TOEPLITZ C*-ALGEBRAS ON BOUNDARY ORBITS OF SYMMETRIC
DOMAINS

GADADHAR MISRA AND HARALD UPMEIER

ABSTRACT. We study Toeplitz operators on Hilbert spaces of holomorphic functions on symmetric
domains, and more generally on certain algebraic subvarieties, determined by integration over bound-
ary orbits of the underlying domain. The main result classifies the irreducible representations of the
Toeplitz C*-algebra generated by Toeplitz operators with continuous symbol. This relies on the limit
behavior of ”hypergeometric” measures under certain peaking functions.

0. Introduction

Toeplitz operators and Toeplitz C*-algebras on Hilbert spaces over bounded symmetric domains
Q = G/K, for a semisimple Lie group G and a maximal compact subgroup K, are a deep and interest-
ing part of multi-variable operator theory [27, 28, 29], closely related to harmonic analysis (holomorphic
discrete series of representations of G) and index theory. In this paper we study Hilbert spaces over
non-symmetric G-orbits contained in the boundary of 2. These Hilbert spaces do not belong to the
holomorphic discrete series, but the associated Toeplitz operators are still G-homogeneous in the sense
of [20]. We study the C*-algebra generated by these Toeplitz operators on boundary orbits and con-
struct its irreducible representations, similar as in the symmetric case, via a refined analysis of the
boundary faces of these orbits. The most interesting discovery is that for the boundary Toeplitz C*-
algebra, the irreducible representations do not always belong to boundary orbits, but comprise also
some distinguished parameters in the discrete series (relative to the face).

Recently, certain algebraic varieties in symmetric domains, called Jordan-Kepler varieties, have
been studied from various points of view [8, 29]. Although these varieties are not homogeneous, there
exist natural K-invariant measures giving rise to Hilbert spaces of holomorphic functions and associated
Toeplitz operators. In [30] the corresponding Toeplitz C*-algebra and its representations have been
investigated using asymptotic properties of hypergeometric functions. As a second main result of this
paper, we combine both settings and treat Kepler-type varieties related to boundary orbits. The
associated Toeplitz operators are subnormal, but the explicit description of the underlying boundary
measure requires some effort. It seems that our setting is the natural level of generality, where methods
of harmonic analysis based on Jordan algebraic concepts still yield a complete structure theory of
Toeplitz C*-algebras.

Compared to the paper [30], to which we frequently refer, the main new result concerns the de-
scription of the measures and inner product for the underlying Hilbert space, and the expression of
the reproducing kernel in terms of generalized hypergeometric series. For boundary orbits this is not
straightforward. Also, the concept of “hypergeometric measure” introduced in Section 3 serves to clarify
and streamline the exposition, especially in the proof of Theorem 5.2.
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1. Subnormal and homogeneous operator tuples

To put the results of this paper in perspective, recall that a commuting n-tuple of operators S =
(S1,...,5n) is said to be subnormal if it is the restriction of a commuting tuple of normal operators
N, acting on a Hilbert space H, to an invariant subspace Hg C H. There are several intrinsic char-
acterizations of subnormality; the one closest to the spirit of this paper is the following C*-algebraic
characterization. Let C*[S] be the C*-algebra generated by {Id, S1,..., 5}

Theorem 1.1 ([19, Theorem 2]|). A commuting n-tuple of operators S is subnormal if and only if for
every subset {Ty : I € F} of C*[S], F finite, it follows that

Z TFS7"sS'T; >0,
I,JeF

where TI :Ti ...En and SI = Sil S:Lﬂ

An immediate corollary is that if S is a subnormal commuting n-tuple and 7 is a *-representation of
the C*-algebra C*[S], then 7(8S) is also subnormal. For n = 1, these results were obtained by Bunce and
Deddens [6]. Natural examples of subnormal operators are obtained by restricting the multiplication
by the coordinate functions on the Hilbert space L?(€2,m) to the subspace of holomorphic functions
H?(2,m), where Q C C? is a bounded domain and m is a finite measure supported in the closure Q
of Q. Determining when a commuting tuple of operators is subnormal, in general, is not easy. For
instance, let Q be a bounded symmetric domain of genus p, and let B be the Bergman kernel of 2.
Then the set of positive real v for which B¥/? remains a positive definite kernel is known (cf. [9]) and
is designated the Wallach set of Q. For a fixed but arbitrary v in the Wallach set, let H(*) denote the
Hilbert space determined by B*/?. The biholomorphic functions of the domain Q form a group, say G.
Thus g € G acts on Q via the map (g, z) — g¢(z). This action lifts (g — Uy, g € G) to the Hilbert space
HY:

(U 1) @) = Jg(2) 7 (£l9(2)), g€ Gy zeQ fen®,

where Jg(z) := det(Dg(z)). It is easy to verify, using the transformation rule for the Bergman ker-
nel, that U, is unitary. The map g — Ué'/) is not a homomorphism, in general, however Ug(z) =

c(g7h)U5§V)U}(LV), where ¢ : G x G — T is a Borel multiplier. Thus U defines a projective unitary
representation of the group on H®).

The automorphism group G admits the structure of a Lie group. Consider the bounded symmetric
domain Q in its Harish-Chandra realization (cf. [12, Section 2.1]). The construction of the discrete
series representations due to Harish-Chandra is well known, see [14, Theorem 6.6]. The (scalar
holomorphic) discrete series representations (when realized as sections of homogeneous holomorphic line
bundles) occur among the projective unitary representations U®*). Harish-Chandra had determined a
cut-off v; such that for all v > vy, the representation U is in the discrete series and the Hilbert space
H™) is realized as the space H?(Q,dm,), where dm, (z) = B(z,2)'""/? dv(z), clearly, supp(m) = Q.
However, we also have the so-called limit discrete series representations and their analytic continuation.
It is therefore natural to ask if there are other values of v for which the inner product in the Hilbert
space H®) is given by an integral with respect to a measure supported on possibly some other G-
invariant closed subset of Q. The answer to this question involves the G-invariant boundary strata
of Q introduced below, namely, Qf ., 1 < k < r, where 7 is the rank of the bounded symmetric domain
Q. In this notation, Q,, is the Shilov boundary and Qo , = Q. For v in {v1,...,v,}, where

v =24 2(r—1),

there exists a quasi-invariant measure

21/7; —

dm;(gz) = |Jg(2)| P dm;(z), z € Q, supp(m;) = Qi 1<i<r,
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such that Lz(Qim,dmi) contains the representation space H*) as a closed subspace. (Here, with a

—

slight abuse of notation, we let Qg = Q.) The representation U®*) lifts to U®) on L?(Q; .., dm;), again,
as a multiplier representation, see [2, theorem 6.1]. The existence of the quasi-invariant measure (in
the unbounded realization of G/K) is in [23, 16], see also [3, Lemma 5.1]. (The generalization to the
case of vector valued holomorphic functions appears in [12, Theorem 4.49].) However, the fact that
these are the only quasi-invariant measures with support in Q was proved for the domains Q of type
Inm, m >mn > 1, in [3] and was extended to all bounded symmetric domains in [2]. Furthermore, it
can be shown that these are the only commuting tuples of “homogeneous” subnormal operators in the
Cowen-Douglas class of rank 1 on €.

