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ABSTRACT. In this paper we study quasi-homogeneous operators, which include the homogeneous op-
erators, in the Cowen-Douglas class. We give two separate theorems describing canonical models (with
respect to equivalence under unitary and invertible operators, respectively) for these operators using
techniques from complex geometry. This considerably extends the similarity and unitary classification
of homogeneous operators in the Cowen-Douglas class obtained recently by the last author and A.
Koranyi. In a significant generalization of the properties of the homogeneous operators, we show that
quasi-homogeneous operators are irreducible and determine which of them are strongly irreducible.
Applications include the equality of the topological and algebraic K-group of a quasi-homogeneous
operator and an affirmative answer to a well-known question of Halmos.

1. INTRODUCTION

For a plane domain 2, in the paper [2], Cowen and Douglas introduced an important class of
operators B, (). It was shown by them that for operators T' in B, ({2), the local geometry of the
corresponding vector bundle Ep of rank n (curvature tensor and its higher derivatives) yields a
complete set of unitary invariants for the operator 7. But a tractable set of unitary (or similarity)
invariants has not been found yet. The analysis of holomorphic Hermitian vector bundles in case
n > 1 is much more complicated, see [20, Example 2.1].

In the papers [10, 1], a class F B, () of operators in the Cowen-Douglas class possessing a flag
structure was isolated. A complete set of unitary invariants for this class of operators were listed.
Recently, Jiang and Ji have introduced methods from K-theory to classify flags of holomorphic curves
in the Grassmannian in order to reduce the questions involving operators in B, () to the case of
n =1 (cf. [I3, 12]). On the other hand, the classification of homogeneous holomorphic Hermitian
vector bundles over the unit disc has been completed recently (cf. [17]) using tools from representation
theory of semi-simple Lie groups. Although not complete, a similar classification over an arbitrary
bounded symmetric domain is currently under way [16] 21].

The methods of K - theory developed in [13], [12] together with the methods of [I1] makes it possible
to study a much larger class of “quasi-homogeneous” operators, where the techniques from represen-
tation theory are no longer available. These methods, applied to the class of “quasi-homogeneous”
operators leads to a unitary classification. In addition the bundle maps describing the triangular
decomposition of Jiang and Ji have an explicit realization in terms of the inherent harmonic analy-
sis. A model for these operators is described explicitly, which shows, among other things, that the
well-known Halmos problem for the class of “quasi-homogeneous” operators has an affirmative answer.

Prompted by these results, one might imagine that the multi-variate case (replacing the planar
domain 2 by the unit ball or a bounded symmetric domain) may also be accessible to these new
techniques.
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2. MAIN RESULTS

2.1. Preliminaries. Let H be a complex separable Hilbert space and let £(#) be the algebra of
bounded linear operators on H. For an open connected subset €2 of the complex plane C, and n € N,
Cowen and Douglas introduced the class of operators B, (£2) in their very influential paper [2]. An
operator T acting on a Hilbert space H belongs to this class if each w € 2, is an eigenvalue of the
operator 1" of constant multiplicity n, these eigenvectors span the Hilbert space H and the operator
T —w, w € Q, is surjective. They showed that for an operator T in B,,(2), there exists a holomorphic
choice of n linearly independent eigenvectors, that is, the map w — ker(7' — w) is holomorphic. Thus
w: Ep — Q, where
Ep = {ker(T —w) : w € Q,w(ker(T — w)) = w}

defines a Hermitian holomorphic vector bundle on Q.

The Grassmannian Gr(n,#H), is the set of all n-dimensional subspaces of the Hilbert space .
A map t : Q@ — Gr(n,H) is said to be a holomorphic curve, if there exist n (point-wise linearly
independent) holomorphic functions 1,72, -+ , v, on § taking values in a Hilbert space H such that
t(w) = V{nm(w), - ,mw)}, w € Q. Any holomorphic curve ¢t : Q@ — Gr(n,H) gives rise to a
n-dimensional Hermitian holomorphic vector bundle E; over {2, namely,

E,={(z,w) e HxQ |z € t(w)} and 7 : By — Q, where m(z,w) = w.

Given two holomorphic curves t, £ : Q — Gr(n,H), if there exists a unitary operator U on H such
that £ = Ut, that is, the restriction U(w) := U\g,(w) of the unitary operator U to the fiber E;(w) of
E at w maps it to the fiber of Ej(w), then ¢t and t are said to be congruent. If ¢t and ¢ are congruent,
then clearly the vector bundles F; and E; are equivalent via the holomorphic bundle map induced
by the unitary operator U. Furthermore, ¢ and ¢ are said to be similar if there exists an invertible
operator X € L(H) such that ¢ = Xt, that is, X (w) := X|p,(,) i an isomorphism except that X (w)
is no longer an isometry. In this case, we say that the vector bundles F; and F; are similar.

An operator T in the class B, (€)) determines a non-constant holomorphic curve ¢ : Q@ — Gr(n, H),
namely, t(w) = ker(T — w),w € Q. However, if ¢t is a holomorphic curve, setting Tt(w) = wt(w),
defines a linear transformation on a dense subspace of the Hilbert space H. In general, we have to
impose additional conditions to ensure that the operator T is bounded. Assuming that ¢ defines a
bounded linear operator T', unitary and similarity invariants for the operator 1" are then obtained
from those of the vector bundle F;.

The motivation for this work comes from three very different directions. The attempt is to describe
a canonical model and obtain invariants for operators in the Cowen-Douglas class with respect to
equivalence via conjugation under a unitary or invertible linear transformation. These questions have
been successfully addressed using ideas from K-theory and representation theory of Lie groups.

First, the detailed study of the Cowen-Douglas class of operators, reported in the book [14, Theorem
1.49] provides a basic structure theorem for these operators: 7' is an operator in the Cowen-Douglas
class B, (), then there exists operators Ty, 11, ...,T,—1 in B1(f2) such that

To So,1 So,2 =+ Son—1

0 T1 Si2 - Sin-1
(2.1) T=| -

0o - 0 Tn72 Sn72,n71

0 - - 0 T 1

A slight paraphrasing of it clearly implies that if {79,7v1, -+ ,7n—1} is a holomorphic frame for the
vector bundle E;, and H = \/{vi(w), w € ©, 0 < i < n — 1}, then there exists non-vanishing
holomorphic curves ¢; : Q — Gr(1,H;), 0 <i <n — 1, such that

(2.2) v = ¢o,i(to) + -+ @i j(ti) + -+ dj—1i(tji—1) +t5, 0<j<n—1,

where ¢; ; are certain holomorphic bundle maps. One would expect these bundle maps to reflect
the properties of the operator T'. However the tenuous relationship between the operator T" and the
bundle maps ¢; ; becomes a little more transparent only after we impose a natural set of constraints.
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Secondly, to a large extent, these constraints were anticipated in the recent paper [11, Theorem 3.6].
In that paper, a class of operators F B, (Q2) in B, (2) possessing, what we called, a flag structure were
isolated. The flag structure was shown to be rigid. It was then shown that the complex geometric
invariants like the curvature and the second fundamental form of the vector bundle E7 are unitary
invariants of the operator T'. Indeed, in that paper, a complete set of unitary invariants were found.

Finally, recall that an operators T in B, (D) is said to be homogeneous if the unitary orbit of T'
under the action of the Mdbius group is itself, that is, ¢(T') is unitarily equivalent to T for ¢ in
some open neighbourhood of the identity in the Mobius group (cf. [I]). A canonical element T )
in each unitary equivalence class of the homogeneous operators in B, (D) was constructed in [I7]. It
was then shown that two operators TO#) and T™#) are similar if and only if A = ). In particular
choosing p = 0, one verifies that a homogeneous operator in By, (ID) is similar to the n-fold direct sum
To ® - ® T, where T} is the adjoint of the multiplication operator M) acting on the weighted
Bergman space A()‘i)(D) determined by the positive definite kernel % defined the unit disc D,

(1—zw)
0<i<n—1,)\>0.

2.2. Main results. In this paper we study a class of operators, to be called quasi-homogeneous,
for which we can prove results very similar to those for the homogeneous operators building on the
techniques developed in [11]. This class of operators, as one may expect, contains the homogeneous
operators and is characterized by the requirement that all the bundle maps of take their values
in a certain (full) jet bundle J;(t) of the holomorphic curve t. For a detailed account of the jet bundles,
we refer the reader to [23].

Definition 2.1. Ift is a holomorphic curve in the Grassmannian of rank 1, that is, t : Q@ — Gr(1,H).
Let v(w) be a non-vanishing holomorphic section for the line bundle E;. The derivatives 49, 5 eN,
taking values again in the Hilbert space H are holomorphic. (It can be shown that they are linearly
independent.) The jet bundle J,Ey(v) is defined by the holomorphic frame {7 (:= ~),41), ... 4™},
The jet bundle J,FE¢(vy) has a natural Hermitian structure obtained by taking the inner product of
YD (w) and 9 (w) in the Hilbert space H.

In the following definition we assume, implicitly, that the bundle map ¢;; of (2.2) are from the
holomorphic line bundles F; to a jet bundle J;E;, where for brevity of notation and when there is no
possibility of confusion, we will let F; denote the vector bundle induced by the holomorphic curve t;,
0<1<n—1.

Definition 2.2 (_¢-holomorphic curve). Let t be a holomorphic curve in the Grassmannian Gr(n,H)
of a complex separable Hilbert space H and {~0,7V1, ** ,Yn—1} be a holomorphic frame for t. We say
that t admits an atomic decomposition if there exists holomorphic curves t; : Q@ — Gr(1,H;), to be
called the atoms of t, corresponding to operators T; : H; — H; in B1(Q2) and complex numbers p; j € C,
0<j<i<n—1,suchthat H=Ho®--- D Hpn-1 and

Yo o = Ho,0to

1
o= Mo,lt((] ) + 1,1t

2 1
Y2 = Mo,zt((] ) + m,ztg ) + 2 2to

U = ogte) + e pagty T gty

-1 —1—i
Tn—-1 = MO,n—lt(Qn ) +-+ Mi,n—ltz(n g +-- 4 ,Un—l,n—ltn—l-
If t admits an atomic decomposition, we call it a ¢ - holomorphic curve.
Fix ¢in {0,...,n—1}. We say that the holomorphic curve ¢; is homogeneous if for w € D, C[t;(w)] =

ker(7; —w) for some homogeneous operator 7; in B;(ID). We realize, up to unitary equivalence, such a
homogeneous operator T; in By (D) as the adjoint of the multiplication operator M (Xi) on the weighted
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Bergman spaces A(Ai)(D). Thus for a fixed w € D, there exists a canonical (holomorphic) choice of
eigenvectors t;(w), namely, (1 — zw) ™.

Definition 2.3 (quasi-homogeneous curve). We say that a _# - holomorphic curve t is quasi-
homogeneous if each of the atoms t; is homogeneous, Ao < A1 < -+ < A1 and the difference
Ait1 — Aiy, 0 <@ <n—2,is a fizred positive real number A(t), which is called the valency of t.

We say that the ¢ - holomorphic curve ¢ defines a bounded linear operator if the linear span of
{7i(w) : 0 <7 <n—1}, w e Q, is dense in H and the linear map defined by the rule T'(v;(w)) = wy;(w),
0 <i<n-—1, extends to a bounded operator on the Hilbert space H.

We determine conditions on the scalars p; ; and the valency A(t), which ensure that the quasi-
holomorphic curve ¢ defines bounded operator T', see Proposition [3.2]

Throughout this paper, we make the standing assumption that these conditions for boundedness
are fulfilled. We shall use the terms quasi-homogeneous holomorphic curve ¢, quasi-homogeneous
operator 17" and quasi-homogeneous holomorphic vector bundle F; (or, even Er) interchangeably.

