obtain a natural (left) action U of the group G on Hol(D,C"):

(1.2) (Ugf)(2) = Jy1(2)f(g7" - 2), f € Hol(D,C"), z € D.
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Let K C G be the compact subgroup which is the stabilizer of 0. For h,k in K, we have
Jin(0) = J5(0)Jx(0) so that k — J;(0)~! is a representation of K on C".
As in [6], we say that if a reproducing kernel K transforms according to the rule

(1.3) J(9,2)K(9(2),9(w))J(g,w)" = K(z,w)
for all g € G’; z,w € D, then K is quasi-invariant.

ProPOSITION 1.1 ([6], Proposition 2.1). Suppose H has a reproducing kernel K. Then U defined
by (1.2) is a unitary representation if and only if K is quasi-invariant.

Let g, be an element of G which maps 0 to z, that is g, - 0 = z.
For quasi-invariant K we have

(1.4) K(g:+0,9:-0) = (J,.(0)) 7 K(0,0)(J, (0)) ",

which shows that K (z,z) is uniquely determined by K(0,0). For each z in D, the positive definite
matrix K (z, z) gives the Hermitian structure of our vector bundle.

Given any positive definite matrix K(0,0) such that
(1.5) Ji(0) 71K (0,0) = K(0,0)J;(0)* for allk € K,

that is, the inner product (K(0,0)- | -) is invariant under Ji(0), (1.4) defines a Hermitian structure
on the homogeneous vector bundle determined by J,(z). In fact, K(z,z), for any z € D is well
defined, because if ¢, is another element of G such that ¢, - 0 = 2 then ¢, = g,k for some k € K.
Hence

K(g.-0,9.-0) = K(g:k- OQZk 0)

= (Jg.r(0) 71 K(0,0)(Jgx(0)) 7

= (Jr(0)J,. (k- 0)) T K(0,0)(J,. (k- 0)*J(0)*)

= (Jg. ()) Y(Jk(0))~ 1K(O 0)(Jx(0 )) N(Jy.(0)) 7
0,0)(Jy. (0)*)

= (J.(0)) 1 K(
= K(Qz'oagz'o)

This gives a good overview of all the Hermitian structures of a homogeneous holomorphic vector
bundle. But not all such bundles arise from a reproducing kernel. Starting with a positive matrix
satisfying (1.5), (1.4) gives us K (z, z), but there is no guarantee (and is false in general) that K (z, z)
extends to a positive definite kernel on D x D. It is, however, true that if there is such an extension
then it is uniquely determined by K (z, z) (because K (z,w) is holomorphic in z and antiholomorphic
in w).

This leaves us with the following possible strategy finding the homogeneous operators in the
Cowen - Douglas class. Find all multipliers, (i.e., holomorphic homogeneous vector bundles (hhvb))
such that there exists K (0,0) satisfying (1.5) and consider all such K(0,0). Then determine which
of the K(z, z) obtained form (1.4) extends to a positive definite kernel on D x D. Then check if the
multiplication operator is well-defined and bounded on the corresponding Hilbert space.

Let H be a Hilbert space consisting of C™ - valued holomorphic functions on some domain D
possessing a reproducing kernel K. The sections of the corresponding holomorphic Hermitian vector
bundle defined on D have many different realizations. The connection between two of these is given
by a n X n_invertible matrix valued holomorphic function ¢ on D. For f € H, consider the map
Iy : f— f, where f(2) = ¢(2)f(2). Let H = {f: f € H}. The requirement that the map I', is
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unitary, prescribes a Hilbert space structure for the function space H. The reproducing kernel for
‘H is easily calculated

(1.6) R (2,w) = () K (2, w)p(w)".
It is also easy to verify that ', MT7 is the multiplication operator M : f — zf on the Hilbert

space H. Suppose we have a unitary representation U given by a multiplier J acting on ‘H according
o (1.2). Transplanting this action to H under the isometry I',, it becomes