Thus the commuting tuple M) := (Ml(")7 oM 51’)) of multiplication by the coordinate functions
on the Hilbert space %) is subnormal if and only if v is in the set

Wop={v:v==%+%r—j), 1<j<rju{v:v>p—1}

For v as above, this is evident since the Hilbert space H(*) is a closed subspace of the Hilbert space
L?(dm,,) for some quasi-invariant measure m,,. The converse is Theorem 3.1 of [3] for tube type domains
and Theorem 5.1 of [2] in general.

The commuting tuple M of multiplication by the coordinate functions on the Hilbert space L?(dm,,)
induces a - homomorphism ®,, C(Q,) — L(L*(dm,)), namely, d,(f) = f(ﬁ), f € C(Q,), the
space of continuous functions on €; , and v € Wg,p,. The quasi-invariance of the measure m, ensures
that U®) is unitary and therefore the triple (L?(dm,,), (7(”), (fy) is a system of imprimitivity in the
sense of Mackey [31, chapter 6]:

(1.1) OW)y®, UV =g-0,, ged,

where ((g-®,)f)(z) = f(g-z). Since the representation U*) leaves the subspace H*) invariant as well,
we see that

~

(HW, UM, @,) = (L*(dm,), U, ®,) 300, v € Weun,

is the restriction of an imprimitivity.

Recall that the *-homomorphism & must be given by the formula <T>(f) = ﬁf = f(ﬁ), fecC( ),
0 < i < r, via the usual functional calculus. The group G acts on the space of continuous functions via

(97" N)2) = flg-2) = (f 2 g)(z). Therefore,
(g f) =Mjog = (f 0 g)(M).
Choosing f to be the coordinate functions, we see that the imprimitivity condition (1.1) of Mackey is

equivalent to the homogeneity of the commuting tuple M, relative to the group G, of the commuting
tuple M, namely,

(1.2) U,MU; = (UM U, ... . Ui MaUy) = g-M, g € G,

where g - M = (g1(M),...,g4(M)). Here g;, 1 < i < d, are the components of g in G, when it is
thought of as an injective biholomorphic map on . This notion for a single operator is from [20] and
for a commuting tuple is from [21], see also [3, 4]. For v in the Wallach set, the multiplication by the
coordinate functions acting on the Hilbert space of holomorphic functions #(*) are bounded if and only
if v € (§(r —1),00), the continuous part of the Wallach set, see [2, Theorem 4.1] and [3, Theorem 1.1].
Since the kernel function of the Hilbert space #(**) is a power of the Bergman kernel, it also transforms
like the Bergman kernel ensuring that the the operator M on this Hilbert space is G-homogeneous for
all v in the continuous part of the Wallach set. A simple computation involving the curvature shows
that these are the only G-homogeneous operators in the Cowen-Douglas class By (€2). The details are
in [21] for the case of rank » = 1. The proofs in the general case can be obtained using [2, Proposition
4.4] and spectral mapping properties of the Taylor spectrum of the commuting tuple M.

It is clearly of interest to study homogeneity, or equivalently, imprimitivity relative to subgroups of
the group G. This already occurs in the study of spherically balanced tuples of operators [7, Definition
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1.1]. In this case, the domain is the Euclidean unit ball B; and the group is the maximal compact
subgroup K of the automorphism group G of B;. The group K can be identified with the unitary group
U(d), it acts on By by the rule: (U,2) — U(z), z € Byg, U € U(d). Let T be a commuting d-tuple of
operators acting on a complex separable Hilbert space H. The usual functional calculus gives

d d
U-T= (Y 0T .Y UaiTy), U K.
j=1 j=1

The commuting d-tuple of operators T is said to be “spherically symmetric”, or equivalently, K-
homogeneous if I';;TT'y = U - T for each U in K and some unitary I'y on ‘H. In general, I' need
not be a unitary representation. However, we will assume that a choice of I'yy exists such that the map
U — T'y is a unitary homomorphism. What we have said about the Euclidean ball applies equally well
to the case of a bounded symmetric domain. So, we speak freely of K-homogeneous operators, where
Q = G/K. To describe this more general situation, we recall some basic notions from the representation
theory of the group K.

Let m € N7 be a partition of length r. Let P,, denote the space of irreducible K-invariant
homogeneous polynomials of isotypic type m, having total degree |m|. These are mutually inequivalent

as K-modules and P = Y P, is the Peter-Weyl decomposition of the polynomials P under the
meNT

action of the group K. Now, equip the submodules P, with the Fischer-Fock inner product (p|q)m =
(¢*(0)(p))(0), where g*(z) = q(Z). Let E™ be the reproducing kernel of the finite dimensional space
Pm. Then the Faraut-Kordnyi formula for the reproducing kernel K(*) of the Hilbert space H*) is

(1.3) KW = 3" ()mE™,

mEer

T
where (V)m = [[ (v — §(j — 1))m, are the generalized Pochhammer symbols. We have pointed out
j=1
that the commuting tuple of multiplication operators M on the Hilbert space H*) is G-homogeneous,
therefore, it is also K-homogeneous. What are the other K-homogeneous operators? Since Py, is a K

irreducible module, it follows that the Hilbert space H(®, obtained by setting K (%) = > amBE™ for
meN’

an arbitrary choice of positive numbers a,, is a weighted direct sum of the K modules P,,. Hence the
commuting tuple of multiplication operators M on H(®) is K-homogeneous. It is shown in [11], under
some additional hypothesis, that these are the only K - homogeneous operators.

If the rank r = 1, then a full description of all multi-shifts within the class of spherically symmetric
operators is given in [7, Theorem 2.5]. In the present set-up, this characterization amounts to saying
that a multi-shift on a Hilbert space H with reproducing kernel K : B; x B; — C is spherically
symmetric if and only if the kernel is of the form

Zan<z,w>"

for z,w € By. It then follows that several properties of the commuting tuple of multiplication operators

1/2
M on the Hilbert space are determined by the ordinary shift with weight sequence { (a“ﬁ) }, n >0,
see [7, Theorem 5.1].

2. Spectral varieties and boundary orbits

In this section we describe the Jordan theoretic background needed for the rest of the paper. For
details, cf. [10, 18]. Let V be an irreducible hermitian Jordan triple of rank r. Every element z € V
has a spectral decomposition

T
z = Z )\iCZ‘
i=1
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where the singular values A\; > Ao > ... > A\, > 0 are uniquely determined by z, and cq,...,c, is a
frame of minimal orthogonal tripotents. The largest singular value ||z|| := A1 defines a (spectral) norm
on V and the (open) unit ball

Q={zeV: 2| <1}
is a bounded symmetric domain. It is a fundamental fact [18] that, conversely, every hermitian bounded
symmetric domain can be realized, in an essentially unique way, as the spectral unit ball of a hermitian
Jordan triple. In this paper we use the Jordan algebraic approach to study analysis on symmetric

domains and related geometric structures.