If T is a quasi-homogeneous operator then it belong to the class F By (D) introduced in the paper
[10, 1], see Theorem All quasi-homogeneous operators are therefore irreducible. All the quasi-
homogeneous operators that are strongly irreducible are identified in Theorem 4.5 Theorem [4.2] gives
a canonical model for a quasi-homogeneous operator in the equivalence class under conjugation by an
invertible transformation.

As an application of our results, in Theorem we show that the (topological) K group and the
(algebraic) Ko group of a quasi-homogeneous operator are equal, In the context of the usual K° and
Ky groups, this is a consequence of the well-known theorem of R. G. Swan. As a second application,
we obtain an affirmative answer for the Halmos question on similarity of an operator admitting the
closed unit disc as a spectral set to a contraction.

A quasi-homogeneous vector bundle E; is indeed homogeneous if A(t) = 2 and the constants p; ;
are certain explicit functions of A\ as we point out at the end of the following section. However, a
quasi-homogeneous vector bundle need not be homogeneous as the following example shows.

Example 2.4. Let S be the adjoint of the multiplication operator on arbitrary weighted Bergmann
space AN (D) and let T be the operator

S wl 0 0
0 S el 0
T=1: - - - , i € C,
0 0 8 unl
0 0 S

defined on the n + 1 fold direct sum @AM (D). Then T is in FB,1(D) and therefore belongs to
B,,+1(D) and the corresponding holomorphic curve t(w) = ker(T' — w), w € D, is quasi homogeneous
with A(t) = 0. In fact, in this Example, if we replace S with an arbitrary operator, say R, from B;(D),
then the resulting operator 7' while no longer quasi-homogeneous, remains a member of FB,,11(DD).
Indeed, it has already appeared, via module tensor products, in our earlier work [11l Section 4].

The class of quasi-homogeneous operators, contrary to what might appear to be a rather small
class of operators, contains apart from the homogeneous operators, many other operators. Indeed,
in rank 2, for instance, it is parametrized by the multiplier algebra of two homogeneous operators.
In the definition of the quasi-homogeneous operators given above, if we let the atoms occur with
some multiplicity rather than being multiplicity-free, it will make it even larger. This would cause
additional complications, which we are not able to resolve at this time. In another direction, we need
not assume that the atoms themselves are homogeneous. Most of our results would appear to go
through if we merely assume that the kernel function K™ (w,w) ~ W, lw| < 1. Deep results

about such functions were obtained by Hardy and Littlewood (cf. [7]) and have already appeared in
the context of similarity, see [3].
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3. CANONICAL MODEL UNDER UNITARY EQUIVALENCE

An operator T in the Cowen and Douglas class B, (2) is determined, modulo unitary equivalence,
by the curvature (of the vector bundle E7) together with a finite number of its partial derivatives.
However, if the rank n of this vector bundle is > 1, then the computation of the curvature and its
derivatives is somewhat impractical. Here we show that if the operator is quasi-homogeneous, it is
enough to restrict ourselves to the computation of the curvature of the atoms and a n — 1 second
fundamental forms of pair-wise neighbouring vector bundles. We first recall, following [2, [4], that an
operator T in B, (€2) may be realized as the adjoint of a multiplication operator on a Hilbert space of
holomorphic functions on Q* := {w : w € Q} possessing a reproducing kernel.

3.1. Holomorphic Curves. For an operator 7" in the Cowen-Douglas class B,,(2), acting on a Hilbert

space H, there is a holomorphic frame {v9,71, - ,Vn—1} and atoms to,...,t,—1, for which we have
Vi = poth) + o pgatt ) 4+ paati, g € C.

At this point, assuming that the operator is quasi-homogeneous makes the atoms Ty, 1Y, ...,T,_1

homogeneous. Conjugating with a diagonal unitary, if necessary, we assume without loss of generality

that t; is the holomorphic curve defined by

ti(w) == (1 —w2)™, Ny =X +iAl), 0<i<n—1, \g >0,

in the weighted Bergman space A(’\i)(ID)). We assume without loss of generality that p;; =1, 0 <¢ <
n— 1.

3.2. Atomic decomposition. Let ¢t be a quasi-homogeneous holomorphic curve in Gr(n, H). Assume that
it defines a bounded linear operator 1" on the Hilbert space H. An appeal to the decomposition
provides, what we would now call an atomic decomposition for the operator T. This decomposition
has several additional properties arising out of our assumption of quasi-homogeneity.

Proposition 3.1. Lett be a ¢ -holomorphic curve with atoms {to,...,tn—1} and let {7o,...,Yn-1}
be a holomorphic frame for the vector bundle Ey. Let H be the closed linear span of the set of vectors
{vw),...;m-1(w) : w € Q} and H; be the closed linear span of the set of vectors {t;(w),w € Q},
0<i1<n-—1. We have

1) H=HoDH1 D & Hn—1;
(2) There exists an operator T, defined on a dense subset of vectors in H, which is upper triangular
with respect to the direct sum decomposition H =Ho P - D Hp_1:

To So,1 So,2 - So,n—1

0 Ty 51,2 Sl,n—l
=1\ - - - : ;

0 .. 0 Th—2 S7L72,n71

0 O 0 Th-1

where S; ;(t;(w)) = mi 7" (w), Ti(ti(w))) = wti(w), w € Q, i,j = 0,1, ,n— 1, for
some choice of complex constants m; ; depending on the p; ;.

(3) The constants m; j and p; ; determine each other.

For convenience of notation, in the proof below, we set S;; :=T;, 0 <4 <n — 1, in the proof. We
will adopt this practice often and call Ty, T, ..., T,—1, the atoms of T'. Also, S;it1(tiv1) = tiiv1tis
with the assumption that p;; =1, 0 <7 <n —2.

Proof. Note that {70,71, - , -1} is a frame for E; and the atoms t;, 0 < ¢ < n — 1 are pairwise
orthogonal. From Definition [2.2] the first statement of the Proposition is included in the definition of
a holomorphic quasi-homogeneous curve.
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For0<i:<j<n-—1,let S;;:H; = H be the linear transformation induced by bundle maps
sij + B, = Jj—i—1Ey;, namely,

> sij(y(w)) = wy(w), w € Q.
i<j

It follows that

(3.1) (8t — ) (it (w)) = 0, (55161 — W) (-1t () + sp—11: (g pti(w)) = 0,

Thus s induces an operator Sy j with ker(Syr — w) = C[ty(w)] and sx_1 % is a bundle map from
By, (w) (:= Clte(w)]) to By, (w) (:= Cltp—1(w)]).
For any i < j <mn —1, s;; is a bundle map from Ei; to Jj—i—1Ey, and there exists m; ; € C such
that S@j(tj(’w)) = mi,jtz(-j_i_l)(w),w e Q.
Since (s0,0 — w)y1(w) = (s0,0 — w)(#o,lt(()l) (w)) + s0,1(p1,1t1(w)) = 0, we have
s0,1(t1(w)) = mo1to(w),

where mg 1 = —%. Thus we have

2p0,2 + pH1,2Mm0,1 (1
- 16 (w)
12,2

(1)

5072(t2(w)) = = mgo,2t; (w).

Now assume that for any fixed k and some k < j < n — 1, there exits my,; € C such that

ski(ti(w)) = mk,it,(f*kfl)(w),i < j.

Then from equation (3.1)), we have

(st — ) (it ) (W) + spr (a1t (W) + -+ s (gt (w) = 0

and from the induction hypothesis, we may rewrite this as

g (G = )0 () 4 g gty ™D (@) 4 s (4 (w) = 0.

Thus
s (1 (w) = mi it~ (w),

or, equivalently

j—k—1
g (j — k) + lE Foko1,5 Tk e+
=1

(3.2) ka‘ = —
Hj,j
completing the the proof of the second statement of the Proposition.

Claim: For any operator T in B, (£2) with atomic decomposition exactly as in the second statement
of the lemma, there exists j;; satisfying the conditions in Definition that is, there exists a
holomorphic frame for Ep, which is a linear combination of the non-vanishing holomorphic sections
of E;, and a certain number of jets.

Indeed, the proof of the second part of the Proposition already verifies this Claim for n < 2. To
prove the Claim by induction, let us assume that it is valid for k& < n — 2. Note that the operator
((Sivj))i,jgn—Q is in B,,—1(£2). By the induction hypothesis, we can find m; j, 4, j < n—2 verifying Claim

If we consider the operator

Tn—2 Sn—2,n—1
0 Tha )7’

2 for any operator ((Sivj))ijgn—z‘
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then we have that S,—2 ,—1(th—1) = mp—2n—1tn—2. Now, setting jtn—2,,—1 = —Mp—2,—1, we can define
all the coefficients ft,,—rn—1,2 < k < n recursively. In fact, if we consider

Tnfk Snfk,n7k+1 Snfk,n7k+2 to Snfk,nfl
Tn—k—i—l Sn—k+1,n—k+2 te Sn—k+1,n—1

Tn—2 Sn—2,n—1
n—1
where 2 < k <n, and set
k—2
Z Mp—kn—k+iln—k+in—1 + Mp—kn—1
i=1
Hpn—kn—1 = — k—1 )

then g, n—1 is defined involving only the coefficients ji,—j4ipn—1 Which exist by the induction hy-
pothesis. Thus coefficients p; ; depends only on the m;;,i,j < n — 1. By a direct computation,
Y = u07kték) + ,ul,ktgk_l) + -+ pprte, 0 < B < n—1 together defines a frame for Er. This completes
the proof of the Claim and the third statement of the lemma. O

3.3. Boundedness. Having shown that a holomorphic quasi-homogeneous curve t defines a linear trans-
formation on a dense subset of H;, we determine when it extends to a bounded linear operator on all
of H;. We make the following conventions here which will be in force throughout this paper.

3.3.1. Conventions. The positive definite kernel K™ (z, w) is the function (1 —wz)~> defined on D x D
and is the reproducing kernel for the weighted Bergman space A®) (D). The coefficient a,(\) of @" 2"
in the power series expansion for K (in powers of zw) is of the form a,()\) ~ n*~! using Stirling’s

formula: % ~ n*. The set of vectors el := an(X) 2", n > 0, is an orthonormal basis in AM (D).

The action of the multiplication operator on A (D) is easily determined:

A—1
2

M)~ () T el

) ._ VO

(M) My _
Often, one sets wy; Ja ) )

and says that M is a weighted shift with weights wy, ~ since M (e,

(), N a0l 152 o ; i
wr, '€, 1. The other way round, H Wi =N\ ey ™ (n4+1) 2 . The adjoint of this operator is
then given by the formula: =

A—1
M*(enA)) = wfﬁﬁ&l ~ (n; 1) Teg\i)l'

The following Proposition shows that if the valency A(t) is less than 2, then every possible linear
combination of the atoms and their jets need not define a bounded linear transformation. However,
from the proof of this Proposition, we infer that no such obstruction can occur if A(t) > 2.