(Ug-11)(2) = Jg(2)f (g - 2),

where the new multiplier J is given in terms of the original multiplier J by

Jg(2) = p(2)Jg(2)p(g - 2) 7.
Of course, now K transforms according to (1.3), with the aid of J. If we want, we can now
ensure that, by passmg from H to an appropriate H, K(z,0) = 1. We merely have to set ¢(z) =
K(0,0)Y 2K (2,0)~!. Thus the reproducing kernel K is almost unique. The only freedom left is to
multiply p(z) by a constant unitary n X n matrix. Once the kernel is normalized, we have

Jk(z) = Jk(O), AS ]D), k e K.
In fact,

I =K(2,0) = Jy(2)K (k- 2,0)J5(0)* = Ji(2) J(0)

and the statement follows. Therefore, once the kernel K is normalized, we have
(Up1f)(2) = Tu(0)f (k- 2), k € K.

Given a multiplier J, there is always the following method for constructing a Hilbert space with
a quasi-invariant Kernel K transforming according to (1.4). We look for a functional Hilbert space
possessing this property among the weighted L? spaces of holomorphic functions on D. The norm
on such a space is

(L.7) 12 = / /(2 (2)dV(2)

with some positive matrix valued function Q(z). Clearly, this Hilbert space possesses a reproducing
kernel K. The condition that U,-1 in (1.2) is unitary is

/f(g‘Z)*J;“(Z)Q(Z)Jg(Z)f(g-Z)dV(Z) = /f (w)dV (w)
D

-z 2
— [ teara-ase- ) |22 ave)
that is,
.z —2
(18) Qa2 = 1,7 Q) |

which is equation (1.3) with Jy(z) replaced by a(? ?J (z)*~ L.

Given the multiplier J,(2), Q(2) is again determined by @ = Q(0), and (just as in the case of
K(0,0) = A) it must be a positive matrix commuting with all J;(0), k¥ € K. (It is assumed that
each Ji(0) is unitary).

In this way, we can construct many examples of homogeneous operators in B, (D) but not all.

Even, not all the the homogeneous operators in B;(ID) come from this construction. There is a
homogeneous operator in the class By (ID) corresponding to the multiplier .J(g,2) = (¢'(2))*, A € R
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exactly when A > 0. The reproducing kernel is K(z,w) = (1 — zw)~?*. But such an operator arises
from the construction outlined above only if A > 1/2.

Never the less, the homogeneous operators constructed in the manner described above are of
interest since they happen to be exactly the subnormal homogeneous operators in this class (cf.

[2])-

2. COMPUTATION OF THE MULTIPLIERS FOR THE UNIT DISC

In the case of B, (D), it is shown in [6] that the bundle corresponding to a homogeneous Cowen-
Douglas operator admits an action of the covering group G of the group G = MGob via unitary
bundle maps. This suggests the strategy of first finding all the homogeneous holomorphic Hermitian
vector bundles (a problem easily solved by known methods) and then determining which of these
correspond to an operator in the Cowen-Douglas class.

We are going to use the method of holomorphic induction. For this, first we describe some basic
facts and fix our notation. We follow the notation of [7] which we will use as a reference.

The Lie algebra g of G is spanned by X; = %(? (1)), Xo = %(6 —Oz> and Y = %(? (1)) The

subalgebra £ corresponding to K is spanned by Xo. In the complexified Lie algebra g€, we mostly
use the complex basis h, z,y given by

. 11 0

o= _ZX°_§<0 1)
_ 0 1

r = Xl—HY—(O 0)
. 00

¥y = Xl_ly:(l 0)

We write G for the (simply connected group) SL(2,C). Let Gy = SU(1,1) be the subgroup
corresponding to g. The group GC has the closed subgroups K€ = {(Z 2) 2z e Coz #£ 0},