The compact group K acts transitively on the set of frames. Hence, for fixed A = (A1, A2, ..., ),
the level set

(2.1) VA ={z= Z Aici : (¢;) frame}
i=1

is a compact K-orbit. As a special case we obtain the compact manifold
Sy =V (1%, 077k

of all tripotents of rank k, where 0 < k < r. Every union of such level sets (2.1) is K-invariant but
may be an orbit of a larger group. As an example, for 0 < ¢ < r, the Jordan-Kepler manifold

Vi= U VO 0070,
A1>...22>0

consisting of all elements of rank ¢, is a complex manifold which is an orbit under the complexified
group KC. Its closure
Vo= |J VO 0H= U W
A2 22X 20 0<y<¢
consists of all elements of rank < ¢ and is called the Jordan-Kepler variety. Its regular (smooth)
part coincides with V. For £ =r we have V, =V and V, = V is an open dense subset, consisting of all
elements of maximal rank. As another example the set

Qpr = U V(* Nty A
I1>A412...22-.20

is an orbit under the identity component G of the biholomorphic automorphism group of €2. For k = 0,
we have g, = Q. For £ > 0 we obtain a boundary orbit which is not a complex submanifold. It has
the closure

r
U = U V(I Ny M) = [ Qi
I>Apg1>. 22020 i=k
The intersection
Sk =V N Q.
is the common center of f/'k and Q.. In particular, Sy = {0} is the center of Q. The triple

‘7].3 D) Sk C Qkﬁ

is a special case of Matsuki duality, which gives a 1-1 correspondence between G-orbits and K C-orbits
in a flag manifold (which in our case is the so-called conformal hull of V'), determined by the condition
that the intersection is a K-orbit. For kK = r we obtain the Shilov boundary

Q=8 =8

which is the only closed stratum of 02 and is its own center. Generalizing both the Jordan-Kepler
varieties and the boundary orbits, we define for 0 < k < £ < r the K-invariant set

Qo= VeN Qo = U V1%, Mgty -5 Ae, 0770).
I>Ap11>...220>0



6 G. MISRA, H. UPMEIER

It has the closure
Qe =VeN Qi = U V(5 Negr, oo, A, 0776 = U Q.
12Ak412...222>0 k<i<j<t

We also use the 'partial closure’

J4
le ;:wmﬂk = U V(1k7)\k;+1,...7)\,€,0r_z) = U Qk,j~
j=k

1>Akp1> > Ae>0
Then
Qr=Qoe=V,NAQ
is the so-called Kepler ball.
Our first goal is to describe a facial decomposition of the K-invariant sets §; ¢. For a tripotent c
we consider the Peirce decomposition [17, 18]
V=VyeVie V.

Define V¢ := Vi§ and Q¢ := QN V<. This is itself a bounded symmetric domain of rank r — k, when
c € Sg.
Proposition 2.1. There exist fibrations (disjoint union)

£
(22) Qk,g = U c+ Q?—k C th = U c+ Q(l?—k = U Qkﬂ'
cE€Sk c€Sy, i=k

Proof. If z € flw then
z=c1+...+tcp+ Z NiCi
k<i<e
for some frame (¢;) and 1 > A1 > ... > A > 0. It follows that ¢ :=¢y + ...+ ¢ € Sk and

w = Z )\ici c Q° N ‘O/k_k = QZ—k'
k<i<t

For different tripotents ¢, ¢’ € Sj the boundary components ¢+ Q¢ and ¢/ + Q¢ are disjoint [18, Section
6]. This proves the first assertion. If z € ¢ then we require only Ay > 0. Therefore

14
weN NVep =0, =],
i=k

It follows that
¢ ¢ ¢
o= Jet %= Uetru=U U e+, =1 %
ceSk ceSy i=k i=k c€Sk 1=k

O

For k < i </ the set Q;“ is called the i-th stratum of 0 ¢. In the special case ¢ = r we obtain a
stratification

T
U= J e+ =J U
cESk i=k

of the boundary G-orbit.
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3. Hypergeometric measures

If V is an irreducible hermitian Jordan triple of rank r, with automorphism group K, define the
K-average

750 = [ i 50kt
K
for t € R, = {teR": t; > ... >t > 0}. Any K-invariant measure p on V (or a K-invariant
subset) has a polar decomposition

/u(dz) £(2) :/ﬂ(dtl,...,dt,) . Vi)

for a uniquely defined measure fi on R/, (or a suitable subset), called the radial part of ;. In the
following we use various unspecified constants, all of which are explicitly known.

Proposition 3.1. The Lebesgue measure dz =: \.(dz), for the normalized K-invariant inner product
on V, has the radial part

(3.1) A(dty,.. . dty) = const. [[dt: 2 [ (ti—1;)"

i=1 1<i<j<r

on R . Here a,b denote the so-called characteristic multiplicities of V' [17, Section 17].

Proof. We start with the well known formula
(3.2) / dz f(z) = const. / dty-dt, T (- ) / dh f(ht)
X R’ 1<i<j<r 7

for a euclidean Jordan algebra X with automorphism group L [10, Theorem VI.2.3]. Let A. be the
symmetric cone of the Peirce 2-space Vi for some maximal tripotent e € S, [10]. Then

(3.3) / dz f(2) = const. / dz N.(z)" / dk f(k/7)
1% Ae K

by [10, Proposition X.3.4] (for the tube domain case b = 0) and [1, (2.1.1)] (for the general case).
Applying (3.2) to the right hand side of (3.3) we obtain

/dz f(z) = const. / ﬁdti £t H (ti —t;)* fA(V1).

i R- i=1 1<i<j<r

Proposition 3.2. For ¢ < r, consider the map
O{ZRﬁ_+—>R:_+, (X(tl,...,tg) = (tl,...,tg,or_e).
Then the Riemann measure )\, on the Kepler variety 10/'47 induced by the inner product (z|w), has the

radial part Ny = Oé*Mg, where

£
(3.4) Mi(dty,....dte) == const. [] dt; t7/° ] (ti—1t;)°

i=1 1<i<j<e

and d§ /0 =b+ a(r —£). If £ = r, then d§ = rb and (3.4) reduces to (3.1).

Proof. By [8, Theorem 3.4] we have

¢
/)\g(dz) f(2) = const. /dx Ne(z)/* f8(\/z) = const. / dt; tfi/e H (ti —t;)* fF(V1)
1

1<i<j<t

1=

‘D/g Ag Rﬂ.+

by applying (3.2) to the Peirce 2-space Vi and its positive cone A.. O
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Let P(V) denote the polynomial algebra of a hermitian Jordan triple V, endowed with the Fischer-
Fock inner product (p|g)y for the normalized K-invariant inner product (z|w) on V. Let

PV)=>_ Pm(V)

be the Peter-Weyl decomposition of P(V) under the group K [9, Theorem 2.1]. Here m runs over
the set N’ of all integer partitions
m=(m;>...>m,)

of length < r. For a complex parameter v let

s

W)m = [T = 50 = D),

j=1
denote the multivariate Pochhammer symbol. Then the identity
(35) (V)m+n = (V + n)m (V)n
holds for any integer n > 0.

Let x1,... 21,90, ... yn be positive parameters. We say that a K-invariant measure p supported on
Q (or a K-invariant subset) is hypergeometric of type (;"f z’;) if

(3.6) (Pla)u == /u(dZ) p(z) 4(z) = S——

(plg)v

<
Il

== I:\:]:—

for all m € N, and p,q € P (V). More generally, for ¢ < r, a K-invariant measure p supported on Q
(or a K-invariant subset) is -hypergeometric if (3.6) holds for all partitions m € N% of length < ¢.
By the Stone-Weierstrass approximation theorem and K-invariance, the condition (3.6) determines the
measure p uniquely, but not every choice of parameters defines such a measure (a kind of multi-variate
moment problem).