Proposition 3.2. Fiz a natural number n > 2. Let t be a quasi-homogeneous holomorphic curve with
atoms t;, i =0,1,...,n—1. For 0 <i,j <n—1, let s; j(tj(w)) = mi,jty*l*l)(w) be the bundle map

Jrom Ey; to Jj—i—1Ey, and S;j : Hj — H; be the densely defined linear transformation induced by the
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maps s; ;. The linear transformation of the form

To Soq So2 -+ Son—1

0 Ty S12 -+ Sin-1
T=|: - .

0 ... 0 T, Sn_27n_1

0O 0 ... O Th_1

is densely defined on the Hilbert space AP (D) @ --- @ AP=1)(D). Suppose that A(t) < 2.
(1) If A(t) € [1 4+ 2=2.2), n > 2, then T is bounded.

n—1"

(2) If A(t) € [1+ 2=E=2 1 + =223 the operator T is bounded only if we set m;; = 0 whenever
j—i>n—k—2n—1>k>0, n>4, that is, T must be of the form

SO,O 5071 ce So,n—k—2 0 e 0 0
SipS12 - Sipek-1 0 .. 0
0

Sn727n72 San,nfl

n—1n—1

(3) If A(t) € (0,1), then the densely defined linear transformation T is bounded only if we set
m;j=0,i<j+1,i=0,1,---,n—-2,n>3.

Proof. For i = 0,1,--- ,n — 1, the operators .S; ; are homogeneous by definition. Thus the operator
Sii, as we have said before, is realized as the adjoint of the multiplication operator on the weighted
Bergman space A (D). The reproducing kernel K (z w) for this Hilbert space is of the form

m. Consequently,
ker (S;; —w)* = C[t;(w)] = C[K™) (2, w)], w € D.
Claim : If \j =X\ > 2(j —4) — 2,7 >i=0,1,2,--- ,n — 2, then each s;; induces a non-zero linear
bounded operator S; ;.
Without loss of generality, we set s; j(t;) = mmtg]ﬂ*l),mi’j €C,i,j=0,1,--- ;n—1and
1 1

ti(w) = ———— tj(w) = ———.
z(w> (1 _ zw)Ai ) ](w) (1 _ Zw),\j
Then the linear transformation S; ; : H; — H; induced by s; ; is densely defined by the rule
Sij(ty) =mist? Y i j =01, n—1.
We have that

154,51

= i maoc{ L E (= 1) (- (= 1)+ 2)}

—1
\/ 1T wi(Xi)
=0
By a direct computation,
£=(j—i-1)
I[I  w)
I 1 )
)

(-1 (= G-+~ (5

=0

-1 —(j—i—1
o TLun(n) e

=1




QUASI-HOMOGENEOUS CURVES AND OPERATORS 9

It follows that each S; ; is a non-zero bounded linear operator if and only if

%zj—i—l, that is, Aj — A; > 2(j — i) — 2.

If A(t) > 1+ 2=3 then
M1 — Ao = (TL — 1)A(t) > Q(n — 2).
By the argument given above, we obtain Sy ,—1 is non-zero and bounded. If A(t) < 1+ Z—:‘%, then we
might deduce that mg,—1 = 0 or pon—1 = 0, i.e. Sp, = 0. Thus the proof of the first statement is

complete.

For the general case, if A(t) € [1 + Z:i:g, 1+ Z:Zj’), k > 0, then we have

(n—k—-1)A(F) <2(n—k—-1)—2.

On the other hand, if j —i > n—k — 1, then we obtain A\; — \; < 2(j —1i) — 2. By the argument above,
we have §;; =0,j —i>n —k —1, and S has the following matrix form:

So,0 - Son—k—2 0 0

S11 S1m—k—1 0 - 0

— . L0
(33) T - 0 Sk+1,k+1 Sk+1,n—1
Snfl.,nfl

This completes the proof of the second statement.
In particular, if 0 < A(t) < 1 and j — i > 2, then we have A\j — \; < 2(j —¢) — 2, which implies

So,0 So,1 O 0
0 Si,1 51,2 0
T=| . - . : L A(t) €0,1).
(.) 0 S’n—2,n—2 Sn—2‘,n—1
0 -« 0 Sn—1n-1
This completes the proof of the third statement. O

Having disposed off the question of boundedness of a quasi-homogeneous operator, we show that
all quasi-homogeneous operators are in the class F By, (D).

Theorem 3.3. Suppose T is a quasi-homogeneous operator and ((Si:j))nm 18 1ts atomic decomposition.
Then we have

SiiSiiv1 = Siit1541,i41,1=0,1,--- ,n — 2,

or equivalently, T is in F B, (D).

Proof. We have found constants m; ; € C such that
Siilt)=mi itV i< j=01, ,n—1

in the second statement of Proposition Since (S;; — w)(t;(w)) =0, w € Q, it follows that
Si,iSiiv1(tiv1(w)) = Siit1Si+1,i41 (tig1(w)).

We have H; = Span,,cq{ti(w)},i =0,1--- ,n — 1, therefore

SiiSiir1 = Siit1Si41,i41,1=0,1,--- ,n — 2.
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3.4. The Second fundamental form. In [5, page. 2244], an explicit formula for the second fundamental
form of a holomorphic Hermitian line bundle in its first order jet bundle of rank 2 was given. The
second fundamental form, in a slightly different guise, was shown to be a unitary invariant for the
class of operators F B, () in [I1]. We give the computation of the second fundamental form here, yet
again, keeping track of certain constants which appear in the description of the quasi-homogeneous
operators. We compute the second fundamental form of the inclusion Ey in E, where {vp,71} is a
frame for E with atoms tg and ¢1. The line bundle defined by the atom tg is Ey. By necessity, we have

Y =to M1 = poito +t1

with ¢o L ¢;. As in [5, [I1], setting h = (70,70), the second fundamental form 6 ; is seen to be of the
form

601 — _h1/2 é(h_1<’71a’70>)

= [P\ 172
(Inll? = SE-)

It is important, for what follows, to express 6y 1 in terms of the atoms ¢y and ¢; giving the formula

Ho,1Ko

t 2
(Ht;Hz — |ro,12Ko

(3.4) O =

)1/2’

where K is the curvature of the line bundle E;, given by the formula —d9log ||to||>. The following
lemma shows the key role of the second fundamental form in determining the unitary equivalence
class of a quasi-homogeneous holomorphic curve.

Lemma 3.4. Suppose thatt and t are quasi-holomorphic curves with the same atoms ty, t1. Then the
following statements are equivalent.
(1) The two curves t and t are unitarily equivalent;
(2) The second fundamental forms 6y1 and 6p1 are equal;
3) The two constants g1 and fig1 are equal.
Ko, Ko, q

Proof. The equivalence of the first two statements was proved in [I1, Corollary 2.8]. The equality of
00,1 and 0g 1 is clearly equivalent to

- 12 = 1/2 alz - = 1/2

Mo,l(w + |01 290 log [[to]|?) '/ = MO,l(Ht(l]Hz + |7io1 *00 log |to]2) /.
From this equality, we infer that arg(uo,1) = arg(fio1).

Given that we have assumed, without loss of generality, ||[to]> = (1 — |w|?)™* and ||to]|?> = (1 —

|w|?)~M, squaring both sides and then taking the difference of the equality displayed above, we find
that

99log ||t = Ao (1 — |w]*) 72,
which can be equal to ”ié“i if and only if Ay — A\g = 2. Thus except when A(t) = 2, we must have

#(%71 — /1(2)71 = 0. Clearly, fip,1 = —po,1 is not an admissible solution. So, we must have fip.1 = po,1. In
case A\ — Ag = 2, if we assume fig1 # po,1, then we must have

- 1 -
(1 + /\0\M0,1\2) 2 foal

1+ Aolpo,a|? |Hoa|’
from which it follows that |fig 1| = |p0,1]. The arguments of these complex numbers being equal, they
must be actually equal. O
When we consider the inclusion of the line bundle F; in the vector bundle £ (1, T =)y of rank
g b J

2, the situation is slightly different. This is the vector bundle which corresponds to the 2 x 2 operator

[ Sii Sij
block T; ; := ( 0 Sj,j>'

Clearly, {tl,—Tij tl(j g tj} is the frame for Er, .. By the formulae above, setting temporarily
Yo =ti, V1 = —%tgj_i) +tj, we have that
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1) hi = [lol® = [[tl1%, by = |15

2) |ImlP? =520~ ’33 2+ 114512 = 1220 20978 by + by
3) <0 >= =0 ]]P = =5 07

4) | <yi70 > P = 52420 i hi.

The second fundamental form 6; ; for the inclusion F;, C E

(
(
(
(

Mig G0y is given by the formula

{1,524
%5( 1Oy

h; i, R 93— 'hy—9i—in & 'h
(3 + | 2R b d b))

(3.5) 0;; =

1
2

Lemma 3.5. Let T; ; = (Sgi g;j) and i-’j = (Sé’i g”> with :S’Vi,j(tj) = ﬁuyjt(jfifl). The second
3 VRV

(2
fundamental forms 0; ; and 5” of the operators T; ; and ﬁj are equal, that is, 0; ; = 5” if and only
if mij = mij.
Proof. Without loss of generality, we will give the proof only for the case : = 0,j = k,j # 1. In this
case, 0y = 0y is equivalent to the equality:

N[

k5E ks Ak
(hfk 4 ’mg,k|2(h08 0 h()hga hgo h()))

mo.k
hi Mo,k (27 hodk8" hg—0Fhod ho\\% mo.k
(B o+ | g 2 (a2 D hodhadha )y o,
. . . k5% o — 0k hod" ~ m .
For simplicity, let gy denote (hoa 9 hOhQa hod ho) and let m, m denote mg’k, mgk respectively. Then

0
the equation given above may be rewritten as

1
(5% + |m|*90)?
h ~
(7 + ml*g0)

33

From this equality, we infer that arg(m) = arg(m). Now, squaring both sides and then taking the
difference, we have

hy

i (m? —m?) — m*m2go(m? — m?) = 0.

Having assumed, without loss of generality, ho = (1 — |w|?)™* and hy, = (1 — |w|?)~, we find that

go is a polynomial of degree > 1 in (1 — |w|?)~! Thus go can be equal to & if and only 1f Al — A = 2.

Therefore, except when A(t) = 2, we must have m? — m? = 0. Clearly, m = —m is not an admissible

solution. So, we must have m = m. Hence mg = mg - O

3.5. Unitary equivalence. Recall that a positive definite kernel K : Q x Q — C™*" is said to be nor-
malized at wg € Q, if K(z,wo) = I, z € Q. An operator T in B, () may be realized, up to unitary
equivalence, as the adjoint of a multiplication operator on a Hilbert space possessing a normalized
reproducing kernel (cf. [4]). Realized in this form, the operator is determined completely modulo mul-
tiplication by a constant unitary operator acting on C™. As one might expect, finding the normalized
kernel if n > 1 is not easy. The theorem below illustrates a rigidity phenomenon in the spirit of what
was proved by Curto and Salinas for operators in B, (D). For quasi-homogeneous operators, the atoms
are homogeneous operators in B (D). These are assumed to be realized in normal form. Consequently,
if T is a quasi-homogeneous operator, a set of n — 1 fundamental forms determine the operator T'
completely, that is, two of them are unitarily equivalent if and only if they are equal assuming they
have the same set second fundamental forms.

Theorem 3.6. Suppose that t and t are unitarily equivalent. Then if the second fundamental forms
are the same, that is, 0; ;41 = 0;,41, 0 <@ <n—2, thent =t.
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Proof. If necessary, conjugating by a diagonal unitary, without loss of generality, we may assume that
the atoms of the operators T" and T' are the same. If there exists a unitary operator U such that
TU = UT, then U must be diagonal with unitaries Uy, Uy, ...U,—_1 on its diagonal. Then we have

U;Sij=SijUj, i,5=0,1,...,n— 1.
In particular, U; commutes with the fixed set of atoms 7}, which are irreducible, therefore there exists
Bi € [0, 2x] such that
Ui=ePily,,i=0,1,---,n—1.
Then on the one hand, we have
UiSiit1(tiv1) = Ui(—piiiti) = —piiv1e®it;
and on the other hand, we have
Siit1Uir1(tis1) = Siiv1 (€7 ti11) = — i 11671,
Consequently,
—pti 1€ = —fliip1et, 0<i<n—2.

