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Infinitely divisible metrics and curvature inequalities
for operators in the Cowen-Douglas class

Shibananda Biswas, Dinesh Kumar Keshari and Gadadhar Misra

ABSTRACT

The curvature Kr(w) of a contraction T in the Cowen-Douglas class B; (D) is bounded above by
the curvature Kg= (w) of the backward shift operator. However, in general, an operator satisfying
the curvature inequality need not be contractive. In this note, we characterize a slightly smaller
class of contractions using a stronger form of the curvature inequality. Along the way, we find
conditions on the metric of the holomorphic Hermitian vector bundle Er corresponding to the
operator 7' in the Cowen-Douglas class B1 (D) which ensures negative definiteness of the curvature
function. We obtain a generalization for commuting tuples of operators in the class B1(2), for a
bounded domain 2 in C™.

1. Introduction

Let H be a complex separable Hilbert space and £(H) denote the collection of bounded
linear operators on H. The following important class of operators was introduced in [3].

DEFINITION 1. For a connected open subset 2 of C and a positive integer n, let

B,(Q) ={TeLH)|QcCo),
ran (T — w) = H for w € Q,
\/ ker(T —w) =H,
weN
dim ker(T —w) =nforw e Q },

where o(T') denotes the spectrum of the operator 7.

We recall (cf. [3]) that an operator T in the class B, () defines a holomorphic Hermitian
vector bundle Er in a natural manner. It is the sub-bundle of the trivial bundle € x H defined
by

Er ={(w,z2) e QA xH:z € ker(T —w)}

with the natural projection map 7 : Ep — Q, m(w,z) = w. It is shown in [3, Proposition 1.12]
that the mapping w — ker(T' — w) defines a rank n holomorphic Hermitian vector bundle Erp
over Q for T € B, (). In [3], it was also shown that the equivalence class of the holomorphic
Hermitian vector bundle Er and the unitary equivalence class of the operator T' determine
each other.
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THEOREM 1.1. The operators T and T in B,,(Q) are unitarily equivalent if and only if the
corresponding holomorphic Hermitian vector bundles Er and Ez are equivalent.

In general, it is not easy to decide if two holomorphic Hermitian vector bundles are equivalent
except when the rank of the bundle is 1. In this case, the curvature

~ Plog || y(w) |2

wdw ’
of the line bundle F, defined with respect to a non-zero holomorphic section v of F, is a complete
invariant. The definition of the curvature is independent of the choice of the section ~: If g
is another holomorphic section of E, then vy = ¢y for some non-zero holomorphic function
¢ defined on an open subset Qg of 2, consequently the harmonicity of log |¢|, completes the
verification.

Let T € B1(Q). Fix w € Q and let v be a holomorphic section of the line bundle E7. From
[3, Lemma 1.22], it follows that the vectors y(w) and dy(w) from a basis of ker(T' — w)?. Let
Nr(w) = T|ker(r—w)> and {y1(w),v2(w)} be the basis obtained by applying Gram-Schmidt
ortho-normalization to the vectors v(w) and dy(w). The linear transformation Nr(w) has the

matrix representation
_(w hr(w)
NT (w) - ( 0 w )

K(w) =

where hy(w) = (— Kr(w)) 2, with respect to the orthonormal basis {1 (w), y2(w)}.
The curvature Kr(w) of an operator T in Bj(£2) is negative. To see this, recall that the
curvature may also be expressed (cf.[3, page - 195]) in the form

@) @) = [ ()2 ()
forlw) = EOIE | (L)

Applying Cauchy - Schwarz inequality, we see that the numerator is positive.

Let {eq, e1} be an orthonormal set of vectors. Suppose N is a nilpotent linear transformation
defined by the rule

e1 —aeg,eg— 0, aeC.

Then |a| determines the unitary equivalence class of N.

The localization Np(w) —wls = (8 hTO(“’)> of the operator T' in B () is nilpotent. Now,
hr(w) > 0 since we have shown that the curvature Kr(w) is negative. Hence the curvature
Kr(w) is an invariant for the operator 7. The non-trivial converse of this statement follows
from Theorem 1.1. Thus the operators T and T in B;(Q2) are unitarily equivalent if and only
if Np(w) is unitarily equivalent to Nz(w) for w in €.