0 z
Pt = {((1) i) 1z € C}, P = {(i (1)) 1z € C}; the corresponding Lie algebras £€ = {(8 _Oc) :
ce€ (C}, pt = {(8 8) iCcE C}, P = {(2 8) ic € (C} are spanned by h, x and y, respectively.
a 0

The product KEP~ = {( > :0#ae€Cbe (C} is a closed subgroup to be denoted T its

b2
Lie algebra is t = Ch + Cy. The product set PTKCP~ = P+T is dense open in G, contains G,
and the product decomposition of each of its elements is unique. (G®/T is the Reimann sphere,
gK — ¢T, (g € G) is the natural embedding of I into it.)

According to holomorphic induction [5, Chap 13] the isomorphism classes of homogeneous holo-
morphic vector bundles are in one to one correspondence with equivalence classes of linear repre-
sentations ¢ of the pair (t, K) Since K is connected, here this means just the representations of
t. Such a representation is completely determined by the two linear transformations p(h) and o(y)
which satisfy the bracket relation of A and y, that is,

(2.1) [o(h), o(y)] = —o(y)-

The G-invariant Hermitian structures on the homogeneous holomorphic vector bundle (making it
into a homogeneous holomorphic Hermitian vector bundle), if they exist, are given by o(K)-invariant
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inner products on the representation space. An inner product is o(K)-invariant if and only if o(h)
is diagonal with real diagonal elements in an appropriate basis.

We will be interested only in bundles with a Hermitian structure. So, we will assume without
restricting generality, that the representation space of ¢ is C% and that o(h) is a real diagonal matrix.

Furthermore, we will be interested only in irreducible homogeneous holomorphic Hermitian vec-
tor bundles, this corresponds to g not being the orthogonal direct sum of non-trivial representations.
Suppose we have such a p; we write V,, for the eigenspace of p(h) with eigenvalue a. Let —n be the
largest eigenvalue of g(h) and m be the largest integer such that —n, —(n+1),...,—(n+m) are all
eigenvalues. From (2.1) we have o(y)V, C V,_1; this and orthogonality of the eigenspaces imply
that V' = @7L,V_(;1;) and its orthocomplement are invariant under ¢. So, V' is the whole space,
and have proved that the eigenvalues of o(h) are —n,...,—(n+ m).

From this it is clear that ¢ can be written as the tensor product of the one dimensional repre-
sentation o given by o(h) = —n, o(y) = 0, and the representation ¢” given by 0°(h) = o(h) + nI,
0°(y) = o(y). Correspondingly, the bundle for g is the tensor product of a line bundle L, and the
bundle corresponding to o°.

The reprepresentation ¢° has the great advantage that it lifts to a holomorphic representation
of the group 7. Tt follows that the homogeneous holomorphic vector bundle it determines for D, G,
can be obtained as the restriction to ID of the homogeneous holomorphic vector bundle over G¢/T
obtained by ordinary induction in the complex analytic category. So, (as a convenient choice) take

the local holomorphic cross section z — s(z) := ((1) 'i) of GC/T over D. In the trivialization given
by s(z), the multiplier then appears for g = (2 Z) € G® as
Jo(z) = &(s(z)7"g " s(g- 2))

o fcz+d 0
-0 —  (ecz+d)7!

(2.2) = QO(eXp (cz_—f dy)) 0°(exp(2log(cz + d)h)).

The last two equalities are simple computations.
For the line bundle L,, the multiplier is ¢'(2)"7 (we write ¢'(z) = %(z)). Consequently, the

multiplier corresponding to the original p is

(2.3) Jg(2) = (g’(z))nJg(z).

3. CONDITIONS IMPOSED BY THE REPRODUCING KERNEL

We now assume that we have a homogeneous holomorphic vector bundle induced by p as in the
preceding sections and that it has a reproducing kernel. Then we derive conditions about the action
of G that follow from this hypothesis. In the final section, we will show that these conditions are
sufficient: they lead directly to the construction of all homogeneous operators the Cowen-Douglas
class with multiplicity free representations.