Let A(z,w) be the Jordan triple determinant [9].

Proposition 3.3. Let p:=2+a(r — 1) + b be the genus of Q, and let v > p — 1. Then the probability
measure M, on §, defined by

(37) [ ) £ = comst. [ dc A" (0
Q Q
is hypergeometric of type (V)

Proof. This follows from the Faraut-Koranyi binomial formula (1.3) proved in [9]. O

Proposition 3.4. For 1 <k <r let py :=2+a(r —k — 1) + b be the genus for rank r — k, and put
d
(3.8) Vi ::;+g(r—k):p—l—g(k—l):1+b+g(2r—k—1):pk+%(k+1)—1.
Then the probability measure My, , on the k-th boundary orbit ., defined in terms of the fibration

(2.2) by
(3.9) / My (dz) f(2) :const./dc/d( AL, Q) 7PE fe+ Q)
Qk,r Sk Qe
is hypergeometric of type (”k)
Proof. For the special case a = 2, corresponding to the matrix Jordan triple V' = C"*% this is proved

in [3] using combinatorial properties of Schur polynomials. The general case [1, Theorems 6.7 and 6.8]
uses transformation properties under certain non-unimodular groups acting on the boundary. ]
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For the Shilov boundary k = M, ,(dz) is the unique K-invariant probability measure on €2,., = S,
since ¢ + Q¢ = {c} is a singleton for each ¢ € S = S,. For k = 0 we have Qp, = Q and py = p. In
this case (3.9) reduces to (3.7) for vy = p — 1 + §. However, in this case we may take any parameter
v > p— 1. Given a frame of minimal orthogonal tripotents ey, ..., e, of V put

cp:=e1+...+eg.
The explicit realization (3.9) of My, implies
Define
I' ={seR": 1>5 >...>5, >0}

Proposition 3.5. For 1 < k <r consider the map
ﬁ : Iiik — ITH ﬂ(tk+17 o atr) = (lkvtk+1a s 1tr)’
Then the K-invariant measure My, , on Qi has the radial part Mk,r = 6*]\~4§]’§, where
s
(3.10) Mg (dtyyr, ... dty) = const. [ 21—ty P dt; [ (8 —1;)"
i=k+1 k<i<j<r

is the radial part, relative to the Peirce 0-space V¢ of rank r — k, of the weighted Bergman measure
Mgr for parameter vy. Thus

/ Mk,’l“(dz) f(Z) = /Mk,’l“(dtlv"'adtT) fh(\/avv\/t:) = /(B*le:)(dthvdtr) fh(\/t>17v\/t7)
Qi I

I

= / Mg (dtpsr, ... dty) fA1% /e, o VEr)
|

= const. / II & a-tyereat, [ —t)" £20"5 Veker, - Ve

g t=k+1 k<i<j<r
I+

Now let ¢ < r. For v > p — 1 define the probability measure
(3.11) M, ¢(dz) := const. A(z,z)" P \(dz)

on the Kepler ball Q. For £ = r we have {2, = {2 and recover the “full” measure M, , = M, . Finally,
combining boundary orbits and Kepler varieties, we define the probability measure
(3.12

)
My(dz) f(2) = [ de | Mg, (dC) f(c+ () =const. [ de [ Aj_(dC) A(C, €)™ 7P* flc+()
Qe SZ QZ/k ‘5{ Qﬁ/k

on Qy ¢, written in terms of the fibration (2.2). Here Aj_, is the Riemann measure on the ’little’ Kepler
ball §_, = Q°NV,_; induced by the hermitian metric (z|w) restricted to V¢,

Consider the commuting diagram
-k B
I ——1I
ll X l
a «
Ir—k 1"
+ T
where
& (trgts - te) = (1% tpyr, ..o 1)
Bl(tk+1, ... ,tf) = (tk+1, .oty 07,_£)
’Y(tk-‘rla <o 7t5) = (1kat/€+17 AR 7tla OT_é)'



10 G. MISRA, H. UPMEIER

Proposition 3.6. The K-invariant measure My o on ¢ has the radial part Mkyg = 7*Mk7g, for the
measure
)

(3.13) M (g, ... dty) == const. [ dt: (1 =ty /" [ (ti—t;)°
i=1 1<i<j<t

on Iﬁfk. Thus

/ M. o(d2) / N o(dt) FH(VE) = / (7 M ) (dt) F3(V/D)

L

_ /Mk,e(dtkﬂ,...,dt@) P TtV 070
k

4
:const./ [T dt: (@ =ty i/t IT -t £10F Ve, VE, 0770

[k =kt k<i<j<t
¥

Consider the Fischer-Fock kernel E™(z,w) = EI*(2) of Pp, (V). Then
(B ES )y = E™(z,w).
Define dy, = dim P (V).
Lemma 3.7. For allt € A" and w € V we have

(R (vE) = 2700 gy

dm €

Proof. Schur orthogonality implies

IZ3 17 NETER

(BRI = [ dk I Em(oiw) = [ k| ERABTVE = [ akleBgER)y P =
K K K "
Since |E™||?, = E™(w,w) and ||E Hv = E™(\/t,\/t) = E™(t,e), the assertion follows. O
Proposition 3.8.
d

3.14 (1 — t;)V P dt ti— 1) E™(1F thg, .. ty) = —=—.
( ) / H H ( J) e ( s Uk+1, ) ) (Vk)m

Ar—k 1=k+1 k<i<j<r

Proof. From (3.10) it follows that

I ta—ey=reat;, J[ t-t)* EFQ" thrs. .o t) :/Mk,r(dt) E™(t,e€)

p i=k+1 k<i<j<r i

__dm
B3

1B, =

ET/M;M dt) (|JE™ %8 (Vi) = ET/Mkr dz) |ET*(2)]? =

Remark 3.9. In the special case V = C"*¢ the polynomials ET™ are proportional to the Schur poly-
nomials, and the identity (3.14) was shown directly in [3]. A direct proof of (3.14) in the general case
would be of interest.

The following theorem is our first main result.