Note that if T' € B; (D) is a contraction, that is, |T']| < 1, then Ny (w) is a contraction for each
w € D. Observe that (§ ) is a contraction if and only if |a| < 1 and |¢|> < (1 — [a]?)(1 — |b]?).
Thus ||Nr(w)|] < 1if and only if K (w) < fm, w € D. The adjoint S* of the unilateral
shift operator S is in By (D). It is easy to see that v« (w) = (1,w,...,w",...) €2, weD,isa
holomorphic section for the corresponding holomorphic Hermitian line bundle Eg+. The norm
|75+ (w)]|? of the section vg~ is (1 — |w|?)~! and hence the curvature Kg«(w) of the operator
S* is given by the formula —W, w € D. We have therefore proved:

PROPOSITION 1.2. If T is a contractive operator in Bi(D), then the curvature of T is
bounded above by the curvature of the backward shift operator S*.
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We think of the operator S* as an extremal operator within the class of contractions in
B; (D). This is a special case of the curvature inequality proved in [8]. The curvature inequality
is equivalent to contractivity of the operators Np(w), w € €, while the contractivity of the
operator T is global in nature. So, it is natural to expect that the validity of the inequality
Kr(w) < —W, w € D, need not force T to be a contraction. Indeed, J. Agler had
communicated the existence of an operator T, |T|| > 1, in B1(D) with Kr(w) < Kg«(w) (cf.
[8, Note added in proof]) to G. Misra. Unfortunately, there is a printing error in [8, Note added
in proof], which should be corrected by reversing the inequality sign. No explicit example has
been written down of this phenomenon. We provide such an example here.

The main point of this note is to investigate additional conditions on the curvature, apart
from the inequality we have discussed above, which will ensure contractivity. We give an
alternative proof the curvature inequality. A stronger inequality becomes apparent from this
proof. It is this stronger inequality which, as we will show below, admits a converse.

An operator T in the class B1(Q2), as is well-known (cf. [3, pp. 194 ]), is unitarily equivalent
to the adjoint M™* of the multiplication operator M by the co-ordinate function on some Hilbert
space Hg of holomorphic functions on Q* := {z € C: z € Q} possessing a reproducing kernel
K.

The kernel K is a complex valued function defined on Q* x Q* which is holomorphic in
the first variable and anti-holomorphic in the second. In consequence, the map w — K(-, w),
w € Q*, is holomorphic on 2. We have K (z,w) = K (w, z) making it Hermitian. It is positive
definite in the sense that the n X n matrix

((K(wi7wj)))2j:1

is positive definite for every subset {wy, ..., w,} of *, n € N. Finally, the kernel K reproduces
the value of functions in Hg, that is, for any fixed w € Q*, the holomorphic function K (-, w)
belongs to Hyx and

fw)={f,K(-,w)), f € Hk, w e Q.

The correspondence between the operator T in B;(Q2) and the operator M* on the Hilbert
space Hy is easy to describe (cf. [3, pp. 194 ]). Let v be a non-zero holomorphic section
(for bounded domain in C, by Grauert’s Theorem, a global section exists) for the operator T
acting on the Hilbert space H. Consider the map I' : H — O(Q*), where O(2*) is the space
of holomorphic functions on Q*, defined by I'(x)(z) = (x,v(Z)), z € Q*. Transplant the inner
product from H on the range of I'. The map I' is now unitary from H onto the completion
of ranT. Define K to be the function K(z,w) =T (y(w))(2) = (y(w),7(2)), z,w € Q*. Set
K (-) == K(-,w). Thus K, is the function I'(y(@)). It is then easily verified that K has the
reproducing property, that is,

(T(2)(2), K (z,w))rant = (({x,7(2))), (7(©),7(2)))ranT
= (Fz, D (v(w)))ran T = (2,7(@))n
=T(z)(w), z € H, we Q"
It follows that ||K,(-)||?> = K(w,w), w € Q*. Also, K, (-) is an eigenvector for the operator
I'TT* with eigenvalue w in Q:
D TT*(Ky () =T TT*((y(w)))
=I'Tr(w)
=T wy(w)
=w Ky(+), we Q.

Since the linear span of the vectors {K,, : w € Q*} is dense in Hg, it follows that TTT* is
the adjoint M™* of the multiplication operator M on Hyx. We therefore assume, without loss of
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generality, that an operator T in Bj (£2) has been realized as the adjoint M* of the multiplication
operator M on some Hilbert space H g of holomorphic functions on £2* possessing a reproducing
kernel K.

REMARK 1. The contractivity of the adjoint M™* of the multiplication operator M on
some reproducing kernel Hilbert space Hy is equivalent to the requirement that K*(z,w) :=
(1 — zw)K (z,w) is positive definite on D (cf. [1, Corollary 2.37] and [7, Lemma 1]). Suppose
that the operator M* is in B;(ID). Here is a second proof of the curvature inequality:

We have

P ek — O] R,
dwow e T Guaw B - [w]r) T dwdw

which we rewrite as

log K*(w,w), w € D,

2

K (w) = Ko« (w) — 3 0 log K¥(w, w),w € D.

wow
Recalling that %&i@ log K#(w,w) must be positive (see (1.1)) as long as K* is positive definite,
we conclude that

K+ (w) < Kg+(w), w e D.

