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Abstract

Let Q < C" be a bounded connected open set and # < @ (Q2) be an analytic Hilbert module,
i.e., the Hilbert space .# possesses a reproducing kernel K, the polynomial ring C[z] < .#°
is dense and the point-wise multiplication induced by p € C[z] is bounded on #. We fix
an ideal .# < C|z] generated by p;,..., p; and let [.#] denote the completion of .# in .#. Let
X :[#] — A be the inclusion map. Thus we have a short exact sequence of Hilbert modules

0 s (9] = o I3 9 > 0, where the module multiplication in the quotient
2 := [#]* is given by the formula mpf = P gL(pf), p € Clzl, f € 2. The analytic Hilbert
module # defines a subsheaf . of the sheaf @ (Q) of holomorphic functions defined on Q.
For any open U c (), it is obtained by setting

y”(U)::{ )

1

(filyg)hi: f; € 7, h; e@’(U),nel\I}.
1

n
This is locally free and naturally gives rise to a holomorphic line bundle on Q. However, in
general, the sheaf corresponding to the sub-module [.#] is not locally free but only coherent.

Building on the earlier work of S. Biswas, a decomposition theorem is obtained for the
kernel K|.¢; along the zero set Vg := {z eC™: f(z)=0,f¢€ [f]} which is assumed to be a
submanifold of codimension #: There exists anti-holomorphic maps Fi, ..., F; : V4] — [Z]
such that

Kz uw) = pr)FL(w) + -~ pr (W) FL (W), ue Qy,

in some neighbourhood Q,, of each fixed but arbitrary w € V| ¢] for some anti-holomorphic
maps F}U,...,F,ﬁ, : Qu — [F] extending Fi, ..., F;. The anti-holomorphic maps Fi,..., F; are
linearly independent on V| ¢}, defining a rank ¢ anti-holomorphic Hermitian vector bundle on
it. This gives rise to complex geometric invariants for the pair ([.#], #4).

Next, using a decomposition formula obtained from an earlier work of Douglas, Misra
and Varughese, the maps Fi, ..., F; : Vi.4) — [#] are explicitly determined with the additional

vii
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assumption that p;, p; are relatively prime for i # j. Using this, a line bundle on V| 4} x P1lis
constructed via the monoidal transformation around V| #; which provides useful invariants for
([£],A).

Localising the modules [.#] and / at w € ), we obtain the localization X (w) of the module
map X. The localizations are nothing but the quotient modules [.#]/[.9],, and A/ #¢,,, where
[.#], and A, are the maximal sub-modules of functions vanishing at w. These clearly define
anti-holomorphic line bundles E| s and E_, respectively, on Q\ V4. However, there is a
third line bundle, namely, Hom(E #, E|.#}) defined by the anti-holomorphic map X (w)*. The
curvature of a holomorphic line bundle £ on Q, computed with respect to a holomorphic
frame y is given by the formula

m
Hp(2) = Z #{;Zjloglly(z)llzdzi NdZ;.
i,j=1
It is a complete invariant for the line bundle £. The alternating sum

A g),72(W) := Kx (W) — K9 (W) + H7(w) =0, we Q\ Vg,

where Xy, £|.4) and £ 7 denote the curvature (1,1) form of the line bundles Ex, E[¢ and
E s, respectively. Thus it is an invariant for the pair ([.#],.#°). However, when .¢ is principal,
by taking distributional derivatives, </ 4] #(w) extends to all of Q as a (1,1) current. Consider
the following diagram of short exact sequences of Hilbert modules:

0— [#] 2 #2532 —0 7] 2> 7
(1) 1 \LL l 2) l lL
0— 7] X #2535 5, 7 X 7

It is shown that if o 4] (W) = ,szf[ Y 7w, then L| ) makes the second diagram commute.

—_—

Hence, if L is bijective, then [.#] and [.#] are equivalent as Hilbert modules. It follows that the
alternating sum is an invariant for the “rigidity” phenomenon.
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Chapter1

Introduction

1.1 Preliminaries

The notion of a Hilbert module over a function algebra was introduced by R. G. Douglas in the
late eighties. Over the past couple of decades, problems of multi-variate operator theory have
been discussed using the language of these Hilbert modules. In this thesis, we continue this
tradition. Let us begin by setting up some conventions that will be in force throughout.

1. Clz]:=Clzy,..., 2] is the polynomial ring in m variables.
2. Q< C™isan open connected and bounded set.
3. 0(Q) is the ring of holomorphic functions on the bounded domain Q.

4. /¢ is a complex separable Hilbert space and £ (/) is the algebra of bounded linear
operators on /.

Definition 1.1.1. For 1 <i < m, let T; : /£ — A/ be a commuting set of bounded linear
operators on the Hilbert space #. Set T = (T3,...,T;). For any polynomial p, the map
(p,h) — p(T)h, h e A, is clearly a module multiplication, that is, p — m,, := p(T) is an algebra
homomorphism from C|[zy, ..., z;;] to £ (A). The Hilbert space ./ is said to be a Hilbert mod-
ule over the polynomial ring C[z,..., z;;]. A closed subspace #; < ./ is said to be a sub-module
of A if it is invariant under the module multiplication, i.e., m), f € # for all f € #},. The
quotient module 2 is the quotient space // #, which is the ortho-compliment of # in /.
The module multiplication on this space is defined by compression of the multiplication on
A t02,ie,myf = Pjﬁol(mpf), fe2.

(The original definition of the Hilbert module required the module map to be continuous
in both the variables, however, we won'’t require this. )
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Two Hilbert modules .7 and .72 are said to be “unitarily” equivalent if there exists a unitary
module map 6 : # — ./ intertwining the module maps, m and 7, that s, mpl =0m,,.

In this thesis, we will be studying the Hilbert modules closely related to the Hilbert modules
in the Cowen-Douglas class B; (Q2), namely, analytic Hilbert modules. To describe these, we first
recall the notion of a kernel function which is an essential tool for this work.

Definition 1.1.2. Let K : QxQ — C be a function holomorphic in the first and anti-holomorphic
in the second variable. Assume that K(z, w) = K(w, z) and that it is non-negative definite:

((K(zi,2))))x,x) 20, {z1,..., 2} €Q, xeC", neN.
Let k,, be the holomorphic function defined by k, (z) := K(z, w).

Let #° be the linear span of the vectors {k,, : w € Q}. For any finite subset {z1, ..., z,} of Q
and complex numbers xy, ..., X;, set

n
ijkzj
i=1

where x is the vector whose i-th coordinate is x;. Since K is assumed to be non-negative

e ((K(zi,2)))x, x),

definite, this defines a semi-norm on the linear space ..
Now, the sesquilinear form K(z, w) = (K(-, w), K(:, z)) is non-negative definite by assump-
tion. However, for f € #°, Cauchy-Schwarz gives

|f(w)? = [{f, KCGw) 2 < | FIPK (w, w), w e Q.

It follows that if || f|| = 0, then f is the zero vector in A0, Thus the semi-norm defined by K, as
above, is indeed a norm on #°. The completion of #° equipped with this norm is a Hilbert
space, which consists of holomorphic functions on Q (cf. [2]). The function k,, := K(:, w), then
has the reproducing property, namely,

(frkw) =fw), fef, weQ.

Conversely, assume that the point evaluation e,, : # — C, w € Q, on a Hilbert space
J€ < 0(Q) is bounded, that is, | f(w)| < CI fl, f € . Then f(w) = (f, k) for some vector
k,, € #. It follows that e}, = k,,. Let K(z, w) = e;k,, = eze;},. The function K is holomorphic in
the first variable and anti-holomoprhic in the second. Also, K(z,w) = K(w, z). Finally, for any
finite subset {z1,..., z,,} of Q, we have

n 2 n
0< H Z Xjkz | = Z %ixjK(zi, zj) = (((K(zi, 2)))) X, x) (1.1)
i=1 ij=1

The non-negative definite function K is said to be the reproducing kernel of the Hilbert space
HC.
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We will be studying a class ‘B, (Q2) of Hilbert modules closely related to analytic Hilbert
modules. We complete the study of these Hilbert modules, which was initiated in [3], in some
respects. First we recall the notion of an analytic Hilbert module.

Definition 1.1.3. A Hilbert module .# < 0(Q2) over the polynomial ring C[z] is said to be an
analytic Hilbert module if it possesses a reproducing kernel K and the polynomial ring C|[z] is
included in # and it is dense. In particular, K(w, w) #0, w € Q.

There are several notions, namely, locally free modules [7], modules with sharp kernels [1],
quasi-free modules [16], which are closely related to the notion of analytic Hilbert modules. In
all of these variants, the definition ensures the existence of a holomorphic Hermitian vector
bundle corresponding to these Hilbert modules. The fundamental theorem of Cowen and
Douglas then applies and says that the equivalence class of the Hilbert modules and those
of the vector bundles determine each other. Finding tractable invariants for these remains a
challenge.

It is easy to verify that Mk, = p(w)ky, or equivalently, k,, is in ker(M p—pw)* . If A is
an analytic Hilbert module, then it follows that the dim m;.”’i 1 ker(M; —w;)* =1, w € QQ, where
M, is the operator of multiplication by the coordinate function z; on .. This is easily verified
as follows. For any f e N’ ker(M; —w;)*, p € C[z], we have

(fip) =M, f,1) ={p(w)f,1) = (akuw, p),

where a = (f, 1). Therefore, if # is an analytic Hilbert module, then the dimension of the joint
kernel N ker(M; — w;)* is 1 and is spanned by the vector k,,. Hence the map y: Q* — 7,
yY(w) = ky is holomorphic for w € Q* := {w € C" : w € Q}. Thus it defines a holomorphic
Hermitian line bundle £ on Q*. If « is a non-vanishing holomorphic function defined on Q*,
then a(w)y(w) serves as a holomorphic frame for the line bundle £ as well. The Hermitian
structures induced by these two holomorphic frames are ||y (w) 12 and |a(w)|? ly(w) 12, respec-
tively. These differ by the absolute square of a non-vanishing holomorphic function. However,
the curvature £ ¢ defined relative to either one of these two frames is the same and therefore
serves as an invariant for the holomorphic Hermitian line bundle £. Recall that the curvature
of #Z is defined to be the (1,1) form:

n 2
Hp(z):= —loglly(2)?dz; AdZ;.
i.jz=laziazj s l !

The fundamental theorem proved by Cowen and Douglas in [10], then says that two analytic
Hilbert modules are equivalent if and only if their curvatures are equal. However, there is a
large class of Hilbert modules, where the dimension of the joint kernel ﬂ:?i 1 ker(M; — w;)* is
not constant.
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Example 1.1.4. The basic example of this phenomenon is the sub-module H(2O 0) (D?) of func-
tions vanishing at (0,0) of the Hardy module H?(D?). In this case, it is easy to verify (cf. [18])
that

2 N S i

[ ker(M; — w;)* = (-t z) (=102 22) i, 102) #(0,0)
i=1 {amz1+arzy: ay,a, € Ct  if (w1, wy) = (0,0).

We investigate a class of sub-modules of analytic Hilbert modules like the sub-module
H{ ) (D?) of the Hardy module H*(D?). First, we recall the following definition from [3].

Definition 1.1.5. The class B, (Q2) consists of Hilbert modules # < G (Q) possessing a repro-
ducing kernel K and such that dim m;’i  ker(M; — w;)* < oo, we.

All the analytic Hilbert modules # < €0(Q) are in ®5, (Q2). However, the reproducing kernel
K of a Hilbert module in ®8; (Q2) may vanish — K(w, w) = 0 for w in some closed subset of Q —
unlike the case of the analytic Hilbert modules. Indeed the modules in this class are the ones
where the dimension of the joint kernel m;."’i L ker(M; — w;)* of the module multiplication is not
necessarily constant. Therefore the techniques from complex geometry developed in [10, 12]
do not apply directly.

Cowen and Douglas had observed in [11] that all sub-modules of the Hardy module H? (D)
are equivalent. However, in more than one more variable, this is no longer true. Indeed,
H(ZO,O) (D?) is not equivalent to the Hardy module H?(D?). Thus it is natural to ask when two
sub-modules of a Hilbert module are equivalent. This was studied vigorously giving rise to the
rigidity phenomenon, see [20]. One of the useful techniques here is the method of “localization”,
which is described below.

Let .4 and .4, be two Hilbert modules over the polynomial ring C|z]. The Hilbert space
tensor product .4 ® ./, of these two Hilbert modules has two natural module multiplications,
namely, m, ® Id(f1 ® f2) = my(f1) ® f> and Id® m,(f1 ® f2) = f1 ® my(f2). The module tensor
product ./, ®c(,) > is obtained by identifying the space on which these two multiplications
coincide. Set

N = {mpfl ®f:2—f1 ®mpf2:f1 €./%1,f2 E%g,pEC[g]}.

The subspace ./ is a sub-module for both the left and the right multiplications: m, ® Id and
Id® m). On the quotient A L=ty ® M) o N, these two module multiplications coincide
(cf. [19]). The quotient Hilbert space ./ equipped with this multiplication is the module
tensor product.

We consider the special case # ®c(;) Cy, where Cy, is the evaluation module, the one
dimensional Hilbert module, where the module multiplication is defined by evaluation at w:
my(A) = p(w)A, we Q, peClz]. In A, let #(w) denote the joint kernel m;’ilker(Mi —wp))* =
Npeciz ker(My, — p(w))*. We have the following useful lemma.
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Lemma 1.1.6. Let ./ < O (Q)) be a Hilbert module. For any w € Q), we have the equality
'jf@ﬂé] Cy= (f(W)) ®C.
Proof. The proof consists of the following string of equalities:

H B¢y Cp=(#C)[{pfeA-fepW)A: feH,peClz],AeC}
:{(p—p(w))féznl:fle,pedI[g],/lECII}l
={goue #eC:(g,(p—pw)fHur=0, fe #,peClz],AeC}
={geou:(M,_,,,8f)=0, feH#,peClzl,AeC}

=(sw)sc.
These equalities are easily verified. O

Any module map L: A — € must map the joint kernel ¢ (w) < /€ into the joint kernel
;Zv( w) € . If the map L is assumed to be invertible then its restriction to the kernel Fw)cH
is evidently an isomorphism. Thus we have proved the following Proposition.

Proposition 1.1.7. Suppose 7€ and 7€ are two Hilbert module in ©(Q), which are isomorphic
via an invertible module map. Then € ®cz Cy and H ®c(z) Cw are isomorphic for each w € Q.

Therefore, dim _# (w) is clearly an invariant for the class of Hilbert modules in &(€2). For an
analytic Hilbert module, this is a constant function.

Now we observe (as in [18]), for the Hardy module H 2(D?), dim Z(w) is identically 1 for all
w € D* while for the sub-module Hy , (D), it equals 1 for w # (0,0) but is equal to 2 at (0,0).
Thus H*(D?) and H, ; (D?) are not equivalent via any invertible module map.

The module tensor product # ®c() Cy is said to be the localization of A at w and the set
Sp(A) := {# ®c|z Cy : w € O} is said to be the spectral sheaf. When # < G(Q) is an analytic
Hilbert module, the spectral sheaf determines an anti-holomorphic line bundle via the frame
1 ®c[z) 1w. The Hermitian structure is induced from # ®¢(, Cy. In general, however, the
spectral sheaf is a direct sum of k copies of C,,, where k is between 1 and ¢, which is the rank
of A, see below. In what follows, it will be convenient to use the notion of /ocally free module

of rank n over Q* :={w e C™: w € Q}, where Q is some open bounded subset of C™.

Definition 1.1.8 (Definition 1.4, [10]). Let # be a Hilbert module over C|z]. Let 2 be a bounded
open connected subset of C™. We say # is locally free of rank n at wy in Q* if there exists
a neighbourhood Q of wy and holomorphic functions y1,y2,...,Yn : Q5 — # such that the
linear span of the set of n vectors {y;(w),...,y,(w)} is the module tensor product # ®c(z) Cy.
Following the terminology of [7], we say that a module # is locally free on Q* of rank n if it is
locally free of rank n at every w in Q*.
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Thus an analytic Hilbert module # < @ (Q) is locally free on Q* of rank 1. On the other
hand, if A is locally free on Q, we assume for simplicity, of rank 1, then, for each wg € Q, there
exists a neighbourhood Qg such that # is in B1(Q;). Moreover, in this case, dim _#(w) =1,
weQ.

The typical example that we will be considering is the one where A is a sub-module of an
analytic Hilbert module # with # of the form [#], the completion of the polynomial ideal .#
in the norm topology of .

Proposition 1.1.9. The sub-module [.#] of an analytic Hilbert module 7 < O (Q) is in*B(Q).

Proof. We observe that

m
dim () ker(M; — w;)* = dim_¢# (w)

i=1
= dlm([ﬂ] ®C[z] Cw)

Since the polynomial ring is Noetherian, it follows that [.#] is finitely generated. Now, from [19,
Lemma 5.11], it follows that the dim ([.#] ®¢() C,) is finite, completing the proof. O

In these examples, we have the following Lemma from [5, Lemma 1.3]. Set V|4 :={z€Q:

f(@)=0,fels]}.