The assumption that the second fundamental forms are the same for the two operators T and T
implies that f; ;41 = ft;,;+1. Therefore, we have 8; = ;41 := 3, i =0,1,...,n — 2. Since

UiSi; = SZ'JU]‘, 1,7 =0,1,...,n—1,
we have
i _ - -
UiSij(ty) = ePmit? ™Y = e, 1Y = §,,U5()).
Then m; ; = m;;,1,5 =0,1,...,n — 1. It follows that S; ; = §” and ¢t = 1. O
Remark 3.7. It is natural to ask which of the quasi-homogeneous operators are homogeneous. A

comparison with the homogeneous operators given in [I8] shows that a quasi-homogeneous operator
is homogeneous if and only if

L j (M i 1 .
(3. pig =S 0y = (D) e A=A 4
" 1 " i) @A)t ?
for some choice of positive constants po(:= 1), pi1, ..., pin—1. Here (a)y := a(la+1)---(a+£€—1) is

the Pochhammer symbol. Clearly, if two homogeneous operators with (A, ) and (A, fz) were unitarily
equivalent, then A must equal . Since it is easy to see that p; ;41 = fi; ;41 if and only if p; = fii41,
we conclude that two of these homogeneous operators are unitarily equivalent if and only if they are
equal recovering previous results of [I§].

4. CANONICAL MODEL UNDER SIMILARITY

In this section, our main focus is on the question of reducibility and strong irreducibility of a quasi-
homogeneous operator. We recall that an operator T is said to be strongly irreducible if there is no
idempotent in its commutant, or equivalently, there does not exist an invertible operator L for which
LTL™' is reducible. The (multiplicity-free) homogeneous operators in the Cowen-Douglas class of
rank n are irreducible (cf. [I8]). However, they were shown (cf. [17]) to be similar to the n - fold
direct sum of their atoms making them strongly reducible. It is this phenomenon that we investigate
here for quasi-homogeneous operators. Along the way, we determine when two quasi-homogeneous
operators are similar. Our investigations show that there is dichotomy which depends on whether
or not the valency A(t) is less than 2 or greater or equal to 2. In what follows, we will say that a
holomorphic curve ¢t : D — Gr(n,H) is strongly irreducible if there is no invertible operator X on the
Hilbert space H for which Xt splits into orthogonal direct sum of two holomorphic curves, say ¢; and
to, in Gr(ni,H) and Gr(ng, H), n1 + n2 = n, respectively.

Suppose t : D — Gr(n,H) is a quasi-homogeneous holomorphic curve with atoms tg,t1,...,tn—1.
Then t is strongly reducible, t ~ to @ty --- D tp_1, if A(t) > 2 and strongly irreducible otherwise. The
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dichotomy involving the valency A(t) is also clear from the main theorem on similarity Theorem
of quasi-homogeneous holomorphic curves.

The atoms of a quasi-homogeneous operator are homogeneous operators in B;i(ID) by definition.
Therefore, they are uniquely determined not only up to unitary equivalence but upto similarity as
well. Now, pick any two quasi-homogeneous operators. They possess an atomic decomposition by
virtue of Proposition Any invertible operator intertwining these two quasi-homogeneous operators
is necessarily upper triangular:

Lemma 4.1. Let t and t be two quasi-homogeneous holomorphic curves with atomic decomposition
{ti:i=0,1,...,n—1} and {t; : i = 0,1,...,n — 1}, respectively. If they are quasi-similar via the
intertwining operators X and Y, that is, Xt =t and Yt =t, then fori <n — 1, we have

X(\/{to(w),tl(w), oL ti(w) rw e DY) C \/{fo(w),fl(w), o ti(w) s w € DY,
Y (\/{fo(w),t1(w), -+, Ti(w) : w € D}) € \/{to(w), t1(w), -+ ,t;(w) : w € D}.

This is easily proved by modifying the proof [11, Proposition 3.3] slightly. Hence if two quasi-
homogeneous operators are similar, then each of the atoms for one must be similar to the other.
Consequently, to determine equivalence of quasi-homogeneous operators 1" under an invertible linear
transformation, we may assume (as before) without loss of generality that the atoms are fixed with
the weight A\g and the valency A(t). Clearly, the valency A(t) is both an unitary as well as a similarity
invariant of the quasi-homogeneous curve t.

i i
Note that if we let R be the n x n diagonal matrix with ( I1 ,Ué,éJrl)(H ﬂé,g+1)_1 on its diagonal
£=0 £=0

and set t = Rt R™!, then S’i,i+1(ti+1) = f1ji+1, 0 <4 < n — 2. Thus up to similarity, we may assume
that the constants j; ;41 and fi; ;41 are the same. Or equivalently (see Lemma , we may assume
that the choice of the second fundamental forms 6;;1, 0 <7 < n — 2, does not change the similarity
class of a quasi-homogeneous holomorphic curve. Therefore the condition in the second statement of
the theorem given below is not a restriction on the similarity class of the holomorphic curves t and .

Theorem 4.2. Suppose t and t are quasi-homogeneous holomorphic curves.

(1) If A(t) > 2, then t is similar to the n - fold direct sum of the atoms to ©t1 & -+ & ty—1.
(2) If A(t) = A(t) <2 and 0; ;41 = 011, i = 0,1,--- ,n— 2, then t and t are similar if and only
if they are equal.

4.1. The Key Lemma. The following lemma is the key to determining when a bundle map that inter-
twines two quasi-homogeneous holomorphic vector bundles extends to an invertible bounded operator.
It reveals the intrinsic structure of the intertwiners between two quasi-homogeneous bundles. We fol-
low the conventions set up in Section [3.3.1

Lemma 4.3. Let E; be a quasi-homogeneous vector bundle and s; j,i,7 = 0,1,--- ,n—1 be the induced
bundle maps. There exists a bundle map X : Ey, | — Jn—1(Ey,) with the intertwining property

500X — Xsp—1n-1 = So,n—1
that extends to a bounded linear operator only if A(t) > 2.

Proof. Let Ty and Tjy; be the operators induced by sgg and spiix4+1 as in in Proposition
These are then necessarily the operators M (A0)* and MAw+1)* acting on the weighted Bergman spaces
AP0 (D) and APs+1)(D), respectively.

The kernel of the operator (T;—w), w € D, is spanned by the vector ¢;(w) := (1—zw) N, i = 0, k+1.
By hypothesis, for each fixed w € I, we have Sgx41((1 — 2w)~*+1) = 9¥(1 — zw) 0. Differentiat-
ing both sides of this equation ¢ times and then evaluating at w = 0, we get 5’07k+1(()\k+1)gz£) =

(Ao)epx2tE. For j = 0 or j = k — 1, the set of vectors eg)‘j) = v/ag(\;) 2, £ > 0 is an orthonormal
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basis in A (D). The matrix representation for the operator Sy : AX+1)(D) — AR)(D) with
respect to this orthonormal basis is obtained from the computation:

(eé/\k+l)) _ (4R [ apk(Xo) (Mo)

Sozk+1 - 2! (1[()\k+1) l+k-

Thus Sp 41 is a forward shift of multiplicity k. We claim that if A(t) > 2, then we can find a forward

shift X of multiplicity k + 1, namely, X (eé)\k“)) = eeﬁok) 41 which has the required intertwining
(Ak+1)

property. Thus evaluating the equation Sp0X — XS,_1 k41 = Sok+1 on the vectors e , >0, we
obtain
Zilw()\k‘i’l)
04k)! i A Ao Mer)y (A
(4.1) S e = (e — weaw ) e

0 k-1 (o) Copr =
H w,
=0
From this we obtain x; recursively:

ar (o)

(Mo)
w, " xo = k!
k 0 ao(A(k41))

and for £ > 1,
k No—Apt1+2k+2
. apre(Mo) A AT AkF1TART S
= \[ERESY O~ (),
i=1

where () :=4({+1)---(L+k—-1) = F(Z(:;C) is the Pochhammer symbol as before. Here, using the

Stirling approximation for the I' function, we infer that Zle(é)i ~ fEFL

If A(t) > 2, then A\ — Ao > 2, A0 — A1 > 2,--+ [ A\gy1 — A\, > 2. Consequently, Ap41 — Ao > 2k + 2
making the operator X bounded.

It follows that if A(t) > 2, then the shift X of multiplicity n that we have constructed is bounded
and has the desired intertwining property. To show that there is no such intertwining operator if
A(t) < 2, assume to the contrary the existence of such an operator. Then we show that there must
also exist a shift of multiplicity & + 1 with this property leading to a contradiction. For the proof,
suppose

)\k+1 szge X = (wie)-

Then

(SO 0X — XSk+1 k+1 Hl) Z Tit1,04+1W; (%o) - Z; gwéA'}“))(GEAO)).
=0

In particular, we have

A A
(errertwlly) = veene w5 ) es) = Sope ().

Repeating the proof above, we will have the conclusion x;44; — 00,l — oo which proving the claim.
O

Recall that if A and B are two operators in £(#), then the Rosenblum operator 74 g is defined to
be the operator 74 p(X) = AX — XB, X € L(H). If A= B, then we set 04 := 74 B.

Lemma 4.4. Let t be a quasi-homogeneous holomorphic curve with atoms t;, 0 < ¢ < n—1. Let
T := ((SZ-J)) be the atomic decomposition of the operator T representing t as in Proposition .

(1) IfA(t) € [1+ 2221+ 2=2) then for any 1 <r <n — 1, we have

50,7 Srr+1 7+ Sn—2,n—1 € TAN Oy .5, 10 1+
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(2) Suppose that A(t) > 2. Then there exists a bounded linear operator X € L(Hp—1,Hn—2) such
that

Sn—2,n—2X - XSn—l,n—l = Sn—2,n—1
and
Sn737n72X €ranog, 5, 3.8

n—1ln—1°

Proof. We only prove that So ,—2Sn—2n—1isin ranog, 4 s,_, ,_,- Clearly, as can be seen from the proof
we present below, the proof in all the other cases are exactly the same.

Let Tp, T,—2 and T;,—1 be the operators induced by so0, sp—2,—2 and s,_1 as in in Proposition
These are then necessarily the operators M()‘O)*, MO*n-2)" and pMOn-1* acting on the weighted
Bergman spaces A0)(D), A*A»—2)(D) and AX»-1)(DD), respectively.

As in the proof of Lemma equations , we have that

An— l+n—3)!  [apyn—3(N\ A
SOyn—2(€é 2)):( 4] ) g(,\n3_(2;))6§+2—3’

S’N/*Q,nfl (egAnil)) e @eEATL72)

\/ @r ()\nfl)

and

An— n—3)! Apinp_ A
SO,?’L—QSTL—Q,TL—I(eé 1)) = (£+£! 3)' 2;(/\5_(1\;))6;4’073*3'

Thus Spn—2Sn—2,m—1 is a forward shift of multiplicity n — 3. We claim that if A(t) > 1 + Z—j’,

then we can find a forward shift X of multiplicity n — 2, namely, X (eg)‘"‘l)) = JUgeéioyz_Q which has
the required intertwining property. Thus evaluating the equation Sp0X — X S,_1,—1 = Son—1 on the

A .
vectors e, 1), ¢ > 0, we obtain

w(/\O) (n — 3)‘7M

€T fry
n—3"0 ao(A(n—1))

and for ¢ > 1, we have that

(Mo) (An—1) (t4n—3)! v/ artn—3(Ao)
w Ty — Tp—1W = .
l4+n—3Y¢ -1 [ @ On_1)

It follows that

n—3
2= ey 20 (¢ ).