The fibre at w of the holomorphic bundle Ejp;« for M* in B1(£2) is the one-dimensional kernel
at @ of the operator M* spanned by K, (-), w € Q*. In general, there is no obvious way to
define an inner product between the two vectors K, (-) and (;& K,,)(). However since these
vectors belong to the same Hilbert space (cf. [5, Lemma 4.3]), in our special case, there is a
natural inner product defined between them. This ensures, via the Cauchy-Schwarz inequality,
the negativity of the curvature p. The reproducing kernel function K of the Hilbert space
Hx encodes the mutual inner products of the vectors { K, (-) : w € Q*}. The Cauchy-Schwarz
inequality, in turn, is just the positivity of the Gramian of the two vectors K, (-) and (2= K,)(-),
w € Q*. The positive definiteness of K is a much stronger positivity requirement involving all
the derivatives of the holomorphic section K, (-) defined on 2*. We exploit this to show that the
curvature function (% log K ) (z,w) is actually negative definite not just negative, whenever
K* is assumed to be positive definite for all ¢ > 0.

We now construct an example of an operator which is not contractive but its curvature
is dominated by the curvature of the backward shift. Expanding the function K(z,w) =
W in zw, we see that it has the form 8 4+ 16zw + 15 fi’f; Therefore, it defines a
positive definite kernel on the unit disk D. The monomials ﬁ with [[1]2 =&, |z = &
"||> = & for n >2 forms an orthonormal basis in the corresponding Hilbert space

n n+1 n+1 .
Z %ﬁ Hence it corresponds to a

and ||z

‘Hy. The multiplication operator M maps ER to

weighted shift operator W with the weight sequence {\/g, 7/ %, 1,1,...}. Evidently, it is not
a contraction. (This is the same as saying that the function K*(z,w) = 8 + 82w — 2%w? is not
positive definite.) The operator W is similar to the forward shift S. Since the class By (D) is

invariant under similarity and S € By (D), it follows that W is in it as well. However,
0 8(8 — 4fw|* — [w[!)
— log K¥ ——
oo 8K (W, w) = — R )

w e D,

is negative for |w| < 1. Hence we have shown that Ky« (w) = —%;D log K (w,w) < Kg«(w),
w € D, although M* is not a contraction.

This is not an isolated example, it is easy to modify this example to produce a family of
examples parameterized by a real parameter.



INFINITE DIVISIBILITY AND CURVATURE INEQUALITY Page 5 of 15

In the following section, we discuss the case of a commuting tuple T = (T1,...,Ty,) of
operators in By (£2), @ C C™, m > 1. Even in this case, as before, it is possible to associate a
holomorphic Hermitian bundle E7 to the operator tuple T such that the equivalence class of
the commuting m-tuple T determines the equivalence class of the bundle E7 and conversely.
We show that the co-efficient matrix Kr(w) of the curvature (1,1) form Kr of the holomorphic
Hermitian vector bundle E is negative definite for each w € ). The negativity of the curvature
provides an alternative proof of the curvature inequality given in [7].

In the third section, we show that the curvature Kt is negative definite, that is, ((KT(wi, wj)))
is negative-definite for all finite subsets {ws, ..., w,} of Q if we impose the additional condition
of “infinite divisibility” on the reproducing kernel K. The infinite divisibility of the kernel K
requires K* to be positive-definite for all ¢t > 0.

In the final section, we give several applications of the positive definiteness of the curvature
function to contractivity of operators in the Cowen-Douglas class.

2. Negativity of the curvature in general

Let Q be a bounded domain in C™. Let T = (T1,...,T,) be a m-tuple of commuting
operators on a separable complex Hilbert space H. For x € H, let Dpr : H - H& ... B 'H be
the operator defined by Dr(z) = (Thz,...,Thx). For w = (wq,...,wy,) € Q, let T — w denote
the operator tuple (77 — w1, ..., Ty — wp). The joint kernel of T —w is NI, ker(T; — wy),
which is also the kernel of the operator D _,,. Following [5], we say that the commuting tuple
T belongs to the Cowen-Douglas class By, () if ran Dg_,, is closed, dim ker Dy _,, = n for all
w in ©, and the span of {ker Dy_,, : w € Q} is dense in H. The class of the corresponding
holomorphic Hermitian vector bundle

Er ={(w,x) € A x H:x €ker Dr_,}

determines the class of the operator tuple T'. As before, if n = 1, then the curvature of Ex (cf.
[4, 5]) determines the unitary equivalence class of T. If « is a non-zero holomorphic section
of the holomorphic Hermitian line bundle Er defined on some open subset Qg C €2, then the
curvature of the line bundle E is the (1,1) form

Zm 02 log || y(w)]? _
defined on Qq. Let

0*log || y(w) |*

DD, )) w € Qo, (2.1)

ij=1’

K (w) = (-

denote the curvature matrix. In general, for a holomorphic Hermitian vector bundle, there are
two well-known notions of positivity due to Nakano and Griffiths (cf. [6, page - 338]). These
two notions coincide in the case of a line bundle, and one talks of positive line bundle in an
unambiguous manner. The following Proposition shows that the line bundle corresponding to
a commuting tuple of operators in B () is negative.

