THE CURVATURE INVARIANT FOR A CLASS OF
HOMOGENEOUS OPERATORS

GADADHAR MISRA AND SUBRATA SHYAM ROY

ABSTRACT. For an operator T in the class B, (Q2), introduced by Cowen and Douglas, the simulta-
neous unitary equivalence class of the curvature and the covariant derivatives up to a certain order
of the corresponding bundle Er determine the unitary equivalence class of the operator 7. In a
subsequent paper, the authors ask if the simultaneous unitary equivalence class of the curvature and
these covariant derivatives are necessary to determine the unitary equivalence class of the operator
T € B, (Q). Here we show that some of the covariant derivatives are necessary. Our examples consist
of homogeneous operators in B, (D). For homogeneous operators, the simultaneous unitary equiv-
alence class of the curvature and all its covariant derivatives at any point w in the unit disc D are
determined from the simultaneous unitary equivalence class at 0. This shows that it is enough to
calculate all the invariants and compare them at just one point, say 0. These calculations are then
carried out in number of examples. One of our main results is that the curvature along with its covari-
ant derivative of order (0, 1) at 0 determines the equivalence class of generic homogeneous Hermitian
holomorphic vector bundles over the unit disc.

1. INTRODUCTION

Let ‘H be a Hilbert space of holomorphic functions on a bounded open connected set 2 C C.
Assume that for w € Q, the point evaluations ev,, : f — f(w) on H are bounded and locally
bounded. Then the Hilbert space H possesses a reproducing kernel K, that is,

flw) = <f,Kw>, feH, Ky €H for all w € Q.

The map w +— Ky is holomorphic and defines a holomorphic vector bundle on Q* := {w : w € Q}. It
turns out that if the adjoint of the multiplication by the coordinate function on H is bounded then
K, is an eigenvector for it with eigenvalue w, w € €.

Suppose T' is a bounded linear operator on a Hilbert space H possessing an open set of eigenvalues,
say (2, with constant multiplicity 1. For w € €2, let ,, be the eigenvector for T" with eigenvalue w. In
a significant paper [7], Cowen and Douglas showed that for these operators T', under some additional
mild hypothesis, one may choose the eigenvector ~,, to ensure the map w — =, is holomorphic. Thus
the operator T gives rise to a holomorphic Hermitian vector bundle E7 on ). They proved that

(i) the equivalence class of the holomorphic Hermitian bundle Ep determines the unitary equiv-
alence class of the operator T

(ii) The operator T is unitarily equivalent to the adjoint of the multiplication by the coordinate
function on a Hilbert space H of holomorphic functions on 2*. The point evaluation on H
are shown to be bounded and locally bounded assuring the existence of a reproducing kernel
function for H.

From (i), as shown in [7], it follows that the curvature
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of the line bundle Ep is a complete invariant for the operator T. On the other hand, following (ii),
Curto and Salinas [10] showed that the normalized kernel

f((z,w) = K(wo,wg)l/ZK(z,wo)flK(z,w)K(wo,w)flK(wo,wo)lﬂ, w € N

at wg € 1 is a complete invariant for the operator T" as well.

If the dimension of the eigenspace of the operator T at w is no longer assumed to be 1 then a
complete set of unitary invariants for the operator T involves not only the curvature but a certain
number of its covariant derivatives. The reproducing kernel, in this case, takes values in the n x n
matrices M,,, where n is the (constant) dimension of the eigenspace of the operator T" at w. The
normalized kernel, modulo conjugation by a fixed unitary matrix from M,,, continues to provide a
complete invariant for the operator T

Unfortunately, very often, the computation of these invariants tend to be hard. However, there is
one situation, where these computations become somewhat tractable, namely, if T" is assumed to be
homogeneous. Recall that an operator 7' is said to be homogeneous if ¢(7") is unitarily equivalent to
T for all ¢ in the bi-holomorphic automorphism group Mob of the unit disc D. For a homogeneous
operator T, if the unitary operator U, implementing the unitary equivalence between T" and ¢(T') can
be chosen such that the map ¢ — U, is a projective unitary representation of the group Méb, then
U, is said to be the representation associated to T'. If the operator T is assumed to be irreducible
then the existence of an associated representation is easily established using the Schur Lemma (cf.
[5, Theorem 2.2]).

One may expect that in the case of homogeneous operators, the form of the invariants, discussed
above, at any one point will determine it completely. We illustrate this phenomenon throughout
the paper. Homogeneous operators have been studied extensively over the last few years (]2, 4, 3,
6, 5, 13, 14, 16, 18]). Some of these homogeneous operators correspond to a holomorphic Hermitian
homogeneous bundle — as discussed above. Recall that a Hermitian holomorphic bundle F on the
open unit disc D is homogeneous if every ¢ in Mob lifts to an isometric bundle map of E.

Although, the homogeneous bundles E on the open unit disc D have been classified in [6], it is
not easy to determine which of these homogeneous bundles E' comes from a homogeneous operators.
In [18], Wilkins used his classification to describe all the irreducible homogeneous operators of rank
2. In the paper [14], the first author along with Koranyi, gives an explicit description of a class of
homogeneous bundles and the corresponding homogeneous operator. Thus making it possible for
us to compute the curvature invariants for these homogeneous operators. Although, our main focus
will be the computation of the curvature invariants, we will also compute the normalized kernel and
explain the relationship between these two types of invariants. Along the way, we give a partial
answer to some questions raised in [7, 9].

For a bounded open connected set 2 C C and n € N, let us recall that the class B, (), introduced
in [7], consists of bounded operators T" with the following properties:

) QCo(T)

b) ran(T — w) = H for w € Q

c) Vypeaker(T' —w) = H for w €
d) dim ker(T — w) = n for w € Q.

It was shown in [7, proposition 1.11] that the eigenspaces for each T in B, () form a Hermitian
holomorphic vector bundle Er over €2, that is,

Er :={(w,z) e QxH:z €ker(T —w)}, n(w,x) =w

and there exists a holomorphic frame w — y(w) := (y1(w), ...,y (w)) with v;(w) € ker(T —w), 1 <
i < n. The Hermitian structure at w is the one that ker(T'— w) inherits as a subspace of the Hilbert
space H. In other words, the metric at w is simply the grammian h(w) = ((y;(w), fyi(w)>))?j:1. The

curvature K7 (w) of the bundle E7 is then defined to be 5= (h 1 8 >-h)(w) for w € Q (cf. [17, pp. 78
- 79)).

a
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Theorem 1.1 ([8], Page. 326). Two operators T, T in B1(Q) are unitarily equivalent if and only if
Kr(w) = Kz(w) for w in 2.

Thus the curvature of the line bundle Er is a complete set of unitary invariant for an operator
in B1(€2). Although, more complicated, a complete set of unitary invariants for the operators in the
class B, (€2) is given in [7].

It is not hard to see (cf. [17, pp. 72]) that the curvature of a bundle E transforms according to
the rule K(fg)(w) = (97 'K(f)g)(w), w € A, where f = (ej,...,e,) is a frame for E over an open
subset A C 2 and g : A — GL(n,C) is a holomorphic map, that is, a holomorphic change of frame.
For a line bundle E, locally, the change of frame g is a scalar valued holomorphic function. In this
case, it follows from the transformation rule for the curvature that it is independent of the choice of
a frame. In general, the curvature of a bundle E of rank n > 1 depends on the choice of a frame.
Thus the curvature C itself cannot be an invariant for the bundle E. However, the eigenvalues of
are invariants for the bundle E. More interesting is the description of a complete set of invariants
given in [7, Definition 2.17 and Theorem 3.17] involving the curvature and the covariant derivatives

where rank of E' = n. In a subsequent paper (cf. [9, page. 78]), by means of examples, they showed
that fewer covariant derivatives of the curvature will not suffice to determine the class of the bundle
E. These examples do not necessarily correspond to an operator in the class B, (€2). Recall that if a
Hermitian holomorphic vector bundle F is the pullback of the tautological bundle defined over the
Grassmannian Gr(n,H) under the holomorphic map

t:Q— Gr(n,H), t(w) =ker(T — w), w €

for some operator 7' : H — H, T € B, (), then E = FEr and we say that it corresponds to
the operator 7. On the other hand, for certain class of operators like the generalized Wilkins
operators W, = {Méa’ﬁ) ca, > 0} C Biy1(D) describe below (cf. [3, page 428]), the unitary
equivalence class of the curvature K (just at one point) determines the unitary equivalence class of
these operators in Wy. This is easily proved using the form of the curvature at 0 of the generalized
Wilkins operatorsM,Ea’ﬁ), namely, diag(c,--- ,a,a + (kK +1)3+ k(k + 1)) (cf. [15, Theorem 4.12]).

In this paper we construct examples of operators 7" in Bo(D) and B3(ID) to show that the eigenvalues
of the curvature for the corresponding bundle F7r does not necessarily determine the class of the
bundle E7. Our examples consisting of homogeneous bundles Er show that the covariant derivatives
of the curvature up to order (1, 1) cannot be dropped, in general, from the set of invariants described
above. These verifications are somewhat nontrivial and use the homogeneity of the bundle in an
essential way. It is not clear if for a homogeneous bundle the curvature along with its derivatives up
to order (1, 1) suffices to determine its equivalence class. Secondly the original question of sharpness
of [7, Page. 214] and [9, page. 39], remains open, although our examples provide a partial answer.

One of the main theorems we prove here involves the class of operators constructed in [14]. This
construction provides a complete list (up to mutual unitary in-equivalence) of irreducible homoge-
neous operators in Bi;1(ID), k > 1 whose associated representation is multiplicity free. It turns out
that for £ = 1, this is exactly the same list as that of Wilkins [18], namely, W;. However, for k > 2,
the class of operators Wy, C Bj41(D) is much smaller than the corresponding list from [14]. Now
consider those homogeneous and irreducible operators from [14] for which the eigenvalues of the
curvature are distinct and have multiplicity 1. The Hermitian holomorphic bundles corresponding
to such operators are called generic (cf. [7, page. 226]). We show that for these operators, the
simultaneous unitary equivalence class of the curvature and the covariant derivative of order (0, 1)
at 0 determine the unitary equivalence class of the operator T'. This is considerably more involved
than the corresponding result for the class Wk.