Lemma 1.1.10. The sub-module [.#] of an analytic Hilbert module /€ < O (Q) is locally free on
Q* of rank 1 if the ideal .# is principal while if p, ... p:, t > 1, is a minimal set of generators for
&, then [Z] is locally free on (Q\ Vi.¢4))* of rank 1.

Now, we have the following description of the spectral sheaf for a Hilbert module of the
form [.#] possessing a minimal set of generators, say, {pi,...,p:}. For we Q\ V4], we have
[#]®ciz) Cw = pi ®cz) 1w, 1 =i =1 However, note that

Pi®cizl lw =P guwec(pi®l)
= (Peikiy cwn ® 1) (pi®1)

_ _pilw
~ Kz (w,w) Kig w)el.

Here C[K|4(-, w)] denotes the one dimensional space spanned by the vector K(:,w). Thus
the set of vectors p; ®c(g 1, are linearly dependent and therefore dim[.#] ®c(; Cy =1 for
w e Q\ Vg . Based on this observation and explicit computations in simple examples, it was
conjectured in [18] that

) 1 for we Q\ Vg
dlm[f] ®¢:[£]Cw= )
codimof Vg for we V g
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This formula is shown to be false in general by means of several examples by Duan and Guo, in
the paper [21]. They show that the formula given above is valid if the ideal .# has any one of
the following properties:

1. # is singly generated,
2. % is a prime ideal in C[z1, z5]
3. Zis a prime ideal in C[zy,...,z;], m>2 and w is a smooth point of Vg;.

For instance, if [.#] € H2(D?) and .# is generated by zj,zp, then it is a prime ideal and the
dimension formula is valid from the Duan-Guo criterion. However, observe that [.#] = H(20,0) (D?)
for which we have shown the result to be true by direct computation earlier.

One of the main problems now is to distinguish two sub-modules, say [.#] and [%] in
an analytic Hilbert module /. This was studied vigorously decades ago and several rigidity
theorems were proved, see [20]. It is also possible to investigate this using the sheaf model
developed in [3] which produces a slightly different proof of the rigidity theorem [4]. Here some
of the results from [3] are refined and generalized to obtain a set of new invariants. We begin
by recalling the sheaf model from [3].

Let 7 be a Hilbert module in 8(Q). Define the sheaf ##(Q) to be the sub-sheaf of the
sheaf of holomorphic functions by setting

F*W) ={ Y (fil)hi : fie A, hi e OWU), neN},
i=1

where U is a fixed but arbitrary open subset of Q. If #<@(Q) is an analytic Hilbert module,
then the sheaf .7 (Q) coincides with @(Q), therefore it is locally free on itself. Thus it defines
a holomorphic vector bundle on Q, see [29, Theorem 1.13]. However, if A is in 2B;(Q), then
the sheaf #7(Q) is not necessarily locally free, however, it is shown in [3] that it is a coherent
sheaf. This implies that the stalk .#;7 is finitely generated at any fixed but arbitrary wy € Q.
One of the main theorems of [3] says: There exists a neighbourhood Qg of wy such that

K w) =gl K ¢, w) +-+-+ gF )K" ¢, w), we Qo

where gé €0(Qp), 1 <i<r, their germs at wy is a minimal set of generators for ng and K is
the reproducing kernel of #. Furthermore,

1. The vectors Kél)(-, wo),...,Kér)(-, wy) are uniquely determined,

2. The linear span of the vectors Kél)(-, wo),...,Kér)(-, wy) is a subspace of the joint kernel
Z(wp) of the Hilbert module #;

3. The vectors Kél)(‘, w),...,Kér) (-, w) are linearly independent for each w e Q.
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We point out that if wge Qo\Z(g;,...85), where Z(g;,...8}) denotes the common zero set
of gi,...85, then, on the neighbourhood Qo \ Z (g}, ... g}) of wo, #7 is singly generated by 1.
Hence, in this case, there is no non-trivial decomposition of K(-, w), w € Qo\ Z(g;,..-&})-

1.2 Results

In the second chapter of this thesis we generalize these ideas and obtain, what may be viewed
as a global version of these statements. This is Theorem 2.1.4 which is stated below.

Theorem (Theorem 2.1.4). Let /£ < G (Q)) be an analytic Hilbert module for some bounded
domain Q < C™. Let [.#] be the completion of some polynomial ideal .# < . with generators
p1,-.., pr. Furthermore, assume that V| 4 is a submanifold of codimension ¢. Then there exist
anti-holomorphic maps Fi, ..., F; : Vi.4g) — [#] such that we have the following.

1. For each w € V| 4, there exists a neighbourhood Q,, of w in Q and anti-holomorphic
maps F, 1 e ngw : Q, — [#] with the properties listed below.

a) F(jzw(v) =F;j(),forall ve Vis1NnQy, je{l,..., t}.

b) k= X', p;@F) ), for all ue Q,, where k, := Kig(, w), w € Q, with K|
being the reproducing kernel of the submodule [.#].

c) {Fg)w (w,..., Féw (w)} is alinearly independent set for each u € Q..

2. The set {Fy,..., F;} is uniquely determined by {p;,..., p;}, thatis, if Gy,..., G; is another
collection of anti-holomorphic maps from V| to [.#] satisfying 1.a) and 1.b), then
GjZFj,ISjSt.

3. M Fj(v) = p(v)Fj(v), forall j=1,...,t, v € Vy, where M), is the multiplication by the
polynomial p.

4. For each v € V4], the linear span of the set of vectors {F; (v),..., F;(v)} in [.#] is inde-
pendent of the choice of the generators p;,..., p;, thatis, if {q;, ..., g;} is another set of
generators in [.#] and Gy, ..., G : V.¢) — [#] are the anti-holomorphic maps determined
by {¢q1,...,q;} satisfying condition 1 to 3 already listed, then Span{F;(v),..., F;(v)} =
Span{Gi (v),..., G:(v)}.

One consequence of this result is that the modules in 25;(Q) are made up of locally free

ones except that the rank on the set V" . is not the same as the rank on (Q\ V| #))*.

[£]
Since Hilbert modules of the form [#] are in 23;(Q) and are locally free, of rank 1,

on (Q\V.¢))*, the curvature of the anti-holomorphic Hermitian vector bundle is a complete
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invariant for such modules. However, computing the curvature might be cumbersome, in general.
Therefore, finding invariants which may be more tractable is worthwhile. The first such attempt
goes back to [18] and has been the main topic of [3-5]. This has been the topic of the more
recent paper [27]. The essential tool in these papers is the “blow-up" technique, which we
describe below. Here, we take this further in a somewhat different direction.

Suppose fi,..., fr are holomorphic functions defined on Q < C™ and Z is their common
zero set. With a slight abuse of language, we set ZNQ to be Z< Q. Let f:Q — C’ be the
function f=(fi,..., fy). Following [22, p. 241], recall that

Q={z,x0)eQxP" ' :f(z) e l(x)}.

Here x e P"~! determines a line in C”, i.e., £(x) =~ (x) U {0}, where 7 :C"\ {0} — P"" L is the
canonical projection. The set Q is called the monoidal transform with center Z.

The set of vectors Kéi) (ww), 1<i<r, does not immediately yield invariants for the Hilbert
module #. However, there exists a canonical choice, as noted in [3] prompted by the work
in [12], of an anti-holomorphic frame {Kél)(-,w),...,Kér)(-,w)} on Qg which defines an anti-
holomorphic Hermitian vector bundle of rank r on Qg. On the other hand, due to the uniqueness
of the set of vectors Kéi)(-, wp), 1 <i<r, we also obtain an anti-holomorphic Hermitian line
bundle on {we} xP™ !, woe Z. If # and 7€ are two Hilbert modules which are completions
of a polynomial ideal .# in two different inner products, and they are equivalent, then the
anti-holomorphic Hermitian vector bundles of rank r on Qg as well as the anti-holomorphic
Hermitian line bundles on {wy} x P"~! they determine must be equivalent. These are Theorem
1.10 of [5] and Theorem 3.4 of [4].

In the third chapter of this thesis, using Theorem 2.1.4, starting with a Hilbert module #
in B1(Q), an anti-holomorphic line bundle on Z xP"~1 is produced with the property that if
two such Hilbert modules are equivalent, then the corresponding line bundles are equivalent.
Therefore, complex geometric invariants of the restriction of this line bundle to Z x {p} provide
invariants for the Hilbert modules in the class B;(Q). These invariants are often more effective
in determining when two such Hilbert modules are inequivalent as demonstrated in Proposition
3.45.

Let A, i =1,2, be two Hilbert spaces possessing reproducing kernels K; and K, respectively.
Let A2 be their intersection and Kj be its kernel function. Without giving precise conditions
on these spaces, it was stated in [18] that the kernel function K of

=\ {fi+ fo: fi € 701, f> € H6o} = 70, + 76,

is of the form: K = Kj + K> — K;2. Here we provide several necessary and sufficient conditions on
HO, 6 and A to ensure this formula. Furthermore, when A := 7, + .-+ /6, n =3, this
formula has been generalized and a sufficient condition has been provided. Having described
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several such situations explicitly, we extract some consequences when K has this form. In
particular, the following Proposition is proved.

Proposition (Proposition 3.4.1). Let 4 < @ (Q2) be an analytic Hilbert module for some bounded
domain Q < C™. Also, let [.#] is the closure of the polynomial ideal generated by {py,..., p;} in
€, where

i) Vig) is a submanifold of codimension #(= 2)
ii) pi, pjarerelatively primefori # j,1<1i,j<t.

Then we can find anti-holomorphic maps Fi, ..., F; : V¢ — [-¢] which satisfy conditions 1) to
4) of Theorem 2.1.4. For i = 1,...,t, let .%; be the principal ideal generated by p; and set [.#;] to
be the closure of .#; in # with reproducing kernel K;. Suppose K| ¢ admits a decomposition as
in Equation (3.3). Then F;(v) = M, x;(-,v) forall v e Z(py,..., py) N Q, where y; is taken from

the equation K;(z, w) = p;(2) pi(w)xi(z, w), z, w € Q.

To describe the results of the fourth chapter, we first recall the notion of the tensor product
of two Hilbert modules over the polynomial ring and tensor product of module maps between
two of these. If X: 7 — 7 is any module map, then

X®C[£] lw:eif@(g[é]@:w _’%®C[§]Cw» weQ,

defined by the rule X®cz 1y :=P 71 (X®1y| ,1), where 1,,:C, — C,, is the identity operator,
is again a module map, called the localization of X at w.
By definition, we have X ®¢5 1, =P (X ® 1)|</VL' But

Nt =(Fw)eCcHeC

and similarly,
Nt=(fFw)eCcHsC.

It follows that

PJ’VJ_ :Pj(w)g)l'

Hence, for he _#(w), we have

X®cizlwh®A) =P 71 (Xh®A)
=(P7u®1l)(Xhed)
=Py X ® A

Thus
X®C[£] lw = (Pj(w)le(w)) ®1.
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On the other hand, since X*(_#(w)) € _#(w), we have
(X®C[g] lw)* = (X*|j(w)) ®l=X" ®Clz] 1,.

For modules in B1(Q), we can obtain more precise information. Let # < O(Q) be an

analytic Hilbert module and K be its reproducing kernel. Recall that # Xy 6 25 9

is said to be topologically exact at A if ranX =kerm and a complex of Hilbert modules

0 s Hy —— H —"3 9 > 0 is said to be topologically (short) exact if X is

injective, ran X = kerm and 7 is surjective. Now, fix a submodule of an analytic Hilbert module
S of the form [#], where [#] is the closure of the ideal .# € C[z] in A generated by py,...p;.
Let K¢ denote the reproducing kernel of the sub-module [.#]. In these examples, setting
X :[#] — A to be the inclusion map, we see that X*K(-, w) = Kj.¢)(-, w), w ¢ V,.¢]. Let X(w)
denote the map X ®c( 1. In this notation, X(w)*K (-, w) = Ki#)(-, w). Thus the module map

defines an anti-holomorphic frame on Q\ V.4, namely, X(w)*. Also,

K[y](w,w))IIZ

X(w) = K, w)

=X(w)", wg Vg,

K(,w) d Ki g (,w)

n
VRw,w VK (w,w)

are zero for w € V4. On the other hand, if # and .# are analytic Hilbert modules over Q
and X : # — 7 is the operator of multiplication by a polynomial p, then M, (#) c /. Since
X is a module map, we have X*K(-,w) = p(w)K (-, w), like before. It follows that

relative to the normalized frames . Both the operators X(w) and X(w)*

Xw)Xw)" = |pw)* s, we,

again, relative to the normalized bases -~ and —KGW_  The Hilbert modules [.#] and A4

VK(w,w) K(w,w)
define anti-holomorphic Hermitian line bundles on Q\ V| 4}, say E[¢ and E_z, determined by
the localization A ®c(;) Cyy and [F] ®¢(z Cw, w € Q\ V|4, respectively. However, there is a
third bundle Ex defined via the localisation of the inclusion map X, namely, X(w)*. This is
the anti-holomorphic line bundle Hom(E #, E|.#)). The Hermitian structure is induced by noting
that the fibre at w, w € Q\ V4, is spanned by X(w)* and | X(w)*[? = X (w) X (w)* = Kig (w,w)

Kw,w) -
Therefore the alternating sum

A g1,720(W) := Kx (W) — K91 (W) + Xz (W) =0, weQ\ Vg,

where X, £y and Az denote the curvature (1,1) forms of the line bundles Ex, E[ 4 and
Ez, respectively. When .# is principal, one may, however, evaluate this alternating sum | #) 7
on all of Q in the sense of distributions obtaining a current. In what follows, we will assume
that < #), 7 is a current defined on all of Q. Restricting only to the case of pairs ([.£], #)
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of Hilbert modules, the notion of “topological” exactness coincides with ordinary exactness.
Therefore, [15, Theorem 1], in particular, shows that if the diagram

0— [9] X7 232 —0

I

0— [J] X5 7 253 —o,

is exact, then o5 (W) = o, 5 7(w). The alternating sum of (1,1) forms therefore is an
invariant for the pair ([.£], /). It was observed in [14, Theorem 1.4] that /| 4 » represents
the fundamental class of V|4 when the codimension of V4 in Q is 1. Generalization of this
result was given in [17,18].

In chapter 4, after making suitable assumptions, among other things, we show that | ) 7
is a complete invariant for [.#]. Firstly, we will consider the case when codimV| ¢ =1. This is
included in Theorem 4.3.4 where .# is a principal ideal. Finally, Theorem 4.3.7 describes what
happens if the codimension of the zero set is > 1.

Theorem (Theorem 4.3.4). Let Q be a bounded domain in C” and let %, 7 be analytic
Hilbert modules in G(Q). Also, let .#,.# be two principal ideals in C[zi, ..., z,;] generated by
p, p respectively and assume that the zero set of each irreducible component of p, p intersects
Q. Define [.¢],[.#] as the closure of the polynomial ideals .# .7 in Jﬁ,jf, respectively. If
L: 7€ — 7€ is a bijective module map, then the following are equivalent:

a) L(.#)) =[5];
b) IX—%j]+ZJf:J}~(—J{[j]+ngas (1,1) currents on Q;
C) F=7.

Theorem (Theorem 4.3.7). Let Q be a bounded domain in C™ and let 72, 7 be analytic Hilbert
modules in 0(Q). Also, let ¢ := (¢1,...,¢), ¥ := (¥1,...,¥,) be holomorphic maps from Q to
C' that satisfy the following:

i) foreachi,1<i<r,p,e £,y 7€ and they define Z(¢p;), Z(y;) respectively;

ii) Z(¢), Z(y) are complete intersections, where Z(¢) := Z(p1) N---N Z(@,) and Z(y) :=
Zy)n---nZy,);

iii) Z(;), Z(w), Z(p), Z(y) are connected subsetsof Q foralli =1,...,r.

Define #; = {fe #: f=0o0n Z(@,)}, M ={feH#:f=00nZ()}, M;={ge H:g=
0 on Z(y)}, M = {g e T g=0on Z(y)}, for i =1,...,r and assume that rank(.#4;) =
rank(/4;) =1. IfL: 7 — A isa bijective module map, then the following are equivalent:
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a) L(A) = M;
b) Z(p) = Z(w);

&) Aoy (Fx, = Hou, + Hze) = Ni_) (Hx, — F 77, + K 7) as (1, 1) currents on Q, where X; :
Mi— T, X jlvl — ¢ are the canonical inclusion maps foralli=1,...,r.