PROPOSITION 2.1.  For an operator T in B1(2*), the matrix Kr(w) is negative definite for
each w € Q.

Proof First Proof. Fix wg € Q. As before (cf. [5]), it follows that T can be realized as
M* = (M;,...,M}) where M; is the multiplication operator by the co-ordinate function z; on
the Hilbert space Hx of holomorphic functions on ¢ C €, wy € g, possessing a reproducing
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kernel K with K(w,w) # 0 for w € Q. The function
Ko(zw) = K (o, w0) * p(2) " K (2, w)ip(w) 1K (o, wo)

is defined on some open neighborhood U x U of (wg,wp), where U is the open set on which
K(z,wg) is non-zero and ¢(z) = K(z,wp) is holomorphic on U. The kernel Kj is said to be
normalized at wg([5]). The operator of multiplication by the holomorphic function ¢~* then
defines a unitary operator from the Hilbert space Hx determined by the kernel function K to
the Hilbert space H, determined by the normalized kernel function Ky. This unitary operator
intertwines the two multiplication operators on Hy and Hg, respectively. Thus Kpz+(wp) is
equal to the curvature Ky« (wo) [5, Lemma 3.9], where M%) is the m-tuple of multiplication
operator by the co-ordinate function z; on the Hilbert space H,. Let

Ko(z,w) = ZQIJ(Z —wo) (0 —wo)’, z,w e U, I,J € ZT7,
1,J
be the power series expansion of Ky around the point (wg,wp). Since Ko(z,wo) = 1, we have

that ago = 1 and ajo =0 for all I with |I| > 0. Similarly, Ko(wg, z) = Ko(z,wp) shows that
apy = 0 for all J with |J| > 0. Also note that if

Ko(z,w)™' = bry(z —wo) (@ — wo)”, z,w € U, I,.J € T,
1,0
then bog = 1 and byg = 0 = boy for all I, J with |I|,|J]| > 0. Since v(w) = Ko(-, w),w € U* :=

{Z: 2 € U} is a section of the holomorphic Hermitian line bundle E3;+ over U*, we have

9% log || y(w) ||2’
Ow; 0w; w=wy

0 _ ., 0 o
= T@(K@(UJ,UJ) 1811)2‘ Ko(’UJ,’UJ))|w:w0
) B ~ _ _
- %{(14- Z bIJ(w_wo)I(w_wO)J)( Z aIJ-%—si(JiJFl)(w_wo)l(w_wO)J)szwo
j g5 1112117120
= Qgje;y

where ¢; is the standard unit vector in C™ with 1 at the i-th co-ordinate and 0 elsewhere. On
the other hand, we have

0?Ko(w,w) 0 0

= = Kol @), — Ko(-. @ .
Geses w; 0w, - (G Tl ’w)’awj QR
Thus for any complex constants aq, ..., Qm,
o~ 9log || y(w) |I? 0 2
—MZZIaiaj T _”;a%KO("w)” [

This completes the proof.
Second Proof. We show that —Kr(w) is the Gramian of a set of n vectors which is explicitly
exhibited below. These vectors are

0 0
. — — - — \ <1<
ei(w) Kw®awin awiKu,Q@Kw, 1<i<n,
in Hg ® Hg. Then
0 0 0 0
‘ ‘ = (Kp® — Ky — —Kuip @ Kip, Koy @ — Ky — — Ky @ K
<el(w)763(w)> < w ® 31[)1 w 6’([71 w 0y wH w ® a’LDj w 3’[17]‘ w® w>

%K (w,w) 0 0
—_ — K —K .
T = e K . 0) S K )

= 2(K(w,w) 9,
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Thus
?K (w,
Plog 1) |7 _ K (w, w) T g — %K<w,w>%mw,w>|
Ow;0w; w=wo K(w,w)? w=wo
_ (ei(wo), €;(wo))
2K (wo, wo)?
This completes the proof. |
A commuting tuple of operators T = (11,...,T,,) is said to be a row contraction if

St T;Ty < 1. The following characterization of row contractions is well known (cf. [7,
Corollary 2]).

LEMMA 2.2. Let B™ be the unit ball in C™ and M = (My,...,M,,) be m-tuples of
multiplication operator on reproducing kernel Hilbert space with reproducing kernel K. Then
M is a row contraction if and only if (1 — (z,w))K (z,w) is positive definite.

Let R, be the adjoint of the joint weighted shift operator on the Drury-Arveson space H2,.
This is the commuting tuple (M, ..., M} ) on H2, which is determined by the reproducing
kernel W7 2= (21, 2m), w = (wy,..., W) € B™. As in Remark 1, using Proposition
2.1 and Lemma 2.2, we obtam a version of curvature inequality for the multi-variate case. It
appeared earlier in [ ] with a different proof.

CoRrOLLARY 2.3. If T = (T1,...,T},) is a row contraction in Bi(B™), then Kg: (w) —
Kr(w) is positive for each w in the unit ball B™.