Theorem 3.10. For 1 < k < ¢ < r the probability measure My, on Qy ¢ is £-hypergeometric of type

d
(;, Ty, Vk)
Lg, ve /°
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Proof. Let ¢ = ¢p. Put h:=d§/¢ = b+ a(r — £). Applying (3.14) to the Jordan triple Vi (of tube type)
we obtain for m € N, putting d¢, = dim P, (Vy),

4
ds ds
const. / H (l—ti)uk_pk dti H (ti—tj)a Egb(lk, tk+1, . ,tg) = 2 m = m
Ak =kt k<i<j<t I+5@2—k=1)m (k= h)m

since
o0 —k—1 +h—1+ W—k—1)4btalr—O)=1+b+ 22 k—1)=u
ty 2

For z € Vi we have E™(z) = Em(c, c) ®¢,(z), where @S, € Pp,(Vy) is the spherical polynomial
normalized by ®¢,(c) = 1. Therefore

No(2)" B = E™e.0) No(2)" Bin(2) = ™) Binn (2) = gl EP(2),

We have e
E™(c,c) = —F——
(143 =1)m

and, similarly,
Ao i dyn

(1+2(0=1)msn e —h)msn’

E™ (¢ c) =

since u a
L+ (=D +h=1+-1)+btalr—O)=1+b+ Loz —1)=

It follows that

E™(c,c ”
H (1B )%, g, VE, 0770 = %Nc(lk,tkﬂ,---,w)h E7(1* thyn, o te)
i=k-+1 m
E™(c,e) E™(c,c) E™(c,c) (Ve —h)m+n
= ’ L B AR b, ) = ’ Em R i, ).
dm Em"‘h(c, C) c ( s Uk+1, 5 Z) dm (Ve—h)m c ( y Uk+1, 9 [)
Applying (3.14) tom + h € Nﬁ we obtain
1 m
My o(dz) |[ET
B = o [ Mid) [ED (P
Qk.e
‘
H tzh(l = 4)" PR di H (ti — tj)a (|E;n|2)h(1k7 Vit \/5, OT_E)
¢—* i=k+1 k<i<j<t
E™(c,c) (v — m+h v a +h(1k
== / H 1— ;)" Pk dt; H (ti —t;)* E™TP(F tryn,. .. )
Ab—k i=k+1 k<i<j<t
:Em@@<w—mmw B E™00) (= Wmin (@0/Dm (v — B

dm, (e —R)m  (Vk — h)man B Wk = P)msn (e —h)m  (ar/2)m  (d/T)m
using the identity

A~ (@2m [@0m (@2)m ([@])m
as computed in the proof of [8, Theorem 5.1]. Simplifying and using (3.5) we finally obtain
(Ve)m (al/2)m
Vi)m (d/T)m (ar/2)m
since M}, ¢ is a probability measure. It follows that for m € Nﬁ and p, ¢ € Pp (V) we have
— YRy _ (Ve)m (al/2)m
(Pl@)n,e := / My e(dz) p(z) q(2) = (plo)v T A/ (ar D)

Qe

yin Aoy (al)2)m (L+5(0=1))m  (al/2)m (Ve —h)m

IEE ke = E™(c;0)
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4. HOLOMORPHIC FUNCTION SPACES AND TOEPLITZ OPERATORS

We now define Hilbert spaces of holomorphic functions and Toeplitz type operators associated with
hypergeometric measures of rank ¢ < r, keeping in mind the examples M}, , on ﬁkx constructed above.
For ¢ < r define

PV)= ) Pm(V),

mGNﬁ_

involving only partitions of length < ¢. Then the restriction map p — ply, is injective and yields a linear
isomorphism between P*(V) and the regular functions on the Kepler variety V. For a K-invariant /-
hypergeometric measure p on ﬁk,i let H, , denote the Hilbert space of all holomorphic functions on
the Kepler ball €, which are square-integrable under the measure p. This is the completion of P*(V),
restricted to €y, for the measure pu.

This general definition covers all classical examples. Consider first the “full” case £ = r. For a discrete
series Wallach parameter v > p — 1, the weighted Bergman space H, consists of all holomorphic
functions on 2 which are square-integrable under the measure M,. For 1 < k£ < r the embedded
Wallach parameters vy defined in (3.8) belong to the continuous Wallach set

(4.1) V> g(r ~1)

but not to the discrete series since & > 1 implies v, < 1+b+ §(2r —2) = p— 1. The associated Hardy
type spaces #j , consist of all holomorphic functions on 2 which are square-integrable under the
measure Mj, . Then v, = % is the “true” Hardy space parameter, corresponding to the Shilov boundary
S = Q.. The left endpoint ;1 = p— 1 of the holomorphic discrete series corresponds to the probability
measure M, on the dense open boundary orbit €; ,. As explained in Section 2, the parameters vy
are of special importance for subnormal G-homogeneous Toeplitz operators. By Proposition 3.3 and
Proposition 3.4, these measures are of hypergeometric type.

Now consider the “partial” case ¢ < r. If v > p — 1, the partial weighted Bergman space
H,,¢ consists of all holomorphic functions on the Kepler ball €, which are square-integrable for the
probability measure M, ;. The inner product is

(010 i= [ Myaldz) 5T w(2) = const. [ Aeldz) Az, 2)" 7 53 ().
Qe

Qy

For ¢ = r we have Q, = Q and M,, = M,. Thus we recover the ’full’ weighted Bergman space
Hyr = Hy. For 1 < k < £ < r, the partial Hardy type space Hj ¢ consists of all holomorphic
functions on the Kepler ball {2, which are square-integrable for the probability measure Mj, (. The inner
product is

Q

(Gl e == / My g(d2) 3() 9(z) = / de / Xe_(dC) A(C, O (B)(e+ O).
Qpe Sk g

L—k

Putting ¢ = r we recover the inner product (3.14) since Q%_, = Q° and M?_,(d¢) = d( is the Lebesgue
measure on V¢. For k=0 we have c=0, VO =V, Q) =Q, =QNV,, M{ = M, and py = p. Thus we
recover the My-inner product.

In summary, we obtain examples of type (gkgg;f’“) for 0 < k < £ < r. For fixed £ we have as special
g,

a

cases the partial weighted Bergman spaces of type (%e’;%;[”), corresponding to k = 0, and the partial
2

Hardy space of type (%’V:%) corresponding to maximal k = £. For £ = r we obtain the full type ("’“),

since v, = %, specializing to the full weighted Bergman spaces of type (”) if K = 0 and the full Hardy

space of type (%) if kK = r. It would be interesting to construct natural examples of more complicated
hypergeometric type.
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We now introduce Toeplitz operators in our setting. For the 'full’ Hilbert space H,, over 2 we denote
by P, : L?(0, 1) — H,, the orthogonal projection and define the “full” Toeplitz operator T},(f), with

symbol function f € L*°(Q), by
Tu(f) =Pu [ P
Restricting to continuous symbols we obtain the “full” Toeplitz C*-algebra
To = C*(T,(f) : feC@).

As special cases, we obtain the “full” Bergman-Toeplitz operators T, ,(f) (v > p — 1) and the “full”
Hardy type Toeplitz operators T} ,(f) (1 < k < r) associated with the hypergeometric measures M,
on Q and My, on Qy ,, respectively. The corresponding Toeplitz C*-algebras are denoted by 7, and
Tk, respectively.

In the more general setting of the “partial” Hilbert space H, ¢ over €, associated with a K-invariant
¢-hypergeometric measure p (¢ < r), denote by P, ¢ : L2(Q, ) — H,.e the orthogonal projection and
define the “partial” Toeplitz operator T}, ¢(f), with symbol function f € L>(€), by

Tu,f(f) = Pp,@ f Pu,é-

Restricting to continuous symbols we obtain the “partial” Toeplitz C*-algebra

Tie = C*(Tue(f) = f €C(Q)).
As special cases, we obtain the “partial” Bergman-Toeplitz operators T, ,(f) (v > p — 1) and the
“partial” Hardy type Toeplitz operators Ty ¢(f) (1 < k < ¢) associated with the ¢-hypergeometric

measures M, , on Qp and My, on €y ., respectively. The corresponding Toeplitz C*-algebras are
denoted by 7, ¢ and Ty ¢, respectively.