To summarize, it is surprising that there are no known examples of operators T € B, (), n > 1,
for which the set of eigenvalues of the curvature Kr is not a complete invariant. We construct some
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examples in this paper to show that one needs the covariant derivatives of the curvature as well to
determine the unitary equivalence class of an operator T' € B, (2), n > 1. The inherent difficulty
in finding such examples suggests the possibility that the complete set of invariants for an operator
T € B, () described in [7, 9] may not be the most economical. Although, in these papers, it is shown
that for generic bundles, the set of complete invariants is much smaller and consists of the curvature
and its covariant derivatives of order (0,1) and (1,1). However, even for generic bundles, it is not
clear if this is the best possible. Indeed, we show that for a certain class of homogeneous operators
corresponding to generic holomorphic Hermitian homogeneous bundles, the curvature along with its
covariant derivative of order (0,1) at 0 provides a complete set of invariants.

2. EXAMPLES FROM THE JET CONSTRUCTION

Let B(z,w) = (1 — zw)~2 be the Bergman kernel on the unit disc, the Hilbert space corre-
sponding to the non-negative definite kernel BY2(z,w) = (1 — z@)™> be AM(D) for X > 0.
We let M@ : AN (D) — AM(D) be the multiplication operator, that is, (MW f)(z) = zf(z),
f e AM(D),z € D. Following the jet construction of [11] (see also [16]), we construct a Hilbert
space A,(fa’ﬁ) (D) (o, B > 0, k € N) starting from the kernel Hilbert space A® (D) @ AP (D) with
reproducing kernel B(®%)(z, w) = B*?(z,w)B?/?(23,ws), z = (21,22),w = (w1, w2) € D?. The
Hilbert space A,ga’ﬁ ) (D) consists of Ck+1 - valued holomorphic functions defined on the open unit

disc D. It turns that the reproducing kernel B,(ga’ﬁ ) for Al(f"ﬁ ) (D) is
(a:3) _ 2 i 5 2
(21) Bk;a (Z, w) — ((Ba/ (Zl)w1)8;28%}23ﬁ/ (ZQ’w2)))O§i7j§k|reS ]D)X]D)’

that is, 21 = z = 29 and w; = w = we. The multiplication operator on A,(Ca’ﬁ ) (D) is denoted by

M,

Example 2.1. Consider the operators M := M®™ @& M® and M’ := Ml(a’ﬁ) for A\, p,a, 8 > 0.
Wilkins [18] has shown that the operator M'* is in By(ID) and that it is irreducible. This operator is
also homogeneous, that is, ¢(M') is unitarily equivalent to M’ for all bi-holomorphic automorphisms
@ of the open unit disc D (cf. [3]). It is easy to see that the operators M) and M®) are both
homogeneous and the adjoint of these operators are in the class Bj(D). Consequently, the direct
sum, namely, M* is homogeneous and lies in the class By(ID). Let

A zZ,Z
(1) h(z): ( B 20( ’ ) BN/QO(Z’Z) >7 )\,,u>0,

1) = gled o, oy — (= 12?)? 0 Bz —2?) 2)—a-B-2
(2) h(z>_Bl (2,2) _<5Z(1_‘Z|2) B(1+ﬁ|z|2) )(1_‘2’ ) o , a,0 >0, for z €D,
where X" denotes the transpose of the matrix X.
The bundles (E,h) and (E’, 1) correspond to the the operators M* and M’ respectively. We
denote the curvature and the covariant derivative of the curvature of order (0,1) for the bundles
(E,h) and (E', ') by K, K5 and K', K% respectively. By direct computation we have

ez O 0
IC(Z) = 0 o s ICE(Z) =2 0 nz ;
[=FRE PP

. a —%B(ﬂtlgi T TZ‘Z)B —/3(/5()?1?(?2")‘3‘42)

/ —|z —|z / —|z —lz

K(z) = [ 1P §+: ﬁi K =2 O ar2iid: |-
1—-|z

(1==2)?

Choose A, g > 0 with y— A > 2 and set « = A and 8 = %(u — A —2). Since curvature is self-adjoint
the set of eigenvalues is a complete set of unitary invariants for the curvature. The eigenvalues for
K(z) and K'(z), z € D, are clearly the same by the choice of A\, u, @ and 3. So, these matrices are
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pointwise unitarily equivalent. Now, we observe that Kz(0) = 0 and K%(0) # 0. Hence they cannot
be unitarily equivalent. It follows that the eigenvalues of the curvature alone cannot determine the
unitary equivalence class of the bundle. However, in this example, the covariant derivative of order
(0,1) suffices to distinguish the equivalence class of the operators M and M'”".

Before we construct the next example, let us recall that for any reproducing kernel K on D, the
normalized kernel K (z,w) at 0 (in the sense of Curto-Salinas [10, Remark 4.7 (b) ]) is defined to
be the kernel K(0,0)Y2K(z,0) 'K (z,w)K (0,w) 'K (0,0)"/2. This kernel is characterized by the
property K (2,0) = I for z € D and is therefore uniquely determined up to a conjugation by a
constant unitary matrix. Let K(z,w) = Zk7e>o apez" @t and f((z,w) = Zk7£>0 apez"w’, where ajy
and ayy are determined by the real analytic functions K and K respectively, axe and agp are in M,,, for
k,¢ > 0. Since f((z, w) is a normalized kernel, it follows that agg = I and axy = age = 0 for k, ¢ > 1.
Let K(z,w)™! = Zk,€>0 brez"w’, where by is in M,, for k,£ > 0. Clearly, K(z,w)* = K(w,z) for
any reproducing kernel K and z,w € D. Therefore, ajy = gk, ajy = agr, and byy™ = byy, for k, £ > 0,
where X* denotes the conjugate transpose of the matrix X.

Let H be a Hilbert space of holomorphic functions on I possessing the reproducing kernel K.
To emphasize the role of the reproducing kernel, we sometimes write (H, K) for this Hilbert space.
If we assume that the adjoint M™* of the multiplication operator M on the Hilbert space (H, K)
is in B(D), then it follows from [10, Lemma 4.8, page. 474] that the operator M* on the Hilbert
space H determined by the normalized kernel K is unitarily equivalent to M™* on the Hilbert space
(H,K). Hence the adjoint of the multiplication operator M on (H,K) lies in B(D) as well. Let
(E h) be the corresponding bundle, where h(z) = K(z,2)", z € D. The curvature of this bundle is
K(z) = &(h~'Lh)(z) for z € D.

Lemma 2.2. Let h(z)" = K(z,2) =, >0 apez*zt. In this notation, we have

(a) d™h(0) = 8"h(0) = 0 = d™h~(0) = &A= 1(0) for m, n > 1 and
(b) BOR(0) = at, G0h~(0) = —aly, G20h(0) = 4,

Proof. Since K (z,z) is a real analytic function with K(z,0) = I for z € D and h(z) = K(z, 2)™,
it follows that 9™h(0) = mlal, = 0 and §"h(0) = nlaf, = 0. By the same token, for h='(z) =
K=Yz, 2), we have 3™h~1(0) = 0 and 9"h~1(0) = 0 since K~!(2,0) = I as well for all z € D.
This completes the proof of part (a). To prove part (b), we note that h(z)h~'(z) = I implies
dOh~(0) = —at,. Clearly 9h(0) = aty and §202h(0) = 4ab. O

Lemma 2.3. The curvature K and the covariant derivative of the curvature Ks» at 0 are given by
the formulae:

K(0

) = aly and ,Czn< )=(n+ 1)!&51:”“.
Proof. Since K(2) = Z(h='2h)(z), it follows that K(0) = dh~1(0)0h(0) + h~'(0)80(0) = aty,

by the previous Lemma Also, Kz (0) = I"K(0) = §"+1(h~18h)(0) (see [7, Proposition 2.17, page
211]). From Lemma 2.2, we have 8h~(0) = 0 for £ > 1. Therefore, using the Leibnitz rule,

n+1
Kzn(0) = ("fH) 0" =1 (0)00h(0) = " 0h(0) = (n + 1)laf, .
k=0
This proves the second assertion. O

Lemma 2.4. If K is the curvature of the bundle (E, h), then K.z(0) = 2(2a9 — a3,)".

Proof. We know from |7, Proposition 2.17, page 211] that for a bundle map © of a Hermitian
holomorphic vector bundle (E h) the covariant derivatives ©, and O3 with respect to a holomorphic
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frame f are given by ©,(f) = 90(f) + [h~'0h,O(f)] and O(f) = dO(f). Since the curvature K is
a bundle map, it follows that

K.z:(z) = 5(815( ) + [ 0h, K](2))
0K (2) + [0(h~'0h), K](2) + [~ 0h, K] (2)
= aaIC( ) + [h=10h, K] ().