Chapter 2

The joint kernel for a class of submodules

along their common zero sets

2.1 Douglas, Misra and Varughese conjecture and a decompo-

sition theorem

Let Q be a bounded domain in C” and .4 be a Hilbert module over the polynomial ring
Clz1,...,2m), in the class B1(Q). We construct a sheaf &% for the Hilbert module .4 as
follows:

) :{Z(fl-lu)gi:f,-e/%,gieﬁ(U),nel\l}, U open in Q
i=1

or equivalently,
Ll =L ) wOw -+ F)wOuw: fireer fn€ M, neEN}, weQ.

Clearly, S is a subsheaf of the sheaf of holomorphic functions Gq. From [3, Proposition 2.1],
it follows that #*# is coherent. In particular, for each fixed w e Q, .#;% is generated by finitely
many elements from @,,. We now state the decomposition theorem given in [3, Theorem 2.3].

Theorem 2.1.1. Suppose g?, 1 <i =d, isa minimal set of generators for the stalk yujff ,and K is
the reproducing kernel of 4. Then

(i) there exists an open neighbourhood Q of wy such that
K, w) = g2w)KP (w) +-- + g5 (w) KD (w), we Qg

for some choice of anti-holomorphic maps KW, ..., K\ : Qo — 4,
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(ii) thevectors K (w), 1<i < d, are linearly independent in . for w in some small neigh-
bourhood of wy,

(iii) the vectors K% (wy), 1< i < d, are uniquely determined by the generators gf, oo gg,

(iv) the linear span of the set of vectors (KW (wo) :1<i<d}in is independent of the choice
of generators g?, e gg, and

W) MyKD(wp) = p(wo) K (wy), fori = 1,...,d, where M), denotes the module multiplication
by the polynomial p.

Now, assume furthermore that # is an analytic Hilbert module in G(Q) and . is the
closure of a polynomial ideal .# in # generated by {pi,...,p;}. From [8, Lemma 2.3.2] we
obtain that for each we Q, {(p1)w,-.., (Pr)w} generates the stalk 5%”. In the following lemma
we provide a sufficient condition for the minimality of such a generator. We let Z(py,..., ps)
denote the common zero set of the polynomials py,..., p;.

Lemma 2.1.2. IfV(A4):= Z(p1,..., pr) NQ is a submanifold of codimension t, then
a) {p1,..., ps} is a minimal generator of & and
b) foreach we V(M), (p1)w,..., (P w is a minimal generator of ;.

Proof. Assume that p; = q1p1 +---+ qi-1pi-1, for q1,...,q4-1 € Clzy,...,2,]. Then we have
V() =Z(py,...,pr-1) NQ. Since p1lq,..., pr-1lq are £ — 1 holomorphic functions from Q to
C, applying [9, Section 3.5] we obtain that codim(V (.#)) is at most ¢ — 1 which contradicts the
hypothesis of the lemma. This proves part a).

To prove part b), assume that there exists a point wg € V (.#) such that

(pt) wo — (al)IU() (pl)wo +eeet (at—l)wo (pl—l)wO)

where ay,...,a;-; are holomorphic functions defined on some neighbourhood N,,, of wy
in Q. Going to a smaller neighbourhood if necessary, we have p; = ayp; +---+ a;-1p;—1 on
Ny,. As aresult, V(4) NNy, = Z(p1,..., Pr-1) N Ny,. Now, since plleO,...,pt_lleO are t—1
holomorphic functions on N, and Z(pllNWO,...,pt_lleO) = V()N Ny, is a submanifold,
from [9, Section 3.5] it follows that codim(V (.#) N Ny,,) is at most ¢ — 1. Again, this is a contra-
diction to the hypothesis saying codim(V (.#) N Ny,,) = codim(V (%)) = . O

Remark 2.1.3. Suppose Z(py, ..., p;) is a complete intersection, that is, the tuple (py, ..., ps) :
Q — C! is a submersion at every point w € V (.#). Then V (/) is a submanifold of codimension
t. In this case, we can give a more direct proof of Lemma 2.1.2 as follows.
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If there exists a point wy € V(.4) such that p; = a;p1 +-+-+ a;—1p,—1 on Ny, then, for
j=1,...,m

0 0 0(as_1p;—
Pt( o) = (alpl)(w0)+_..+ (ar-1p: 1)(w0)
ow aw]' aw]'
0 op;_
:al(wo)ﬂ(wo)+“'+at—1(wo) Pe 1(wo)-
ow; ow;
As a result, the matrix
op1 apl
==~ (wp) (w )
S (wo) .. S—Q(wo) iy 0 ’
: - ap op
9t (1) (10p) ‘”le(m 0‘5’;(”’)
ow i Ly (wo) g2 (wo) ... XY ai(we) §E (wp)

has rank at most ¢ — 1. This contradicts the fact that Z(py, ..., p;) is a complete intersection at
wy.

The following Theorem is a generalization of Theorem 2.1.1.

Theorem 2.1.4. Let /2 < G(Q)) be an analytic Hilbert module for some bounded domain Q)
in C™. Also, let 4 be a submodule of /€ of the form [#], that is, 4 is the completion of
some polynomial ideal ¥ < S with generators p1,..., p;. Furthermore, assume that V() is a
submanifold of codimension t. Then there exist anti-holomorphic maps Fy,...,F; : V(M) — M
such that we have the following.

1. Foreach w € V(.4), there exists a neighbourhood Q2,, of w in Q, anti-holomorphic maps
Fy ! e Féw : Q — M with the properties listed below.

&) Fl (1) =F;), forallve V)N Qu, jell,..., 1.

b) k, = Z;:l pj(u)Féw(u),forall ueQy, whereky := K(-,w), w e Q, with K being the
reproducing kernel of the submodule . .

c) {Fglzw (w,..., Féw (w)} is a linearly independent set for each u € Q0.
2. The set{F,,...,F} is uniquely determined by {p, ..., p:}, that is, if Gy, ..., G; is another

collection of anti-holomorphic maps from V() to M satisfying 1.a) and 1.b), then
GjZFj,lSjSIf.

3. M;Fj(v) =pW)F;), forall j=1,...,t, ve V(H), where My, is the multiplication by the
polynomial p.
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4. Foreachv e V(), the linear span of the set of vectors {F(v), ..., F;(v)} in . is the joint
kernel of 4 at v and hence is independent of the choice of generators p;,..., p;.

Proof. Pick an arbitrary point w € V(.#). From Lemma 2.1.2, (p1) y, ..., (ps)w is @ minimal set
of generator of ;. Consequently, there exists a neighbourhood Q,, of w in Q such that for
alueQ,, K(Hu = Z;:1mngzw(“)’ where F! e .,Féw are anti-holomorphic maps from
Q, to A satisfying conditions (ii) to (v) of Theorem 2.1.1.

Take wy, wo € V() such that Q,, NQ,, NV () is non-empty. Now, for each u € Q,,, NQ,,
we have

r . r_ .
K(w=) pjwF, ) and K(uw=} pjwk .
j=1 =1

J
This implies

t .
Y piW(F, w-Fy w)=o.
j=1 ' 2

For each u € Qu, NQy,, 1 < j < t, define a;(v) = (Féw1 (w) —Féwz(u)). As a result, we have
Z;Zl pj(wa;(u) = 0. Now, fix an arbitrary v € Q,, N Qy, N V(#) and assume that a; (v) # 0.
This gives Z;zl(p]-),,(aj)v =01in O¢cm , and (1), is an unit in G¢cm ,. Consequently, (p1), =
— Z;:z [(al);l (a;) ,,) (pj)v which says that {(p1)y, ..., (p;)»} is not a minimal set of generators of
5”/[ contradicting Lemma 2.1.2. Thus,

ajw)=0eFy W=F, @),Y0eQunQu,nV0,15]jst (2.1)

Since {Qu N V(A )} wevu is an open cover of V(.4), for each j = 1,...,¢, we define F; :
V() — M as follows:

Fjla,nvin ) = F) (1),YveQy,nV (4.

From 2.1 it follows that for each j =1,..., t, F; is a well-defined, anti-holomorphic map satisfy-
ing 1.a),1.b) and 1.c).

To prove 2., assume that for each w € V(.), there exist a neighbourhood N, of w in Q,
anti-holomorphic maps G} o ..,G]tvw : Ny — A such that a) G}Vw(v) =Gj(),Yve NynV (M)

andb) K(,u) =X'_, p;)GY_(w), Ve Ny. This gives

t . .
Y piw (Féw(u) - G{Vw(u)) =0,YueQyunN,.
j=1

Fqllowing similar arguments as given above, for each v € Q,, N Ny, NV (4), we have G;(v) =
G]]Vw(v) = F(]zw(”) = F;(v). In particular, F;(w) = G;(w), for all w € V().
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The proof of Part 3 is straightforward from condition (v) of Theorem 2.1.1 and from the
observation that for each w € V(.4), F;j(w) = ngw (w). From the same observation we obtain
that Span{F (w),..., F;(w)} is a subspace of Npecz Ker(M,, — p(w)), for each w € V(.4). Now,
from 1.a) and 1.c) it follows that the dimension of this subspace is at least . On the other hand,
from [19, Lemma 5.11] it follows that dim(.# ®c(z Cy) = dim(Npeciz ker(M, — p(w))* ®C) < r.
So, for each w € V(.4), Span{F; (w),..., Fr(w)} = Npeciz ker(M,, — p(w)) proving Part 4. O

Corollary 2.1.5. With the hypotheses of the previous theorem, we have

m
dim( ﬂ ker(M,, — wj)*) =

i=1

1 forwe V(L) NQ
codimension of V(.#) forwe V(£)nQ.

Proof. From the proof of Part 4., Theorem 2.1.4, we obtain that for each w e V(.4) = V(£)nQ,

m _
dim(ﬂ ker(Mz; — wj)*) = dim( N ker(M; - p(w))) =f.
i=1 peClz]
Furthermore, clearly .4 €°‘5,(Q). So, from [3, Lemma 1.11] it follows that .4 is locally free on
(Q\ V(4))* with the result that dim (0" | ker(M,; — wj)*) =1, for w ¢ V(4). O

Observe that we do not need .# to be a prime ideal to prove Corollary 2.1.5. This enables us
to consider examples that satisfy the conjecture of Douglas, Misra and Varughese [18] but don't
follow from [21, Theorem 2.3]. We will discuss an explicit example below to demonstrate this.

2.2 Animportant example

Example 2.2.1. In what follows, we let < {py, ..., p;} > denote the ideal generated by the polyno-
mials pj,..., p;. Consider the ideal . =< {z, 25,21 — 22} > in C|zy,..., z;;] and define 4 = [.#] in
S = H>(D™), where m = 2. If z€ V(.%), then z; z» = 0 and z; —z» = 0. Thus, V(.9) < {z] = z» = 0}.
Furthermore, observe that

Fc<i{z1,21 — 2} >=<{z1, 22} >.

Note that for two ideals .#1, % in Clz;,..., 2], if £ € %, then V(%) < V(£ ). To see this,
choose an arbitrary point z € V(.%,). This means, for any q € %, q(z) = 0. In particular, for any
g € %, q(z) =0 showing that z € V(.9).

As a result, we obtain V(¢) = {(z1,...,2m) : 21 = 22 = 0} which implies that V(.#) =
{(z1,...,2m) €D™: z; = 2, = 0}. So, by Corollary 2.1.5 we have

_ 1 forw¢ {w; = ws =0},
dlm(./% ®C[g]cw) =
2 forwe{w;=w,=0nD™.
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Now, we claim that .# is not prime. To see this, it is enough to show that neither z; nor z,
belongs to .#. Assume z; € .#. Then, there exist py, p» € Clz,..., z;;] such that

21 =p12122 + p2(21 — 22)

which implies
z21(1 = p2—p122) = —p222.

This means z; divides p»z,. But z; is a prime element of C|z,..., z;;] and z; does not divide zp.
So, z; divides p, and we will write p, = gz;, for some q € C[zy, ..., z;;]. Thus, we have

z21=pr12122 + qz1(21 — 22).

Finally, dividing both sides by z; we have

1=pi12z2+q(z1 - 22).

This is a contradiction because the right hand side vanishes at the origin whereas the left hand
side does not. This proves z; ¢ .#. Following similar arguments one can show that z, ¢ .#.

Let T =(Ty,..., T;y) be any commuting m tuple of bounded linear operators on # and let
Dr: A — A& &S be the operator Dr: f— (T1f,... Tinf), f € A. For any polynomial g,
let g* denote the polynomial defined by the formula g*(z) :ﬁ. Set g* (D) = q*(aiwl,...,%).
For each w € V(.#4), we now find a basis for ker Dps— )+ := mT:Iker(sz —w;)*. First
consider the case of m=2. In this case, V() ={(0,0)}. Since .# is generated by two homo-
geneous polynomials of different degree, from [3, Proposition 4.9], we obtain two polynomials

q1, g2 which generate the ideal .# and such that

{a7 (DK (., w)lw=0, g5 D)K (., w)|w=0}

is a basis for ker D+ =ker M7 nker My, . Following the proof of the proposition, we get g1 = p;
and g2 = p2 + (Y1021 +Yo122) p1, Where p1 = z1 — 22, p2 = 2122 and Y19,Yo1 are two complex
numbers satisfying the matrix equation

101p1l3+1Ip1l3  B2p1,01P1) | [710 __[{p1,01p2)g
01p1,02p1)9  N02p1l5+1p1lI5) \vou (p1,02p2)0)

Applying the Cauchy-Schwartz inequality, we see that the determinant
Ip1lly + 10191151 pLlG + 10201151 1l + (1101 p1 I I02 1 1l — 1401 P1, B2 p1)01%)

of the coefficient matrix is positive and hence it is invertible. Solving the system of linear

2
equations, we get y19 = }1,)/01 = —}1 and hence q1 =21 —23,q2 = %. Ignoring the constant,
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we will take g2 = (z1 + 22)?. The fact that .# =< {z; — 2, (21 + 22)?} > follows from the equality:
7212 = 1((21 + 22)% - (21 — 22)?).

Since z2 = 2122 + z1(21 — 22), z° € .Z. Similarly, z2€.#. Thus,
1 1 Y %y
a) a2, Cj
{Zl 2, a1 t+ax=2, al,CKgENU{O}}

which implies .
V{Zi’”z;"z a1+ ax=2,a1,a, eNU{0}} =.4.

So, for f € H*>(D?) e .4 arbitrary, we have f=a+ bz, +cz,, a,b,c€C. Furthermore,
0:<f»Z1_ZZ>:<6l+bZ1+CZ2,Zl—Zz>: b-c,

which gives f = a+ b(z; +zp). On the other hand, it can be easily checked that the linear
subspace of H?(D?) which is generated by 1 and z; + 2, is orthogonal to .#. It follows that

{l,ﬂzzz} is an orthonormal basis of .4+ in H2(D?). The reproducing kernel K of ./ is then
given by

1 (21 + 22) (W1 + W)
K(z,w) = — — — -1
(A-z1w1) (1 - 2z2w2) 2
i - Z1W1 + 21 Wo + 2o W1 + 2o Wo
=2 lez Wy w, = ( > )_
i,j=0
l ]_l_]' Z1W + 21 W+ 2o W1 + 22 Wo
= ) ww
21Z 2 W1Wo ™ 2
i,j=0,i+j=1
_ _ Z1W+ 21 W+ 2o W1 + 22 Wo i ] l j
Z(le1+22w2)—( > + ) Zzywiw,
i,j=0,i+j=2
(21 — 22) (W — W) i o ol )
= 5 + ), amuw.
i,j=0,i+j=2
As a result,
q; D)K(, w)lw=0 = (01 — 02)K (-, W)l w=0 = 21— 22
and

g (DYK (-, W)l w=o = (01 +02)*K (-, w)| yeo = 2(2] + 2122 + 25).

Now, consider the case of m =3. In this case, we show that for any wye V(4)={weC™:
w1 =wy = 0}

{(z1 = 22) Ko (-, wo), (25 + 2122 + 25) Kp (-, W) }

is a basis for ker D(y/— )+ = ker M} nker M} N (m;.”:?) ker(Mg; — woj)*). First, note that

M, ((z1 = z2) K (-, wo)) = Zl( — )

[T, (1= z;100:)
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) s 21— 22
=P y(M3) (Hl(’is(l—ziu_/oi))

TP~ 21 S * Z2
_ —P M
PaMz) (H:’ris,(l—ziwoi)) M) (H;.Z?)(l—ziu_}o,‘))

1
) PM(H?ig(l -z LT/Oi))

=0,

where Mff is the module multiplication by z; on . The fourth equality follows since

<(Mf)*(n;23(1z—2ziwo,-))’h>if - <(H;';3(1Z—2z,-wo,-))’zlh>ff —0,he 7.