Note that when A(t) > 14 =3 we obtain

n—17
2n—4

=2n—4
n—1 "

A1 — Ao = (n — 1)A(t) > (n — 1)

making X bounded. This completes the proof of the first statement.
For the proof of the second statement, note that by virtue of Lemma we have S, _2,-1 €
Ranog So there exists a bounded operator X such that

San,nf2X - XSnfl,nfl = San,nfl-

n—2,n—1"

Repeating the proof for the first part, we conclude

Snfg,n72X cranocs, ;, 3.8

n—1ln—1°
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4.2. Strong irreducibility. We now show that a quasi-homogeneous holomorphic curve t is strongly
irreducible or strongly reducible according as A(t) is less than 2 or greater equal to 2. We recall that
homogeneous operators (in this case, A(t) = 2) were shown to be irreducible but strongly reducible
in [17]

Theorem 4.5. Fix a quasi-homogeneous holomorphic curve t with atoms t; and let T = ((Si,j)) be its
atomic decomposition.

(1) If A(t) > 2, then T is strongly reducible, indeed T is similar to the direct sum of its atoms,
namely, rélTi and
(2) if At) <l§,0 then T is strongly irreducible.
Proof. If A(t) > 2, then we claim that the operator T is similar to To @ Ty & - & Ty —1.
When n =2, Let T = (S%’O g?i > By Lemma there exists X 1 such that

S50,0X0,1 — X0,151,1 = So,1-

Set Y1 = <I Xo1 ), then we have that

0 I
_ 5070 0
Yo,1TYo,11 = ( 0 Sl,l>

Notice that Yy is invertible, we have that T~ Sy @ S1,1.
In this case, using Lemma we find an invertible bounded linear operator Xg ,—1 such that

S50,0X0,n-1 — X0,n-150-1,n-1 = So,n—1-

For any ¢ < j, applying Lemma [4.3] to the operators

Sii Siiv1 Sijig2 Si.j
0 Sit1,i+1 Sitlit2 Sit1,
. . . . : )
0 0 Si—15-1 Sj-1,5
0o 0 0 S,
we find an invertible bounded linear operator X; ; such that S; ; X; ; — X; ;Sj; = S; j. Set Yy,_o 1 :=
=2 12| 0
—1 _
< 0 ‘I p ery— and note that Yn_27n_1 = 0 ‘I =5 enryll I Now, we have
0 1 0 1
So,0 So,1 So,2 So,n—1
[(n—2)‘ 0 0 Si11 512 Sim-1 I(n_Q)‘ 0
0 I Xn—2,n—1 0 1 - An—2n-—1
O I 0 0 Sn—2,n—2 Sn—2,n—1 O I
0 0 Snfl,nfl
So,0 So,1 80,2 So,n—1—S0,n—2Xn—2,n—1
0
. ’ . Sn—3,n—3 Sn—S,n—Q Sn—3,n—1_Sn—3,n—2Xn—2,n—1
0 0 Sn72,n72 0
0 0 Snfl,nfl

By Lemma [4.4] we have

Sn—S,n—QXn—Q,n—l €ranos, 1, 1,5,-3n-3"
Therefore, there exists an invertible bounded linear operator X such that

Sn—?),n—SX - XSn—l,n—l = Sn—37n—1 - Sn—S,n—QXn—Zn—l‘
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1(=3)] 0
> I10X,,_3,_
Let X, 3p—1:=Xand Y,,_3,-1 = n=3n=2 | Now, we have
0 |01 0
00 I
So,0 So,1 So,2 So,n—1—50,n—2Xn—2,n-1
v 0 . . . : -
n—3,n—1 . —3n—1
. . S’n—3,n—3 Sn—3,n—2 Sn—B,n—l_Sn—3,n—2Xn—2,n—1 " 37”
0 0 Sn72,n72 0
0 0 Snfl,nfl
So,0 So,1 So,2 S0,n—1—50,n—2Xn—-2,n—1—50,n—3Xn—3n—1
0
. - . Sn73,n73 0
0 0 Sn—2,n—2 0
0 0 Sn-1,mn-1
Continuing in this manner, we clearly have
So0,0 So,1 So,2 So,n—1 So,0 So,1 So,n—2 0
. ' . Sn73,n73 Sn73,n72 Sn73,n71 : ' . Sn73,n73 Sn73,n72 0
0 0 Sn—2,n—2 Sn—2,n-1 0 0 Sn—2,n—2 0
0 . 0 Sno1n1 0 . 0 Sno1n1

This completes the proof of the induction step. We have therefore proved the first statement.

To prove the second statement, assuming that A(t) < 2, we must show that F is strongly irreducible.
First, we prove that E} is irreducible. By Lemma any projection P = ((Pi:j))an in A'(E;) is
diagonal. Thus

P} = P € A(Ey,).
It follows that for any 0 <7 <n —1, P;; =0 or P;; = I. Since PS = SP, we have
PiSii+1 = Sijit1 Pig1it1-
Therefore
Pi,i - -le7j77:7j :0717'” , T — 1.
Consequently, P =0 or P = [ and E} is irreducible.
We first prove that E; is also strongly irreducible for n = 2. By Lemma we have
SO,l ¢ ran 050,051,1°
Let P € A'(E;) be an idempotent. By Lemma P has the following form

Since PS = SP, we have

Po,0S0,0 = So0,0P0,0, P1,1511 = S11 P11
and

PooSo,1 — So,1 P11 = So,0P0,1 — Po,151,1.

Since P;; € {S;;}, for 0 <i <1, so P;; can be either I or 0. If either P;; =1, Pyp =0 or Pyo =0,
Py =1, then Sp; € Ran 0g,,,s,, which is a contradiction to our conclusion that S ¢ ran og,, s, ;-

Thus the form of P will be
I Py 0 Py
0F) = (%)

Since P is an idempotent operator, so we have ;1 = 0. Hence E; is strongly irreducible.
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To complete the proof of the second statement by induction, suppose that it is valid for any n < k—1.
For n =k, let P € A'(E;) be an idempotent operator. By Lemma P has the following form:

Poo Poy Po2 -+ Py i
0 Pi1Pip - Py
P = E '.‘ '.' '-_ : )
0 ... 0 Peip—1 Pk
0 ... ... 0 Py

and P((Sivj))kxk: = ((S@j))kka. It follows that

(Pii) (Si) = (Sig) (Pig). 0 <inj < k=1 (Piy) (Sig) = (Sis) (Pig) 1 <ij < k.
Both ((Pij))f,;:lo and ((Pi,j))ij:l are idempotents. Since A(t) < 2, we have
Srs € rancg, . s, ., 1,8 < n.
By the induction hypothesis, we have

and
Po=Pi1=-=Py=0,or lpgo="r1=-=DF =1
Thus P has the following form:
I 0 0 - Py 00 0 - Py
07 0 --- 0 00 0-- 0
P=1: - - - or P= : -
0.0 I 0 000
00...0 [ O «ov vee e 0
Since P is an idempotent, it follows that Py = 0. O

By Lemma 4.1} an intertwining operator between two quasi-homogeneous operators with respect to
any atomic decomposition must be upper triangular. Thus any operator X in the commutant of such
an operator, say 7, must also be upper-triangular. In particular, X;; belongs to the commutant of
Sii, 0 <1 <n—1. Since S;; is a homogeneous operator in By (D), it follows that the commutant of .S; ;
is isomorphic to H> (D), the space of bounded analytic functions on the unit disc D. Consequently,
for any ¢ € H*(D), the operator ¢(S;;) is in the commutant A'(S;;). In the following lemma, we
give a description of the commutant of T. We will construct an operator X in the commutant of
T, where the diagonal elements are induced by the same holomorphic function ¢ € H*(D), that is,
¢(Sii) = Xig-

Lemma 4.6. Let t be a quasi-homogeneous holomorphic curve with atoms t;,0 < i < 1. Let T =
((Sivj))i,jgl be its atomic decomposition. Suppose that X = ((Xm))m.Sl is in A'(T). Then there exists
¢ € H>®(D) such that X;; = ¢(S;;),i = 0,1 and we also have that

S0,0X0,1 — X0,151,1 = X0,059,1 — 50,1 X1,1 = 0.
In particular, Xo 1 can be chosen as zero.

Proof. Set X = ((Xi,j))ij<1 e A(T), we have the following equation

So,0 50,1 (Xoo Xo1) _ (Xoo Xo1) (So0 S0
0 S11) \Xipo0 X1 X1,0 X1,1 0 Si11/)°
As in [I1], Proposition 3.4], we have X; 9 = 0. Then

S0,0X0,1 + S0,1X1,1 = X0,050,1 + X0,151,1,

and
S0,0X0,1 — X0,151,1 = X0,050,1 — 50,1 X1,1-
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Note that there exist holomorphic functions ¢g ¢ and ¢1 1 such that
Xo,0(to) = do,0to, X1,1(t1) = ¢1,1t1,
and by the definition of Sy 1, there exist constant function ¢g ; such that
So,1(t1) = ¢o,1t0-
Then

X0,050,1(t1) — S0,1X1,1(t1) = (Po,000,1 — ¢1,100,1)t0-

and X0,0SO,]_ - SO,le,l also intertwines SO’O and 5'171. Taking X07(]So71 - SO,le,l the place of 5071 and
using the proof of Lemma 3.2, we might deduce that

S0,0X0,1 — X0,151,1 = X0,050,1 — S0,1X1,1 = 0,000 = 01,1.
Thus we can choose X1 = 0 and there exists a holomorphic function ¢ = ¢o 0 = ¢11 € H>(D) such

that X = (XO’O 0 > where X; ; = ¢(5;,;) satisfies that

0 X1
So,0 0,1\ (Xoo 0 ) _ (Xoo O So0,0 So,1
0 51,1 0 X171 0 X171 0 5171 ’ 0
Lemma 4.7. Let t be a quasi-homogeneous holomorphic curve with atoms t;,0 < ¢ < n — 1. Let

T= ((Si,j)) be its atomic decomposition. Let ¢ € H*°(D) be a holomorphic function. If A(t) < 2, then
there exists a bounded linear operator X € A'(T') such that X;; = $(S;;),i =0,1,--- ,n— 1.

Proof. Firstly, by Lemma the lemma is true for the case of n = 2.

Xo,0 Xo,1 Xo,2
Forn =3, let X = ( 0 Xii X1,2) € A'(E;). Then we have
0 0 Xoo
50,0 So0,1 50,2 Xo,0 Xo,1 Xo,2 Xo0,0 Xo,1 Xo,2 50,0 S0,1 50,2
0 Si1S51,2 0 XiiXi2| =1 0 Xi1Xip2 0 Si18512
0 0 S92/ \ 0 0 Xoo 0 0 Xs0/ \ 0 0 Sy

and it follows that
(1) So,0Xo0,1 + So,1X1,1 = X0,05,1 + X0,151,1, that is, Sp0Xo,1 — X0,151,1 = Xo0,050,1 — S0,1X1,1;
(2) S11X12+ S12X22 = X11512+ X12529, that is, S11X12 — X125 2 = X11512 — S12X2,2.
By Lemma we may choose, without loss of generality, Xo1 = 0 and X;2 = 0. And there exists
¢ € H*®(D) such that X; ; = ¢(S;;),i = 0, 1, 2. It is therefore enough to find an operator Xy s satisfying
S50,0X0,2 — X0,2522 = X0,050,2 — S0,2X22.