Lemma 4.1. Let p,q € P(V). Then the Toeplitz type operators satisfy
Thue(p) The(a) = Ty e(pa)-
Proof. Since P*(V)* is an ideal in P(V) it follows that
Tye(pq)¢ = Poue(pgd) = Pue(p(Prue + Piy)(q9))
=P,

1t (D Pt (a9)) + Bt (0 Pig(a9)) = Pae(p Te(@)9) = Tpe(p) (T,0(0)9)-
]

It follows that 7, ¢ is generated by Toeplitz type operators with linear symbols and their adjoints.

Remark 4.2. A standard reproducing kernel argument (carried out in [30, Proposition 4.2]) shows,
at least for the ’concrete’ hypergeometric measures described above (where the support is connected),
that the C*-algebra 7, ¢ acts irreducibly on H,, ;.

For any v € V let
v*(2) = (z|v)
denote the associated linear form. Its conjugate is 7*(z) = (z|v) = (v|z). Let d,p(z) := p(2)v denote
the directional derivative. Put
e; = (0,...,0,1,0,...,0)
with 1 at the j-th place. It is shown in [27, Corollary 2.10] that

(4.2) VP ED Pmie,(V), 0p€ D Pmc,(V)
j=1

j=1
for all p € Py (V), with zero-component if m + ¢; is not a partition. Let g — ¢m € Pm (V') denote the
m-th isotypic projection.

The next result determines the fine structure of the adjoint Toeplitz type operator T}, ,(v*)* =
T g(@*).
I
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Proposition 4.3. Let pu be a (-hypergeometric measure on Q. Let v € V. Then

o =806 -1 +m;—1)
T (0" )p = Z ZTLl (a’Up)m*Ej
i=1 l;[o(yz' -5 -1 +m;—1)

for allm € NY and p € Pp, (V).

Proof. Let g € Pu(V), n € N4, satisfy (T,.,(v*)p|q)u.e # 0. Then
(0" @) e = (Tpu,e (0" )pl@) e # 0.

With (4.2) it follows that m = n+¢; for some j < ¢ and hence n = m —¢;. Since p is -hypergeometric,
it follows that

(4.3)
h h h
(Te@)pla)u = (Plv* @) = 57— (plv v = 57 (Qupla)v = 5 (9uplg) -
_l;[o(yi)m 'l;lo(yi)m 'I;[O(yi>m/(yi)m76j
Since ¢ is arbitrary, it follows that
1 )/ @),
Tﬁ(@*)p = Z Zzl (6Up)m—8j~
J=t izo(:’/i)m/(yi)mfej
Now the assertion follows from
W O=8G= Dy,
Mmsy O8G0 Fmmt
([l

5. Limit measures

The basic result concerning Toeplitz C*-algebras on bounded symmetric domains states that every
irreducible representation is realized on a unique boundary component 2¢, for any tripotent c. This was
carried out in full detail for the Hardy space in [27, 28] and its generalization to weighted Bergman spaces
was described in [29]. Here a crucial step, which was indicated in [29] and proved in detail in the recent
paper [30], is the limit behavior of the underlying measures under certain peaking functions. In the
present paper, this crucial result will be generalized to the boundary orbits € ¢, and their intersection
with Kepler varieties. This is not completely straightforward, since the assignment £()(¢) := f(c+ ()
is not compatible with the Peter-Weyl decomposition of P(V).

Let ¢ € S; with ¢ < £. Since Vi = P5V has rank ¢ < £ and (z|¢)" = (Psz|c)", where P§ denotes the
Peirce 2-projection, it follows that

(zle)® € P(Vs) € PHV) C PYV).

Restricting (injectively) to €, the holomorphic function

(5.1) He(2) = exp(zle) = Y (Zl;)n
n=0 :

on )y can be regarded as an element of the Hilbert completion H,, ¢ of PY(V) under p. This applies in
particular to ¢ = 1.

Let 0<i</<randce€S; Then c+Q° C Q. For functions f € C(S) we define f(©) € C(ﬁzﬂ-) by
(5.2) FNQ = fle+Q) (e y).
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Lemma 5.1. Let p be an ¢-hypergeometric measure on Qp. Let 0< i<l andc € S;. Then

n(y 2
lim [ p(dz) 1 ()17 f(z)=0

n—o0 IH %
Q

for all f € C(Q) satisfying ) =0

Proof. By assumption, for every € > 0 there is an open neighborhood U C Qg of ¢+ QF_, satisfying
sup |f(U)| < e. By [18, Lemma 6.2] we have |(z|c)| < (c|¢) for all z € @\ Q°. Peirce orthogonality
implies (z|¢) = (c|e) for all z € ¢+ Q°. Therefore |H,| < He(c) on €, \ U, and a compactness argument
shows that there exists an open neighborhood V C U C Q of ¢ + €,_; such that

Supg H,
g ie SPaay Hel
infy |H.|
Therefore
|HZ (2)|° / |H” (2)[? |H (2)?
1(dz) u(d f(2) + wdz) ——=—— f(2)
/ IIH"II J HRZ 3 =217

Qe Qo\U

[ nldz) [HE(2))?

2\ on Vol (2 \ U)
< sup|f| +sup|f]- <c+supl|f| g2 )
v a, J uldz) |He ()] a Vol,, (V)

Since ¢®* — 0 it follows that

limsup/,u(dz) w f(z) <e.

n—oo IH2(IZ
Qe
|
Now consider the special case i = 1. For ¢ = e; € Sy, let o := (a,...,q-1) € Nﬁ_l be a partition
of length ¢ — 1. Define
(5.3) ot = (ag,a) € N
and consider the conical function
Ny+ = Ngt7%2 Ng2—es ---Ntf”"l,
where Ny, ..., N, are the Jordan theoretic minors [26]. Then the conical function N¢ relative to V¢ for

the partition « satisfies
N = Ng.

The asymptotic expansion of generalized hypergeometric series

w 1IT0+5)
(5.4) JF,(2) = Z 7“317 =
= [T+ ) "

r=1
in one variable z has been determined in [33]. Put x:= 1+ ¢ — p and

19:(]17
2

As a special case M =1 of [33, Theorem 1], using [33, Lemma 1], one obtains

O+ By =~ g

lim X7 e X F (x) = A= (2m)P~90/2 xz77,

T— 00
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where X := k 21/%. If ¢ = p+1, this simplifies to k = 2, X = 2/ and Ay = (27) /2229 = z=1/2 29,
Therefore

1
(5.5) lim #~7/% e 2V" F (2) = —.