Also, for each wg e V(4), Kz (-, wy) = m is orthogonal to the space {f € H*(D™):
i=3L=2i Woi

f=0on z; =z, =0} which contains .#. Consequently, Pﬂ(m) =0. Similarly,
i=3 i Woi

M, (21 - 22 Ko wn) = ~Pa MY (o2 ) = =Py ) =0,
2 [172,(1 = z; two;) [T, (1 = z; wo;)

Next, for any m—2 tuple a = (as,...,a;,) € (NU{0})™ 2, define z% = z3 --zp". Then, for each
fixed je{3,...m},

M;j((zl_ZZ)K,]LO(‘, wo)) :Pﬂ(Mf)*( z1— 2 )

[1725(1 = z;10o;)

= Py M) (@122 zz“wg)

Jf .. 793 & %m

=P.u(M, ((Zl ) ) z < Zp" W - + Wy w()m)
aocj>1
= _ LT am ey oG 7)&m
—PM((zl 2Z2) Z 23 zj Zp W3 - wOJ “Wom
aaj=1
_ as 7L am s as aj-1  —a
—W()jP./ﬂ((Zl—ZZ) Z Zq ---zj e Zpy W woj e Wo |-
a:ajzl

Now, define f=(Bs,..., Bm) € NU{0N™? such that Bj =a;—1 and f; = a;, for i # j. Then
we have

M;, (21— 22) K, w0)) = o P.ur((21 - 22) Y 2P )
B
= o P.u((z21 — 22) Kz (-, wo))

=y j((z21 — 22) Kz (-, wo)).

Thus, (21 — 22) Kz (-, wo) € ker D(a—)+. For each j € {3,...,m}, following similar arguments as
above, we can show that

M; (21 + 2122+ 25) K (-, wo)) = o (27 + 2122+ 25) Ke (-, w).-



2.2. An important example 23

Finally, observe that

M (23 + 2122 + 23) Ko (-, wp)) = Py (M7)* (2 + 2122 + 25) K e (-, wi)
=P 4 ((z1 + 22) K (-, wy))
=0.

The validity of the last equality follows from the observation: For any two polynomials p and ¢,

((z1+ 22)Kze (-, wo), 2122P) 5o = (21 K (-, W), 2122 P) 7p + (22K e (-, W), 21 22P)
= (K (-, wo), 22p) 7+ (K (-, wp), 21p) 4
=0

and

((21+ 22) Kze (-, wo), (21 = 22) ) 3o = (21 Ko (-, wo), 219) 5o = (22K (-, W), 22q)
= (K (-, wo), q) 7o = (K (-, w0), q) 4
=0,

which implies (21 + 22) K (-, wo) L 4. Similarly, M ((z] + 2122 + 25) Kz (-, wg)) = 0, proving
(zf +2120 + Z%)K]f(‘, wp) € ker D(pr—y)+- Then, the fact that

{21~ 22) Ko (-, wo), (2 + 2122 + 23) K (-, wo) }
is a basis of ker D(ps— )+ follows from

a) (z1—22)K (-, wp) and (zf+zlzg+z§)l(;f(-, wy) are linearly independent vectors in H?[D™)
(can be checked easily) and

b) dirnkerD(M_wo)* =dim(« ®Cz] CWO) =2.
Clearly, {(z1 — 22) Kz (-, wo),2(2% + 212 + 25) K7 (-, wy) } is also a basis of ker D(ps— ). Now, if

m =3, we claim that

{z“, %zﬁ ca, fe(NU {0})m_2}

is an orthonormal basis of .4~ in #?(D™) which follows from the sequence of observations
given below.

i) Following similar arguments as given in the case m =2, we have

V{zfl‘--zg{":a1+a222,ai€l\lu{0},i:1,...,m}§J%.
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i) Let f=alzs,...,zm)+b(z3,...,2m)21+C(23,...,2m) 22 be an arbitrary element of H?D™e
A, where a,b,c € H*(D™). Then, for any r =r(z1,...,2m) € H*(D™),

0=(fr(z1-22))

={a,r(z1—22)) +(bz1, (21— 22)) +(c22, 1 (21 — 22))
= <bZ1, TZl> - <CZ2, TZ2>
=(b-c,r).

Consequently, b= c and hence f =a+ b(z; + z).

iii) For any a = (as,...,am),B = (Bs,...,Bm), the closed linear span generated by z% and
(21 + 22)ZP is orthogonal to .. This can be checked through direct computation.

Thus, for z, w e D™,

1 (z1 + 29) (w1 + wo) 1
K(z,w) = — — — - m -
(1 -2z w1)(1 - 22102) 2 [1;2;(1 - z;w;)
(21 — 22) (W) — W) i J i -J') 1
= B ZiZ, W W,y | =—=———
( 2 i,ij,Zszz PR (- )

If we choose q1 =21 —2p and g2 = (2 +2)?, then

g7 (DYK (-, W)l =, = 01 = 02) K, )iy,

B 1 2 (21 — 22) (W — wo)
= ?ig(]-_ziLDOi)(al a2)|w:wo( 2 + )

z}zy Wi w;
i,j=0,i+j=2
21— X2

IR TRV

= (21 — 22) Kz (-, wo)
and similarly,
q3 (DYK (-, W)=y = (O1 + 02)2 K (-, )] =0

1 = = (21 — z2) (W — wo) P J i

= — (01 +02)?| = + Z izl wtwl

1" . (1 - z; wy;) w=wo 2 17212
i=3 12001 i,j=0,1+j=2

=2(2% + 2120 + 25) Kz (-, wp)

Thus, in this case, we have obtained two polynomials g1, g2 independent of wy such that they
generates ¢ and

{a7 (DK, w)lw=wy, @3 DIYKC, w)lw=w, }
is a basis of ker D(ps— )+ for all wo e V(4).
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2.3 The vector bundle associated to the joint kernel and its

curvature

From Theorem 2.1.4 we obtain a rank ¢, trivial, anti-holomorphic bundle E , on V(%) =
V(F#)NnQ corresponding to the set {py,..., p;} given by

Eu= || <{Fw),...F(w)}>.
weV (M)
Since, for each we V(4), (E_4)w is a subspace of .4, we can give a Hermitian structure on
E 4 which is canonically induced by the inner product of .#. This observation leads to the
following theorem.

Theorem 2.3.1. LetQ be a bounded domain in C'™ and .% be a polynomial ideal with generators
P1,-.., . Also, let #, 7' be analytic Hilbert modules in ©(Q) and 4, #' be the closure of ¥
in /€, 7', respectively, with the property that codimV (/) = codimV (/") = t. If the modules
M, M are "unitarily” equivalent, then we have the following:

(@) E 4 isequivalent to E 41, where E 4, E_ 4 are two bundles on V(M) =V (M) =V (F)NQ
obtained from Theorem 2.1.4 and the discussion above.

(b) IfF 4 :={F,...,F},F gy := {F/,...,F;} are the global frames of E_y, E_y respectively that
are obtained from applying Theorem 2.1.4 on M, 4" with respect to the set {ps,..., p:},
then

ZEJ[(FM) :JEM,(FM/).

Here X%, (F.4), XE ,,(F4) are the curvature matrices of E 4, E_ 4 with respect to the
frames F 4, F 4, respectively.

Proof. From Theorem 2.1.4, it follows that for each w € V(#)NQ, (E.4)w = N ker(M;, — w;)*
and (E 41)w = m;?i 1 ker(M'zl, —w;)*, where M, M/Zi are pointwise multiplication by z; on .4, 4’
respectively. If L: .4 — .#' is an unitary module map, then, for any g € m;?i 1 ker(M,, — w;)",
(M,Zi)* (Lg) = L(Mz.g) =L(w;g) = w;(Lg). Thus,

L(m;’ilker(Mzi - w,-)*) c m;’ilker(M’zl, —w;)*.
Similarly, it can be shown that
L7 (L ker(My, — )" ) € nI2, ker(My, - w))",
which is equivalent to

m;'ilker(M,Zi -w))* c L(m?il ker(M;, — wl-)*).
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Consequently, L( N7 ker(M,, — w;)*) =n, ker(M,Zi — w;)* and hence L is an isometric iso-
morphism between (E ), and (E 4),, for all w € V(#) n Q. Moreover, there exists an anti-
holomorphic map A: V(#) nQ— GL(t,C) such that for each w, the following matrix equality
is true:

[LA@w) - LEw)|=[Fuw) - Fw)|aw. 2.2)

Thus, L induces a bundle isomorphism between E_, and E_,+ which proves part (a).

Next, observe that part (b) follows trivially from part (a) when ¢ = 1. This is because from
part (a) we obtain the equality of the first Chern forms on E 4, E 4 given by ¢, (E 4, N_4) =
c1(E.q, N.4) which implies 5= 4%, (F.4) = 3= X ,,(F.y) < Hg,(F.i0) = K, (F.). Here
N 4,N 4 are the Hermitian metrics on E 4, E 4 induced by the inner products of ., .4,
respectively.

For the case where t > 2, note that .4, .#' € 251(Q). As a result, following [3, Lemma 1.11]
we obtain that the reproducing kernels of .#,.#' are sharp on Q\ V(#). Since L is unitary,
there exists a non-vanishing, holomorphic function ¢ on Q\ V(.#) such that

LK(, w) = p(w)K'(-, w), (2.3)

for all w € Q\ V() [12, Theorem 3.7], where K, K’ are the reproducing kernels of .4, .4,
respectively. But codimV (.#) = 2. So, by the Hartog’s Extension Theorem [26, Page 198]
¢ can be uniquely extended to Q as a holomorphic function. Since an analytic function is
unambiguously determined from its definition on any open set, it follows that Equation (2.3) is
true for all w € Q.

Now, fix an arbitrary point wy € V(%) N Q. Then, from condition b) of Theorem 2.1.4 we
have

K(,u) =

t
j=

Pj(u)ng)wO(u) and K'(,u) = ]

r .
piWF'y (W, (2.4)
1 j=1 0

for all u € Q,,. Applying L to the first equality of the Equation (2.4) we obtain that

t .
PuK'C,u) =} pjwLFy W
j=1
or, equivalently,
‘ LF) (u)
K’(.’ u) = Z p(u)$.
= ew

Since, v — L%)) ,U— F} (v) are anti-holomorphic maps from V (.#') to .4’ foreach j=1,...,t,

satisfying 1.a) and 1.b) of Theorem 2.1.4, by the condition 2 of the same theorem, we have
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LF;(v) = (,b(v)F}(v), for all v € V(#£)n Q. As a result, from Equation (2.2) we have A(v) =

() I;xy, forall ve V(£) N Q. Finally,

(#i.4 (Fa)) @) = 3((N.ae () O(N.ae(F.0) ) )
= 3((N.4r(LF.2)) ' 8(N.4(LE.00) ) )
= (HE ,,(LE.)) ()
= (A, (FuA) (V)
= AWw) " (HE,, (Fy) ) - AW)
= (g , (F.u)) (D),

which proves part (b) of the Theorem. O

Remark 2.3.2. Let /2 be an analytic Hilbert module in ¢(Q2) with reproducing kernel K .
Consider a non-vanishing polynomial p : Q — C with 1/p € # and for all z, w € Q, define
the sesquianalytic function K; : Q x Q — C as Kj(z, w) := p(2) K#(z, W)W. Clearly, K; is a
non-negative definite function on Q. Consequently, there exists a reproducing kernel Hilbert
space ' in 0(Q) whose reproducing kernel is K. Let us denote K; by K. Then one can
check that the following are true:

i) The pointwise multiplication operator by the polynomial p which we will denote by M),
is an unitary operator from # to /' with My = Myp.

ii) A is a Hilbert module over C[z,...,Z;].
iii) My, (similarly M,;) is a module map.

Next, observe that C[zy,...,z,,] € #'. To see this, take an arbitrary polynomial g. Since
1/p € # and A is a module over C[zy,...,zml, g/ p= My(1/p) € . Asaresult, g = pq/p =
My,(qlp) e F'.

Let .# be an arbitrary polynomial ideal in C[z1,..., z;,] and define .4, ./’ as the closure of
the polynomial ideal .# in /2, #”, respectively. Then we claim that M), (%) = /. Firstly, we
will show that M, (.#) < .4 !, Take an arbitrary element m € .4 . Then there exists a sequence
qn € £ such that g, converges to m in #. This implies pq, converges to pm in /#'. Thus
pm € #' which shows M, (/) < .#'. To prove the converse part, take an arbitrary element
m'’ € 4. Then there exists a sequence ry, € .# such that r,, converges to m’ in #'. This implies
rnlp= M;;(rn) converges to m'/p = M;;(m’) in #&. But r,/ p € 4, for each n. To see this, note
that there exists a sequence of polynomials a,, that converges to 1/p in .#(this is because .#°
is an analytic Hilbert module). Using the fact that ./ is a Hilbert module over C|zy, ..., 2], it
follows that r,a,, converges to r,,/ p in A. Since r,a,, € ., for all m, wehave r,/pe /. As a
result, m'/p € 4 proving My, (/") € 4 or equivalently, M), (&) 2 4.
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In particular, if we consider .# to be the principal ideal generated by 1, we can easily show
that /' is an analytic Hilbert module. With these observations, we now consider the following
example.

Example 2.3.3. Let %, be the Hardy module H?(D?%). Consider the set
A i ] f .r .) k 2
Jé’:{fE@’(D3): if f(z1,22,23) = Z f(i,j,k)z{zéz:_’f, then Z |]c(l+)|<oo},
i,j,k=0 i,jk=0 Wijk

where w; j = k+1 whenever i = j =0 and is 1 otherwise. Define the inner product on # as
follows:

f,j, gl ],k
(f,8) 7= > - ’
i,j,k=0 i,j,k

where, g(21,22,23) =X, j k=080, J, k)zizéz!f. If we define e; j (21, 22, 23) = , /w,-,j,kz{zéz:_’f, then

the set {e; j x : i, j, k € NU {0}} forms an orthonormal basis of #. Consequently, it follows that
€ is a reproducing kernel Hilbert space with kernel
1 1 1
- 2 + - - - + - ’
(1-zzws3)® (A—ziw)(1—-2zpw2)(1—2z3w3) 1-2z3ws

Kr(z,w)= ) ejr(@e;jr(w) =
i,j,k=0

for all z = (z1, 22, 23), w = (w1, w», ws) € D3. It also follows that C[z;, 2o, z3] is a dense subset of
€ and A is a Hilbert module on it, i.e., # is an analytic Hilbert module. However, note that
¢ is not unitarily equivalent to /. Otherwise, if U is an unitary module map between %} and
J€, then U intertwines MZ‘]fO and Mz‘if , where Mz‘if", MZ‘]f denote the pointwise multiplication
operators by z3 on A, /4, respectively. As a result, from [28, Theorem 1.(b)], it follows that
|wo,0,x] = 1, for all k € NU {0} which is a contradiction. Next, consider the ideal .# in C[z;, 22, z3]
generated by z; and z,. If 4, 4 denote the closure of .# in /), /€ respectively, then the set
{z{ zg zé“ : i+ j =1} is an orthonormal basis of both .4 and .# . Consequently, their reproducing
kernels Ky and K are the same and the identity map /d becomes an unitary module map from
Mo to M.

Finally, consider the polynomial p = (z3 —2)2. It can be easily checked that 1/p € #. Let
#€' be the Hilbert module obtained from (z3 — 2)? following the previous remark. If we call
the closure of .# in /" as ./, then we obtain that .4, #' are "unitarily" equivalent via M.
This implies that ./, and .#' are unitarily equivalent via M, o Id = M,,. However, note that
H and A’ are not unitarily equivalent. Now, applying theorem 2.1.4 to .#,, we get anti-
holomorphic maps Fi, F> : {(0,0, w3) : w3 € D} — .4, given by F;(0,0, w3) = M, K #,(0,0, w3) =
1_;’;“_/3, i =1,2. If we denote the set {F}, F>} by F 4,, then, from theorem 2.3.1, F 4 = {Fi,Fé},

! _ zZip _ zi(z3—2) .
where F;(0,0, ws) = S50 Lmay) — (@-D(1-2505)” i =1,2. Consequently, for each w3 € D,

GW35W3 log;z 0
HKE , (F,)(0,0,w3) = Hg ,(F 4)(0,0, w3) = 1—[ws] ) .
M 0 3 " 3 0 aw36w3 logm
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Now, assume that Q is a bounded domain containing the zero vector in C™ and {px,..., p:},
{q1,...,q:} are two sets of generators of the polynomial ideal .# consisting of homogeneous
polynomials of the same degree. Let 4 be an analytic Hilbert module in G(Q) and .4 be the
closure of .# in A with the property that codimV () =t. Then, by [3, Lemma 4.7] we obtain
that

{p1(D)K(, w)lw=0, ..., pr(D)K(, w)lw=0} and {g1(D)K(, w)lw=0, ..., q:(D)K(:, W)l =0}

are two bases of ker Dys«. As a result, from [3, Lemma 4.2] and [3, Proposition 4.11] it follows
that there exists a constant invertible matrix A= (a,-]-)l?].=1 such that,
r
qj:Zaijpi, ISjS[. (2.5)

i=1

Applying Theorem 2.1.4 with {p1,..., p:},{q1,...,q:} we obtain the sets {Fp,...,Ff},{Fq,...,F?},
respectively which consist of the anti-holomorphic maps from V (.4) to .4 satisfying conditions
1) to 4) of the theorem. Now, we claim the following.