Clearly, we have
(X00S02 — S0.2X22)(t2(w)) = Xo 0(mo .t (w)) — So2(é(w)ta(w))
= mo (¢ (w)to(w)) ™ — mo 26 (w)t™ (w)
= mo 26! (w)to(w).
We therefore set X2 be the operator: Xoa(t2(w)) = m072¢(1)(w)t81)(w).

To complete the proof by induction, we assume that we have the validity of the conclusion for
n = k — 1. Thus we assume the existence of a bounded linear operator X = ((Xi,j)) such that

((Sij))((Xij)) = ((Xij)) ((Sij)) where X;; = ¢(S5;;) and X;;41 = 0. And there exists lgjj such that
j—i—1
Xij(t;) = Z I d)(] k)t . To complete the inductive step, we only need to find the operator Xg
satisfying the followmg equation:
k—1 k—2
(4.2) S0.0X0k — XokSkk = X000k = SoxXkk + (Y XoiSik — Y SoiXix)
i=2 i=1
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Note that the induction hypothesis ensures the existence of constants cf , (depending on m; ;) such
that

k-1 k—2 k-1
(k—
(XOOSOk_SOkak+ZXOZ ik — ZSO’L ik) (k) = Zc,ms)t o=1),
=2 =1 s=1

-1
Now, suppose that X, (tx) = > I kgﬁ(s)tékfs), where the constants [jj ;. are to be found. Then we
S:l I I

must have
k—1

(SO,OXO,k - XO,kSk;,k)(tk(W)) = Z 57 ¢(S)t(k 1- 3)(w)
s=1

It follows that if we choose lO = k S, then X with this choice of the constants validates equation
. This completes the induction step.

In particular, When m]’ are all chosen to be 1, then m; ; = —1, that is, S; ;(t;) = —t§j_i_1). In this
case, Xox(to) = — Z %) . Now, if m; j = —1,4,j7=0,1,--- ,n—1, then by a similar argument,
we have
(43) Xl,](tj) - - Z ¢(S)tgjilis)’ Z)] = Oa ]-a e, — 1.

s=1
Il

4.3. Proof of the main theorem.

Proof of Theorem[[.2 First, if “A(t) > 27, then the first conclusion of the theorem follows from

Theorem [A.5] So, it remains for us to verify the second statement of the theorem, where A(t) < 2.
Let T and T be the operators representing ¢ and ¢ respectively. Recall from Proposition 3.1 that
Si,j(tj) = mi7jt§J - 1), SiJ(tj) = T?Liyjtgj - 1). Up to s1m11ar1ty, we can assume that m;i+1 = mi,iJrl.

Then T and T have the following atomic decomposition:

So0,0 So,1 So,2 So,n—1 So0,0 So0,1 ¢0,250,2 €0,n—150,n—1
0 S1,1 51,2 S1,n—1 0 Si,1 Si2 C1,n—151,n—1
T = Do - - : and T = .
0 0 Sn72,n72 Sn72,n71 0 0 Sn72,n72 Cn72,nflsn72,n71
0 0 0 Sn—1,n—1 0 0 0 Sn—1,n—1

Set ¢;; = Z” Now it is enough to prove the Claim stated below.
1,7 ~
Claim: If T'~ T, then ¢;; = 1,4, =0,1,--- ,n

Consider the following possibilities:

(1) A@®) €[0,1)

(2) n=3,A(t) € [1,2);n >3, A(t) € [1,3)
(3) n=4, At) € [% 2);n >4, A(t) € [3,3)
(4) n=5,A(t) € [5,2);n>5,A(t) €[5, %)

The method of the proof below combined with Lemma, and equation (4.3|) completes the proof
in the remaining cases.

In what follows, without loss of generality, we will always choose m; ; = —1,4,j =0,1,--- ,n — 1.
Case (1): By Proposition we have
S0,0 So,1 O 0
_ S1,1 S1,2 0
T=T= :
O Sn—2,n—2 Snil,n

Sn—l,n—l



QUASI-HOMOGENEOUS CURVES AND OPERATORS 21

In this case, we clearly have Ky, = K, and 0; ;41 = 0;,41,1=0,1,--- ,n— 1.
Case (2): By Proposition we have
So0,0 So,1 So,2 - 0 0
S1,1 S1,2 S1,3 0
T = S - : ,
O Sn—Q,n—Q Sn—l,n
Snfl,nfl
and
So,0 So0,1 €0,250,2 0 0
S1,1 Si2 13513 0
T =

Sn72,n72 Sn72,n71 Cn72,nsn72,n

O Snfl,nfl Snfl,n

n,n

In this case, by Proposition we first assume that n = 3. Then we have

So,0 S0,1 50,2 Xo,0 Xo,1 Xo,2 Xo0,0 Xo,1 Xo,2 50,0 S0,1 €0,250,2
(4.4) 0 Si1S512 0 XiiXi2 | =1 0 Xqi1Xip2 0 Si1 Si2
0 0 Spo 0 0 X 0 0 Xoo/ \ 0 0 Sss

By Lemma Xo,1 and X1 2 may be chosen to be zero. Therefore we have the equalities:
Siiv1Xit1,i+1 = XiiSii+1,2 = 0,1, and Sp0Xo2 + So,2X22 = c0,2X0,059,2 + X0,252,2.

Note that A'(S;;) = H>*(D), by Lemma we can find a holomorphic function ¢ € H*>(D) such
that X ;t; = ¢t;. Since X, ; is invertible, ¢(S;;) is also invertible. Note that

(4.5) (€0,2X0,0590,2 — S0,2X2,2)(t2) = Co,zXo,o(—t(()l)) — So,2(¢t2)
= (co2 — 1)S0.2¢(S2.2)(ta) — 0250151201 (S2.2)(t2).

By Lemma we have 007250715172%1)(5272) € rancsg, .5, ,- From (@.5), it follows that
(co2 — 1)S0,20(52,2) € ranog .85,
By Lemma 3.2, So.2 € ranos, . s,,. Since ¢(Sa2) is invertible and ¢(Ss,2) € A'(S22), we have

SO,2¢(S2,2) ¢ ran oy, o,52,9

it follows from Theorem This shows that cg2 = 1.

In the following, we will prove the general case. Now suppose that we have proved Claim 1 for
Xoo 0 - Xop »
n=k—1. Pick X = ( 0 X Xlk) such that XT = T X. Then it follows that
0 0 - Xgg

Xo((Sij)i520) = ((Sii)E520) X0, X1((Sij)Fim) = ((Sig)F =) X,

where
Xoo 0 -+ Xor—1 X1 0 - Xy
0 Xi1- Xip—1 0 Xoo-- Xog
XO = . . . . ) Xl - . . . .
0 .. 0 Xk—.l,k—l 0 ... 0 X}c,k

Since X is invertible, Xy and X; are both invertible. By the induction hypothesis ¢; ;12 = 1,7 =
0,1,---,n—3.

Case (3) and Case (4): By Proposition E T=(5;),8;=0j—i>4and T = (Si;), 5, =
0,7 —4 > 5. Following the proof given above, by Proposition [3.2] we only need to consider the case of
n =4 and n = 5. For case 3, we only consider n = 4 and the other cases would follow by induction.
In this case, we have

So,0 So,1 So,2 So,3 Xo,0 0 Xo,2 Xo3 Xo0o0 0 Xo2 Xo,;3 S0,0 So,1 So,2 €0,350,3
0 S1,1 51,2 S1.3 0 X311 0 Xi3 | _ 0 X311 0 Xi3 0 S1,1 812 Si13
0 0 S22 S23 0 0 X292 O - 0 0 X2 O 0 0 S22 Sa3 :

0 0 0 S3;3 0 0 0 X33 0 0 0 Xs;3 0 0 0 S3,3
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Xo,0 0 Xo2

So,0 So,1 So,2 X117 0 X133
It follows that < 0 X131 0 ) commutes with < 0 Si1 S1,2> and < 0 X35 0 ) commutes with
0 0 Xap2 0 0 S22 0 0 Xsz3
<51,1 S1,2 S1,3

0 Saop 52,3) . By equation (4.3), we see that X2 and X; 3 can be chosen to be 5072¢(1)(5272) and
0 0 Ss33

5173¢(1)(5373). Note that
(4.6) 50,0X0,3 + S0,1X1,3 + 50,3X3,3 = €0,3X0,05,3 + X0,252,3 + X0,353 3.

Then
X02523 — So1X13 = So0201(S22)S23 — S0.151,361)(S3.3)
= (80,2523 — S0,1513)01 (S33) =0

So we only need to consider
S0,0X0,3 — X0,353,3 = ¢0,3X0,05,3 — S0,3X3,3-
Since

(c0,3X0,0590,3 — S0,3X3,3)(t3) = (1 — Co,3)¢t(()2) - 260,3¢(1)75(()1) — co30to,
we obtain

03X0,0803 — S03X33 = (co3 — 1)S0,30(S3.3) + 2¢0.350,151 30 (S3.3) + 03501 51,252,362 (S33).
By Lemma and equation , we have
2¢0,350.151,30™ (S3.3) + 0350151252362 (S3,3) € Ranog, 4,55 5-
Since ¢(S53,3) is invertible, we deduce that
(co3 —1)So3 € ranog, .5; ;-

Note that Sp 3 & ran 080,953, We have cg 3 = 1. For case 4 with n =5, we have

So,0 So,1 So,2 So,3 So,4 Xoo0 0 Xo2 Xo,3 Xo,4 Xo0 0 Xo,2 Xo,3 Xo,4 So0,0 So,1 So,2 So,3 €0,450,4
S1,1 S1,2 S1,3 S1,4 X1,1 0 Xi13X14 X111 0 Xi13X14 S1,1 51,2 51,3 S14
S22 523 S2,4 Xoo2 0 Xoy4 | = Xo2 0 Xoa S22 S23 Sa4
S3,3 53,4 O X33 0 O X33 O O S33 S34
S4,4 X4 X4,4 Sa,4

Therefore (Xij)4x4 commutes with (Si»j)4x4 for¢,7 =0,1,2,3 and (Xij)4x4 commutes with (Si’j)
for i,j =1,2,3,4. Then from Lemma we find that X ;, (¢,7) # (0,4). We also have

(4.7) So,0X0,4 — X0,451,4 = (c0,4X0,090,4 — S0,4X4,4) + (X0,2524 + X0,3534) — (50,1 X1,4 + S0,2X2.4).
By Lemma [4.7) we have

X0.252.4 — S02X24 = S020M(S22)S24 — S0.252.461) (S44)
= 50252353490 (S1.4).

Lemma together with the equation gives
Xos = 8025236 (Ss.3) + So0,36™M (Ss.3),
X14= 5135340 (S44) + S1.40M (S14).
Note that Sp 2523 = S0,151,3 and S,353.4 = 50,1514, we also have
X0,353,4 — 501 X714
= (80,252,360 (S3.3) + S0,36™ (S3.3))S5.4 — S0,1(S1,3593.40P (S4,4) + S1,46 (S4,4)) = 0.

4x4

Since

(€0,4X0,080,4 — S0,4X4,4)(ta) = c0,4X0,05,4(ta) — So,a(Pt4a)
= (1 - coa)oty” — 3coadtS" — 3040Vt — c040Pto,
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we also have
c0,4X0,050.4 — S04 X144 = (o — 1)S0.46(Sa4) + 3c0,450,151,30") (S3.3)
+3Co,450,151,252,3¢(2)(53,3) + 60,450,151,252,3¢(3)(53,3)~
Combining Lemma with the equation (4.7)), we obtain

3¢0,450,151 30 (S3.3) + 3045015129236 (S3.3) + 045015125230 (S3.3) € ran 050,0,54.49

S0,255,353.40 (S1.4) € rancs, s, ,-
Then it follows that

(6074 — 1)8074(25(5474) € ranos; 5,4
Note that ¢(S44) is invertible, therefore

(0074 — 1)5()74 € ran 080,0,84,4+

Since Sp4 € ranos, .5, ,, it follows that co 4 = 1.