Since dh(0) = 0 by Lemma 2.2, we have K,:(0) = 09K(0). Consequently, K.z(2)]2m0 =
DO(Oh~0h)(2)|.—o. This simplifies considerably since dh(0) = 92h(0) = dh~1(0) = 0, again by
Lemma 2.2. Thus we obtain
K.:(0) = 200h=1(0)00h(0) + 0%0?h(0) = —2atall, + 4a%, = 2(2ag — aty)™.
O
Lemma 2.5. The coefficient of 2FT @'t in the power series expansion of IN((z,fw) is
koo
Qps1e01 = agy. (D0 beokr1-s,er1-ebort
s=1t=1
k ¢
1/2
> be0ars1-s.e41b00 + > b0k 1,641-tbot + booak-s1,e41b00 — bi+1,0a0000,6+1) agh
s=1 t=1
for k., £>0.
Proof. From the definition of K (z,w) we see that for k,¢ >0
k+1 041
. 1/2 1/2
Af+1,04+1 = aoé (Z Z bsoak+1—s,€+1—tbot)@oé
s=0 t=0
k+1 041 k+1
ol 2
= ag) (D2 bsoari1-ser1—ibo + Z bs0@k+1-s,¢b00
s=1 t=1
041
1/2
+ Z boo@k+1,6+1—tbot + booak+1,e+1boo)a0(/)
t=1
ke k+1
1/2
= ag)’( (D2 bsoarir-ser1—tbor + Z bs0@k+1-5,000,041 + Z bk+1,000,4+1—tbot
s=1 t=1
k+1 e+1
1/2
+ Z bso@k+1—s,0b00 + 2 booak+1,6+1—tbot + booak+1,e+1b00)@o(/)
s=1 t=1
k¢ k+1 041
1/2
= aoé Z Z bso@k41—s,041—tbos + (Z bs0@k+1-5,0)b0,e41 + bk+1,0(z ao,¢+1—tbot)
s=1 t=1 s=0 t=0
k ¢
1/2
Z bso@k+1—s,eb00 + Z booak+1,0+1—tbot + boo@k+1,64+1b00 — bk+170a00b07£+1)a0(/)
s=1 t=1
koot k ¢
1/2
= ag)’( (DD bsorr1-ser1-tbor + > bsoakr1-sboo + Y booaks1,e41-tbor
s=1 t=1 s=1 t=1

1/2
+b00@k41,+1b00 — brt1,0a0000,041) Al
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as the coefficient of 2F11 in K (z,w) " K (2,w) = Y45 bsoag11-50 = 0 and the coefficient of w**! in
K(z,w)K(z,w)™ = Zfié ag ¢+1—tbos = 0 for k, £ > 0. O

The following Theorem will be useful in the sequel. For T in B, (), recall that Kr denotes the
curvature of the bundle Ep corresponding to T

Theorem 2.6. Suppose that Ty and T> are homogeneous operators in B,(D). Then Kr,(0) and
(K1, )2(0) are simultaneously unitarily equivalent to Kr,(0) and (K1,)z(0) respectively if and only if
Kt () and (K1,)z(z) are simultaneously unitarily equivalent to Kr,(z) and (Kr,)z(2) respectively
for all z in D.

Notation 2.7. Before going into the proof of Theorem 2.6, let us fix some notation. Let

Mob = {prq: t €T, a € D}, where pq(2) =1t S

1—az
Méb is the group of biholomorphic automorphisms of the unit disc D. Let ¢ : MobxID — C be the
function which is given by the formula

(ot 2) = (¢ (2),

where the prime stands for differentiation with respect to z. The function ¢ satisfies the following
cocycle property:

clo 7 2) = clo v (2))e(w ™, 2), for ¢ € Méb and z € D.
The cocycle property can be easily verified by the chain rule.

Lemma 2.8. Suppose that T in B, (D) is homogeneous. Then
(a) Kr(p™1(0)) = |e(p™", 0)| 72U, 'Kr(0)U,

(b) (Kr):(e™ (0)) = lele™,0)ele,0) U5 ((Cr)=(0) — (o1, 0) (o NP (0)Kcr(0)) U,
for some unitary operator U,, ¢ € Mob.

Proof. Following [7], using the homogeneity of the operator T', we find that there is a unitary operator
U,,- such that

(2.2) Koy (2) = U;;ICT(Z')U%Z, © € Méb and z € D.
On the other hand, an application of the chain rule gives the formula
(2.3) Koy (z) = (0™ (2)PKr((¢™1)(2)), for ¢ € Mob and z € D.
Putting both of these together, we clearly have
Ug :Kr(2) U,z = el 2)PRr((¢71)(2)).

In particular, if z = 0, then

Uy oK (07 (0)Up0 = [e(™ 1, 0)PKr((971)(0)).-
Set Uy := U,. Then

Kr(p™'(0)) = |e(e ™", 0)| 72U, Kr (0)U,

for ¢ € Mob, z € D. This proves part (a).
To prove part (b), we differentiate 7y respect to z using (2.3 ) to see that

OKp(ry(2) = (¢71) () )D(2)Kr(e™(2) + (™) ()P0~ (2)0Kr (9™ (2))
(2.4) = c(p7h ) (e )P ()Lr(07H(2) + el 2)Pe(e™, 2)0Kr (071 (2)).
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Using ( 2.4 ) and (a), putting z=0and U,y = U,, we see that
U, 'oKr(0)U, = c(¢™",0) (0™ )@ (0)Kr (01 (0)) + le(p ™, 0)e(p~ T, 0)0Kr (9~ (0))
= c(p™10) ()P (0) ) J(O)|e(e™ 072U, K (0)U, + le(e™ ", 0)Pe(p~L, 000K (9 (0))
(25)  =cle70)" e HY@(0)US Kr(0)Uy + [e(9™ ", 0)Pe(e=!, 0)0KT (91 (0)).
So,

(
(

O™ (0) = lele ™ 0)[ el T.0) 105 (3K (0) — el 0) 1 (g )B0)Kr (0)) U
The proof of part (b) is complete since (K7); = 0Kz (cf. [7]). O
Corollary 2.9. Suppose that Th, T are homogeneous operators in By, (D). Then
(1) UK (O)U = Ky (0),  (2) U~ (K)=(0)U = (Kr,):(0)
for some unitary operator U if and only if
(i) Vo 'K (2)Ve = Kry(2), (i) Vi ' (Kmy)z(2) Ve = (K )z(2)

for some unitary operator V,, ¢ in Mob and z € D.

w—a

Proof. The “if” part is obvious. To prove the “only if” part, take ¢ = ¢y ., where ¢y q(w) = t{%=2,
for a,w € D and ¢t € T. Pick a unitary operator such that (a) and (b) of Lemma 2.8 are satisfied.
We get from (1) and Lemma 2.8(a) that

Kr(z) = le(e™"0)|7*U; Kr, (0)U,
= le(e™" 07U U™ K, (00U,

(™" 072U U (o™, 0) UKoy (2) U U T,
= U 'U UK, (2)U, ' UU,.

c

Since V,, := U;lUUq, is unitary, the proof of (i) is complete.
From (1), (2) and Lemma 2.8(b)

(Kn)=(2) = le(p™", 0)[2elp ", 0) 10 ((K13):(0) = e, (e~ )P 0K, (0) ) U,
= o™, 0) (61,010, U (K)=(0) = (e ,0) 1 (¢ )P (0)Kr, (0)) UL,
= lele Ol LU, U (o P 0)e(e T 0) K, (0)

Hele™, 0)e(o=h, 0)Up(Kpy )2 () U5 = (9@ (0)c(~!, 0)" Ky (0)> Ul

(2.6) = U;'U Uy (Kp,):(2)U, ' UU,.

Taking V,, = U;lUUw as before, we have (ii). O
Proof of Theorem 2.6. Combining Lemma 2.8 and Corollary 2.9, we have a proof of the Theorem
2.6. O
Notation 2.10. For a positive integer m, let S(c1,...,cm) denote the forward shift on C™+1 with
weight sequence (c1,...,cm), ¢ € C, that is,

S(Clv s 7Cm)(€,p) = C€5p+1,€ fOT’ 0< pag <m.

We set S, == S(1, m). For A in My 4, we let A(i,j) denote the (i, j)-th entry of the matriz A

for1<i<p, 1< < q. For a vector v in C¥, let v(i) denote the i-th component of the vector v,
1<i<k.
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Example 2.11. From (2.1 ), we get

(0,8 _ 1—zw)?  f'z(1— zw) N\ —a—f—
B (2 w) = ( ﬁw(l zw) ['(14 [ zw) >(1_Zw) o

and
(@.8) (1—zw)* B(1—zw)3z B(B+1)(1—zw)222
By " (z,w) = B(1—zw)3w B(1+8zw)(1—zw)? B(8+1)(2+B2w) (1—2)z (1—zw)=a—B—4
B(B+1)(1—2w)?w? B(B+1)(2+B2w)(1—2w)w B(S+1)(2+(B+1)(4+B2w)2d)

for a, 3,6 > 0 and (2,w) € D x D. Let K1(z,w) := (1 — 20)"* & BY"’B/)(z,w) and Ko(z,w) :=
Béa’ﬁl)(z,w) for (z,w) € D x D. Let M; and My be the multiplication operators on the Hilbert
spaces Hj and Hy with reproducing kernels K; and Ky respectively. Clearly, M; is the direct sum
M(@) @Ml(a’ﬁl) acting on the Hilbert space A @Aga’ﬁ/) and M5 is the multiplication operator on the
Hilbert space A;a’ﬁ ). Wilkins [18] has shown that the adjoint of the operator Ml(a’ﬁ ") on Aga’ﬂ ) is in
Bo(D). This operator is also homogeneous. It is easy to see that the operator M (@) is homogeneous
and its adjoint is in the class B;(ID). Consequently, the direct sum, namely, M, is homogeneous and

lies in the class B3(ID). The operator M; is in Bs(ID) by [11, Proposition 3.6] and is homogeneous by
[3, Page. 428] and [15, Theorem 5.1]. Let

(2.7) hi(z) = Ki(z,2)™ and ha(2) = Ka(z,2)".
Thus h; and hg are the metrics for the bundles E; and E> corresponding to the operators M| and
M3 respectively.

Lemma 2.12. The curvature at zero and the covariant derivatives of curvature at zero of order
(0,1) and (1,1) for the bundles Ey and E> are

(a) £1(0) = ding(a,a,a + 20 + 2), (£1):(0) = S(0,—2/F (8 + 1)) and (K1).:(0) =
2diag(a,a+ (3 +1),a+ p'(—=0 +1)+2);
(b) K2(0) = diag (a,a,a + 35 +6), (K2):(0) = S(0,—3/2(B + 1)(8 +2))" and (K2):2(0) =
diag(er, 0 + 3(8 + 1)(8 + 2), o — 35(8 + 2)),
respectively. Here K;, (laz)g and (ICZ)Z; are computed with respect to the metrics h; fori =1,2
obtained from the corresponding reproducing kernels normalized at 0.

(If h is a metric corresponding to a normalize(j reproducing kernel at 0, then iL(O) = I, that is,
the basis for the fibre at 0 with respect to which h(0) is computed is orthonormal.)