Lemma 2.3.4. Foreach w e V(.4), |F{ (w) ... Ff(w)]:[F{’(w) o Flaw)| A*.

Proof. Fix an arbitrary point wy € V(). Then from condition 1 of Theorem 2.1.4 there
exist a neighbourhood Q,, of wy in Q, anti-holomorphic maps F} p,Fé g V) — M,

wo» wq»
k=1,...,tsuch that

a) By, =FW),F  )=F@)foralveV(#)nQu,k=1,...tand
b) KC,w)=Xi, piF), ), K6,w =X, q;@F), ), forall ueQuy,.

Now, applying Equation (2.5) to the second equality of b) we obtain that
t t .
Kew=Y pi@( Y. aF, ,w),
i=1 j=1

for all u € Q,,. Finally, observe that, for each i € {1,...,¢}, v — Z;zl c'l,-]-F]q(v) is an anti-
holomorphic map from V(.#) — .4 satistfying conditions 1.a) and 1.b) of Theorem 2.1.4
with respect to the set {py,..., ps}. So, from condition 2 of Theorem 2.1.4, it follows that, for
eachi=1,...,t, ve V(4),

t
Fl()= Zlai,-F]‘.’(v),
]:

proving the lemma. O
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Note that each of the sets {Fp,...,Ff} and {Fq,...,Ff} canonically induces an anti-
holomorphic frame of E 4, on V(). If we denote the frames as FZ{ and FZz respectively, then
we have

Hg ,(F") = X, (FI,A") = (A" &, (F9)- A%,

where A%, (Ffﬂ),ﬂgﬂ (Ff’ﬂ) are the curvature matrices of the bundle E , with respect to the
frames FZ,FL, respectively. Thus, we have proved the following.

Proposition 2.3.5. LetQ be a bounded domain inC™ and{py,..., p:},{q1,...,q: be two gener-
ators of the polynomial ideal ¥ consisting of homogeneous polynomials of same degree. Also,
let 7 < O(Q) be an analytic Hilbert module and 4 be the closure of % in A4 with the property
that codimV (/) = t. Furthermore, assume that F” ,F;( are the global frames of E_; obtained
by applying Theorem 2.1.4 on ./ with respect to the generators mentioned above. Then there
exists a constant invertible matrix A such that

‘Z’/Eﬂ(FZz) = (4" '%Eﬂ(Fjp{)'A*-

Corollary 2.3.6. Let Q,.# be as above, €, 7' < 0(Q) be two analytic Hilbert modules and
M, M be the closure of F in F, 7' respectively with codimV () = codimV (/') = t. Sup-
pose FZ = {Fp,...,Ff}, F = {F’q,...,F;q} are the global frames of E_ 4, E_ 4 corresponding
to the generators {p1,..., p:h,iq, ..., q:}, respectively. If the modules 4 and ' are "unitarily"
equivalent, then there exists a constant invertible matrix A such that

K, (Fh )= (A" H , (F7)- A%,

where XF, ,(F fﬂ),e}( E (Fj;[,) are the curvature matrices of E 4, E_4 with respect to the frames
14 q .
¥, F,, respectively.

Proof. If we apply Theorem 2.1.4 on ./ with respect to the generator {q, ..., q;}, we will obtain
a collection of anti-holomorphic maps {F q, ey Ff } from V() to 4. This set canonically
induces a global frame of E 4. Let us denote the frame by Fj;[. Then, by Proposition 2.3.5 it
follows that there exists a constant invertible matrix A such that

K, (FP )= (A" #g, (F9)- A",
Finally, from Theorem 2.3.1 we obtain that
Hg ,(F)=Hg,,(F)

which proves the corollary. O



Chapter 3

The kernel decomposition formula and its
applications

3.1 Vector bundles on the blow-up space and their invariants

Let Q be a bounded domain in C", # be an analytic Hilbert module in ¢(Q) and .4 € B,(Q)
be the closure of some polynomial ideal .# in A#. Fix an arbitrary point wy€ V(£)NQ and set
= dim S I my, S = dimker Dy—w,)+, where my,, denotes the collection of all elements
in Oy, that vanish at wy. If K be the reproducing kernel of .4, then, from [3, Theorem 2.3],
there exist a minimal set of generators (g;)
such that

wer -+ (80w, of 5”,;? and a positive real number r

K(,w)=

J

g WKV (w),
1

r
for all we A(wy, 1) <Q, where A(wy, r):={z€C™:|z; — wp;jl <r1,i=1,...,m} and KD, ... KO
A(wg, ) — M are anti-holomorphic maps. Moreover, the above decomposition canonically gives
rise to a rank t anti-holomorphic bundle E on A(wy, r) given by,

E= || <&KPw),... KPw)}>.

weA(wy,r)

Here, for each we A(wp, 1), < {KWP(w),...,K"P(w)} > denotes the subspace of .« generated
by KO (w),..., KW (w). Assume that Z:= Z(g,...,&:) N A(wy, ) be a singularity free analytic
subset of C" of codimension ¢ =2. Define
A(LU()) r) = {(w,ﬂ:(u)) € A(W(), r) X I}:Dt_l : ulg](w) - u]gl(w) = 0) l»] = ]-;---y t}’

=ZxP ! J{(w,nw) € A(wo, N\ Z2) x P i uigj(w) —ujgi(w)=0,i,j=1,...,t},

where 7 : C\ {0} — P! is the canonical projection map. The space A(wy, 1) is called the
monoidal transformation with center Z (or, the blow up of A(wy,r) with center Z). For
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i=1,...,t, consider the open sets U; := (A(wo, r) x{u; # O}) N A(wy,r). Then, in particular,
Oy ={(w,n(1,0,...6))) : gj(w) = 0;&1(w), w € A(wo,1),0; €C, j =2,...,1}
=Zx{n(1,0;,...0,):0}€C,j=2,...,1}
U{w,7(1,6;,...01)) : gj(w) = 681 (w), we Uy, 6; €C, j=2,..., 1},

where U; = {w € A(wy, 1) : gi(w) #0}, i =1,...,t. The anti-holomorphic map K: A(wy,r) — .4
determines an anti-holomorphic line bundle E; on A(wg,r). On Uy, we can write

B = L <{s1(w,m(1,6,,...01)} >,
(w,m(1,03,...01)€U;

where s;(w,7(1,6),...01) := KD(w) + 01 KD (w) +---+ 0} KV (w). On the other hand, E deter-
mines the rank t anti-holomorphic bundle p*E on A(wy, 1), where p:A(wo,r) — A(wg, 1) be
the canonical projection. If we denote p*E as E, then, on Uy,

E= | <{siwn(,0}...00),K?w),...KOw)}>.
(w,m(1,01,...01)e0;

This is because on Uy, we have the following equality:

0 - 0
0l 1 ... 0

51w, n(@), K? w),...,KOw)| = [KV ), K@ w),.., kOw)|-| 2,
6l o 1

where © = (1,6,,...0}), 6]1. €C, for j=2,...,t. Clearly, E) is a sub-bundle of E. If we denote
the quotient bundle by Es, then
E, = L <{KPw)),..., KD (w)} >
(w,(1,03,...01)€U,
on Uy, where, [KY(w)] denotes the section (w,n(®)) — KW (w)+ < {s1(w,7(©))} > on Uy,
KD(w)+ < {s1(w,m(©))} > is the image of K (w) under the canonical quotient map from

E(w,n(@)) to E(w,n(@))/(El)(w,n(@)): (El)(w,n(G))»E(w,n(Q)) are the fibres of El,E at (w,n(@)) SO,
we have an exact sequence of anti-holomorphic vector bundles on A(wy, ) given by

0—E —-E—E —0.

E1 and E have canonical Hermitian structures induced by .. This is because each of their
fibre is a subspace of .4 of dimension 1 and ¢, respectively. Define the Hermitian structure of
E» by identifying it with Ell in E, as smooth bundles. In particular, we will define

KD @)1, = 1Pga KV )G = 1P K (w)1Z,,
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for j =2,...,t, where PEILK(J')(LU) is the smooth section which is obtained by applying the

canonical projection on EIL to the section (w, (1)) — KW (w). On Uy, it is given by the map

(KV(w), s (w,(©))) ,

Is1 (w, m(©)) 1%,

(w,(©)) — | KV (w) - s1(w,m(@))].

Thus, we obtain an exact sequence of Hermitian, anti-holomorphic bundles on A(wyg, r). Next, we
restrict £1, E and E» on ZxP!~! and denote them as E, E and E,, respectively. This canonically
gives an exact sequence of bundles on Z x pi-1, Finally, for wy € Z define E{UO = Ellepo,
Ewo = Elwoxuj)t—l and EZWO = Eglexp[-l. Then

0—E"—E"“—E"—0

can be considered as an exact sequence of Hermitian, anti-holomorphic bundles on P!~!. This
leads us to the following theorem.

Theorem 3.1.1. Let #, #' < 0(Q) be two analytic Hilbert modules for some bounded domain
QinC™. Let 4, ' be the submodules of the form [.#], which have been obtained by taking the
closure of  in /€, 7" respectively. For wy € Z, set t := dim .4 ®c(z Cy, t' := dim A" ®¢z) Coy,.
Assume that t,t' = 2. Then we have exact sequences of Hermitian, anti-holomorphic vector
bundles0 — E}"* — E% — B — 0 and0— E'\° — E'"° - E'}° -0 onP!" L IfL: tt — ' is
an unitary module map, then

(@ t=t,

(b) E”, E"; E%0, B and E)", E'5"° are equivalent as Hermitian anti-holomorphic bundles
onP!1,

Proof. Since L:.# — ' is an unitary module map, for any g € N | ker(M_, — wy;)*, we have
(M,)*(Lg) = L(M},g) = L(ibo;g) = i (Lg). Thus,

L( A ker(My, — wo,-)*) <A ker(M,, — wop)*.
Similarly, one can show that
L7l ker(M;, - wo)*) € A ker(My, - wo)",
which is equivalent to
NP ker(My, - wop)* € L[ Al ker(My, - wo:)" ).

Consequently, L( N ker(M,, — wo;)*) =2, ker(M,Zl_ —wp;)*. But N ker(M, — wo;)* € A,
n;’ilker(Mlzl_ —wo)* <. M and L: M4 — ' is an unitary map. This implies that L is an
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isomorphism between m;ﬁl ker(M, — wp;)* and n;’il ker(M,Zl_ — wp;)*. As aresult, dim ./ ®c|g
Cy, = dim.#' ®c(, Cy, which is equivalent to ¢ = t', proving part (a) of the theorem.

Note that P*~! = u!_ U, where U, = {n(u,...,u;) : u; # 0}. In particular, U;" =
r(1,6},...,01 :9} €C,j=2,...,1}. Firstly, we will show that on U;"°, E;"* and E'\" are equiv-
alent. Since ., /' are locally free of rank 1 on (Q\ V(#))* [3, Lemma 1.11] and L is unitary,
from [12, Theorem 3.7] it follows that there exists a non-vanishing, holomorphic function ¢
on Q\ V(#) such that LK(-, w) = ¢p(w)K' (-, w), for all w € Q\ V(.£). But codimV (.#) = 2. So,
according to the Hartog’s Extension Theorem [26, Page 198] ¢ has an unique extension to Q
as a non-vanishing, holomorphic function. As a result, the above equality holds for all w € Q.
This implies L* f = ¢ f, for all f € .4’ resulting ;% = F;1".

Let (g;) wr s (g;) w, be a minimal set of generators of Yifol " Then there exists a positive
real number r such that K(-, w) = Z;ZIMK(j) (w) and K'(-, w) = Z;ZIWKI(D(W) for all
w € A(wy, r). Applying L to the first equality we get,

PWIK'(,w) = ) g;(w) LK (w),
j=1
which implies
L —— LKV (w)
K'(,w) =) g(w)——.
j=1 ¢(w)
From [3, Theorem 2.3], {K'V (wy),..., K’V (wp)} is uniquely determined by (g;)wo,..., (gl[) wo-
So, comparing the above two expressions of K’ (-, w) at wy we obtain, K’ D (wg) = %,
0

j=1,...,t. This implies Ls;(wp,7(0)) = Ws’l(wo,n(@), which proves that L induces an
isometry between the bundles E," and E’ " on U”. In other words, on U;", the bundles are
equivalent. Similarly, it can be shown that the same is true on ino foralli=2,...,. Hence E,"
and E' iu ¢ are equivalent as Hermitian, anti-holomorphic bundles on P!,

Ewo and E'™ have constant global frames on pi-1 namely, (KD (wp), ..., KD (wp)} and
(K'Y (wy), ..., K" (wp)}. So, from the equality LKY (wp) = p(wo) K'Y (wp), forall j=1,..., ¢, it
follows that L induces an isometric isomorphism between £ and E'"” on P*!.

On U,", E,” is generated by {7(©) — K (wp) + (E{")r@), ..., (@) — KD (wp) + (£, )@},
where (E;")r o) is the stalk of £, at 7(0) and KW (wg) + (E")xo) is the image of KD (wy)
under the quotient map £ — E* /(E;")r@), forall j =1,..., t. In short, we write

y4(C)] ()
Elgw= || <{K®wo)l,..., K" (wo)l} >,
e;ec,jzz,...,r

where © = (1,61,...,0}). Similarly,

EYpm= ] <Kol K" (wo)l) >
b0leC =2t
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Now, foreach j=1,...,t,
L(KD wo) + (B{*)aie)) = paw) K'Y (wo) + (B} "o = Plwe) (K'Y (wo) + (B} ")),

which implies L([K (w)]) = ¢ (wo) (K'Y (wp)].

Next, we will show that L induces an isometry between Ezw 0] o and E’ ;U 0 |171w°' Note that
unlike the previous cases this is not automatic from the above equality because (E“Zw @)
(respectively, (E' ;U D! ,,(@)) is not a subspace of ./ (respectively .#’). So, the Hermitian metrics
on these bundles are not canonically induced from the inner products of .« and .#'. However,

the following set of equalities establishes the claim.

(L{KY o)1), L{LK® (o)1) ) o

= 1) (K™Y (wo)l, (K" (wo)]) g

(K (wo), s (wo, 1(0)) 4
sy (wo, m@)1%,,

(K" (wo), s} (wo, m(©))) 4
”Sll(w())”(@))”z /
(K" (wp), s} (wo, 1(©))) - (KD (wp), s} (wo, T(©O))) 0 ]
s} (wo, m(O))I%,,

= (o) 2(K" (wo) s} (wo, 7(©)),

K" (1) si(wo,m©))

= [p(wo)? [<K’(f)(wo),1<’”’(wo)>ﬂ, -

(LK (wo), LK™ (wo)) v
[ (wo) |2

= |¢(wo)|2[

(LKY (wp), Ls1 (wo, 1(©))) .- (LKD (wp), Ls1 (wo, ()
|p(wo) 12| Lsy (wo, m(©O))112,, ]
(K'Y (wo), s1(wo, () ,, - (KD (wy), s1(wo, 1)) ,,
lIs1(wo, (@) 112,

= (KD(wp), K (wp)) , -
= (1KY (wo)), IK? (wo)]) go..

Similarly, one can show that the above claim is true on ffiwo, foreach i =2,..., t. Consequently,
E}” and E',° are equivalent as Hermitian, anti-holomorphic bundles on P*~1. O

Corollary 3.1.2. With the same hypothesis as in the previous theorem, we have the following
equalities of the total Chern forms:

D) (B, NI"™) = c(E'\", N'}")
i) c(EWo, Nwo)y = c(E""°, N'")

w

iii) (B, Ny") = c(E'5°,N'y"),
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= -~ W ~. ~, W = ~, W .. . .
where N, N'\°, N*°, N'™°, N,” and N'," are the Hermitian norms on their respective bun-
dles.

Proof. Follows trivially from the equivalence of the bundles. O
Lemma 3.1.3. c(E"°, N"0) =0 onP'"!.

Proof. P~ =!_, U, and foreach i = 1...1, U,” is a co-ordinate chart of P*"!. On U;", if

we denote the frame {7(®) — K/) (wp) :1 < j <t} by s, then, from [6],
c(E™, N"0)| guo = c(E™°, N™)(s) = det(1+ zia@((zv“’o () tag N™° (s))).
1 T

Now, N%(s) = ((KY) (wp), K (wo)>)§ j=1» Which s a constant function in 9} variables, j =2...¢t.
As aresult, c(E"°, N"0)(s) = 0. Similarly, one can show that ¢(E*°, N'0)| 5wy =0 fori =2,..., 1,
proving the lemma. l O

In particular, ¢ (E™, N%0) =0, where c¢;(E%°, N*0) is the first Chern form of E“° relative
to the Chern connection associated to the metric N*°. Now, following the work of Bott and
Chern [6, Proposition 4.2], we have the equality ¢;(E™, N*?) = ¢1(E,", N;") + c1(E,”, N,").
Consequently, we obtain that ¢;(E,”, N,") = —ci (£, N;") as (1,1) forms on P*~1,

Next, assume that Q is a bounded domain in C", # < @(Q) is an analytic Hilbert
module, . is the closure of a polynomial ideal .# in /€ generated by {p1,...,p:} and V() :=
Z(p1,...,pr) NQ is a submanifold of codimension #=2. Then, from Theorem 2.1.4, there exists
anti-holomorphic maps Fi,...,F;: V() — . which satisfies the following:

For each w € V(.#), there exists a neighbourhood Q,, of w in Q, anti-holomorphic maps
Féw,...,Féw :Q, — A such that

(a) F ) =Fjw), for ve V() nQuyp,j=1,....1;
(b) K(w=X'_ p;GF, (), for ue Q.