Under our hypothesis there is a Hilbert space structure on our sections in which the action of G
given by (1.4) is unitary. We will study this representation through its K - types (i.e., its restriction
to K) We first compute the infinfinitesimal representation.
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For X € g, and holomorphic f, we have

Ux)(2) = (§) jmo Uespex)f) (2)
d(exp(—tX) - z)\n
(3.1) = (@) o] () o () exp(=tX) - ) }.
There is a local action of GC, so this formula remains meaningful also for X € g€. There are
three factors to differentiate. For the last one, (%)‘tzof(exp(—tX) -z) = —(X2)f'(2), and we

1 . o .
see that exp(—tz) - z = (0 D -z = z 4+t gives x - z = 1; by similar computations, y - z = —z2,

h-z = z. For the first factor, we interchange the differentiations and get —n%(X-z), ie., 0,20z, —n,
respectively for x,y and h.

To differentiate the factor in the middle, we use its expression (2.2). First for X = y, we have

% . o’ (exp(—t(tz+1)"1y)) = — . (exp(—t(tz +1)"10"(y))

(3.2) =-0"(y)
and

LN exp(2log(tz + Dh) = L] exp(2log(ts + 1)0°(R))

ai|_ ¢ (ewlos = |, P2l 0
(3.3) = 20°(h)
From these, it follows that

d
(Ff)(z) = —(ny>(2’) - % =0 Jexp(ty)(z)f(exp(ty> ’ Z)
t=
(3.4) = (= 20z +220"(h) = 0°(y)) f(2) = 2f'(2).
Similar, simpler computations give, for g = exp(tx) = (8 é)
(3.5) (Ef)(2) == =(Usf)(2) = = f'(2).
t/2

Finally, for g = exp(th) = (60 6_(1/2>, we have

o—t/2
Jewen(2) = o(* i) = exp(=0)a"(h).

Hence it is not hard to verify that
(3.6) (Hf)(2) = (Unf)(2) = (nI = &"(h)) f(2) + 2" (2).

Under our hypothesis, we have a reproducing kernel and U is unitary. From our computations
above, we can determine how U decomposes into irreducibles. The infinitesimal representation of
U acts on the vector valued polynomials; a good basis for this space is {€;2" : n > 0}; ¢; is the jth
natural basis vector in C¢. We have H(g;2") = —(n + j + n)(¢;2"), so the lowest K - types of the
irreducible summands are spanned by the ;. This space is also the kernel of E. So, U is direct sum
of discrete series representations (U717, in the notation of [7]), each one appearing as many times
as —(n + j) appears on the diagonal of g(h).
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4. THE MULTIPLICITY-FREE CASE

In order to be able to use the computations of [6] without confusion, we introduce the parameter

A=n+73.
From the last remark of the preceding section, it is clear that if U is multiplicity-free then
o(h) is an (m + 1) x (m + 1) matrix with eigenvalues -\ + Z,-A + 2 —1,..., =X — . As

o(h)ej = —(A =5 +j)€j, (2.1) shows that

g(h)(g(y)aj) =—(\+ % +j+1) o(y) €5, that is, o(y) e; = const 1.
So, o(y) is a lower triangular matrix (with non-zero entries, otherwise we have a reducible bundle).
The homogeneous holomorphic vector bundle determines o(y) only up to a conjugacy by a matrix
commuting with o(h), that is, a diagonal matrix. So, we can choose the realization of our bundle
by applying an appropriate conjugation such that o(y) = S,,, the triangular matrix whose (j,j — 1)
element is j for 1 < j < m.

By standard representation theory of SL(2,R), the vectors (—F)"¢; are orthogonal and the
irreducible subspaces HY) for U are span{(—F)"e; : n > 0} for 0 < j < m. There is also precise
information about the norms.