Proof. For any reproducing kernel K with

K(z,w) = Z Az W™ and K(z,w)™ Z bn 2" w"
m,n>0 m,n>0
the identity K (z,w) 'K (z,w) = I implies that
k
boo = aaol and Z bok—eaoe =0, k > 1.
/=0
For k = 1, we have bjg = —aaolaloaaol, bo1 = (b10)*. Also, by Lemma 2.5, we have
1/2 1 -1 _ ~1/2
(2.8) ay = ag(/) (booar1boo — blOCLOObOl)CLoé = aoo/ (a11 — amaoolam)aoo/
For k = 2, we have bgy = (b01a01 + booaoz)aoo = ay (a01a00 apl — aog)aoo Now, Lemma 2.5 gives

a12 = aoé (booa11bo1 + booai2boo — b10a00b02)aoé

—-1/2 — — — —1/2
(2.9) = aOO/ (a12 — (au — aloaoolam)aoolam - aloaoolaog)aoo/
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Observing that bog = bga™ = aaol (aloaaolalo — ago)aaol, from Lemma 2.5, we have

_ 1/2 1/2
aga = aoé (broar1bor + broai2boo + booazibor + booazzboo — bzoaoobm)aoé

= aagl/z (amaaolanaaolam - aloaaolam — a21a501a01 + a99
—(aloa&]lalo - a20)a601(a01a601a01 - aoz))aaol/2
= a501/2 (a22 + (a20a601a01 - a21)a0_01a01 - azoaaglam
(2.10) —aloaaol (a12 — (a1 — a10a0_01a01)a501a01 — algaaolagg))a(;ol/2
In particular, choosing K = K7, we have
ago = diag(1,1, /), apl = S(O,ﬂ’);

ary = diag(a,a + 3,8 (e + 26" +2)), a2 =5(0,8(a+F +1));

ala+1) (a+ ) a+p +1) Bla+tf +2)(a+33 +3)
2 ’ 2 ’ 2

Thus, a11 — a1pagy ao1 = diag(a, o, B'(a + 23’ + 2)). Hence from Lemma 2.3 and Equation (2.8 ), we

have K1(0) = &' = diag(o, a,  + 23" + 2).
From Equation (2.9 ), we get a12 = S(0, —/3'(#' +1)). So, from Lemma 2.3, we have (K1)z(0) =

2at, = S(0, 27 (3 +1)".
Similarly, from Equation (2.10 ), ago = diag(
(K1)22(0) = 2(2dg2 — a7,)" = 2 diag(a, a + /(6 + 1),a + 5(—=F + 1) + 2)

from Lemma 2.4. This completes the proof of (a).
To prove (b), choose K = K3 and observe that

a = diag(1, 3,28(3+1)), a0 = S(3,28(8+1))",

a9g = diag( ), and agg = 0.

a(a+1) a(a+1)+25’(ﬁ”+1) (a+5’+2);a+3ﬁ’+3))

5 . Hence

a2 = S(Ba+B+1),8(6+1)(2a+33+6)), (an)(i,j) = { B(B+1) fori=3,j=1;

0 otherwise,

ay1 = diag (a+ﬁ,ﬁ(a+26+2),2ﬁ(ﬁ+ 1)(044-36—1-6))
and
(a+pB)(a+B+1) Bla+B+2)(a+36+3)
2 ’ 2 ’
BlB+D(a+B+4)(a+B+5)+4B+1)(a+5+4)+6(B+1)).

Therefore, aj; — aloag_olam = diag(a,aﬂ,2ﬂ(ﬂ + 1)(a+ 38+ 6)) Hence from Lemma 2.3 and
Equation (2.8 ), we have

asy = diag(

K2(0) = at = diag(ev, o, a + 33 + 6).
Also, from Equation (2.9 ), we have

a2 = S(0, —%\/ﬁ +1(8+2))

and from Lemma 2.3, we have
(K2)=(0) = 2aly = S(0,~3v/2(B + 1)(8+2))"
Since

ala+1) ala+1)+3(B+1)(B+2) ala+1)

5 5 , 5 +3(8+42)(a+B+3))

ELQQ = diag(
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from Equation (2.10 ), using Lemma 2.4, we get

(K2)22(0) = 2(2a22 — a3,)™ = 2 diag(c, a + 3(8 + 1) (B + 2),  — 33(8 + 2)).
O

By means of a sequence of lemmas proved below, we construct a unitary operator between the
vector spaces ((E1)o, h1(0)) and ((E2)o, h2(0)) which intertwines K1(0), K2(0) and (K1)z(0), (K2)z(0).
Here (E1)p and (E2)p are the fibres over 0 of the corresponding bundles F; and E3 respectively.

Lemma 2.13. A linear transformation Uy : (C3, ho(0)) — (C3, h1(0)) is diagonal and unitary with
Uy = diag(uy, ug, us), u; € C for i =1,2,3, if and only if |u1|? = 1, |uz|? = 3, Jug|> = 22 5+1)

Proof. “only if” part: Since Uy is a unitary operator we have U = UJ , where * denotes the adjoint
of Uy. Now, from [11, p. 395]

Us = ha(0)"'T, h1( )
- dlag(L 2ﬁ /8+ 1)) )diag(ﬂl,EQ,a3)diag(1,1,5')
B _uy usf
= i 555 1)

= diag(uy g U 2 U 30)
This implies the desired equalities.
“if” part: Taking uq = 1,us = /B, u3 = zﬁ(g,ﬂ), we see that Uy = diag(uy,ug,us) is a unitary
operator between the two given vector spaces. O

The proof of the next lemma is just a routine verification.

Lemma 2.14. Suppose that T and T are in Ms such that

| fori=2j=3; = . | fori=27=3;
T(27J) _{ 0 otherwise. and T(Z’J) _{ 0 otherwise.
a2

Then AT = T A for some invertible diagonal matriz A = diag(ai, az,a3) if and only if % =422,

as

Lemma 2.15. If 3’ = 33+ 2, then Uy 'K1(0)Uy = K2(0) and Uy *(K1):(0)Uy = (K2):(0), where
Uy : (C?’,hz(O)) — (C?’,hl(O)), is a diagonal unitary with Uy = diag(ui,us2,us), u; € C for
i=1,2,3.

Proof. Our the choice of 3 together with Lemma 2.12 ensures that K;(0) = K2(0). The first equality
is therefore evident. B ~
Clearly, (K2)z(0) and (K;1)z(0) are of the form 7" and T of the previous Lemma. Choose

2 1 3
ulzl,uQ:\/B,u;g: ﬁ(%,—’—), Withﬁ,:§ﬁ+2.
To complete the proof of the second equality, by Lemma 2.14, we only have to verify

77——3\/ (B+1)(6+2), n——2fﬂ’+1 Now,
Bo p+2 3ﬂ+4
ﬂ+1 ﬁ+1

i VB 1) 2/3B+258+42+1) 3 3FFA(B+2) 1 [35+4
N =328+ 1)(B+2)  32B+D(B+2)  2BVEHDE+2) 2\ f+17

I

= “2 where
u3

and
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g

Since the operators M; and My are homogeneous, combining Lemma 2.15 with Theorem 2.6, we
have the following Corollary.

Corollary 2.16. For ¢ in Mob, there is a unitary operator U, such that Uw_llel(z)Ucp = Ka(2)
and U, 1 (K1)z(2)U, = (K2)3(2).

Lemma 2.17. If §' = %B + 2 then (K1).2(0) and (K2).z(0) are not unitarily equivalent.

Proof. By Lemma 2.12, (K;).z(0) = diag(p;, ¢;,7;) for i = 1,2, where p1 = o, ¢1 = a + /(8 + 1),
rm=a+3 (- +1)andpr=a,¢g=a+3(B+1)(B+2), o =a—33(6+2). Clearly,

(2.11) p1 = Dp2,q1 > 11 and g2 > ra.

If the diagonal matrices (161)25(0) and (162)25(0) are unitarily equivalent then {pi,qi,m1} =
{p2, q2, 72}, as sets. From (2.11 ), we see that this can happen only if p1 = p2, ¢1 = ¢ and ri = ro.
Si~nce B = %ﬂ +2, 1 =a+ %(ﬂ +2)(38 + 4). We see that ¢1 # g2 as 8 # 0. Hence (K1).2(0) and
(K2).2(0) are not unitarily equivalent. O

The following Theorem is now obvious.

Theorem 2.18. The simultaneous unitary equivalence class of the curvatures and the covariant
derivatives of the curvatures of order (0,1) for the operators My and My are the same for 3’ = %ﬂ—l—Q.
However, the covariant derivatives of the curvatures of order (1,1) are not unitarily equivalent.

3. IRREDUCIBLE EXAMPLES AND PERMUTATION OF CURVATURE EIGENVALUES

In the Example 2.1, one of the two homogeneous operators M* is reducible while the other M'*
is irreducible. Similarly in the Example 2.11, one of the two operators My is reducible whereas
the other MJ is irreducible. Irreducibility of M'* and Mj follows from [15]. We are interested in
constructing such examples within the class of irreducible operators in B, (D). The class of irreducible
homogeneous operators in Bo(ID) cannot possibly possess such examples, since the eigenvalues of the
curvature at 0 is a complete invariant for these operators (cf. [18]). Therefore, we consider a
class of homogeneous operators in B3(D) discussed in [14]. However, we first show that for generic
bundles EXMH) the simultaneous equivalence class of the curvature and the covariant derivative of the
curvature of order (0, 1) determine the equivalence class of the homogeneous Hermitian holomorphic
vector bundle EAH).

Notation 3.1. Let A be a real number and m be a positive integer such that 2A—m > 0. For brevity,
we will write 2X\j =2\ —m + 25, 0 < j <m. Let

02 (—j! . )
(3.12) LN, §) = { (()J) N, for0<j<f<m

otherwise.

and B = diag (do, d1,...,dn). Now, for u = (po, . - ., )™ with o =1 and pg > 0 for £ =1,...,m,
let
BMW (2, w) = (1 — 20) """ D(2w) exp(@Sy)B exp(zS%,)D(zw),
~ (0 =g

where B s a positive diagonal matriz with By, = dy = Z | —2—us for0 <L <m, D(zw) =

’ =\ Ny
(1 — zw)m*‘fép@ is diagonal and Sy, is the forward shift with weight sequence (1,...,m). Here,
X' denotes the transpose of the matriz X. Thus L(\)p? = d for p? = (p3, u3,...,u2)" and
d= (do,dy,...,dp)".
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The kernel BMM) is positive definite. Indeed, it is the reproducing kernel for the Hilbert space
AMH)(D) of C™*! - valued holomorphic functions described in [14]. Let M*#) denote the multiplica-
tion operator on the Hilbert space A (D). The Hermitian holomorphic vector bundle associated
with BM# is denoted by EM® . In [14], it is shown that M#) is an irreducible homogeneous
operator, which is in B, 41(D).