Fix an arbitrary point wg € V(.#). Without loss of generality, going to a smaller neighbourhood
if necessary, we may assume that Q,,, = A(wy,r). Define Z =V (L) nA(wy, 1) = Z(p1,...,p)N
A(wyg, ). Following the blow up construction prescribed above we have an exact sequence of
Hermitian, anti-holomorphic vector bundles on Z x P~ given by 0 — E; — E — E» — 0. Note
that ZxPi~1 = UZ?ZIU,-, where U; = Z x {m(uy,..., u;) : u; Z0} = Z x ﬁiwo. On Uy, E1,E and E>»
are described as follows:

E= || <{siv7@))>,
(v,n(©)elh
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where 51 (1, 1(0)) =F5  (W)+0)F3 (v)+---+0LFL (v)=F(v)+0,F(v)+---+0}F(v) for any
~ wo wo wo
(v,7(@) e Uy, ©=(1,60,...,00). Similarly,

E= || <&s107100),FW),...,FW)}>
(v, (@)el;
and
BE= | <UBRW0.. [FW)}>
(v, (©)ely
where, [F;(v)] denotes the section (v, 7(0)) — F;(v)+ < {s1(v,7(©))} > on U,, for each j=2,...,t
Now, we will generalize Theorem 3.1.1.

Theorem 3.1.4. LetQ be a bounded domain in C"™, #, 7' < 0 (Q) be analytic Hilbert modules,
& be a polynomial ideal generated by {ps,..., p:} and M, M’ be the closure of ¥ in A, H',
respectively. Then, following the above, we have two exact sequences of Hermitian, anti-
holomorphic bundles on Z x P*"! given by0 — By — E — F; — 0 and0 — E, — E — B, — 0. If
L: .M — M is an unitary module map, then E;, E’l; B E and B>, E; are equivalent.

Proof. Firstly, observe that .4, 4" € *81(Q). So, there exists a non-vanishing holomorphic
function ¢ on Q such that LK (-, w) = ¢(w)K' (-, w) for all w € Q. Moreover, from condition (b)
of Theorem 2.1.4 we have

3 . 4 .
KGuw=Y pj(u)FéWO(u) and K'(,u) = Y pj(u)F'éwo(u), 3.1)
j=1 j=1

for all u € Q,, = A(wy, r). Now, applying L to the first equality of 3.1 we obtain that

t .
PWK'(,u) = lej(u)LF(]zwo(u)
]:

which implies _
LF) (W

K'(-,u) = p-(u)$
,Zl bW

](v)

Note that v — and v — F’ (v), j =1,...,t are anti-holomorphic maps from V(.#) to
M satisfying 1.a) and 1.b) of Theorem 2.1.4. So, by condition 2 of Theorem 2.1.4, we have

Lj(_l()';) = F;.(v), or equivalently, LF;(v) = ([)(U)F}(V), forall j=1,...,t. Asaresult, Ls;(v,1(0)) =

d()s; (v,7(©)) and L([F/ (v)]) = ¢p(v) [F(v)], forall j =2,..., . Finally, following similar ar-
guments as given in Theorem 3.1.1, it can be shown that L induces isometric isomorphisms

between each pair of bundles. O

Consequently, we obtain the following Corollary generalizing Corollary 3.1.2.
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Corollary 3.1.5. Under the hypotheses of Theorem 3.1.4, we have
i) (B, Ny) = c(E, N
ii) c¢(E,N)=c(E,N)
iii) c(By, N) = c(E,, N,),
where Nj, Ni, N, N, N, and Né are the Hermitian norms on their respective bundles.
Proof. Follows trivially from the equivalence of bundles proved in Theorem 3.1.4. O

Remark 3.1.6. If we fix an arbitrary point p € P'~! and restrict the bundles in Theorem 3.1.4
on Z x {p}, we will obtain two exact sequences of Hermitian, anti-holomorphic bundles on ~Z.
Consequently, the unitary module map L:.# — .#' makes the restrictions of £}, E; E, E and
EZ,E; on Z x {p} equivalent.

3.2 The kernel decomposition formula

Lemma 3.2.1. Let /€ be a Hilbert space. For any two closed subspaces Ay, #» of /€, the
following are equivalent:

@) Ao M= M0 M = {fe./%1:<f,g>%):0Vg€/%2}, where Mo = M1 N My;
(b) Ao M2 L M0 Miz;
(C) M+ Moo MM = Moo M.

Proof. (a)e(b) Let f € 4 © M3 = My © > be an arbitrary element. Then (f, g) ,, = 0 for all
g € A, and hence for all g € .4, e 4,. Conversely, assume that .4, © 4, L 4> © 4r,. Then
forany f e 4, © M2, g € Mo,

<f»g>,]£ = <f’ Pﬂzeﬂ12g+Pﬂ12g>ﬁ0 = <f’PM29wﬂ12g>J£+ <f’pw”12g>3‘f =0.

So, M © M2 < M © M>. On the other hand, from the description of .4 © 4 it clearly follows
that 4 © M < ML © M.

(b) < (c) From (c) we clearly have .4, 1 > e 41». Since 4, © 412 < A, part (b) follows.
For the converse part, firstly, note that part (b) implies .4\ L 4> e #15. As a result, 4, +
(Mo © M15) is a closed subspace of A°. Also, observe that . + 4, < M + (M © M12). This is
because for each f € .4, + #(,, there exist fi € 4, f> € 4> such that f = f1 + f> and

h+ o= +Pu,f2)+Pueu,fo € M+ (Mo Mi3).
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Now, for f € m, there exists a sequence f, € 4 + 4> such that f,, converges to f
in A. But f,, € M + (Mo © M) for each n and 4, + (Mo © M1>) is closed. Consequently,
M+ Mo S My + (Mo © Myp). On the other hand, 4 + (Mo © M) is clearly a subset of
M+ My S M+ M. As atesult, My + Mo = My + (Mo © My3). Since My L Mo 6 My, this is
equivalent to M+ Mo S My = My S M. O

As a corollary, we have the following proposition.

Proposition 3.2.2. Let Q be a bounded domain in C"™ and # be a “Reproducing Kernel Hilbert
Space (RKHS)” consisting of complex valued holomorphic functions defined on Q). Fori=1,2,
define M; = {f € A : f =0 on Z;}, where Z; is a subset of 0, not necessarily open. Then the
following are equivalent:

(@) A © Mo = MO Mo;
(b) A Mo L Mo Mio;
(c) ./%1 +./%2 e%l :./%2 9./%12,'

(d) Km(wl, LU2) = Km(lﬂz, LU]) =0, where w1 € Zl, Wy € .Zg and Km is the
reproducing kernel of M, + M>.

Proof. Proof of (a)<(b), (b)<(c) has already been done in the lemma above. Here we will
show (b) < (d). To prove the forward part, observe that (b) implies m e M= Mo Mo
(similarly, ) + Mo © Mo = M) © M12). SO, M+ Mo S My L M+ Mo Mo Next, for i =
1,2, note that .44 + 4> e M; = V{Km
Km(u/l, wz) = Km(lﬂz, wl) =0, wi € .:Zl, wo € 32.

From the description of M+ Moo M;, i =1,2, it is clear that (d) implies M+ Mo 0 M
and 4, + M, © M, are pairwise orthogonal. Now, M+ My = M+ (M + Mo © M), This

means, 1 + Mo © Mo < M (similarly, 4 + Mr © M < M>). So, for wy € Zy, wo € F,

(, w;) : w; € Z;}. From the line above, this means

K6 C w1 = P K- ( wn) = Ko, (4, wh)
and

K26, w2) = Py Kjp7-( w2) = Koy, (0, w).
But 4y © Mo = VK 4, (,w1) 2 wy € (F1UZL) — Fob = VIK 4, (-, wy) : wy € Z1}. The second
equality is true because for each w» € Z,, K 4, (-, w2) € M> < . Consequently, K 4, (w2, wy) =
| K s, (-, wo) ”23‘1,” = 0 which implies K 4, (-, w2) = 0. Similarly, .4, © 412 = V{Kﬂl (-, wo) : wo € Zo}.
As aresult, for w; € Z;,i=1,2,

(Koo Cyw2), Kty w1)) g = A KgrCy w2), K7, wh)) o = K7 (wn, w) = 0

which proves part (b). O
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If any one of the conditions of the previous proposition is true, we obtain a decomposition
formula for the reproducing kernel of .4 + .4, given by

K-/ﬂl+-/%2 (Z7 w) = K./ﬂl (Z! w) + K-/%Z (Z7 w) - K,/ﬂlz (Zy w)- (3.2)

More generally, if we assume Q, # as above, #; ={fe€ A :f=0o0n Z;} fori=1,...,n, then
under suitable conditions we obtain the following
n n
K(z,w)=) Kiz,w)— )Y Kijlz,w)+--
i=1 i<ji,j=1
n (3.3)
+ (=11 Y Ky ip(z W)+ -+ (1) Ky (2, w),
i1<...<ik,i1 ..... ik=1
where K is the reproducing kernel of 4 := M1 +---+ M, and for iy,...,ix €{1,...,n}, K, i is
the reproducing kernel of .#;, n---n.#;, . In what follows, we will describe a set of sufficient
conditions for the above equality to be true when n=3. Conditions for n =>4 can be obtained
similarly.
When n=3, M4 =M+ Mo+ M3 =M1+ (M>+ M3). Now, if we assume that o + A5 =
{fef:f=0o0on Z,nNnZs} and K(z,w) =0, for all ze€ Z;,w e Z,nZs3, then from Equation
(3.2) it follows that

K(Z, w) = Kﬂl (Z, w) + Km(z, w) - Kﬂmm(z, w). (3.4)

Observe that 1y + M3 S M N Mo + M3, Where Moo, M3 represents My N Mo, M1 N M3
respectively. If we assume that these spaces are equal, then Equation (3.4) becomes

K(z,w) = K 4, (z, w)+Km(z, w)—KM

Lot o W)-

Finally, if Km(z, w) =0, for all ze Z,we Z3 and Km(z, w) =0, for all ze Z;u

Zo, w € Z1 UZs3, then repeated application of Equation (3.2) gives

K(z,w) = K 4, (z,w) + KW(Z’ w) — Km(z, w)
= K1 (2, w) + (Kz2(z, w) + K3(z, w) — Ka3(2, w)) — (Ki2(2, w) + Ki3(2, w) — K123(2, w))

=Ki(z, w) + Ka(z,w) + K3(z, w) — K12(2, w) — Ki3(2, w) — Ko3(z, w) + Kj23(2, w).

3.3 Some examples

Now, we will consider the following examples.
Example 3.3.1. For A = (A,...,A) eRY, m=3,let /£ = HD™), where

|f(@)?
a <oo}

HMD™) := {f eom™):if f=Y f(@)z% then ¥
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with the inner product (f,g) ,, = Yo L9289 @ = (ay,...,am) € (NU )™, (1) = (1) ()

@) a1 m
and foreach k,1 < k< m,

Ak At Dt =) (o an ap=1
(047 B

(ap)!
1 when a; = 0.
Also, foreach i =1,2,3,let 4;:={fe A :f=00ngz;=0and 4 :={feA:f=00nz =
zp = z3 = 0}. Then it can be checked that .#/;, # are the closure of the polynomial ideals in #
generated by {z;}, {z1, 22, z3} respectively. As a result, 4 = 4, + 4> + (3. Moreover,

Mo+ M3 =<{z2,23}>={feA: f=00n 2z =23 =0}

Consider an orthonormal basis {e, : @ € (NU{0})"'} of #, where e4(2) = 1/ (})z% Then an
orthonormal basis of 4 is {eg: a1 +az+az =1, a € (NU {0})m}. So, we have

K(zzw)= ) eq(deq(w)= A)z“ we,

a:a+az+az=1 a:art+az+az=1 (a
forall z, w € D™. If @; = 1, then K(z, w) = 0 for any (z, w) with z; = 0. On the other hand, if
a; =0and ay + as =1, then K(z, w) =0 for (z, w) € {w, = w3 = 0}. Thus, K(z, w) =0 for any
(z, w) where z; = 0 and w, = w3 = 0. Consequently, K satisfies Equation (3.4). Now, observe
that forany i, j € {1, 2,3},

%ij:%im%j={f€J€:f:00nzizj:O}:<{ziz]~}>.

As aresult, it can be checked that

Mo+ M3 =<{z120,2123} >={f €A f=00n 2120 = 2123 = 0}.

On the other hand, it is clear that .4, nm ={feA: f=00n z,2, = 2123 = 0} which
gives M N My + My = Mo + A13. Finally, observe that {e, : az + a3 = 1,a € (NU{0})"'} and
{eq:a1=1,a2+a3=1,a € (Nu{0})"} are orthonormal bases of /> + .45 and 4, + 13
respectively. So,

A A
Km(z, LU) = Z ( )Za LD“ and Km(z, LU) = Z ( )Za lila,

a:ar+az=1 o a:a=l,ar+az=1 a
for all z, w € D™. As a result, Km(z, w) =0, for all (z, w) such that z€ {z, =0}, w € {w3 =
0} and Km(z, w) = 0, for all (z, w) such that z € {z1z, = 0}, w € {w; w3 = 0}. From the
previous discussion, this gives

K(z,w) = Ki(z, w) + Kx(z, w) + K3(z, w) — Ki2(z, w) — Ki3(z, w) — Kz3(z, w) + Ky23(2, w).

In general, following similar arguments as above, it can also be proved that when n < m,
i1,...,in€{l,....m}and M ={f € HMD™) :f=0o0ngz; =---=z;, =0}, the reproducing kernel
K of ./ satisfies the decomposition formula given by Equation (3.3).
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Example 3.3.2. Let A = HAD3) and for € > 0, consider the submodules M, Mo of A, where
./%1 ={f€=]ftf:00nZ1—EZ2=0}

and
Mo ={f €A f=00nz3=0}.

Now, suppose f(z1,22,23) =_; j,keNU0} f(l J k)zizézéc, for all z;, 25, z3 € D and assume that
f € 4. Then we have

flez, 2,25 = Y. €f(i,j,kz 25 =0.
i,j,k=0

As aresult,

f,zz)= Y f0,5,0z25+ Y flj,k(ezm+ (21 -€z) 2l 2f

J,k=0 i=1,j,k=0

Aoi i i 1 i-1 k
=Y fo,jkzE+ Y f(z,],k)(€‘z§+le’ Zi (21 —€zp) + -+ + (21 —€27) )z2z3
J,k=0 i=1,j,k=0

2o s (iicl i-1 ik
= fleza,22,23) + ) f(z,],k)(le’ z, (zl—ezz)+---+(z1—ezz)l)zéz3
i=1,7,k=0

I
18

fa,j, Ic)( i1 ’ Yz1—€zp) +-+ + (21— €20) )zzzéf
izl,i+j+k=n

S
I

—

v

I
18

pn(z1,22,23).

S
Il
—

Clearly, for each n =1, p,, is a homogeneous polynomial of degree n and z; — 622 divides p,,.
Also, from degree arguments it follows that py, (21, 22, 23) = Xit j+k=n fa,j, k)z1 z2 z3 Thus, if
we define s; = 251:1 pn,forl=1,2,..., then s; converges to f in # proving .4 to be the closure
of the principal ideal generated by z; — €z, in .#°. Similarly, one can show that .4 is the closure
of the ideal generated by z;.

Next, consider the submodule .# of # which is the closure of the polynomial ideal
generated by z; — €z and z3. Then it can be easily checked that .4 = .4, + .#». We will show
that the reproducing kernel K of ./ satisfies Equation (3.3).