3. Infinite divisibility and curvature inequality

Starting with a positive definite kernel K on a bounded domain €2 in C™, it is possible to
construct several new positive definite kernel functions. For instance, if K is positive definite
then the kernel K™, n € N, is also positive definite. Indeed, a positive definite kernel K is
said to be infinitely divisible if for all £ > 0, the kernel K is also positive definite. While the
Bergman kernel for the Euclidean ball is easily seen to be infinitely divisible, it is not infinitely
divisible for the unit ball (with respect to the operator norm) of the n x n matrices. We give
the details for n = 2 in the final Section of this note The followmg Lemma shows that if K
is 1131051t1ve definite then the matrix valued kernel (( 9% O K(z,w) )) =1 is positive definite as
well.

LeEMmMmA 3.1. For any bounded domain € in C™, if K defines a positive definite kernel on

Q, then —K(z,w) = ((az =K (z,w))), Lj:l is a positive definite kernel on €.
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Proof. Let & = (&(1),...,&(m)), 1 <i<m, be vectors in C™ and wuy,...,u, be an
arbitrary set of n points in 2. Since 9; K, belongs to H, as shown in [5], it follows that

n

Z< K(ui, u;)&;5, & ZZ awkawl )(uzauj)fj() i(k)

4,J ij k,l
Z Z ow; “J ) %KU7>HK€J(Z)§Z(]’C)
i, k,l
= (k) =2 2
= Z Z&(k) Oy, Ko,
ik
>0
This completes the proof. 0

REMARK 2. Even in the case of one variable, the proof of the Lemma given is interesting. In
fact, this motivates the proof of the main theorem (Theorem 3.3) in one direction. In partlcular
it says that if K is a positive definite kernel on a bounded domain Q C C, then (52— 7 I ) (2, w)
is also a positive definite kernel on 2. Without loss of generality, assume that 0 is in €2 and
let K(z,w) =Y 7 amnz"™@" be the power series expansion of K around 0. It is shown in [5,
Lemma 4.1 and 4.3] that the positivity of the kernel K is equivalent to the positivity of the
matrix of Taylor co-efficients of K at 0, namely,

app ap1  ap2 aon

aip a1 a2 - A1n
H,(0;K) :=

no Qp1  Gp2 - Gpn

for each n € Z. The function d,K(z w) admits the expansion

Z (m+1)(n+ l)a(m+1)(n+1)zmw”.
m,n=0
Therefore, for n € N,

aiy  2a12 -+ NaAin

52 2a91 4aos <o 2nasy
H, K) =
( 0z 0w ) : :
Nap1 2NApa -+ Nlapn

Clearly, for n € N, we have

01x1 O1xn
(om anl(o;%m) = D(Ha(0; K))D

where D : C*t! — C™*t! is the linear map which is d1a§onal and is determined by the sequence
{0,1,...,k,. n} It therefore follows that H,,(0; aza K) is positive definite for all n € Z_..

Consequently, mk’ is a positive definite kernel.

The following Lemma encodes a way to extract scalar valued positive definite kernel from
the matrix valued one.
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LEMMA 3.2. If K is a n X n matrix valued positive definite kernel on a bounded domain
Q) C C™, then for every ¢ € C", (K(z,w)(,()cn Is also a positive definite kernel on Q.

Proof. Let K¢(z,w) = (K(z,w)¢,{)cn. Let ug,...,u bel points in Q and a;, 1 < i <1, be
scalars in C. From [5], it follows that

ZO@KC Ul,u] Zazaj 5 Uy C K( )C>HK

—IIZ% )G N3
>0

This completes the proof. |

DEFINITION 2. Let G be a real analytic function of w,w for w in some open connected
subset © of C™. Polarizing G, we obtain a (unique) new function G defined on §2 x Q which
is holomorphic in the first variable and anti-holomorphic in the second and restricts to G on
the diagonal set {(w,w) : w € Q}, that is, é(vw,w) = G(w,w), w € Q. If the function G is also
positive definite, that is, the n x n matrix ((G (w;, w]))) is positive definite for all finite subsets
{wi,...,w,} of ©, then we say that G is a positive definite function on 2.

The curvature K of a line bundle is a real analytic function. We have shown that —K(w),
w € Q C C™, is positive definite. However, the following example shows that —K(w) need not
be a positive definite function, that is, —K(w) need not be positive definite! We adopt the
convention that the positive definiteness of the real analytic function —K(w) is the same as the
positive definiteness of the Hermitian function —K(w).

EXAMPLE 1. Let K(z,w)=14 Y77 a;z'w’ be a positive definite kernel on the unit
disc D. The kernel K then admits a power series expansion some small neighborhood of 0.
Consequently, we have

log K (z,w) = log(1 + Z a;z'w")
i=1
_ iaizimi X ;‘iziwi)Q " (s gizi@i)g

3
= a1z + (az — 7)22w2 + (az — aras + & +)z 3ot 4 ...