Lemma 3.2. For the reproducing kernel BM# | we have

(a) a1 = [B71S,B, S5 ] + (A +m) [neq — 2Dm,

(b) @12 = BY2(3(B~1s2,BS;, B! + S;,B7!S,,2) + B~ [Dyy,, Sin] — B71S,,BSE,B1S,, ) BY/2,
where I, denotes the identity matriz of order k and Dm = diag (m,...,1,0).

Proof. From Equation (2.8 ) in Lemma 2.12, we get ai; = ay 1/2 (all — a10a601a01)a801/2. Form
the expansion of the reproducing kernel BMH) we see that agy = B, aip = BS* s @01 = SpyB,
a11 = SmBSE,+(2A+m)B—2D,,B. So, a11—ai0agy ao1 = SmBSE,+(2A+m)B—2D,,B—BS},B~'S,,B.
The proof of (a) is now complete since the matrices S,,BS?,, S,,B~'S*., B, BY/2, B~1/2 are diagonal.

From Lemma 2.5, we have C~L12 = (I(l]é2 (b00a11b01 + b00a12b00 — bloaogbog)aééQ. Again, from the
expansion of the reproducing kernel BMH) it is easy to see that

1 1
a2 = 582'1]38:1 + (2)\ + m)SmB = DipSiB — S1BDip, boo = Bil) bio = _S:nBia boz = iBilsz

The proof of (b) is now complete since the two diagonal matrices B and D,,, commute. O

Let KA® denote the curvature of the bundle EMM | that is, K(z) = %(ﬁ_l%ﬁ) (z), where
h(z) = BOW (2, 2)" for z in D. Recall that BO#) is the normalized reproducing kernel obtained
from the reproducing kernel BX#).

Lemma 3.3. The curvature at zero 16()"“)(0) and the covariant derivative of curvature of order
(0,1) at zero (KMM)(0) are given by the formulae:

(a) K ( ) = diag ((2)\T + oy — a,«+1):n:0),

(b) (]C(ML))E( ) =25((—var(l+a, — 3(ay1 +ar+1))1731:1)tr, where o, = r2d._1d; for 0 <r <

m with ag = ams1 = 0.
Proof. We only write the nonzero entries of the matrices involved. Notice that S,,BS?, (r,r) = 72d,_1
for 1 < r < m, B71S,,BS!, (r,7) = r2d,_1d;t for 1 < r < m, S;,B7IS,(r,7r) = (r + 1)2d;i1 for
0<r<m-1andSB'S,B(r,r) = (r + 1)%d, dr_Jrl for 0 < r < m — 1. Therefore, by Lemma
3.2(a), we see that KM (0) = aly = diag ({2\ + ar — ay117%). This proves part (a).
To prove part (b), we observe that

BSy(r+1,7) = (r+1)drj1for0<r<m—1
SmBS* (r,7) = 72d,_y for 1 <r <m,
B'S2BSEB H(r+1,r) = r*(r+1)d,_1d;'d ) for 1 <r<m—1.
Equivalently,
B'SEBS; trB7 (r,r — 1) = r(r — 1)%d,_od; '1d, ! for 2 <r < m.
Since
SyBTIS%(r,r—1) = r(r+1)2d for 1<r<m-—1,
DSy (r,r—1) = (m—r)rforl <r <m,
SmDm(r,r—1) = r(m—r+1)for1 <r<m,

it follows that
[Dyn, Sin)(r,7 — 1) = —r, that is, [Dy,,Sp] = —Sp-
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Hence (B~Y[Dyn, Sp))(r,7 — 1) = —rd; ! for 1 < r < m. Now,
(B7'[Dy,Sm] — B7'S,BSEBTIS, ) (rr — 1) = —rd;t —3d,_1d?
= —rd Y1+ r2d_1d; )
= —rd'(1+a) for 1 <r<m.
Also,

1 B*1§2 BS* Bfl + S* B7182 ror— 1 _ f r—1 Zdi_Qd__l dfl +(r+1 d—
2 memm m m 2 r—1%r r+1

r _ _
= §(ar_1d,, Yy(r+ 1)2d7~+1)
for 1 <r <mwithayg=0= d_1 . From Lemma 3.2 (b), using d_; =0 = d-! i1 We get
ara(r,r —1) = Q(dr 1) 2 (prdyt + (r 4+ 1)%d, 7)) — r(deoady) 2 (1 + o)

T _ _ _
= 5(dr—1d, DY o1+ (r +1)%dd, L) = r(deeadi )Y (L o)

1
=V ar(l +ar — 5(047"—1 + ar—i—l))

for 1 <r < m. This proves part (b). O

Notation 3.4. Let 6,41 =2\ + ap — qpy1 for 0 <r <m and 0y = —\/ap(1 + ay — %(ag_l + apy1))
for 1 <€ < m. In this notation, K™ “)(0) = diag ((6r41)70) and (KMH)-(0) = 25((96)2”:1)“. As
in the previous Lemma, we will let o, = r2d,_ 1d for 0 <r <m with ag = 1 =

Remark 3.5. We emphasize that the reproducing kernel BX#) is computed from a ordered basis,
that is, BO#) (w, w) = (((f;/i(w),’yj(w))))??;ll, where {v;(w)}71! is an ordered basis. Consequently,
the eigenvalues of K(*#)(0), which is diagonal, appear in a fixed order. If one considers o) (w)}i";tl,
it will give rise to a different reproducing kernel P, B® “)P* say B(A K ), where ¢ € Sp41, Sm+1 de-
notes the symmetric group of degree (m+1) and P,(i,7) = 50(1)73. Hence K,(0) = diag ((65(r11))10) »

where K, is the curvature with respect to the metric hy(z) = B (z,2)'. Tt follows that the cur-
vature of the corresponding bundle as a matrix depends on the choice of the particular ordered basis.
The set of eigenvalues of curvature at 0, which is diagonal in our case, will be thought of as an
ordered tuple, namely, the ordered set of diagonal elements of K*#)(0).

Definition 3.6 ([7] Def. 3.18, pp. 226). A C* vector bundle E over an open subset Q of C with
metric-preserving connection D is said to be generic if IC has distinct eigenvalues of multiplicity one
at each point of €.

From Lemma 2.8 (a) and Lemma 3.3 (a), we note that E*#) is generic if and only if §,,; are all
distinct for 0 < r < m. Thus the proof of the following Corollary is complete.

Corollary 3.7. 6, = 0,41 if and only if 0, = 0 for 1 <r < m with ag = ams+1 = 0. In particular, if
EXH s generic then 0, # 0 for 1 <r < m.

Lemma 3.8. If (6,41)/%, is an ordered tuple of positive numbers such that KA (0) = diag
((6r41)720), then

l) Z 5k+1 > m(m + 1)
k=0

m r—1
(i) m:—1 Z5k+1 - Z5k+1 >r(m+1—r) forl <r<m.
k=0 k=0
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Proof. By Lemma 3.3, Remark 3.5 and the hypothesis of the Lemma, we have
2\ + o — Qpy1 = Op g1

for 0 < r < m. This is same as Ax = b, where

_]-7 .] :/L+]—7
A(i,j) = 1, j=0ori=yj,
0, otherwise;

for 0 <i,j <m; x(0) = 2o, x(r) = o, and b(r) = 6,41 — 2r for 0 < r < m.
We observe that det A = (m];rl X,) =m+ 1, where B(i) =1 for 1 < i < m and A’ is an upper-
triangular matrix of size m with 1 as its diagonal entries. So, the system Ax = b of linear equations

admits a unique solution. One verifies that

1 m m r—1
2)\0: M;korl_mand Qp = T’/Iglkzﬂ)&k+1—kz_05k+1—r(m+l—7‘) for 1 <r<m.

Recall that 2\ and o, = rzdr_ld; 1 (for 1 < r < m) are all positive. Therefore, a set of necessary
conditions for existence of the positive numbers {81} such that KOH)(0) = diag((5,11)™) are
the inequalities in the statement of the Lemma. O

As described in Notation 3.1, let g = (1, pu1, ..., pum)™ and p' = (1, pf, ..., pi,)™ with e, pj >0
for 0 <4 <m; a=(aq,...,00n) and &' = (&),...,a},). For 0 < j < m, set 2y; = 2y —m + 2,
where v = Aor v = X. Set d = L(\)p2, d = L(N)p/?, where p? and g/ denote the componentwise
square of p and p'. Let 2X\g = 2\ — m, oy = i2d;_1d; L; 20) = 2N —m, o = ingfldi’_l for
0 < ¢ < m. In this notation, we have:

Lemma 3.9. (:) = (f‘:,) if and only if (2X, ) = (2Xg, &').

Proof. We prove the “only if” part. Assuming (2Xg, ) = (2, @’) we have A = X and «; = o for
1 <i<m. Thus d = d’. Now, invertibility of L()\) implies that p? = p'?, that is, p = p'. O

Corollary 3.10. Suppose BA and BXN#) are such that KA (0) = Ie(’\/”‘l)(O). Then (i) =

(%)

Proof. Let KM (0) = KA+ (0) = diag((6r41)™). Consider the system of linear equations Az = b
and Az’ = b, where A, x, b are as in Lemma 3.9 and «/(0) = 2)j,, /() = o/, for 1 < r < m. Since
det A=m+1, Ais invertible. Hence x = @’ that is, (2, @) = (2)}, @), where o, &’ as in Lemma

3.9. Now, by Lemma 3.9, we have (:) = (ﬁi) O

Recall that M #) and EX #) denote the multiplication operator and Hermitian holomorphic
vector bundle associated with the reproducing kernel B #) respectively. We recall a theorem from
[14].