Choose an arbitrary element f in M+, Since f L >, wehave f(z1,22,23) = Zi,jzo f(i, j,O)z{zé
Consequently, .4+ can be considered as a subspace of H}112)(D?) & < {z] — €25} >. Now, fol-
lowing the calculations done in [14, Section 2.1] we obtain that H M2 (D2) 6 < {z; — €2y} > is
the closed linear span of the set {ey : k € NU {0}}, where, for z;, 2, €D,

i J
214

ek(zl’ZZ) = Z

i+j=ni,jENUIO0} (All)(;;z) '
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Define € : D% — C as e1.(z1, 22, 23) = ex(z1, 22). Clearly, ML= V{ek keNuU {0}} As aresult, we
have

K(z,w) = Kz(z,w) — K ,.(z,w)

zt zg wi wg zt zg ZXwi wg wg)
- 1727172 -K (z,w)
(iy]ZE:O () (/1]2) i,jz%:kzl (/111)(1]2) () (FM22©2) & <tar—ez)>)

iJ k.~ k
Z1Zp 3 wl wz Wy

BIGN ) ~ K002 6 <tzi-ez>
i +

= (KH(MM 02) (2, W) + Z3Ws3 ) (z, w)

i,j,k=0
= K(<iz,-e2,}>) (2, W) + z3 W3 )3(2, W)
= (21 —€22) (W1 — €EW2) X (<iz1—€20)>) (2, W) + 23 W3 ¥ 3(2, W),

where K 4 denotes the reproducing kernel of the Hilbert space .A". For z, w € D3,ifz; —€2, =0

and ws = 0, then, following previous equalities, it is clear that K(z, w) = 0. But according to

Proposition 3.2.2, this is one of the sufficient conditions for the decomposition formula given
by Equation (3.2) which proves our claim.

So far we have assumed that .#; is the maximal set of functions vanishing on a closed
subset Z; < Q, for all i =1,...,n. In the following class of examples we will show that the
decomposition formula is valid even when .#; is assumed to be the closure of a principal ideal
in A which is not necessarily maximal.

Example 3.3.3. Let A& = HAMD™) and for i = 1,2, 3, consider the subspace .#; of A which is
the closure of the principal ideal generated by z:i, where m =3 and ry, 2, r3 € N. Then we have

/ﬂi:V{ea:aizri,ajzoforj;éi},

where @ = (a1, ..., an) € (NU{0})™ is a multi-index and e, (2) = ( )2%, for all z € D™. Next, con-

sider the subspace which is of the form < {z1 , z2 , zzz} >(closurein #2). Then A = M + Mo + M 5.
Similarly, one can check that ./, + 45 = < {z) ,z33} >. As a result,

/%2+/%3:V{ea:eitherag€{0,...,r2—1},a32 r30r ap =ry,a3=0and a; =0 for j ¢ {2,3}}
which gives
/Al ﬂ./%g-l-./ﬂg

:V{ea:al > ry,either ap €{0,...,r,— 1}, az = r3oraz = 15,3 =0 and a; = 0 for j ¢ {1,2,3}}.

Thus, A1 O My + M5 Mz =< {z1 , z2 ,zzz} >. On the other hand,

Mo = MO Mo :\/{ea ta1 =1, =1, = 0for j ¢ {1,2}} = < {z'z,?} >

and similarly, /13 = < {z,' 25’} >. So, M1 + M3 = < {2, 2,2, 2, z5°} > which proves that ., N
Mo + M3 = M2 + M13. Now, observe the following:
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1. A e (M + M3) = V{ea tayp=r1,a2 €10,...,1n—1},a3 €{0,...,1r3 — 1},05]‘ = 0 for ] ¢
{1,2,3}} which is clearly orthogonal to /5 + .s;

2. Mro Moz =\{eq:az=12,a3€(0,...,13— 1}, aj = 0 for j ¢ {2,3}} and hence is orthogonal
to s;

3. Mo N M3 = MO Mo N M :V{ea:al =T,02212,X32=213,0j ZOfOI‘j$ {1,2,3}};

4. If we denote 41 N Mo N M3 as M3, then M5 © M3 = V{ea T =711, = 12,03 €
{0,...,73—1},aj = 0 for j ¢ {1,2,3}} and is orthogonal to /3.

(1) implies that (4 © (M2 + M13)) L (Mo + M5 (M2 + A13)). From Lemma 3.2.1 this is
equivalent to the fact that 4 © 4 = Mo + M5 6 (M2 + A13). Thus, for all z, w € Q,

K(z,w)=Ki(z,w) + Km(z, w) — Kz—

Similarly, (2) and (4) implies that (/s © Mlr3) L (M3 6 Mo3) and (M2 © M123) L (M3 © M23),
respectively. So, applying Lemma 3.2.1 we obtain that

K6 (5 w) = Ko (z, w) + K3(z, w) = Kp3(z, w)
and
K% w) = Ki2(z, w) + Ki3(z, w) - Ki23(2, w),
for all z, w € Q. Finally, if we plug the expressions of K and K, In the expression

of K, then it becomes apparent that K satisfies the decomposition formula as desired.

Generalizing these arguments we can prove the following: Let 2 < n < m, ij,...,iy €
{1,...,m}, r1,...,rp, € N and consider the subspace .# of # given by the closure of the polyno-
mial ideal generated by the set {zl.rl1 yeee zlr:} Then the reproducing kernel K of ./ satisfies the
decomposition formula given by Equation (3.3).

Remark 3.3.4. Let ./, #> and .4 be submodules of the Hardy module H?(D?) obtained
by taking closure of the polynomial ideals generated by {z;z}, {z1 — 22} and {z;2p, 21 — 2o}
respectively. In this example, the reproducing kernel K of .# does not admit a decomposition
of the form prescribed in Equation (3.2). This can be seen through the following steps:

1. For each w € D?, K;(-,w) € 4, € {f € H*(D?) : f(z) =0 on 212, = 0}. So, if z € D? and
2120 =0, then Kj(z, w) = 0.

2. Since 1y € M, Ki2(z, w) =0.
3. Kx(z,w) = Ko(w,2), z, w € D?. So K»(z, w) = 0 when w; — w, =0, w € D?.

4. fz,weD? z12,=0, w; —w, =0and K = K; + K» — K32, then K(z, w) = 0.
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5. On the other hand, from direct computation we get

(21 — 22) (0 — W2) N Z

K(z,w) = > ziz) W w;.

i,j20,i4j=2
In particular, K((3,0),(3,3)) = X%, (i)i = 15 # 0 which contradicts the outcome men-
tioned in step 4.

3.4 Applications

3.4.1 An explicit description of the joint kernel on the singular set

Proposition 3.4.1. Let /< ©(Q)) be an analytic Hilbert module for some bounded domain Q
inC™ and .¢ be a polynomial ideal inClz,,...,z;y] with generators{py,..., p:}. Also, let M be
the closure of Zin A€. Assume that

i) Z(p1,..., py) NQ is a submanifold of codimension t(= 2),
ii) pi,p;j arerelatively primefori# j,1<i,j<t.

Then there exists anti-holomorphic maps F,...,F;: Z(p1,..., pr) NQ — M which satisfy condi-
tions1 to4 of Theorem2.1.4. Fori=1,...,t, let #; be the principal ideal generated by p; and set
M to be the closure of #; in A€ with reproducing kernel K;. Suppose K admits a decomposition
as in Equation (3.3). Then F;(v) = My, xi(-,v) forallv € Z(p,..., p) NQ, where y; is taken from
the equation K;(z, w) = pi(z)mx,-(z, w), z, w €.

As a prerequisite, we will first prove the following two lemmas.

Lemma 3.4.2. Supposek<tandi,...,ir€11,...,t}. Then an arbitrary element of 4;, N---N
M, is divisible by p;, -+ pi, inO(Q).

Proof. Firstly, choose an arbitrary element m € 44, = 4 N A#>. Then m = py1h; = pahy, for
some holomorphic functions hy, hy : Q@ — C. Clearly, p, divides p; h;. We will show that p,
divides h,, i.e., there exists a holomorphic function g, : QO — C such that h; = p» g, on Q.

It is enough to show that for each x € Q, there exists a neighbourhood U, of x in Q, a
holomorphic function gZU *: Uy — Csuch that h; = p» gzU *on Uy. To see this, take x,y € Q, x # y
such that U, n Uy is non-empty. Then, on U, N Uy, ngzU ¥ = ngzU ¥ which implies gzU ¥ = gzU Y
by the identity theorem. So, if we define g : Q — C as gy, = gzU *, then it is well-defined,
holomorphic on Q and satisfies h; = p»g» in O (Q).

Observe that Q = (Q\ Z(p2)) U (Z(p2) \ Z(p1, p2)) U Z(p1, p2). It is clear that for any x €
Q\Z(p2), Ux = Q\ Z(p2) and gzUx = h/ p,. Now, choose an arbitrary point x € (Z(p2)\ Z(p1, p2)).
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Since (p2)x divides (p1h1)x in Oy and (p;)x is an unit, (p2), divides (h1) . So, p» divides h; in
some neighbourhood Uy of x. Finally, let x € Z(p1, p2). If (p1)x, (p2)x are relatively prime in
Oy, then, from (p7), divides (p; h1) x we can also conclude that (p») divides (/;) . To see this,
consider an irreducible factorization of (p) ; in O, given by

(p2)x = (@) - (ap) ¥,

where (a;)y,..., (ax)x are distinct irreducible factors of (p2)y, n1,..., nx € N. Since (p1)x, (P2)x
are relatively prime, none of them is a factor of (p;)x. So, (a;), divides (h;)y, foreach [,1 < [, < k.
Now, (p2)y divides (p;h1)y implies (a)™ divides (p;h1)x, or equivalently, (a)™ " divides
(p1)x(hl/ay)x. If n; > 1, then this gives (a;)x divides (p1)x(h/a;)x which implies (a;) , divides
(h/ay)y. Thus, (al)i divides (h;),. Proceeding similarly, we obtain that (al);” divides (h;)y, for
each [,1 <[, < k. Since the least common multiple of {(al)g1 e (ak)zk} is their product (p2) x,
from the previous line it follows that (p2) divides (h;), in O.

Now, we will show that (p;)y, (p2)x are relatively prime for any x € Z(p1, p2). Consider the
biholomorphism ® on C" given by ®(z, ..., z;) = (21 — X1,...,2m — Xm). Then, it is clear that
®(x) =0and p;o®!, py o®~! are polynomials. Also, note that relatively prime is invariant
under biholomorphism. This means

i) pi1,p2 are relatively prime in Clz,,..., z,,] if and only if p; o ol p2o o ! are relatively
prime in C[z;,..., 2];

ii) (p1)x (p2)y are relatively prime in O, if and only if (p; o @ 1,, (p2o @1y, are relatively
prime in Gj.

So, without loss of generality, we can assume that x = 0 and it is enough to show that p,, p» are
relatively prime in C[zy, ..., z,,] implies (p1)o, (p2)o are relatively prime in 0.

Identify Clz,,...,zmn] as Clz1,...,z2m-111zm]. The latter is the collection of all polynomials
of the form

by + b1z + by 22, + -+ + brzk,

where k e NU {0}, by,..., by € Clzy,...,2m-1]. Since p1, p, are relatively prime in C[z, ..., z;l,
they do not have any common irreducible factors in Clzy,...,z2,-1]1[2n]. By Gauss’ lemma
any irreducible element in C[z,..., z;,] whose degree in z,, variable is strictly positive, is ir-
reducible in Q[zy,...,zm-11lzm], where Q|zy,...,z;,-1] is the quotient field of C[zy, ..., zpy-1]
and Qlzy,..., 2m][z2mn] consists of polynomials in z,, with coefficients in Q|z,..., z;;-1]. Conse-
quently, p;, p2 are relatively prime as elements in Q[z,..., z;,-11[z;;]. It can be checked that
Qlz,...,2m-11lzm] is a PID. So, there exists r;, 12 € Q[z1,..., 2m-11[zm] such that

pir+par2=1,
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or equivalently, there exists q1, g2, q € Clzy,...,z,] such that g is independent of z,,, not
identically 0 and we have the equality

piqi+p2q2=(q.

This clearly implies that (p1)o, (p2)o are relatively prime G¢m-1 o[zy,]. Finally, from [24, Lemma
I1.B.5] it follows that (p1)o, (p2)o are relatively prime in &y which proves our claim. As a result,
p1p2 divides m in 0 (Q).

Next, let m be an arbitrary element of .#;, N 4, N M;, = M, i, N M;,. Then, from the
previous claim it follows that both p;, p;, and p;, divides m. Now, if we choose p; = p;, pi,

1i2

and p = p;,, then, following similar arguments as above we obtain that p;, p;, p;, divides m in
0 (Q). Proceeding similarly, the general case follows. O

Lemma 3.4.3. Let K;,_;, be the reproducing kernel of M;, N---N M. Then K;, ; (z,w) =
(piy i) @ (piy - pi) (W) X4,..ip. (2, W), for some sesquianalytic function x;, ., : QxQ — C.

Proof. Let {en :neNuU {0}} be an orthonormal basis of .#;, N---N.4;, . Then, by Lemma 3.4.2,
we have e, (2) = (p;, - pi) (2)en(2), for e, € G(Q), n € NU{0}. Define

fl’l(Z) w) = en(z)en(w) and f('z) w) = (p11 “'pl'k)(z)(pil '”pl.k)(w))

forall (z, w) € Q x Q. Then, itis clear that f divides f, for all n and hence ord;, ) f < ordz,w) fn,
where ord(;, ) f,ordz, ) fn denotes the total order of f, f;, at the point (z, w) as defined in [24,
Page 8].

Now, consider two arbitrary multi-indices @, f € (NU {0})" such that |a + | = |a| + 8] <
ord(z,u) f. Then |a@ + | < ord(,, ) f» and hence aaéﬁfn(z, w) =0, for all z, w € Q). Moreover, we
have

0P K;,..ip(z,w) = ) 0%en(2)0Pe,(w) = Y. 80P fu(z, w) = 0.

n=0 n=0
Consequently, ord; ) f < ord(;,u) Kj, ...i,, for all (z, w) € Q x Q and the lemma follows from [9,
Section 1.5]. O

Now we will prove Proposition 3.4.1.
Proof. From Equation (3.3), for each w € Q, we have the following:
K(-, w)

t t
=Y Kitbw) - Y, Kjt,w ++ DK w)
i=1 i<j,i,j=1

t 3
= (KW =Y Kylw ++ DY K g Gw) e+ (CDK (G w)

=2 i2<...<ik,i2 ..... ik=2
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r
(Kol w) = Y Koilyw) o4 (D) 2Ky w)) + -+ Ko, w)
i=3

— t — —
= D) (M, 416 ) = Y. il My, p, 211 w) -+ (<1 (o pA @I My, 11,4 W)
i=2

—— t —— —_—
+ p2(w) (Mpz)(z(', w) =Y. piW)Mp,p, x2i (W) + -+ + (=1)" 2 (p3 - p) (W) Mp,...p, X2...1 W))
i=3
-+ prwW) My, x ¢ (-, w)
= p1(W)G1(w) + p2(W)Ga (W) + -+ pr (W) G (W).

Clearly, Gy, ...,G; : Q — . are anti-holomorphic maps and G;(v) = ijxj(-, v), forall v e
V(A4), j=1,...,t. Consequently, applying condition 2 of Theorem 2.1.4 we obtain that F;(v) =
G;j(v) = Mp, x (-, v) which proves the proposition. O

From the proof given above, it follows that under the additional hypotheses mentioned in
Proposition 3.4.1, Q,, =Q, for all we V(4), Z =V (4) and we have the bundles E;, E, E» on
ZxP1 Fix ie{l,...,t} and consider the set Z x {7(0,...,0,1,0,...,00} c U; € Z x P*"1, where
1 is at the i-th position. If we restrict E;, E and E, on this set and denote them by EIZ’i,EZ'i
and EZ" respectively, then 0 — E' — E%7 — EZ"' — 0 can be thought as an exact sequence
of Hermitian, anti-holomorphic bundles on Z. When i =1, these bundles can be described as

follows:

EP' =] <{s1w,m(1,0,...,00} >= || <{F ()} >= || <{Mp, 110, 0)} >,
veZ veZ veZ

EX = || <{s1(,7(1,0,...,00), Fa(v),..., F(0)} >= || <{Mp,x1( 1), Mp, x oG, 0)} >,
veZ veZ

EP = || <{lR),..., [F} >= || <{Mp,x2(, )], My, x o, 0)1} >
veZ veZ
Corollary 3.4.4. Let (Q,H#,.%,.4),(Q, 7', %, 4") be as above. Then we obtain two exact se-
quences of Hermitian, anti-holomorphic bundles on Z, namely, 0 — E/"' — E#1 — E/'' — 0
and 0 — E’IZ’l — B I::’ZZ’Z — 0. IfL: M — ' is an unitary module map, then EIZ’i,E’lz’l;

C o = 70 L7 o~ 70 .
E4U E cmd}':“z”,E’2 are equivalent.