5. APPLICATIONS

We give two different applications of our results. First of these shows that the topological and
algebraic K-groups defined in our context must coincide. Second, we show that the Halmos’ ques-
tion on similarity has an affirmative answer for quasi-homogeneous operators. We begin with some
preliminaries on K- groups.

5.1. Preliminaries. Let t : Q — Gr(n,H) be a holomorphic curve. Recall that the commutant A’(E;)
of such a holomorphic curve ¢ is defined to be

A(E) ={Ae LH): At(w) C t(w), w € .}

Definition 5.1. For a holomorphic curve t : Q — Gr(n,H), the Jocaboson radical Rad A'(E;) of
A'(Ey) is defined to be

{S € A(Ep)|oam)(SA) =0,A e A(E)},
where o 4(g,)(SA) denotes the spectrum of SA in the algebra A'(E}).

The discussion below follows closely the paper [12] of the first two authors.

Definition 5.2. A holomorphic curve t : Q — Gr(n,H) is said to be have a finite decomposition if it
meets one of the equivalent conditions given in [12, Theorem 1.3]).

Suppose {Py, Pa,--+ , Py} and {Q1,Q2, -+ ,Qn} are two distinct decompositions of t. If m = n,
there exists a permutation 11 € S, such that XQH(i)X_l = P, for some invertible operator X in
A'(Ey), 1 < i <mn, then we say that t (or E;) has a unique decomposition up to similarity.

For a holomorphic curve, f : Q — Gr(n,H), let My(A'(E}:)) be the collection of k X k matrices with
entries from A'(E}). Let

Moo (A'(Ey) = | Mi(A'(E),
k=1

and Proj(My(A'(E))) be the algebraic equivalence classes of idempotents in My (A'(Ey)). If p, q are
idempotents in Proj(A’(E})), then say that p~gq if p@r~,q®r for some idempotent r in Proj (A'(E})).
The relation ~g is known as stable equivalence.

Let X be a compact Hausdorff space, and £ = (E, 7, X) be a (topological) vector bundle. A well-
known theorem due to R. G. Swan says that a vector bundle £ = (E, 7, X) is a direct summand of
the trivial bundle, that is,

Epn=(X xC" 7w X)
for some vector bundle n = (F, p, X).
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5.2. Unique decomposition. None of what we have said so far applies to holomorphic vector bundles
over an open subset of C since they are already trivial by Graut’s theorem. However, the study of
holomorphic vector bundles over an open subset of C is central to operator theory. In the context of
operator theory, as shown in the foundational paper of Cowen and Douglas [2], the vector bundles
of interest are equipped with a Hermitian structure inherited from a fixed inner product of some
Hilbert space H. This makes it possible to ask questions about their equivalence under a unitary or
an invertible linear transformation of H. In the paper [2], questions regarding unitary equivalence
were dealt with quite successfully while equivalence under an invertible linear transformation remains
somewhat of a mystery to date. However, we can ask if the uniqueness of the summand, which was a
consequence of Swan’s theorem, remains valid in the context of Cowen-Douglas operators.

Question. Let ¢t : Q — Gr(m,H) be a Hermitian holomorphic curve and the vector bundle E, be a
direct summand of E; for some other holomorphic curve r : Q@ — Gr(n,H). Does there exist a unique
sub-bundle of E;, up to similarity, such that E,. & Fs = E;? Here the uniqueness is meant to be in
the sense of Definition [5.2]

It was shown in [I3] that an operator in the Cowen-Douglas class B, (€2) admits a unique decom-
position. So, the answer to the question raised above is affirmative. However, here we give a different
proof for quasi-homogeneous operators which is much more transparent. For our proof, we will need
the following lemma.

Lemma 5.3. Let E; be a quasi-homogeneous bundle. Then A'(E:)/Rad(A'(E:)) is commutative.

Proof. Let
S={Y:0)=0,Y € A(E)}.
Claim 1: S is an ideal of the algebra A'(E}).
By Lemma Y is upper-triangular if Y € S. Since the spectrum o(Y") of Y is {0}, the operator
Y must be of the form
0Y01 Y02 -+ Yon
0 0 Yig--- Yina
Y=t - : )
0--- 0 0 Yn—2,n—1
0 --- 0 0
and it follows that each quasi-nilpotent element in the commutant of the holomorphic curve ¢ of
rank one is zero. Using Lemma again, each element X € A'(F}) is upper-triangular. Thus
o(XY)=0(YX)=0. This completes the proof of Claim 1 and § = Rad(A'(E})).
Claim 2: A'(E;)/Rad(A’'(E})) is commutative.
Note that if X € A'(E;) is (block) nilpotent, then X € S. A simple computation shows that
A'(E;)/Rad(A'(E;)) is commutative. O

Theorem 5.4. For any quasi-homogeneous holomorphic curve t with atoms t;, 0 < i < n—1, we
have that
(1) E; has no non-trivial sub-bundle whenever A(t) < 2, and
(2) if A(t) > 2, then for any sub-bundle E, of E, there exists a unique sub-bundle Eg, up to
equivalence under an invertible map, such that E,. ® E; is similar to Ey.

For any holomorphic curve ¢, we let t" denote the n - fold direct sum of ¢. For any two natural
numbers n and m, let E,. and E; be the sub-bundles of Ei» and Eym, respectively. If m > n, then
both E, and E; can be regarded as a sub-bundle of Ejm.

Two holomorphic Hermitian vector bundles E, and FE, are said to be similar if there exist an
invertible operator X € A’(F,) such that X E, = Es. Analogous to the definition of Vect(X), we let
Vect!(E;) be the set of equivalence classes F, of the sub-bundles E, of En, n = 1,2,--- . An addition
on Vect®(E;) is defined as follows, namely,

E+E:ET@E57
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where E, and FEy are both sub-bundles of E;. Now, the group K° (E¢) is the Grothendieck group of
(Vect?(E;), +). In this notation, we have the following theorem.

Theorem 5.5. K°(E;) = Ko(A'(Ey)).
The proof of this theorem is split into a number of lemmas which are stated and proved below.

Lemma 5.6. Let E; be a quasi-homogeneous bundle. Then

Vect(A'(E;)) = Vect(A'(E;)/RadA' (Ey)).

Proof. Note that M, (A'(FE;)) = A’(é E;). Let p € M, (A (E:)) be an idempotent. Define a map
o : Vect(A'(E:)) — Vect(A'(E;)/RadA’'(Ey)) as the following:
olP] = [r(P)],

where 7 : A'(E}) — Vect(A'(E;)/RadA’(Ey)).

Claim o is well defined and it is an isomorphism.

If [p] = [q], where p € M, (A (E;)) and ¢ € M,,(A(E;)) are both idempotents, then there exists
k > max{m,n} and an invertible element u € My(A’'(FE};)) such that

u(p @ Ok—n)u—l =q® Ok—m'
Thus we have
() (p ® 0 ()™ = m(u(p © 0°")u1) = m(q @ 0F),
That means [7(p)] = [7(q)], and o is well defined.

Now, we would prove that o is injective. In fact, if p € M, (A'(E:)) and ¢ € M,,(A(E;)) are
idempotents with

alp] = [r(p)] = [v(¢)] = old],
then we can find k¥ > max{m,n} and an invertible element w(u) € My(A'(E;))/Rad(My(A'(E})))
such that

m(u)(n(p ® 0*"))m(u) ™t = m(g 0" ™).

Since 7(u) is invertible, there exists m(s) € Rad(My(A’(E;))) such that m(u)~t = 7(s). Then we

have
us =1 — Ry,su=1— Ra,
where Ry, Re € Rad(My(A'(E:))). Since o(R1) = o(R2) = {0}, then us, su are both invertible.
Therefore, u is invertible and thus
m(u(p ® 0% )u™) = w(u)(w(p ® 0¥ 7)) m(u) "t = w(g @ 0F).
Thus
u(p ® O(k—n))u—l =q& Ok—m +R

for some R € Rad(My(A'(E;))). Let Wi = 2(¢ ® 05=™)) — I. Since o(Q @ 0*=™)) C {0,1}, then
Wy is invertible. Since we have R € Rad(My(A'(E;))) and W' € My(A'(E;)), then RW; ' €
Rad(My,(A'(Ey))), so I + RW ! is invertible. Set

W=2(q®0* ™) T+ R=W,+R=(I+RW;H)W,.

and W is invertible. Since p @ 0%~ is an idempotent, it follows that u(p & 0*~))u~! and hence
(¢ ® 0% =) + R is an idempotent as well. Thus

(g 0% ™2 4 (@ 0% ™R = R(g® 0% ™) + R? = (¢ & 0*™)) + R.
Similarly, ¢ ® 0= is an idempotent, therefore

(g 0* ™R+ R(qg 0*™) + R? = R.
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So we have
W((ge 0™ + R) = (¢& 0% =) + R(g & 0= +2(q & 0~™)R — R + R?
= (q@ 0k 4 (g 0k~ R
= (q@ 0w
and
u(p ® 0% )yt = (g 0% ™)+ R =W (g @ 0k~
It follows that p ~4 ¢, and o is injective. Finally, we show that o is surjective. For each [r(p)] €
Vect(A'(E;)/RadA'(E;)) with 7(p) € M, (A (E;))/Rad(M,(A'(E}))), p € Mp(A(E;)) and 72(p) =
7(p), we have
p* —p = Ro, Ry € Rad(M,(A'(Ey))).
Note that p = B + R, where B € M,(A'(E;)) is a block-diagonal matrix over C and R is in
Rad(M,,(A'(E}))). Then 7(p) = n(B) and
Ry=p*—p=(B+R)?—(B+R)=B>-B+(BR+ RB+ R?>—R).
Since Rad (M, (A'(Ey))) is an ideal of M, (A(E;)), then we have
B% — B € Rad(M,,(A'(Ey))).
Since B is a block-diagonal matrix, then we have B is also an idempotent. Then we have

o([B]) = [r(p)]-
That means o is also a surjective. And we also can see that ¢ is homomorphism. Then ¢ is an
isomorphism and
Vect(A'(E;)) = Vect(A'(E;) /Rad A'(Ey)).
]

Proposition 5.7. Let E; and E; be two quasi-homogeneous bundles with matchable bundles { Ey, ?:_01
and {Ej, ?:_01 respectively. If A(t) < 2, then E; and E; are similarity equivalent if and only if
Ko(A'(Ey @ Ep)) = Z.
If A(t) > 2, then E; and E; are similarity equivalent if and only if
Ko(A'(Ey & Ep) =727

Proof. Suppose that A(t) < 2. Let

So,0 So,1 So,2 So,n—1 Xo,0 Xo0,1 Xo,2 Xo,n—1
S1,1 S1,2 S1,n—1 X11 X1,2 Xin-1
T = . . : and X =
Snfl,nfl Snfl,n anl,nfl anl,n
Sn,n Xn,n
Claim 1: If XT = T'X then we have X;; = X ;, for any i # j.
In fact, for any ¢ =0,1,--- ,n — 1, we have

SiiXiit1 +Siiv1Xit1i01 = X339 i01 + Xiiv1Sir1,i41,
and
SiiXiit1 — Xiir15i41,i+1 = XiiSii+1 — Siiv1Xit1,i+1 = 0.
Since X;; € A'(E;,) and each Ey, induces a Hilbert functional space H; with reproducing kernel
then we have A'(Ey,) = H>(D). Then there exists ¢;; € H*°(D) such that

Xii=0ii(Sii),i=0,1,--- ,n—1.