Theorem 3.11 ([14], Theorem 6.2). The reproducing kernels BO® and BN#) are equivalent, that
/ / A
is, the multiplication operators MMM and M H) are unitarily equivalent if and only if (u) =

(i)
7%
The following Corollary is an easy consequence of Corollary 3.10 and Theorem 3.11.

Corollary 3.12. Suppose BAM) and BN#) are such that KO (0) = KA #)(0). Then the multi-
plication operators MO and MWNH) gre unitarily equivalent.

Now we state the main theorem of this section.



16 MISRA AND SHYAM ROY

Theorem 3.13. Suppose that the Hermitian holomorphic vector bundles EO™ and EN(X"”) are
generic. Then the multiplication operators M and MM are unitarily equivalent if KO “)(0)
and (K™ #);(0) are simultaneously unitarily equivalent to K ™ (0) and (K> M);(0) respectively.

The proof of this Theorem will be completed after proving a sequence of Lemmas. We omit the
easy proof of the first of these lemmas.

Lemma 3.14. Suppose that A = ((kiéij))?jzl, Ay = ((kg(i)éij))?jzl, ki # kj if i # j and C in M,

is such that CA = A,C. Then C = ((Cij&,(i)’j))?j:l for Ci; € C andi,j =1,...,n, where o is in
Sn, Sn denotes the permutation group of degree n.

Lemma 3.15. Suppose that B in My is such that BS((ﬂk)Zzl)tr = S((ﬂk)zzl)trB for By # 0,
1 <k <n. Then B is upper-triangular.

Proof. Let B = ((B(z,])))?;r:ll The (i,1)-th entries of BS((ﬁk)Zzl)tr and S((ﬁk)zzl)trB are 0 and
BiB(i+1,1) for 1 < i < n, respectively. By hypothesis, B(i + 1,1) = 0 for 1 < i < n. We want to
show that B(i + 1,7) = 0 for j <i <mn, 1 <j < n. We prove this by induction. We know that
the assertion is true for j = 1. Assume that B(i+1,j —1) =0for j—1<i<n, 2<j<n+1,
equivalently, B(i,7 —1) =0 for j < i <n+1, 2 <j <n+ 1. Equating (i,j)-th entries from
BS((ﬂk)Zzl)tr and S((ﬁk)ﬁzl)trB we have

B(i,j—1)B_1 =BB(i+1,j)for 1<i<n, 2<j<n-+L

We note that the left hand side of the above equality is zero for j < i <n+1, 2 <j <n+1,
by induction hypothesis. Hence B(i +1,j) = 0for j <i<n+1, 2<j<n+1asf #0 for
j<i<n4+l. O

Lemma 3.16. Suppose that C = ((Cijég(i),j
Sy denotes the permutation group of degree n. Then |det C| = [T, |C; »@)l-

))?jzl for C;j € C, 1,5 =1,...,n and o is in S,, where

Proof. We observe that the only possible nonzero entries of C' are the (i, 0(7))-th entries for 1 < i <
n+1and C(i, 0(i)) = C; ,;)- Let C = diag ((C;, J(i))?jll). It is easy to see that |det C| = |det C],
as C' can be converted to C by interchanging its rows and columns. This proves the Lemma. O

The next corollary is immediate.

Corollary 3.17. If C = ((Cijég(i”))ij:l then C is invertible if and only if C; ;) # 0 for o € Sy,
1 <i<n+1, where S, denotes the permutation group of degree n.

Lemma 3.18. If C is invertible and satisfies the hypothesis of Lemma 3.14 forid # o € S, then C
cannot be a triangular matriz.

n

Proof. From Lemma 3.14 and Corollary 3.17, it follows that the only nonzero entries of C' are the
(4,0(i))-th entries for 1 < i < n+ 1 and C(i, 0(i)) = C; ;). Therefore, it suffices to show that
there is 1 < 4,5 < n with ¢ # j such that i > o(i) and j < o(j) for id # o € S,,. Since o # id, there
is i, 1 <4 < n such that o(i) # i. Without loss of generality assume that i > o (7). Now, if possible,
let r > o(r) for 1 < r < n with strict inequalities for some r. Since o is a one-to-one map of the
finite set {1,...,n} onto itself, this situation cannot occur by the pigeon hole principle. Hence there
is 7, 1 < j < n such that j < o(j). O

Proof of Theorem 3.13: By hypothesis there is L € GL(m + 1,C) such that

(i) L7KX #(0)L = KX ) (0)

(i) L7HERX #))2(0)L = (KX m)5(0).
Clearly, (i) implies that the sets of eigenvalues of KX #)(0) and K" ™(0) are the same. Since
KX #(0) and KA M (0) are diagonal matrices it follows that either
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(a) KX #(0) = KA(0), or
(b) the set of diagonal entries of KA1 (0) equals the set of diagonal entries of £ ™(0) but
KO 2 (0) £ KX m(0).
Now, (b) is equivalent to the statement that K> M (0) = diag ((Bo(ri1))ig) for id # 0 € Spny1,
where K #)(0) = diag ((6r+1)"™)). This implies by Lemma 3.18 that L cannot be a triangular
matrix. Whereas (ii) implies by Corollary 3.7 and Lemma 3.15 that L is a upper-triangular matrix.
Hence (b) and (ii) cannot occur simultaneously. Having ruled out the possibility of (b), we conclude

that (a) must occur. Therefore, by Corollary 3.12, we have <Z> = <);7 > 0

4. HOMOGENEOUS BUNDLES OF RANK 3

Now we specialize to the case m = 2. In this case, conclusions similar to those of Theorem 3.13
are true even if E®»*) is not assumed to be generic. Recall that the rank of the bundle EX ) is 3
when m = 2.

Theorem 4.1. For m = 2, the multiplication operators M A ) gnd MM gre unitarily equiv-
alent if KX w(0) and (KX #)2(0) are simultaneously unitarily equivalent to KX'> ™M(0) and
(KW mY;(0) respectively.

Proof. By Theorem 3.13, we only need to consider the case when one of EX #) and EA ) ig not
generic.. ~
Let K B = diag(d1, 02, d3) and KW m) = diag (07, 05, 03), where d;41 = 2\ + a; — @iy1, 05 =
2N + o) — alyy with 20 = 2\ — 24 20, 2\, = 2N — 2+ 20, oy = i2d;_1d; ", o} = i*d}_,d,”" for
i =0,1,2; ap = a3 = afy = ay = 0 and BM™(0,0) = diag(dy, dy,ds), do = 1; BA(0,0) =
diag(dy, d,d5), dj = 1. We observe that d3 — 01 = a1 + ag +4 > 0 and 65 — 0] = of + ab +4 > 0.
Now assume that
(i) L7IKX W (0)L = KX W (0) for some L € GL(3,C).

It follows easily from (i) that if one of the two bundles is not generic then the other cannot be generic.
Noting that £ #)(0) and K" ™ (0) are diagonal matrices we have the following possibilities.

(

(

a) 01 =02 and 6] =085 (b)dr =05 and & =4}
c) 0y =0y and &, =065 (d) d2 =203 and 0] = .

From (a) we have 6 = 2 < 03 and 0} = 05 < d5. As (i) implies that {d1,d2,03} = {67, 05,03}, as
sets. Comparing order of magnitude we get §; = &}, o = 0% and 3 = &. Hence K #) = LW ),
Therefore by Corollary 3.12, we have (2) = (/:7 ) So, M ) and M M are unitarily equivalent.

A similar argument shows that the assumptions in (b) lead to the same conclusion.

From (c), we have §; = d2 < 03 and ¢} < 05 = d5. From (i) we have {01,d2,d3} = {07,95,95}, as
sets. Comparing order of magnitude we get d; = d2 = 8] and 03 = 65 = 05. Comparing multiplicities
of 01 and 05, we have §; = ¢} and d3 = ¢]. All the equalities together imply that 6; = d3 and 0] = 0%,
which are impossible. Similarly we see that (d) is also impossible as d3 > d; and 05 > ¢}. This
completes the proof. O

If 81,89, 03 are the eigenvalues K*#)(0) then we know from [7, Proposition 2.20] that &; > 0 for
i =1,2,3. Now, suppose (41, d2,03) is a fixed ordered triple of positive numbers. Then there exists
BMH) with A > 1 and gy > 0 (¢ = 1,2) such that K*#)(0) = diag(dy, d2, 03) only if d;’s satisfy the
inequalities of Lemma 3.8.

Suppose (d1,02,93), §; > 0 for ¢ = 1,2,3 is given satisfying the inequalities of Lemma 3.8. Then
let us find A > 1, 1, o > 0 such that K#(0) = diag(dy, da, 03) with g = (1, g1, o). We have
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1 1 L
) <d1> - ( d21(;2<)\71) ) .
da dQ*TlJFA(z)Ll)

L(A)p? = d, which is the same as
L0
2 _ R B
p =L\ " d= ( -0

0

0
2
A(22—1) 31

Thus
1 1 1 20 —=1)—

20-1) o 2(A—1) 200(A = 1)
Recall from Lemma 3.8 that
PRYNE WP N7 .- e SR DA . B Bk
3 3
So, we have
01+ 02 + 6 09 + 03 — 201 —
2(A—1)—a1:%—2— 2+33 =65 5.
Similarly,
2d 1 4 2 1 222 —a2)(2A — 1) + ajae
2 1 2
= d _ == - =
S WL S} R p s W V) W ) arasA(2h — 1) ’

where a1, g are as in Lemma 3.3. Consequently, we have the following Theorem.

Theorem 4.2. There exists BO®) such that KM (0) = diag(8y, 02, 03) for some 8y, 2,03 > 0 if

01 4 09 + 93 > 6,
0o + 03 — 261 > 6,
2(53—(51—(52>6;

2(2)\ — 042)<2)\ — 1) + ajag > 0,

where oy, g are as in Notation 3.4.

Notation 4.3. From now on, we will adhere to the following notational convention (here, (A, p) is
fized but arbitrary).

()‘7 H’) : IC(/\JL) (O) = diag((sla 527 53)7
N, @) o KYH)(0) = diag(ds, 61, 03);
N f) o KOR(0) = diag(dy, 3, 52).