It follows that
2 3
(azaw log K)(2,w) = a1 +4(az — %)zw +9(asz — araz + 3)2*0% + . ..

Thus if We choose 0 < a;, i € N, such that ap < %, then from [5, Lemma 4.1 and 4.3], it follows

that 82 am log K is not positive definite.
However we note, for instance, that if K is the function 1 + zw + 2%w? 4+ > ;7 ; 2'w’, then

t2t—1) 5

K'(z,w) =1+ tzw + z7we 4 -

is not positive definite for ¢t < %
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It is therefore natural to ask if assuming that K is infinitely divisible is both necessary
and sufficient for positive definiteness of the curvature function —K. The following Theorem
provides an affirmative answer.

THEOREM 3.3. Let Q be a domain in C™ and K be a positive real analytic function on
Ox Q. If K 1s mﬁmte]y divisible then there exist a domain )y C € such that the curvature
matHX (( Tws 8 — log )) =1 is positive definite function on ). Conversely, if the function

(( awl aw log K)) =1 is a positive definite on €2, then there exist a neighborhood g C 2 of wyq
and a infinitely divisible kernel K on Qo % Qo such that K (w,w) = K (w,w), for all w € Q.

Proof. For each t > 0, assume that K is positive definite on 2. This is the same as the
positive definiteness of exptlog K, t > 0. Clearly t~!(exptlog K — 1) is conditionally positive
definite (An Hermitian kernel L is said to be conditionally positive definite if for every n € N
and for every choice n points wy,...,w, and complex scalars aq,...,q, with Z?:l a; =0,
the inequality Z;L,jzl 0;@;L(w;, w;) > 0 holds). By letting ¢ tend to 0, it follows that log K is
conditionally positive definite. Hence at an arbitrary point in §2, in particular at wq, the kernel

Ly, (z,w) =log K (z,w) — log K(z,wp) — log K (wg, w) + log K (wo, wo)

is positive deﬁmte This is essentially the Lemma 1.7 in [9]. From Lemma 3.1, it follows that the
matrix (( 5 aw L, )) is positive definite on §2. Note that there exist a neighborhood Q4 C Q of
wq such that log K (z,wp) is holomorphic on Qg. Hence from the equation above, the curvature
matrix (( 50 Bw log K )) is positive definite on 2¢. This proves the Theorem in the forward
direction.

For the other direction, without loss of generality, assume that wy = 0. Let K(z,w) be the
function obtained by polarizing the real analytic m x m matrix valued function

((Bwlaw] IOg K(w w)))z] 1

defined on some bounded domain 2 in C™. Suppose that log K has the power series expansion
Y arslw’, where the sum is over all multi-indices I, J of length m and 2= gl
w’ = w{" - wlm. Then

K(z,w) = Z ars(Ars(k, 02"~ @’ =<0)),

I.J

where Ay j(k,£) = ((zk u))mk and the sum is again over all multi-indices I, J of size m. Clearly,
Ay can be written as the product D(I) E,, D(.J), where D(I) and D(J) be the m x m diagonal
matrices with (i1, ...,4y,) and (ji, ..., jm) on their diagonal respectively, and E,, is the m x m
matrix all of whose entries are 1.

Let D(z) be the holomorphic function on 2 taking values in the m x m diagonal matrices
which has z; in the (i,4) position for z := (21, 22, ..., zm) € . If the function K is assumed to
be positive definite then

K(z,w) := D(2) K(z,w) D(@) = Y _ ar;D(I) By, D(J)2" 0"

is positive definite on Q.
Let A(J) ={k:1 <k <m and iy # 0}. Consider the m x m matrix E(I, J) defined below:

BT = 1 iféie A(I) and j € A(J),
’ 10 otherwise.
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Note that if A(I) = A(J) ={1,...,m}, then E(I,J) = E,,. Consider the function on Qy x Qo,
defined by
J

Z ‘”Jcmc J)Z w
1,J#0

where ¢(I) denotes the cardinality of the set A(I). We will prove that K is a positive definite
kernel on €2y. To facilitate the proof, we need to fix some notations.

Let 6 be a multi-index of size m. Also let p(d) = H;-rb:l((;j + 1) which is the number of multi-
indices I < 4, that is, 4, < d;, 1 <1 < m. As par the notation in [5], given a function L on a
domain U x U which is holomorphic in the first variable and antlholomorphlc in the second,
let Hs(wo; L) be the p(§) x p(§) matrix whose (I, J)-entry is M 0<1,J<§. For
convenience, one uses the colexicographic order to write down the matrlx that is, I <. J if and
only if (i, < Jm) OF (i = Jm and iy—1 < Jm—1) OT -+ O (iy, = jm and ...i3 = jo and i <
ji1)or I =J.