Using this, we can construct an orthonormal basis for our representation space.

For any n > 0, we let u/,(z) = (—F)"e;.

To proceed further, we need to find the vectors ui,(z) explicitly. This is facilitated by the
following Lemma.

LEMMA 4.1. Let u be a vector with uy(z) = wz"f, 0< 0 <m andn > 0. We then have

(—Fu)e(z) = 2N —m + £+ n)upz" T 4 buy_ 1 2" 0 < 0 < m.

Proof. We recall (3.4) that —(Ff)(z) = 2X2f(2) + S f(2) — 22D f(2) + 22f'(2) for f € H(n),
where Dy, = —¢"(h) is the diagonal operator with diagonal {—%2t, -2 4+ 1,..., 2} and S,, is the
forward weighted shift with weights 1,2, ..., m. Therefore we have

(—Fu)e(z) = (2Aug + lug—q — (m — 20w, + (n — f)uz)z:”*'l_Z
completing the proof. O

LEMMA 4.2. For 0 <j<m and 0 </{ <m, we have

} 0 ifo<r<j—1
tn(2) = (M) + Dr(2A — m + 2 + k)p_gz"™* i j<O<m, k={—
k) \J k( m+2j + k)n_kz Hjse=m, v = J

where uiL /(2) is the scalar valued function at the position £ of the C™ ! - walued function (—F)"¢;.

Proof. The proof is by induction on n. We recall that u,(z) = (—F)Pej, 0 <p < n. Let ufw(z) be

the scalar function at the position £ of u% (2), 0 < ¢ < m. The vectors u% are in H(n) for 0 < j < m.
For a fixed but arbitrary positive integer j, 0 < j < m, we see that ufﬂ(z) isOifn<f—j. We

have to verify that (—Ful)(z) = ufl 4+1(2). From the previous Lemma, we have

(—Ful)e(z) = (2 —m+ L +n+ j)ufl,ez”ﬂ“_ﬁ 1 euiéilznﬂﬂ—e’
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where (—Fub,),(2) is the scalar function at the position £ of the C™*! - valued function (—Fu)(z).
To complete the proof, we note (using k = ¢ — j) that

(—Ful)jyx(z ) (( )G+ De(2A —m+2j + k)pp(2A —m +2j + k4 n)+
DU+ DR@A=m+2j +k— 1)) " F

("
= (J+ )(2)\ m+ 25 + k)

(HEeA=—m+2j+k+n)+ (") @\ —m+2j +k —1))"TF
= (J+Dr@A—m+2j+k)p_k

() + ()@ Y=m+2j +k—1) + (n+1)(})) "+
= (G +De@\—m+2j + k)ns

(("}5 JRA—m+2j+k—1)+ ("+1)(n_]€_|_1))zn+lfk
= (G+De@A—m+2j + k)i (("F) 2N —m +2j +n)) 2" F
= G+ De(("E@N—m+ 2] + k)py1_g) 2" TF

“n+1,j+k(z)
for a fixed but arbitrary j, 0 < j <m and k, 0 <k < m — j. This completes the proof. U

On ‘HY, we have the representation U acting (0 < j < m), where Aj = A —F +j. Its
lowest K - type is spanned by ¢ (= u)) and He; = Aje;. By [7, Prop 6.14] we have ||(—F)¥e;||?> =
oAll(~F)F ey |? with

ol = 2\ + k- )k
for all £ > 1. (Here we used that the constant ¢ in [7, equation (6.33)] equals X\;(1 — \;) by [7,
Theorem 6.2].) We write

which can be written in a compact form

(4.1) al, = ((2\)n(1)n),
where (z), = (z+1)--- (z+n—1). We stipulate that the binomial co-efficient (}}) as well as (2)n_
are both zero if n < k.