Proposition 4.4. Suppose 6; > 0 for i = 1,2,3 are such that 61 # 62 and 2(d1 + d2) > I3 —
6 > max{20; — 02,202 — 01}. Then there exists reproducing kernels BO® and BAH) such that
KA (0) = diag(dy,d,d3) and KXY #)(0) = diag(dy,d1,03), where A\, N > 1, p = (1, 1, o)™,
w = (1, i, )™, pug, gty >0 for £ =1,2.

Proof. Consider (61,d2,03), d; > 0 for i« = 1,2,3 such that there exists B and 16()"“)(0) =
diag(d1, 2, 03) for some A\ > 1, p = (1, py, p2)®™ with uy, us > 0. So, 81, d2, J3 satisfy the inequalities
of Lemma 3.8. We now produce X > 1, g/ = (1, ph, ph)* with s, iy > 0 such that £X#)(0) =
diag(d2,01,83). We recall that KN4 is the curvature of the metric BX#)(z, z)™ and BO#)
denotes the normalization of the reproducing kernel BX#). By Lemma 3.3 and Remark 3.5, we
need to consider the equations
2)\/—0/1—2:52,
2N 4+ o) — oy =41,
2)\/—{—0/24-2:53,
/ =1 ;o —1 .. ’ ’ 1-10 , 2)/\’
where o) = d} ", a5 = 4d}d;, . This is same as Az’ = b', where A = (i ! —11), z = (Z} ) ,
2

61462463
63—2 263 —81—02—6 )

92+2 . . . .
b = ( 51 ) This system of linear equations has only one solution, namely, * = % <61+53—252—6
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We observe from Lemma 3.8 that A = A" and as = a3 but ay # o if 01 # 2. From Lemma 3.8 and
Theorem 4.2, we know that there exists BA'#) such that KX #)(0) = diag(ds, 01, d3) if

01 + 92 + 93 > 6,
61 + 03 — 209 > 6,
203 — 01 — 09 > 6;
202N — abh)(2N — 1) + oo, > 0.

Hence there exists BO#) and BX#) such that 16()"“)(0) = diag(dy, d2,03) and I@O‘/’“/)(O) =
diag((52, (517 53) if
51 + 52 + 53 > 6,
do + 03 — 261 > 6,
01 + 03 — 209 > 6,
203 — 01 — 02 > 0;
2(2)\ — 042)(2)\ — 1) + ajas > 0,
202N — ah)(2N — 1) + o, > 0.
Suppose 9§; > 0 for ¢ = 1,2, 3 are chosen such that §; # J» and
(i) 2((51 + (52) > 03— 6> max{2(51 — 09,209 — 51}

Then the last part of the inequality (i) is clearly seen to force the two inequalities dy + d3 — 201 > 6
and 61 + 63 — 202 > 6. Adding these two inequalities, we have 2d3 — 1 — do > 12. This choice of §;,
i = 1,2,3, also implies d3 > 6. Consequently, the first four of the six inequalities listed above are
valid. Since A = X and ag = o, 2)' —1 =2\ — 1 > 0, it follows from the first part of inequality
(i) that 2\ — b = 2X — ao = 1(2(6; + 62) — d3) + 2 > 0. Thus the last two inequalities of the six
inequalities listed above are valid with our choice of the J;, i = 1,2, 3. Hence all the inequalities we
need for the simultaneous existence of BM#) and BX#) are verified by this choice of §; > 0 for
i=1,2,3. O

Proposition 4.5. Suppose 6; > 0 for i =1,2,3 are such that 63 > d > 3 + %3 and 61 < min{2d3 —
09,205 — 83} — 6. Then there exists reproducing kernels BO# and BOR) such that KO#)(0) =

diag(d1, 62, 63) and KO (0) = diag(8y, 83, 62), where A > 1, p = (1,1, o), fi = (1,721, i)™,
e, fig >0 for £ =1,2.

Proof. We construct a reproducing kernel BX® such that K(X”A‘)(O) = diag(d1, d3, 62) for some A>1,
o= (1,71, 02)", fig > 0 for £ = 1,2. By Lemma 3.3 and Remark 3.5, we obtain (ZX, a1, Qg) from the
following set of equations

IN— @y —2 =10y,

2X+&1 — Qiy = 03,

2N+ Qo + 2 = 09,

~ S~ ~ .. o~ 1-10 ~ 2
where ap = 11,a2 = 4d1d21. This is same as A = b, where A = (1 1 —1), r = <a1),
10 1 Qs

~ 0o+2 1 51+52+53, . . i i
b= 551 . The vector & = 5 | 62+03-26:-6, | is the only solution of this system of equations. From
3—2 252—51—53—6

Lemma 3.8 and Theorem 4.2, we know that there exists BX#) such that Ié(x’m(O) = diag(d1, 03, 92)
if

01 + 82 + 93 > 6,
0o + 03 — 201 > 6,
209 — 01 — 03 > 06;
2(2X — @2)(2A — 1) + ayap > 0.
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If (d1,62,03), §; > 0 for ¢ = 1,2,3 are such that there exists BWMH) and KO- (0) = diag(él,ég,gg).
Then ¢;’s for ¢ = 1,2, 3 satisfies the inequalities of Lemma 3.8. Hence there exists Bt and BWR)
simultaneously such that K*#) (0) = diag(d1, 62, 63) and KNP (0) = diag(dy, 03, 6) if

01 + 02 + 93 > 6,

6o + 03 — 201 > 6,

2090 — 01 — 3 > 6,

203 — 01 — 09 > 6;
2(2)\ — 052)(2)\ — 1) + ajas > 0,
2(2X — @2)(2A — 1) + ayap > 0.

We observe that A = A and a1 = Q1 but ag # Qs if 49 # d3. Suppose d; > 0 for i = 1,2, 3 are chosen
satisfying

1)
(a) 03 > 09 > 3+ 53 and (b) 0 < min{253 — 09,209 — (53} — 6.

Then the inequality (a) implies that d3 > 6, hence the first of the set of six inequalities above holds.
The inequality (b) implies that 295 — 61 — d2 > 6 and 2, — 01 — d3 > 6, adding these two inequalities
we have J9 + d3 — 261 > 12. Hence the first four inequalities, from the list of six inequalities given
above, are verified. The second, third and the second, fourth from the set of the six inequalities
respectively imply that do — 41 > 4 and d3 — §; > 4. An easy computation involving the expressions
for A\, a1, ap and 3\\, a1, Qg in terms of §; for i = 1,2, 3 shows that 2(2\ — a2)(2\ — 1) + a1 > 0 and
2(2X — @2)(2X — 1) + @1d2 > 0 together is equivalent to (&1 + 02)(261 + 02) + d3(82 — 61) + 661 > 0
and (81 + 03)(201 + d3) + 02(d3 — 1) + 601 > 0. These are satisfied as d; — 61 > 4 and d35 — §; > 4.
Hence all the required inequalities for the simultaneous existence of BM#) and BMH) are met by
this choice of §; > 0 for ¢ = 1,2, 3. O

Remark 4.6. The set {0; > 0: i = 1,2, 3} satisfying the inequalities of Proposition 4.4 is non-empty.
For instance, take §; = 1, d2 = 2 and any d3 in the open interval (9,12). Then {d1,d2, 3} meets
the requirement. Similarly, taking any d; in the open interval (0,1), o = 7.5 and J3 = 8, we find
that {d1, 02,03} satisfies the inequalities prescribed in Proposition 4.5. Thus the two sets which are
obtained from Propositions 4.4 and 4.5. are not identical.

Corollary 4.7. In Proposition 4.4 and Proposition 4.5, (:) #* (23) and <;> #* <%>

Proof. By Lemma 3.9, it suffices to show that (2\ a1, a2) # (2N, 0],a)) and (2\, a1, ) #
(2X, @1, Q2). However, in Proposition 4.4, oy # «} since d; # d2. Similarly, in Proposition 4.5,
Qg # Qg since 0y # I3. O

Recall that MM#) denotes the multiplication operator on the reproducing kernel Hilbert spaces
with reproducing kernel BO#).

Corollary 4.8. Suppose that B&#  BWV#) gpnd BO#), BOA) gre as in Proposition 4.4 and Propo-
sition 4.5 respectively. Then

(a) the multiplication operators M k) gnd MYE) gre not unitarily equivalent.
(b) the multiplication operators MO gnd MNB) are not unitarily equivalent.

Proof. The proof is immediate from Theorem 3.11 and Corollary 4.7. U

Remark 4.9. In Proposition 4.4 and Proposition 4.5, we have shown the following: Given a repro-
ducing kernel BM#) such that K(#)(0) = diag(dy, 02, d3) there exists a reproducing kernel B #)

with (:) # (ﬁll) such that K*'#)(0) = diag(d,(1), 0p(2); Op(3)) and given a reproducing kernel B
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such that K (0) = diag(dy, 62, d3) there exists a reproducing kernel BO®) with (:) # <)‘>

I
such that K#(0) = diag(d-(1), 6-(2),07(3)), Where p,7 € S3 with p(1) = 2,p(2) = 1,p(3) = 3,
7(1) = 1,7(2) = 3,7(3) = 2. In the next Proposition we prove that if there exists a reproducing

kernel BM® such that KO#) (0) = diag(dy, 6, d3) there does not exist B(Y€) with (:) # (i) such
that K4 (0) = diag(de(1), 0(2): 95(3)) unless o = p or 7, for o,p,7 € S3 . Obviously, there exists
B((,)"”) .= P,BOM P* such that K, (0) =diag (05(1),90(2), 0(3)) for all o € S3, where P is in M3

such that P, (i,7) = d,(;),; and K, is the curvature with respect to the metric hy(z) = Bg’\’“)(z, 2)%,

The reproducing kernels BMH) and B((,A’“ ) are equivalent, that is, the multiplication operators on the

reproducing kernel Hilbert spaces with reproducing kernels BX# and B((,—’\’” ) are unitarily equivalent.