Let D(I)* be the diagonal matrix with the diagonal entry D(I)M equal to ;- or 0 according
as iy is non-zero or zero. Using this notation, we have

D(*D(I) E,, D(J)D(J)* = E(I, J).
Let As be the block diagonal matrix, written in the colexicographic ordering, of the form

D(I)* .
<A5>U:{ A = J(0)

0 otherwise.

Therefore, in this setup, for any multi-index §, we have

Hy(0; K) = AsHs(0; K) A%
Clearly Hs(0;K) is positive definite since Hs(0; K) is so by [5, Lemma 4.1]. Thus from [5,

Lemma 4.3], it follows that K is a positive definite kernel.
Let Ky be the scalar function on Qg x  defined by

Ko(z,w) : E aIsz

where the sum is over all pairs (, J) excluding those of the form (7,0) and (0, J). From Lemma

3.2, it follows that the function Kj is positive definite since it is of the form (R(z,w)l, 1),
1=(1,...,1). It is evident that

(( (#;@KO)(w,w) )) = K(w, w),

that is,

Bwl aw (log K — Ko(w,w)) =0, 1 <i,j <m, we Q.

Therefore, 1ogK — Ky is a real pluriharmonic function on €y and hence there exist a
holomorphic function ¢ such that

log K (w, w) — Ko(w, w) = (Ré)(w) := w'

(Alternatively, since log K is real analytic, it follows that

E a,lew E arjw 121
1,0
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Equating coefficients, we get a;;y = ay; for all multi-indices I, J. In particular, we have
arg = ags for all multi-indices I. The power series

(a00/2) + Y arz"
T

defines a holomorphic function 9 on €y such that log K (w, w) — Ko(w,w) = ¥(w) + ¥ (w).)
Thus

K’(w,w) = exp(@)exp(KO(w,w))exp(@), w € Q.
Let K : Qp x ¢ — C be the function defined by the rule

K (z,w) = exp(22) exp(Ko(z, w)) exp(242).

For ¢t > 0, we then have

K'(z,w) = exp(t@) exp(tKo(z,w))eXp(t@), z,w € .

By construction K (w,w) = K(w,w), w € Q. Since K is a positive definite kernel as shown
above, it follows from [9, Lemma 1.6] that exp(tKy) is a positive definite kernel for all ¢ > 0
and therefore K is a positive definite on Qg for all ¢ > 0 completing the proof of the converse.

O

4. Applications

Let M™ be the adjoint of the commuting tuple of multiplication operators acting on the
Hilbert space Hx C O(Q). Fix a positive definite kernel £ on Q. Let us say that M is infinitely
divisible with respect to & if £(z,w) 1K (z,w) is infinitely divisible in some open subset )y of
Q. As an immediate application of Theorem 3.3, we obtain :

THEOREM 4.1. Assume that the adjoint M™ of the multiplication operator M
on the reproducing kernel Hilbert space Hyg belongs to Bi(2). The function
2
((#3@,- log (R(w, w) K (w, w)) )) is positive definite, if and only if the multiplication operator
M is infinitely divisible with respect to f.

If K is a positive definite kernel on D such that (1 — zw) K (z,w) is infinitely divisible then
we say that M™* on Hp is a infinitely divisible contraction.
Here is an example showing that a contraction need not be infinitely divisible. Take

o
K(z,w) = (1—z0)""(1+ 20+ 12°0” + Z 2 w™)

n=3

oo
=1+42z0+ » (n+4)2"0"
n=2
Clearly K defines the positive definite kernel on D. Since (1 — zw)K (z,w) is also positive
definite, it follows that the adjoint of multiplication operator M™* on Hg is contractive. But

(1 - 20)K(z,w))" =1+ tzi + @227‘72 T

is not positive definite for ¢ < % as was pointed out earlier. Hence M™ is not infinitely divisible
contraction on Hg.

The following Corollary is a characterization of infinitely divisible contractions in the Cowen-
Douglas class By (D) completing the study begun in [8]. Here, for two real analytic functions
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G1 and Gs on a domain Q@ C C™, G1(w) = Ga(w), w € Q, means Gy — G is a positive definite
function on 2.

COROLLARY 4.2. Let K be a positive definite kernel on the open unit disc . Assume
that the adjoint M* of the multiplication operator M on the reproducing kernel Hilbert
space Hy belongs to B1(D). The function ﬁzw log ((1 — |w|*) K (w,w)) is positive definite, or
equivalently

Kr(w) X Kg«(w), weD,

if and only if the multiplication operator M is an infinitely divisible contraction.

Proof. Recall Theorem 3.3, which says that the positive definiteness of
2

0
Ow Ow

log ((1 — |w|2)K(w, w))

is equivalent to infinite divisibility of the kernel (1 — zw)K (2, w), that is, ((1 — zw)K|(z, w))t
is positive definite for all ¢ > 0. O

We say that a commuting tuple of multiplication operators M is an infinitely divisible
row contraction if (1 — (z,w))K(z,w) is infinitely divisible, that is, ((1 — (z,w>)K(z,w))t is
positive definite for all ¢ > 0.