T—00 p-a ﬁ

Theorem 5.2. Let p be a K-invariant £-hypergeometric probability measure of type (”0’ ’z’;) on .
Then for each ¢ € Sy there exists a unique K°-invariant (¢ — 1)-hypergeometric probability measure ul©
of type (g‘;:%y"_%) on ﬁ;_l such that for all continuous functions f we have

(5.6) Jm [ w2 e 10 = | o) 1)

Q 52—1

Proof. By K-invariance, we may assume that ¢ = e;. By Lemma 5.1 each weak cluster point u’ of the
sequence of probability measures on the left of (5.6) is supported on the closure ﬁ;_l and is invariant
under K°¢. Thus it suffices to compute the p/-inner product for a-homogeneous polynomials on V¢,
where o € Nfl is arbitrary. By irreducibility, it is enough to consider the conical functions N¢ relative
to V¢. Defining at € Nﬂ as in (5.3), we consider for any s € N the conical function

(Z|61)S Noﬂr = le Na+ = Nm,

where m = (my,aq,...,a,_1,0""%) and m; = s+ a;. In the proof of [30, Theorem 5.5] it was shown
that the respective Fock inner products are related by

Noll? 14+2(0—1))m 14+20—1)m, —a, 1420 —1)m—a,
||]\]C ‘LV — (1 2(l(£ 2)) H ( 12(ja . )) 1 i (1 + g(é . 1))"“ H ( 12(]a ' )) 1 j .
H aHVc ( +§( - ))a 15j<0 ( +§J)m1faj 15j<0 ( +§¢7)m1faj

For any A € C we have

A= 2)a AL s
It follows that
h h
Ti)m Ti)m [
N2 [Nty LI LG (145G~ D)o,

INeIe NGl h .
v H(yi)m H(?h)m lsj<t

=0 1=0
[T — 8o (14500~ 1)y 1 (2 [T~ 9)
T — @ 4 ap— T . Ti— 5
1] i 3 )a ) my o i)ma (1 + g( _ 1))m1_a1 o i 2/
- h1 h : H (1 Q‘i‘j%j)wufou =4 hl B(ml)’

[Ty — %)a 1T (i) m, 1<j<t

i=0 i=0 i=0
where A is independent of o and s, and

h
Dt+1+2(0—1) [Tt +)
B(t) :== R = H F(tl"—i(_tl_i_—’_l _|_(j ;i)a_)aj)
[T T(t+wi) 1<g<t !
=0

For (e(#le1))n = ¢n(#l€1) we obtain by orthogonality

(z]ey) |21 2 _
- [ ) P N (P = 3 S,QHNC

/ (zlen) P [No ()

cl|2
HNQ V‘ﬁ[ >0 o
h h
S Nly T e e o=,
Z (sH2 V<2 =4 Z(sl)2B(o‘1+5):A n Fa(n),

o0 [T —§)a =20 1 (i — )a
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where F,(X) is a hypergeometric series in the sense of (5.4), with parameters

a
a1 +T1,..., a1+ xh, ar+14 - (5*1) ag—ae+1+-,.0, ar—ap—1+1+ (é 2)

5
in the numerator and

a a
ar + Yo, ... a1+ yn, 1—&-5, al—a2+1+52,..., oy —oap_1+14+ = (E—l)

in the denominator. One power of s! cancels against the numerator term I'(1+ §(j —2) + a1 —aj_1 +5)
for j = 2. The crucial parameter ¢ in (5.5) is computed as

1 L a a
19=§+Z(a1 +x;) + (a1—|—1—|— (6—1)) + (ozl—ozg—|—1—|—§) +... 4 (al—ag_1+1+§(£—2)>

=1

_zh:(al—i—yi)—(1—}—3)—(@1—@2—1—14—;2)—...—(041—04g 1+1+ = (6—1))
i=0
;—i—zh;xi ;yz ( [—1))—(1—1—;)—;(5—2):;-i—i;xi—g;yi.

Putting z = n?, (5.5) implies
1
li -9 _—2n Fa 2y — .
e Rl = On
Since 9 is independent of «, the same limit holds for a = 0. Thus we obtain
F 2
lim a(nz) =
n—oo Fy(n?)

Passing to the probability measure cancels the constant A and we obtain

h
Ly R e R
INg|Z. TeGleyn|2 L=
NS /,u( 2 H(e(Zlel))nH;% |Na+(2)] W -
4 H (yi - §)a
1=0
Hence any cluster point p is an (f—1)-hypergeometric probability measure of the same type (z “3 Z;;L -4
,,,,, a

on Qé_l. In view of Lemma 5.1 this determines the limit measure on each irreducible K°-type, which,
as explained above, implies the assertion. O

Remark 5.3. For the “concrete” ¢-hypergeometric measures M, ¢ (k = 0) and My, ¢ (k > 0) constructed
in Section 3 we obtain as limit measures

where the superscript ¢ refers to the Peirce O space V¢. In the second case this follows from

a
Vi — — = Vk—l'

2
If £ =0 then v > p — 1 is any parameter in the discrete series, in which case v — § > p(© — 1 belongs
to the discrete series of Q¢. As special cases (¢ = r) we have

M = M .
v—3
M(C) Mk 1,r—1
for the “full” measures. Here for £ > 2 and rank Q¢ = r — 1 the value
u,g;l:1+b+g(2(r—1)—(k—1)—1):1+b+g(2r—k—1)—%:u,;‘—
is again a boundary parameter for ¢, whereas for k = 1 the parameter

g:p—l—gzl—i-b—l—ab(r—l)—g>1—|—b—i—a(7’—2):pr,l—l

=Ty 2 2
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belongs to the discrete series of {2°. Understanding this “disappearing boundary orbit” in the limit was
one of the original motivations for the current paper.

6. Boundary representations

The (unital) Toeplitz C*-algebra T associated with a bounded domain © C C? can be regarded
as a deformation of C(2) in the sense of “non-commutative geometry”. Thus the spectrum of 7T,
consisting of all irreducible *-representations, is a 'non-commutative’ (non-Hausdorfl) compactification
of Q, involving the geometry of the boundary. In this section we carry out this program for Toeplitz
operators over boundary orbits and algebraic varieties, using the boundary stratification described in
Proposition 2.1. For each 0 < j < k the partial closures satisfy

Q= J e+ Q5,5
ceS;

as a non-disjoint union.
For two sequences (fp), (gn) in H, ¢ we put
Jn ™~ gn
if limy, 00 || fo — gnllp,e = 0. For any ¢ € S; put
he(z) = Hi'(2) /|| HZ|

ol
In the following we embed P(V¢) C P(V) via the Peirce projection V- — V€.
Lemma 6.1. Let p € PY(V) and q € P*~1(V¢) € PY(V). Then

Tyt () (B q) ~ h Tye o1 (p'9)q
for all c € 54

Proof. Since p — p'©) vanishes on ¢+ Q5_,, Lemma 5.1 implies

az ;' [He (2)]? 2
it = e P71, :/u(dZ) e 1p(2) = P9 ()P = 0.
[H e = e e 21, .

Qp
It follows that
Tpe(p) (B q) = p(h? q) ~ B2 (' q) ~ h2 Tge o1 (p'?)g.
O

The adjoint operators T}, ((p) are more difficult to handle. For a partition o = (v, ..., ¢—1) € Nfl
consider the orthogonal projection

7T§ : PZ(V) — Z Piia(V) C ’PZ(V)a
mi>oq
with (my,a) € N € N%.. Then Y = =1Id on P(V).