Therefore, we do not distinguish between the two reproducing kernels BA#) and BS,)"” ),

Proposition 4.10. Given a reproducing kernel BOH) such that KA (0) = diag(d1, 82, 03) there does

not exist a reproducing kernel B8 such that K7€) (0) = diag(d,(1), 0o(2), 0o(3)) with (;) # <i>
unless c = p oro =T.
Proof. Case 1. Pick o € S3 such that o(1) = 3,0(2) = 2,0(3) = 1. )

The existence of two reproducing kernels BA#) and B("€) such that KO (0) = diag(d1, 62, d3)
and K7€) (0) = diag(d,(1), 9(2), d(3)) Would imply, by an application of Lemma 3.8 to the ordered
triples (d1,d2,d3) and (J,(1), do(2)s 9o (3)) = (J3, J2,01) that

01 + 62 + 93 > 6,
0o + 03 — 261 > 6,
203 — 01 — 02 > 06;
do(1) T 95(2) t d0(3) > 6,
do(2) T 05(3) — 205(1) > 6,
250(3) — (50(1) — 50(2) > 6.
This set of inequalities are equivalent to

01 + 62 + 93 > 6,
0o + 03 — 261 > 6,
203 — 01 — 09 > 06,
01 + 0o — 203 > 6,
201 — 09 — 03 > 6.

Adding the third and the fourth from these inequalities gives 0 > 12.

Case 2. Choose o € S3 such that o(1) =2,0(2) =3,0(3) = 1.

As in the first case the existence of two reproducing kernels BA®) and B(?4€) such that KA#) (0) =
diag(d1, b2, d3) and K74 (0) = diag(d,(1), 9(2), d(3)) Would imply, by an application of Lemma 3.8
to the ordered triples (61,0d2,03) and (J,(1); 65(2), 95(3)) = (02, d3,91), that

01 4 92 + 93 > 6,

6o + 03 — 261 > 6,

203 — 01 — 09 > 6,

61 + 03 — 209 > 6,

201 — 09 — 03 > 6.

Adding second and fifth of these inequalities gives 0 > 12.
Case 3. Take o € S3 such that o(1) =3,0(2) =1,0(3) = 2.

Finally, continuing in the same manner in the previous two cases, the existence of two reproducing
kernels BA®) and B(Y:4) such that KM (0) = diag(dy, do, d3) and K74 (0) = diag(0q(1), Io(2), 0o(3))
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would imply, by an application of Lemma 3.8 to the ordered triples (01, d2, d3) and (0¢(1), Io(2), 05(3)) =
(53, 51, 52), that

01 4 92 + 93 > 6,

b2 + 03 — 261 > 6,

203 — 61 — 09 > 6,

61 + 9o — 203 > 6,

209 — 03 — 01 > 6.

Adding third and fourth inequalities from this set of inequalities, we have 0 > 12. O

COEollary 4.11. There does not exist any multiplication operator M@E other than M #) or
MWB) such that the set of eigenvalues of K(€)(0) and KM (0) are equal but K8 (0) # KA (0),
where B&#  BWAR) BOAE) gre qs in Proposition 4.4 and Proposition 4.5.

Proof. Combining Corollary 4.8, Theorem 3.11, Corollary 3.10 and Proposition 4.10, we obtain a
proof of this corollary. d

Remark 4.12. We discuss the case m = 1. From Lemma 3.3, we see that K(M#)(0) = diag(2\ —
a1 —1,2X\ + oy + 1), where A > 1/2, p = (1,11), p1 > 0, ay = dy %, dy is defined as before. If
KA (0) = diag(dy,d2), 6; > 0 for i = 1,2, for some X > 1/2 and g = (1,p1), g1 > 0. Then
arguing as in Lemma 3.8, one notes that 2\ = @, o) = ‘HT“Q. As2X >1landa; =d ' >0
it follows that d; + d» > 2 and do — d; > 2 are necessary conditions for existence of a reproducing
kernel BO#such that KO- (0) = diag(d1,02). If §; > 0 for ¢ = 1,2, proceeding as in Theorem 4.2,

one observes that do — 97 > 2, 41 + 6o > 2 and di > 2)\1_1 = 61+§2_2 are the sufficient conditions

for existence of a reproducing kernel BM#) such that KA (0) = diag(d1, d2). Conversely, if §; > 0
for i = 1,2 and d5 — d; > 2 then clearly d; + do > 2 and di = 62—31—2 > §1+§2_2. So, d; > 0 for
i =1,2 and d9 — &1 > 2 are the necessary and sufficient conditions for the existence of reproducing
kernel BO#) such that K*#) (0) = diag(dy, d2).

Remark 4.13. If §; > 0 for i = 1,2 and o — &; > 2 there does not exist a reproducing kernel B(?+€)
other than BM#) (up to equivalence as discussed in Remark 4.9) such that £(*€)(0) = diag(dy, d;). If
B(7:8) exists satisfying the above requirements then from Remark 4.12, we see that both of §o —d; > 2
and 01 — d2 > 2 have to be simultaneously satisfied. This is impossible. Hence there does not exist
inequivalent multiplication operators M*#) and M€ such that the set of eigenvalues of /€<ﬂv€>(0)
equals those of K(#)(0) but K04 (0) £ KA (0).

Theorem 4.14. Suppose that BXK) | BYE) gnd B BOA are as in Proposition 4.4 and
Proposition 4.5 respectively. Then

(i) the multiplication operators MM and MXNH) are not equivalent although KM (2) and
KWN#)(2) are unitarily equivalent for z in D,
(ii) the multiplication operators MOH) and MMH are not equivalent although KM (2) and

IC()‘ﬁﬁ)(z) are unitarily equivalent for z in D.

Proof. From Proposition 4.4, we see that the curvatures of the associated bundles have the same
set of eigenvalues at zero namely, {d1,d2,03}. Since curvature is self-adjoint the set of eigenvalues is
the complete set of unitary invariants for the curvature. So, KM (0) and lﬁ(’\/’“/)(O) are unitarily
equivalent. Since the operators M#) and M4 are homogeneous, by an application of Theorem
2.6, we see that KO#) (2) and KA#)(2) are unitary equivalence for z € D. Now (i) follows from
part (a) of Corollary 4.8. The proof of part (ii) of this theorem is similar. O

The proof of the next Theorem will be completed after proving a sequence of Lemmas.
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Theorem 4.15. Suppose that MM and M€ gre not unitarily equivalent and the two curva-
tures KO (2) and K4 (2) are unitarily equivalent for z € D. Then there does not exist any in-
vertible matriz L in My satisfying LK (0) = K€(0)L for which LIKA#);(0) = (KW4€));(0)L
also. In other words, the covariant derivative of order (0,1) detects the inequivalence.

Lemma 4.16. Suppose that there exists reproducing kernels BMH - BWK) yth, le()"“)(()) =
diag(51,52,(53), ’6()‘/’“'/)(0) = diag(5p(1),5p(2),5p(3)), (51 75 (52 and C' in M3 s such that CK(A’“)(O) =
KX#(0)C. Then C = ((C(i,j)dp(i)d)) for C(i,j) € C, i,j = 1,2,3, where p € S5 is given by
p(1) =2,p(2) =1,p(3) = 3.

Proof. The proof of this Lemma is immediate from Lemma 3.14, once we ensure that d1,d9, d3 are
distinct. Recalling notations from Lemma 3.3, we write d; = 2\ — a1 — 2, do = 2\ + a1 — ao,
03 = 2A + ag + 2. Clearly, 3 — d1 = a1 + as + 4 > 0. Recalling notations from Proposition 4.4, one
has 0o = 2N —af — 2,61 = 2N + o) — b, d5 = 2N + ab, +2. So, d3 — da = a1 + az +4 > 0. We have
d3 > 01, 03 > d2 and d; # d2 by hypothesis. Hence the proof is complete. O

The proof of the next Lemma is similar and is therefore omitted.

Lemma 4.17. Suppose that there exists reproducing kernels BO#), BOA) with IC()"“)(O) =
diag(81, 82, 85), KO®(0) = diag(d, (1), ,(2), 07(3)) 02 # 03 and C' in M3 is such that CKH (0) =
Ié(x’f")(O)C. Then C = ((C’(i,j)cST(Z-)J))ij:l for C(i,j) € C, i,5 = 1,2,3, where T € S3 is given by
(1) =1,7(2) =3,7(3) = 2.

Lemma 4.18. Suppose that C' = ((C(i,j)éa(i),j))?jzl for o =p or 1 in Ss. Then C is invertible if
and only if C(i,0(i)) #0 fori=1,2,3 and 0 = p or T in Ss.

Proof. One observes that det C' # 0 if and only if C(,0(i)) # 0 for i = 1,2,3 and ¢ = p or 7 in Ss.
The proof is therefore complete. O

The proof of the following Lemma is straight forward. We recall that S(ci, ..., cm) (¢, p) = cedpti,
0<pL<m.

Lemma 4.19. Suppose that C' = ((C(i,j)ég(i)d))?j:l, C(i,o(i)) #0 fori=1,2,3 and 0 = p,T in

Ss is such that CS(c1,c2)™ = S(é1,00)"C for c;,¢; inC, i =1,2. Thenc;=¢ =0 fori=1,2.
Lemma 4.20. (KM#)(0) is not the zero matriz.

Proof. If possible let (KM#).(0) = 0. Then it follows from Lemma 3.3 that —/a; (1 + a; — ) =
—Vay(1+as—%) :~0. Equivalently, 1+a1—% = 1+a2—5, as a1 and a3 are positive. This implies
that a; = ag. So, (KMH);(0) = 0 implies by an application of Lemma 3.3 that —/c (1 + &) =0,
which is impossible as «; is positive. O

Proof of Theorem 4.15: We observe by applying Proposition 4.4, Proposition 4.5 and Proposition
4.10 that if M%) is a multiplication operator not unitarily equivalent to M then (9, &) = (N, ')
or (/):, ). We arrive at the desired conclusion by an straight forward application of Corollary 4.16,
Corollary 4.17, Lemma 4.18, Lemma 4.19 and Lemma 4.20. O

Remark 4.21. The calculations for all the homogeneous operators constructed in [14] are not very
different. However, we have not succeeded in completely answering the question raised in [9, page.
39] using these claculations. Indeed, for generic bundles associated with the entire class of operators
from [14], we have shown that the simultaneous unitary equivalence class of the curvature at 0 along
with the covariant derivative of curvature at 0 of order (0,1) is a complete set of unitary invariants
for these operators.
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