N
The positivity of the normalizing constants ( 7 j) 2 (n > j) is equivalent to the existence of an

inner product for which the set of vectors e’ deﬁned by the formula:

el ;=(oh)" ﬁuil_j(z), n>j 0<j<m
forms an orthonormal set. Of course, the positivity condition is fulfilled if and only if 2A > m.

In this way, for fixed j, each €/ _ j has the same norm for all n > j. Hence the only possible choice
for an orthonormal system is {ujezl_j :n > j} for some positive real numbers pi >0 (0<j<m).
However, we may choose the norm of the first vector, that is, the vector e}, 0 < j < m, arbitrarily.
Therefore, all the possible choices for an orthonormal set are

4.2 e (2) = o] u’ (z),n>7, 0<353<m,
- Hins(?) VN =m+2))nj /Dy nea(D) 2 0575

where p;, 0 < j < m are m + 1 arbitrary positive numbers.

Let us fix a positive real number A and m € N satisfying 2\ > m. Let HM#) denote the closed
linear span of the vectors {ujeihj : 0<j<m, n>j} Then the Hilbert space HOMM) s the
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representation space for U defined in (1.2). Since the vectors ul L u]; as long as j # k, it follows
that the Hilbert space H(M#) is the orthogonal direct sum e %H(j ).
J

We proceed to compute the reproducing kernel by using the orthonormal system {puje’, jinz
j}, 0 < j < m. We point out that for 0 < ¢ < m, the entry ef;’ijz"ﬂ at the position £ of the

vector efl_ j(z) is 0 for n < £. Consequently, efl_ j is the zero vector unless n > j. The set of vectors
{Mjezl_j :0<j<m, n>j}is orthonormal in the Hilbert space HAH) | We note that
j 27 j J—

el () = (e ;2" ik,

w3) (e () {0 ifo<l<j-—1
3) (el (2 = - - .
— ¢ 2A+2j—m—+k)p_j— (n—j—k+1)g (41) —k  er - N .
Y VO Bt [ Qe Gl ot i j < <m, k=

We have under the hypothesis that we have a reproducing kernel Hilbert space on which the
representation U is unitary, explicitly determined an orthonormal basis for this space. Now we are
able to answer the question of whether this space really exists. For this it is enough to show that
>en(2) en(w)tr converges pointwise, the sum then represents the reproducing kernel for this Hilbert
space. We will sum the series explicitly, and will verify that it gives exactly the kernels constructed
in [6]. This will complete the program of this paper by proving that the examples of [6] give all the
homogeneous operators in the Cowen-Douglas class whose associated representation is multiplicity
free.

To compute the kernel function, it is convenient to set, for any n > 0,

0,0 _n

Hoén 2 0 0
G(p,n,z) = poelzn i ;Lje%’];jz”_j 0
,ugezl’oz"_m . Mjeg;jjz"_m o ,umenm_’%z"_m
en? 0 0
Z" 0 : : o 0
= 0 eff_j 0 :
m,0 m,j m,m
en €n’j €nm
(4.4) = Dy(2)G(n)D(p),

where D, (z), D(p) are the two diagonal matrices and G(n) = (ef;’];j)%zo with ef;’fj =0ifl <y
or if n < £. The nonzero entries of the lower triangular matrix G(n), using (4.3), are
(") G+ Dr@A—m+ 25 + k)i

\/(2>\ —m+2j)n—; \/(1)1173'
VCA—m+2j+k)njr(n—7—k+ 1), (j+ 1)

VN = m T+ 29, (D) (D

(4.5) _ CA=m+2j+k)pjr [(n—F—k+1)(G+1)
| (22 = m +2j)i (Dn—j—k (1)

Gjirj(n) =

for0<k<m-—j.
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Now, we are ready to compute the reproducing kernel K; for the Hilbert space HU) = span{ezl_ ;e
n>j}, 0<j <m. Recall that K(z,w) = > "7, en(2)en(w)* for any orthonormal basis e, n > 0.
This ensures that K is a positive definite kernel. For our computations, we will use the particular
orthonormal basis eil_j as described in (4.2). Since there are j zeros at the top of each of these
basis vectors, it follows that (¢, p) will be 0 if either £ < j or p < j. We will compute (K;(z,w)), at
(4,p) for j < ¢,p < m. For {,p as above, we have