0—1
a€eNY

Lemma 6.2. Let p € P(Vs) C PYV) and v € V¢, where ¢ = ey. Then we have for every o € Nﬂ__l

(6.1) p Nu+ € Ran(r;,)
h
-1 [ =5 =50 -1 +a;=1)
(62) TM,K(@*)(Z) Noﬁ) = 1711 775;—8]- (p . aUNa+)'
= [Iwi—5—50 -1 +a; - 1)

S
Il
o
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Proof. The first assertion is proved in [27, Lemma 3.5]. By [27, Lemma 2.9] we have

14
OyNm €Y Prm_c, (V).

=2

Since v € V¢ implies 0,p = 0, we have 0, N, = p - 9, No+, and Proposition 4.3 yields

—

(i =5 —1)+m; —1)

¢
Tl‘»l(ﬁ*)(p Na+) = TH»Z(E*) N = Z Zil (8va)mf€j
=2 ‘Ho(yi — 50— +m;—1)
h
¢ Mzi-5G-1)+af —1)
= Z 2;1 (p : 8vNa+)m75j~
=2 Ho(yz -4 - +af -1)
Shifting j — j — 1 and using Pp,—c, (V) C Ran(ﬂ'g_gjil) for all 1 < j < ¢, the assertion follows. O

Lemma 6.3. Let g € P“"1(V¢) and o € N1, Then

(b q) ~ Y qa.

Proof. We may assume that ¢ € Pg(V¢) for some partition 8 € Nfl. Every v € K¢ has an extension
g € K satisfying gc = ¢ (see the proof of [30, Lemma 6.2]). Since h” is fixed under the action of g, we
may assume that ¢ = N, é is the conical polynomial in V¢ of type 3. Then Ng+ — ¢ vanishes on c+£j_,
and Lemma 5.1 implies

(6.3) hy g~ hy Na+.
Since the projection 7¢ has a continuous extension to H,.¢ it follows that
o (B q) ~ o (R Ngt).
Since h belongs to the closure of P(Vy’) in H,, ¢, (6.1) implies A7 Ng+ € Ran(wg). Therefore orthogo-
nality implies
o (he Ng+) = 0a,p hi Ng+ ~ bas hi = he qa-
O

Proposition 6.4. Let p € PY(V) and ¢ € P*=1(Ve) C PY(V). Then the adjoint Toeplitz operators
satisfy

Te®)(h q) ~ B2 Ty o (0')q
for all c € S;.

Proof. Assume first that p(z) = (z|v) is linear. If v € Vi @ Vi, then p(® is constant and Lemma 6.1
implies

T,0(P) (A2 q) = Pue(D B q) ~ Pue(@'? B q) =P\ B q = h7 Tiey ,_,(0'9)g
since the orthogonal projection P, ¢ is continuous. If v € V¢, we may assume as in the proof of Lemma
6.3 that ¢ = N/, is the conical polynomial in P, (V) for some partition o € Nfl. Then N,+ — ¢
vanishes on ¢+ Qf_,. Since v is tangent to V¢ it follows that (0,Ny+)¢ = 0,N§. Hence 0y (Ny+ — q)
vanishes on ¢+ Qf_; as well. Applying (6.3), Lemma 6.2 and Lemma 6.3, we obtain

h
o I@—§-4G-1)+a;-1)
T e(@) (R q) ~ Tpe (@) (B Nov) =Y =2 T (B 0,N,)
=2 Myi—-5-350-1)+aq;—1)

S
Il
o
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h
o H@i=5=5G-1+a;-1)
~d 5 . (B2 0.q)
=2 -5 -50-1+a;—1)

h
¢ _l:[l(%— 5—50G -1 +a; 1)
~ h? Z Z; (6Uq)o¢—5j,1 - h? T:(C)l,l(ﬁ(C))(Q)v
= [i-§—-3G-D+a;—1)

sincer—j=(r—1)—(j—1)and £ —j=({—1)— (5 —1). The last identity follows from Proposition
4.3 and the fact that p(© = p if v € V. This proves the assertion for linear symbol functions.

Now suppose that the assertion holds for polynomials ¢, up to a certain degree. Since p€ is again
a (¢ — 1)-hypergeometric measure for V¢ and #(©) has degree < deg ¢, we may apply this assumption

to ¢ and Tﬁcvé_l(g(c))q € P=1(V°) to obtain
Tyt (GO @) = Tyt (@) Tyt @) (B2 @) ~ T @) (W2 T, (@ )a)

n e s c —(c) n e —Fc
~ h¢ Tuc,e—lw ) M(c),g_l((ﬁ )a = he u“%é—l(d)d’ )q-
Thus the assertion holds for ¢v. Since the assertion holds for linear forms, the proof is complete. [

The following is our main result.

Theorem 6.5. Let 0 < i < £ and let ¢ € S; be arbitrary. Then the Toeplitz C*-algebra T ¢ has an
irreducible x-representation
01(:% Tt = Tivio—s

which is uniquely determined by the property
(6.4) O3/ Ti(F) = T oo (F)
for all f € C(Q..e), with f() € C(Qi\i,eﬂ‘) defined by (5.2). Here we define

k—i i<k

k\i:= v :
0 E<i</t

In the first case the Toeplitz operator Ty, ,_; acts on a boundary orbit of the “little” Kepler ball Q7_;. In
the second case the Toeplitz operator TOC,E—i =T, acts on Qf_, = Qg’l_i with discrete series parameter
V. — i%.

Proof. For orthogonal tripotents ¢ € S;,d € S5, the defining property (6.4) yields a commuting diagram

C
k\i,f—i
d
77675 (”C)li\)i,e—i
ctd
(AW\
Tc+d

k\(i+7),0—(i+7)
Since every tripotent is the orthogonal sum of minimal tripotents, it therefore suffices to consider
minimal tripotents ¢ € S7. We may also assume k > 1, since the Kepler ball case k = 0 has been proven
in [30].
Let A denote the set of all operators A in the x-subalgebra 7o C 7Tj ¢ generated by polynomial

symbols, such that there exists an operator A. acting on P(V¢) which satisfies

(6.5) Jim [JA(he q) = he (Aeq)lk,e =0
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for all ¢ € P(V¢) € P*(V). Theorem 5.2 implies that A, is uniquely determined by A and
(6.6) [Acll < 1A

for the respective operator norms. By definition, 4 is an algebra and (6.6) implies that A — A, has
an extension A — B(Hi_; , ;) (bounded operators) which is an algebra homomorphism. For every
p € P(V), it follows from Lemma 6.1 that Ty ¢(p) € A and (T ¢p). = 1571,47117(6)- The corresponding
statement T ¢(p) € A and (Tj (p). = 15—1,2—117(0) for the adjoint operator follows from the deeper
Proposition 6.4. Thus we have A = 7y and, by (6.6), A — A, has a unique C*-extension, denoted
by ‘71(:,% to the closure Ty, of To. This extension satisfies (6.5) for all continuous symbols f, since this
property holds for polynomials and their conjugates. Thus we obtain a C*-homomorphism

(o) . .
Ok Tree = Tiq 01

As mentioned above, the case for arbitrary tripotents follows by iteration. The irreducibility of these
representations follows from Remark 5.1 applied to M ,S\i it |

Remark 6.6. For different tripotents ¢ € S; and d € S; the representations o(© and ¢(® are inequiva-
lent. This follows from Urysohn’s Lemma since there exists f € C(Q¢) which vanishes on ¢ + Qi\i —i

but not on d + €, ; , ;. Hence Ty, ¢(f) belongs to Ker(o(©) but not to Ker(c(®). With more effort one
can show that the full spectrum of 7y, is given by the representations constructed above.
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