(1—zw)™i?

Thus we have
$3,i(S,i)Sii41 — Siit10i1,i+1(Siy1,i41) = 0.
Since S;iS;i+1 = Sii+15i+1,i+1, then

Siit1(dii — Gix1,i41)(Sit1i41) = 0.
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Note that S; ;11 has a dense range, then we can set
¢i,i:¢7i:0717"' an_l'
Claim 2: A(E;)/RadA’'(E;) = H>®(D).
Recall that RadA'(E;) = {S € A'(Et)|oa(g,)(SS") =0, §" € A(Ey)}. Any X € A'(E}) is upper
triangular by Lemma |4.1| and A'(E;)/Rad A’'(E;) is commutative by Lemma Therefore if Y is in
Rad A’(E}), then we have

0Y01 Y02 - Yon1
0 Yig--- Yipna

Y = SURETUR
0 0 Yn—l,n
0
Define a map I' : A'(E;)/Rad A’ (E;) — H>(D) by the rule:
F([X]) = ¢, Where X = ((Xi,j))nxnaXi,i = gf)(Sl’l)

Obviously, I' is well defined and if I'([X]) = 0, then ¢ = 0. Then X;; = 0, it follows that X €
RadA'(E;) and [X] = 0. So T is injective.

For any ¢ € H>*(D), set X;; = ¢(S;:),i =0,1,2,--- ,n — 1. By Lemma 3.6, we can construct the
operators X; j,j # ¢ such that X := ((Xiﬂj))n n € A'(E;). That means T is surjective. Then T is an
isomorphism and

X

A (Ey) /Rad A (Ey) = H™®(D).
By [12| Lemma 2.10] and [12, Lemma 2.14]), we have
Vect(A'(Ep))=N, Ko(A'(Ey)) 2 Z.
By [12, Lemma 2.10], we have E; has a unique finite decomposition up to similarity. Similarly, £
also has a unique finite decomposition up to similarity.
If By ~ By, then (t®t) ~ (). So we have
Vect(A'(t @ 1)) = Vect(A'(t?)) = Vect My (A'(t))) = N
and
KoA'(tet) 2 Z.
On the other hand, Note that ¢ and t are both strongly irreducible. If Ko(A'(t & t)) = Z and
Vect(A'(t @ t)) = N, then by [12, Lemma 2.10], we have ¢ ~ t, otherwise we will have
Vect(A'(t @ 1)) = N2,
This is a contradiction. ]
Proof of Theorem[5.4f When A(t) < 2, by Lemma we have E; is strongly irreducible. So there

exists no non-trivial idempotent in A’(E}), which is the same as saying that the vector bundle F; has
no non-trivial sub-bundle.

When A(t) > 2, by Lemma we have
E.~E, &L, & - -®L:, .
Since A'(Ey;) = H™(D), we have
A (By) = 1= (D)),
and by [12, Lemma 2.10],
Vect(A'(E,))=N™ | Ko(A'(E,)) = 2™,

Then by [12, Lemma 2.10], we have E; has a unique finite decomposition up to similarity. Then for
any non-trivial reducible sub-bundle of E, denoted by E,., with

H, = Span,cq{Er(w)}.
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Let P; be the projection from H to H;. Then
Ei~E.® (E,oFE,)=PFPE ®(I—-P)E,.
Let
Py, : H — H; == Spanycq{Ey,(w)},i=0,1,--- ,n—1
be projections in A’(E,). Then there exists an invertible operator X such that E, = X (Di—oEty, )-
Suppose that
o B, = (Bi_oBu,) © (9755 By, )-

Set Es = X (&5 Ey, ), then we have

E. & FEs ~ E;.
If there exists another bundle E, such that

E,. @& Ey ~ Ey.
Since E,. has a unique finite decomposition up to similarity, then we have

Ey ~ & gEy ~ E;.
O

Proof of Theorem[5.5. Let P € P, (A'(E})) = P(A'(Ew)) be an idempotent. Then we have PEn be
a sub-bundle of En. Define map

I:V(A(E))) = VOE)

with F([p]o) = PEtn.
First, we prove that I" is well defined. In fact, for any P ~ @ € [P]o, there exists positive integer n
such that P,Q € A'(Eyn). Since Q = XPX ! X € A'(E;n), then we have

QEn = XPX 'Epn ~ PX 'Epm.
And Note that X, X~ € A'(E), then we have
X1 (w) = t"(w), for any w € Q.
Thus
QEm ~ PXEm,

and QEyn = PEw. So I is well defined.
Second, we prove that I' is surjective. Suppose that E,. is a sub-bundle of E» with dimension K,
where n is positive integer. Suppose that

o=\ {mw), v2(w), -,y (w)},

wes)
where K € N and P, is the projection from H to H,, then we have P, € A'(E) and

P.Em ~ E,.

Then it follows that I is surjective.
Finally, we prove that I is also injective. Let P,@Q € A’(E). Suppose that there exists an invertible
operator X € A'(En) such that
XPEin = QFEn.
Let {p1,p2, - ,pm} be a decomposition of P. Then {Xp; X1, Xpo X1 - Xp,, X1} be a decom-
position of Q. In fact, we have
XplXilQEtn + Xp2X71QEtn 4+ -+ XmeilQEtn = XplEtn + XPQEtn + -4 Xmetn
= XPE
- QEtn .
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Suppose that {ppm+1,Pm+2, -+ o8} and {Gm+1, @m+2, -+ ,qn} be the decompositions of (I — P)En
and (I — Q)E respectively. Then we have

{plup?v'” apN} andu {XplX—laXp2X_17"' 7Xme_1uQm+1va+27"' an}

are two different decompositions of Fyn. By the uniqueness of decomposition of Fyn, there exists an
invertible bounded linear operator Y € A'(E;n) such that {Y 1P Y} is a rearrangement of

{XplX_17 XPQX_17 e 7Xme_17 gm+1,qm+2, " 7CIN}

By [12, Lemma 2.6]), for any v € {m +1,m +2,--- , N}, we can find Z, in GL(L(q,H,p,H)) and
py, v €{m+1,--- N} such that

ZyGuEn = py Eyn, 'U{L = ’Ué, when v; = vs.

Set Zp = X_I\kaX_1H,k =1,2,---m, then we have that

m N
Z=> Zr+ Y. Z,€GLA(Ep),
k=1

v=m+1
and
ZPZ7 ' =Q.

It follows that I' is injective. Since I' is also a homomorphism, then we have

Vect?(E;) = Vect(A'(Ep), K°(Ey) =2 Ko(A'(E,)). -

5.3. The Halmos' question. The well-known question of Halmos asks if g : C[z] — L(H) is a continuous
(for p € C[z], the norm |[|p|| = sup,¢p |p(#)|) algebra homomorphism induced by an operator S, that is,
o(p) = p(S), then does there exist an invertible linear operator L and a contraction 7" on the Hilbert
space H so that S = LTL™!. After the question was raised in [6, Problem 6], an affirmative answer
for several classes of operators were given. A counter example was found by Pisier in 1996 (cf. [22]).
It was pointed out in a recent paper of the third author with Kordnyi [I7] that the Halmos’ question
has an affirmative answer for homogeneous operators in the Cowen-Douglas class B, (D). Thus it is
natural to ask if the Halmos’ question has an affirmative answer for quasi-homogeneous operators. If
A(t) > 2, the answer is evidently “yes”:

In this case, the quasi-homogeneous operator T is similar to the n- fold direct sum of the homo-
geneous operators T; (adjoint of the multiplication operator) acting on the weighted Bergman spaces
AX)(D), i=0,1,...,n— 1. Now, if A\g > 1, this direct sum is contractive and we are done. If \g < 1,
then Tj is not even power bounded and therefore neither is the operator T'. So, there is nothing to
prove when Ag < 1.

If A(t) < 2, then the operator T is strongly irreducible. Therefore, we can’t answer the Halmos’
question purely in terms of the atoms of the operator T'. Never the less, the answer is affirmative even
in this case. To show this, we first prove the following useful lemma.

For ¢« = 1,2, let H; be a Hilbert space of holomorphic function on D possessing a reproducing
kernel, say K;, and T; be the adjoint of the multiplication operator on H;. Assume that Hg C Hy
and let ¢ : Hg — H1 be the inclusion map. Then the adjoint +* of the inclusion map has the property
(K (w)) = Ko(,w), weD.

Lemma 5.8. Assume that K;(z,w) = m,i = 0,1. Suppose that S : Hy — H1 is a bounded
linear operator with the intertwining property ToS = ST1. Then there exists a holomorphic function ¢
such that S = ¢(Tp)L*.

Proof. The operators T;, i = 0,1 are in B1(D). If S : Hy — H; is a bounded linear operator and
ToS = ST7, then there exists a holomorphic function ¢ such that S* = M. This is easily proved
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as in [19, Section 5|. Let ¢ be the holomorphic function defined on the unit disc by the formula
o(w) = YP(w), w € D. For any f € Hy, we have that

=
—~
N
~
=
S
~—
~
*
—~
=
—~
n
S
~—
=
I
=
—~
N
~—
<
—~
g
5
—~
n
SRS

Consequently, S = ¢(Tp)c*. O

Lemma 5.9. Suppose that t is a quasi-homogeneous holomorphic curve. Assume that A(t) < 2 and
Ao > 1. Then the operator T is not power bounded.

Proof. The top 2 x 2 block in the atomic decomposition of the quasi-homogeneous operator T is

of the form (1(;0 STOil). As always, we assume that the operators Ty and T; are the adjoints of the

multiplication operator on the weighted Bergman spaces A0) (D) and AM)(D), respectively. The
operator Sp 1 has the intertwining property 7050,1 = So,171.

Let ¢ denote the inclusion map from A0) (D) to AC)(D). Then *(t;)(w) = to(w), w € D, and the
operator Sp 1 must be of the form ¢(7j)¢* for some holomorphic function ¢ on the unit disc D, as we
have shown in Lemma [5.8 Indeed, So1(t1(w)) = ¢p(w)t1(w) = ¢(To)e*(t1(w)).

0 .
Without loss of generality, we assume that ¢(w) = > ¢;w* and ¢g # 0. For j = 0,1, the set of

1=0
vectors eé/\j ) = ap(Nj) 2%, € >0, is an orthonormal basis in A)(D). Then we have that
-1
-1 [T wi(A1)
o ) = T[T wiho)ernt1(ho), Soi(ee(M)) = do=1———es(o)-
i=l—n+1 TT wi (o)
i=0
Consequently,
-1
T wi)
Ty S0, (ee(M)) = ndo;————ernt1(No)-
I i)

It is then easily deduced that ||nTg1Sp1]| — 0o as n — oco.

Let T}, , denote the top 2 x 2 block (TO SO’I) in the operator T'. Since TIsz = <

T3 nTy1Soq
0 T ’

0o
and ||T" || > ||nT3 1So1]l, it follows that ||T]* || — oo as n — oo. Clearly, |T7| > |17 ||
|2><2 0 ’ |2><2 |2><2

completing the proof.

Since a quasi-homogeneous operator for which Ag < 1 can’t be power bounded, the lemma we have
just proved shows that if 7" is quasi-homogeneous and A(t) < 2, then the operator T' is not power
bounded. Therefore we have proved the following theorem answering the Halmos’ question in the
affirmative.

Theorem 5.10. If a quasi-homogeneous operator T has the property ||p(T)|lop < K||p|lcon, p € C[z],
then it must be similar to a contraction.
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