(Kj(z,w)ep = >, el (2)el_; (w)

n>max(¢,p)
— Y GGt
n>max(¢,p)

We first simplify the co-efficient Gy ;(n)Gp ;(n) of 2" “w"P. The values of Gy ;(n) are given in
(4.5). Therefore, we have

Gr,j(n)Gp,j(n)
((2)\1‘ Fl=Jnre(n=L+1)j CNj+p—Jlnyp(n—L+ 1)z—j>1/2 G+ Ve (G+1)p
(2X))—j (Dn—s (2Xj)p—; (Dn—p (De—j (Dp—j

(2N +p = F)n—pn =L+ 1)p; ((2)\3‘ + 4 —j)p—e(n —p+ 1)p—£)1/2 G+ D)= G+1)p—
(2X)e—j(Dn—p 2N+ L= G)p—e(n—p+1)py (De—j (Dp—j
(2X))p—i(2Aj +p = J)np(n =L+ 1)p—j(n—p+1)p— (J+ L)e—j (J + L)p—

(2A)p—i () e—j (Dn—p(n — p + 1)p—; We—j (Wp—j
_ @)= Lt Doy (n—p+1)pj G+ ey (G + L)p—j
(2Aj)p—3(2A5) 5 (Dn—j We—j (Wp—j
THEOREM 4.1. Given an arbitrary set po, ..., m of positive numbers, and 2\ > m, we have
KM (7 w) = Z,U,?Kj(z,w) =BM (2, w).
=0

As a result, the two Hilbert spaces HAH) and AW of [6] are equal.

Proof. We now compare the co-efficients (K;(z,w))¢, with that of a known Kernel. Let BY (2, w) =
(1 — 2zw)~2N, where B(z,w) = (1 — zw) 2 is the Bergman kernel on the unit disc. We let d and 9
denote differentiation with respect to z and w respectively. Put

B (z,w) = (0" 79" (1 = 20) ) <t p<m-
We expand the entry at the position (¢,p) of ]:3;(’\3')(2, w) to see that

(B(Aj)(z,w))g’p — Z (2Xj)v

v>max((—jp—j) O
i )i o
= Z <(1)]) ‘j(n—€+ De—j(n—p+1)p_jz Lo,
n>max(¢,p) =l

where we have set n = m + j. Comparing these coefficients with that of Gy ;(n)Gy j(n), we find
that

(v—"L4i+ 1) jw+i—p+1), 20" EDgr=r=D)

(4.6) Kj(z,w) = D;BX) (2, w)D;,
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where Dj is a diagonal matrix with [Phvyy ) (](Jlr)li)zfj at the (¢, /) position with j < ¢ < m. Hence
=

K;(z,w) = BX) (2, w) which was defined in the equation ([6, equation (4.3)]).
Clearly, we can add up the kernels K; to obtain the kernel K (A1) for the Hilbert space HMH) =
SeJ M%_H(j ). Hence the proof of the theorem is complete. O

COROLLARY 4.1. The irreducible homogeneous operators in the Cowen - Douglas class whose asso-
ciated representation is multiplicity free are exactly the adjoints of MM constructed in [6].