Recall that R}, is the adjoint of the joint weighted shift operator on the Drury-Arveson
space H2,. The following theorem is a characterization of infinitely divisible row contractions.

COROLLARY 4.3. Let K be a positive definite kernel on the Euclidean ball B™. Assume
that the adjoint M™ of the multiplication opezrator M on the reproducing kernel Hilbert space
Hyx belongs to B1(B™). The function ((#awj log ((1 = (w, w)) K (w, w)) ))iJ:l’ we B™ is
positive definite, or equivalently

K+ (w) X Kgx (w), w € B™,

if and only if the multiplication operator M is an infinitely divisible row contraction.

We give one last example, namely that of the polydisc D™. In this case, we say a commuting
tuple M of multiplication by the co-ordinate functions acting on the Hilbert space Hy is
infinitely divisible if (S(z,w)_lK(z,w))t, where S(z,w) := ]2, (1 — zjw;) ™!, z,w € D™, is
positive definite for all ¢ > 0. Every commuting tuple of contractions M™ need not be infinitely
divisible. Let S, be the commuting m - tuple of the joint weighted shift defined on the Hardy
space H?(D™).

COROLLARY 4.4. Let K be a positive definite kernel on the polydisc D™. Assume that the
adjoint M* of the multiplication oper;wor M on the reproducing kernel Hilbert space Hyg
belongs to B1(D™). The function ((#@w} log (S(w,w) 'K (w,w)) )):Lj:l, w € D™, is positive
definite, or equivalently

KM*(w) = KS;(w), w e Dm,

if and only if the multiplication operator M is an infinitely divisible m-tuple of contractions.
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For a second application of these ideas, assume that K is a positive definite kernel on D™
with the property:

Ki(z,w) = (1 — z;w;)"K(z,w), 1 <i<m,

is infinitely divisible. Then
K™ (z,w) = (H(l — ziwy)) " HKi(z, w).
i=1 i=1

It now follows that

K(z,w) = S(z,w)(HKi(z,w)) .

i=1

3

Let M be the commuting tuple of multiplication operators on the Hilbert space H g, which is
contractive since K admits the SZzego kernel S as a factolr. Clearly, the infinite divisibility of
K;, 1 <i<m, implies that K°(z,w) := ([[/~; Ki(z,w))™ is positive definite. As pointed out
in [7], in consequence, for any polynomial p in m - variables,

p(Mh .. 7Mm) = Psp(Sm)\g,

where S is the invariant subspace of functions vanishing on the diagonal of the Hilbert space
H%(D™) @ Hio (D™) C O(D™ x D™) and Ps is the projection onto the subspace S. We have
therefore proved the following Proposition.

PROPOSITION 4.5. If a commuting tuple in the Cowen-Douglas class B1(ID™) is infinitely
divisible with respect to the kernel S(z,w)™, then it admits an isometric dilation to the Hardy
space H?(D™).

A basic question raised in the paper of Cowen and Douglas [3, Section 4] is the determination
of non-degenerate holomorphic curves in the Grassmannian. Clearly, a sufficient condition for
this is the positive definiteness of the curvature function. Thus we have the following corollary
to Theorem 3.3.

COROLLARY 4.6. Let E be a holomorphic Hermitian vector bundle of rank 1 over a bounded
domain 2 C C™. If the curvature K of E is negative definite, then there exists a Hilbert space H
and a holomorphic map v : Qg — 'H, Qo open in €2, such that E is isomorphic to E.,, where E.
is the pullback, by the holomorphic map ~ : Qo — Gr(1, H), of the tautological bundle defined
over Gr(1,’H). Moreover, the real analytic function {(z),v(w)) defined on Qg x g is infinitely
divisible.

We finish with an amusing application of the Lemma 1.7 in [9] which is a key ingredient in the
proof of Theorem 3.3. Let K be the function on the unit ball Boyo (with respect to the operator
norm) of 2 X 2 matrices, given by the formula K(Z, W) :=det(I — ZW*)~!, Z, W € Bayo.

The kernel K is normalized at 0 by definition. For § = (1,0, 0, 3), the matrix

09" log K (0,0)

(PLRKODy e
is diagonal with w = —1 <0 (in fact for |§] < 3, the corresponding matrix is
diagonal with non-negative entries). Here, 6 > p if and only if §; > p; for all i € {1,...,m}
and the matrix is written with respect to the colexicographic ordering. From [5, Lemma 4.1
and 4.3], it follows that log K is not positive definite. Hence Theorem 3.3 shows that the
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function det(I — ZW*)~! cannot be positive definite for all ¢ > 0. Of course, a lot more is
known. Indeed, the set

{0<t:K(Z,W)"is positive definite}
is explicitly determined in [2, Corollary 4.6].
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