Proof. In our discussion up to here we proved that the Hilbert space H# corresponding to a
homogeneous operator in the Cowen - Douglas class has a reproducing kernel given by KM#) =
Yo 14 2K gy 22> 1, pa, ..., i > 0. It follows from the Theorem that the kernels obtained this way
are the same as (are equivalent to) the kernels constructed in [6]. These operators were shown to
be irreducible [6]. O

We now consider the action of the multiplication operator M*#) on the Hilbert space HMH).
Let H(n) be the linear span of the vectors

{eh(2),....e)_i(2),....,em ()}
where as before, for 0 < ¢ < m, e _(2) is zero if n — £ < 0. Clearly, HM*) = @2 ;H(n). We have
2G(n,z) = Dn(2)G(n)D(p)

= Dna(2)G(n)D(p)

= Duii(5)G(n + )D()(D(r) " G(n + 1) G(m) D).
If we let W(n) = D(u)"'G(n + 1)"'G(n)D(u), then we see that zefl_j(z) =G(p,n+1,2)W;(n),
where W;(n) is the jth column of the matrix W (n). It follows that the operator M*H) defines a

block shift W on the representation space H**). The block shift T is defined by the requirement
that W : H(n) — H(n + 1) and Wiy, = W

Here, we have a construction of the representation space H(**) along with the matrix represen-
tation of the operator M#) which is independent of the corresponding results from [6].

5. EXAMPLES

Recall that G(p,n,2) = Dp(2)G(n)D(p). Once we determine the matrix G(n) explicitly, we
can calculate both the block weighted shift and the kernel function.

5.1. We discuss these calculations in the particular case of m = 1. First, it is easily seen that

(2=Da)1/2 0
(51) G(n) = (( n )152)(71(2)\%_1)1/2 ((2/\+1)n—1)1/2> ’

-1 Mn_1 M1

The block W, of the weighted shift W is

(L y1/2 0
(5.2) Wo=1| 1,9 uni"" 1/2 n o N\1/2 | -
( (2xfm)

L \2a—1 )2( @xn—1)(27+n) )

Finally, the reproducing kernel K*#) with m = 1 is easily calculated:

1 z
—wz)2A—1 Z02)2N 0 0
(53) K()\,p,) (Zaw) = ¢ @) 1 (11+(2§\—1)1I}Z + ,U% (0 1) .
(1—wz)2* 2X—1 (1—wz)2A+1 (I—wz)2 T
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One might continue the explicit calculations, as above, in the particular case of m = 2 as well.
We begin with the matrix

2A—2),\1/2
(452) / 0 / 0
n 2A—1), _1\1/2 22, 1\1/2
(5:4) G(n) = (2)\72)1/2(( (1),1)_1 H) ) (((1)),1_11) ) 0 p
n(n—1 22)n_2\1/2 n1 (CA+1)n_21\1/2 [ (2A42)n_2\1
((2)\—(2)(2>\)—1))1/2(((1)21_22) 2(ﬁ)1/2( Mn_2 ?) ( Mn_2 ?)
The block W,, of the weighted shift W, in this case, is
(QAZJ#—E)I/Q 0 ” 0
(5.5) ;ﬁl(%:5)1/2((2A+n—1)1(2x+n—2))1/2 (1) / 0
—2( 2x+1 \1/2 n 1/2 —2u1 (22+1\1/2 1 /2 n—1\1/2
E((zA—Q)g) ((2)\+n—2)3) H2 ( 2\ ) ((2)\+n—1)(2)\+n)) (2,\+n)

Finally, the reproducing kernel K**) with m = 2 has the form:

1 2
(1—wz)2r—2 (17(11),:)2;_1 ( 1(;z 2)’\ )
A, . 0 1+(2A—2)wz 2(2+(22—2)wz
K “)(va) = (1—*15%—1 23 —2)(1—wz)> (22—2)(1—wz)2 1
02 W(24(2A—2)wz) 2+4(20—1D)wz+(22—1) (22 —2) 22w?
(1—wz)2* (22A—2)(1—wz)2 +1 (2A—1)(22A—2) (1—wz)2 +2
0 0 0
1
+12 |0 Gooam 2asoagm
0 2 0 2& 1+2\wz
(I—wz)2FT 22X (1—wz)2 +2
00 0
(5.6) +pz [0 0 0
00 gz
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