~/

Proof. From Theorem 3.1.4 it follows that L induces isometric bundle maps between E, E;
EE and By, E,. If we restrict these maps on Z x {7(0,...,0,1,0,...,0)}, we will obtain the
equivalence between each pair of bundles given above on Z. O

For any n€N, 2 < n < m, consider an n-tuple I = (iy,...,i,), where i, # i, for p # q,
p,gefl,...,n} and {iy,...,ip} {1,...,m}. Next, consider an m-tuple A; = (Ay,...,1,) € R
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corresponding to I, where A; =1, for all i € {iy,...,i,}. For any such A;, define H?’(ID’") to be
the submodule of H*(D™) given by

HY®™) :={fe HNO™):f=0o0n z; == z;, = 0.
Then, as an application of Corollary 3.4.4, we can prove the following.
Proposition 3.4.5. For any two m-tuples A, /1/[ as above, H}lf (D™) is unitarily equivalent to

H?I (D™) as Hilbert modules if and only if A1 = /1’[.

Proof. The if part is trivial. To prove the converse part let us denote H}“ (D™, HIA’ (D™) by
A, ' respectively. Then it can be checked that both ., .4’ are the closure of the polynomial
ideal .# generated by {z;,..., z;,} (with respect to two different inner products). As a result,
both of them satisfy the hypotheses of Theorem 2.1.4. Next, for each r,1 < r < n, define

H;“([Dm) ={f e HM(D™) :f=0o0nz; =0}
and ,
Hf’([Dm) ={ge H’lll([Dm) :g=0o0nz; =0}
If we denote them by ./, ./%,,. respectively, then we obtain the following:
a) Both ./,,./, are of the form < {z; } > in their respective spaces.
b) J%:mand%’:m.

c) The reproducing kernels of .4, .4’ satisfy the decomposition formula given by Equation
(3.3).

Let K;, be the reproducing kernel of .#,. Then, for all z, w € Q,

Ki(zw)= ). (Al)z“u'/“:z,-,u’/ir(anz“u’)“),

aa; =1 a a
where,
A A A
iz \ Qi )\ @i, 1) e i \@i
This is because A; = 1, for i € {iy,..., i,}. Consequently, y; (z, w) =--- = x;,(z, w) = y(z, w), for

all z, w € Q. Similarly, we have

: A
)(’,-l(z,w)z---zxﬁ-n(z,un:x’(z,w):anz“u‘z“:Z( I1 (’))z“u‘;a.

iriglipin) \Xi
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Since y, y': Q x Q — C are positive definite functions, they induce reproducing kernel Hilbert
modules ./, .#" , respectively. Moreover, it can be checked that the operator given by the
pointwise multiplication of the function z;, is an unitary module map from #, to .4, (similarly,
from A’ y to /%;). If we denote them by M Zi,» Mlzl-r respectively, then, following Corollary 3.4.4
we obtain that the bundles ||, cvx) < {Mz, x(, w)} > and |yeviwn < {M,Zir x'(, w)} > are
equivalent forall 7 = 1,...,n. Thus, forall we V(4) = V(') ={weD™ : w; =--- = w;, =0},
i€({1,...,m\{iy,..., in}), we have

8dlog y(w, w) = ddlog y' (w, w),
as (1,1) forms on V (.#), which implies
01, 0u, log y (w, w) = 8y,0,, logy (w, w),
or equivalently,

X (W, W) - 81,01, X (W, W) — O, X (W, W) - 0, x (W, W)

(x(w, w))*
X W, w) 00,00, X' (w, w) =8, X (W, w) -0, ¥ (w, w)
(¥’ (w, w))?

Finally, if we evaluate the previous equation at w = 0 using the explicit descriptions of y, y’

given above, we will obtain c(, 10,0 =¢C where 1 is at the i-th position. This gives

©,...,1,0,...,0)
Ai= /1;., for all i outside the set {iy, ..., i,}, proving the proposition. O

3.4.2 An alternate for the Curto-Salinas bundle on the blow up space

Let Q be a bounded domain in C™. 4, 4" €B,(Q) and £(4), (") are the associated line
bundles on the blow-up space which are obtained from a decomposition of the reproducing kernels
given in [3, Section 3.1]. Then, in [3, Theorem 5.1] it has been shown that the equivalence
of these bundles completely determines the equivalence of #,.#' as Hilbert modules. In the
following discussion, with additional hypotheses on ., #4', we will associate alternate line
bundles with these modules which also completely determine their equivalence. Finally, we will
work out certain examples where the latter approach might be computationally simpler.

Let /£ <O(Q) be an analytic Hilbert module and .# be a polynomial ideal generated by
{p1,..., ps} that satisfies the following:

i) Z(p1,...,p) NQ is a submanifold of codimension t(=2),

ii) pi,p;j are relatively prime for i # j,1<1i,j<t and
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i) Mi={feA:f=0o0n Z(p;)}, where .4 is the closure of the principal ideal generated
by p; in .

Now, set .4 = [.#](closure in #) and assume that the reproducing kernel K of .4 satisfies
Equation (3.3). Then, following the proof of Proposition 3.4.1 and the blow-up construction
mentioned before, we canonically obtain a line bundle E; on Q, where

Q={(w,nw) e QxP" iu;pj(w)—ujpi(w)=0,i,j=1,...,t} (3.5)
and 7 : C'\{0} — P! is the canonical projection map. This leads us to the following theorem.

Theorem 3.4.6. Let 7, /' < 0 (Q) be analytic Hilbert modules. With % as above, let M, ' be
the closure of & in #€, 7" respectively. Then 4, ' are equivalent as Hilbert modules if and
only if the respective line bundles E, E; are equivalent as Hermitian, anti-holomorphic bundles
on Q.

Proof. Letus write Q= Uleﬁi, where, fori=1,...,t, ﬁi = (Qx{u; #0HNQ. Then in particular,
we have

Oy ={w,n(1,0;,...,0)): pj(w) =0;p1 (), w € Q,0;€C,j=2,...,1}.
If we denote © = (1,6.,...,01), then, on Uy,

Bi= || <swrO)>andE = || <5 n0)>,
(w,m(©@)el; (w,m(©)el;

where s, (w0, 7(0)) = Gy (w) +03Ga(w) + - + 01G(w), s} (w,7(O)) = G, (W) +OLGy(w) + -+ +
9}G;(w) and for each j € {1,..., 1}, Gj, G;. have the same form as described in the proof of
Proposition 3.4.1.

Given any unitary module map L: .4 — ./, it is enough to show that £, E; are equivalent
on U,. Since codimV (%) = codimV (.#') = 2, by Hartog’s Extension Theorem [26, Page 198] we
can find a non-vanishing holomorphic function a: Q — C such that L(m) = am, forall me /.
Now, choose an arbitrary element m; € #;, for i € {1,..., t}. Then L(m;) € 4’ and it vanishes
on Z(p;). As aresult, L(.4;) < .4;. Similarly, with L~! we have L™} (.4,) < .4, or equivalently,
/%l' c L(#;). Thus, L(4;) = /%lf, for all i. More generally, for any k < ¢, iy,...,ir € {1,..., t},

LA, 00 M) :/ﬂgln---m/ﬂgk,

which follows from the bijectivity of L. Let mgl___ik be an arbitrary element in .# lfl N--NM ;k'

Then, applying Lemma 3.4.2 we obtain m'l.l. = 4

/ .
w=M ilmpik(mh...ik)’ for some holomorphic

. ! /
function m?! i Q=C where Mpi1 )

i . is the multiplication operator by the function p;, --- p;,

-Pi
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on the Hilbert space %X,il...ik that is generated by the positive definite function )(;1 i QAxQ—
C. Asaresult, forall w € Q,

<L(Mpzl szxll lk( w)) 11 lk>ﬂ Mpzl Iﬂzkxll---lk( w), L ( 11 lk)>ﬂ

= <Mpi1~~.pile'1...lk( LU) L ( ll lk)>dﬂ
= <MPi1---PikXi1...lk( w) ( ll lk/a)>./ﬂ
= <MPi1~~~PikXi1...ik ( w) Mpil"'pik (mi(llk/a)>'/ﬂ

Xirei (), (m i l’“/a)>~75’x
...

!

1 <X'~ CCow).mt >
a(LU) 1.0k ’ ’ il...ik ‘]fx/i

l"'ik

- <M’ Lo Cw), m >
- a(lU) Pi1~~~PikXi1...ik ’ ) 0.0 ./ﬂ/’
C . . ( w) . st (w,m(0))
which implies LG;(w) = =, j = 1,..., t. Thus, we obatin Ls,(w,7(0)) = T proving

that L induces an isometrlc bundle map between E; and E; on Uj.
To prove the converse, first observe that

a) (Q\V) xP ) nQ={(w,x(p1(w),...,p:(w))): we Q\ V(&)} and

b) on this set, E; = U,y < {KG w)} >, E; = Uwrw) < {K'(, w)} >, where K, K’ are the
reproducing kernel of ./, .#' respectively.

To see this, take an arbitrary element (w, 7 (u)) € ((Q \V(H4)) x IPI_I) N Q. Then u # 0 and there
exists some j € {1,..., f} such that p;(w) # 0. Without loss of generality, assume that p; (w) # 0.
Then, from Equation (3.5) it follows that u; = tp;tw)

AR ,forall j=2,...,t. Thus, u; # 0(otherwise,
it contradicts that u # 0) and

uy p2(w) ulpt(w))

piw) " pr(w)

(1’ pZ(w),..., pt(w))
p1(w) p1(w)

= 1(p1(w), p2(w)..., p(w)),

7(uy, Uy, ..., Uy) =7t(u1,

/A

which proves a). To prove b), observe that (w, m(u)) as chosen above, is in Ul. As aresult,

Sl(W’ﬂ(l,ﬂ,...,&)):Sl(w,ﬂ(l,pZ(w) Pt(w)))

Uy uy pr(w)’ " pr(w)

pz(w)Gz(wH'_.ert(w) o = K6w

p1L(w) p1L(w) pL(w)

=G (w) +
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Since p1(w) #0, (E)) wrw) =< (K, w)/ p1(w)} >=< {K(-, w)} >. Similarly, we can show that
(E'l)(w,n(u)) =< {K'(-, w)} >, which proves b)

Next, consider the holomorphic map F: (Q\ V(%)) — ((Q\ V(4)) x P'~1) n Q given by
F(w) = (w,n(p1(w),..., pr(w))). Then

F'Ei= || <WKGwy> and FPEj= || <{KGw)>.
we(Q-V (M) we(Q-V ()

Now, if E;, E ,1 are equivalent on Q, they are equivalent on ((Q\ V(H)) x I]N_l) nQ. Consequently,
F*Fy, F*E| are equivalent on Q\ V(%) following the discussion above. Since both are line
bundles, there exists a nonvanishing holomorphic function ¢ : (Q\ V(.#)) — C such that
K(z,w) = ¢(2)K'(z, w)p(w), for all z, w € (Q\V (4)). But K, K’ are sharp on Q\ V(.4). So, from
(12, Theorem 3.7, Lemma 3.9], we obtain that .#, /' are equivalent as Hilbert modules. [

As an application of Theorem 3.4.6, we will now consider the following class of examples.
Let

| o |aj |2
HO(D?) = {f(—:@’(l]])z) if f(z1,20) = Z aijzizé, then Z AU” <oo}

i,j=0 lv]ZO(i)(j)

with the inner product (f,g) =Y; j>0 ?;—?‘% where A, 11> 0 and g(z1,22) = X; j>0 bijz{zg' Then
i)\
it is clear that HA# (D?) is a Hilbert module over C[z,zp]. Consider the submodule Hél’”) (D?)
given by
HM @) = (f e HM(D?): f=0 at (0,0}

Proposition 3.4.7. For A, A',u, ' >0, H((,A’m (D?) is equivalent to H(()/V’” ) (D?) as Hilbert modules
ifandonly if A=A andu=p'.

Proof. The if part is trivial. To prove the only if part let us denote H(()A'” '@?), H(()/V'” ) (D?) as
A, ' respectively. Then it can be checked that both .4, .4’ are the closure of the polynomial
ideal .# generated by z;, z», in their respective ambient spaces. Furthermore, .# satisfies
conditions i), ii) and iii) previously mentioned. If we denote the reproducing kernel of ./ as K,
then

1
K(z,w) = - e
(1 -z w)A (1 - zo W)
A o
= ()('u)zizéu_/{u'/é
i,j=0,i+j=1\1J\J

So, if z; =0 and w, = 0, then K(z, w) = 0. Similarly, K'(z, w) = 0 for such z, w € D?. As a result,
from Proposition 3.2.2, it follows that both K, K’ satisfy Equation (3.3). Now, applying Theorem
3.4.6 we obtain that £; and E; are equivalent on D2, where

D? = {(w, (u)) eD*xP': ugwyr —upwy =0} = U1 UUZ.
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In particular, they are equivalent on Uy = {(w,n(1,0))) : wo = Oyw;, w € D?,0, € C}. Next,
observe that on Uy,

Ei= || <siwr@o>= || <{Gw)+0,G(w)>
(w,m(1,01)elh (w,m(1,61)ely
and
E= || <{Gw) +0,Gy(w)>,

(w,n(1,01)e0q

where Gy (w) = (Mg, x1(, W)~ W2 Mz, 2, Y12, w), G, (W) = (M, x4 (-, w) =02 M, X}, (-, w)), Ga(w)
= M, x2(-, w) and G,Z(w) = M,ZZX:’Z(-, w). For any polynomial p, M, M;? represents the point-
wise multiplication operator by the function p on a suitable Hilbert space. If Kj, K>, K, are the
reproducing kernels for the submodules of H»* (D?) generated by z1, z, and z, z, respectively,
then it follows that

L xi1(z,w) =% =0 (iil)(])zizé w) wé,

2. x2(z,w)=Y; 10 (}) (]+1)Zfzé i} ) and

3. x12(z, W) =X; j=0 (iil)(jf:l)zizé wy wé,

for all z, w € D?. Similarly, we can derive the expressions for ¥/, x5 and x/,.

Now, observe that U; n {01 = 0} = ({wz = 0} N D?) x {x(1,0)}. So, {w, = 0} ND? can be
considered as subset of U; through the holomorphic map f given by f(w) = (w,7(1,0)). Also,
itis clear that

FE= L <{Mani(w,0)}> and B = || <{M_xi(-(w,0)}>

w1eD w1 €D

Since Ej, E’l are equivalent on Uy, f*Ey, f *E; are equivalent on {w, = 0} ND?2. As a result,
00log y1((w1,0), (w1,0)) = ddlog x' ((wr,0), (wy,0))

as (1,1) forms on D. But this is equivalent to

awlawl ! Y ’ awlawl b b ’
which 1mp11es

21 ((w1,0), (w1, 0)) 3 11 (1,00, (w1,0)) — 5241 (w1, 0), (w1, 0)) 5211 ((w1,0), (w1,0))

(1 (1,0, (w1, 0))°
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¥ ((w1,0), (wy,00) 525y} (w1, 0), (w1,0)) = 52- 14 (w1, 0), (w1, 0)) 521} (1, 0), (w1,0))

(14 (1,0, (w1, 0))°

A (A Ay A
If we plug the expressions of y1, ] in this equation and put w, = 0, we will get % = %(22)
1 1
which gives A = A'. Finally, using the fact that £, E",l are equivalent on U, and following similar

arguments as above, we will obtain that u = y/'. O

3.4.3 Asubmodule invariant and its relation with the quotient module

In this section, for each i =1,...,t, let #,.#,.%;, 4, 4 be as in Proposition 3.4.1. Consider
the module map My, : # — 4. This induces the map

MPl ®q:[§] lw : <77'fﬂ®C[g] Cw — ./%1 ®@[§] Cw,

for each w € Q, where C,, is the one dimensional module over C[z] given by p-1:= p(w)A,
peClz], AeC. It is easily checked that for each w e Q,

A ®¢z) Cow =< {Kz (-, w)} >® C and M1 ®c(z) Cy =< {Mp, 1, w)} >® C,

where K # is the reproducing kernel of #. So, we obtain a canonical map between < {K (-, w)} >
and < {M,, x1(-, w)} > which we will denote by M, (w). Now, define

Hm,, (W) = 0,0, 10g | My, (W), (3.6)

Note that if IIM,,I(w)II2 vanishes on some subset of Q, the right hand side of the Equation
(3.6) will be thought of as a (1,1) current. Since My, : # — ., has a dense range, it follows
from [15, Lemma 1] that KM, is a (1,1) form on Q and for each we Q,

KMy, (W) = A, (W) — Ag, (W) = 0150108 K e (w, w) — 8,40, log x1 (w, w). (3.7)

Here Ez,E 4, are line bundles on Q given by | |cq < {K(, w)} >, Uwea < {Mp, x1(, w)} >
respectively and HE 00 K, ATE the associated curvatures with respect to the Hermitian metrics
induced by .

For Z =V (), consider the canonical inclusion map iz : Z — Q. Then, on Z, we have the
following equality of (1,1) forms

l;el/gﬂl + i;'IMm = l;;Z/EJf, (3.8)

where i}JifMpl,i}IEﬂ and i}leﬂl are pullbacks of ‘]'“/Mm' HE, and ‘Z’/Eﬂl' respectively, by
iz. Now, we have the following lemma.
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Lemma 3.4.8. i}]{ Eu, = A 7z as(1,1) formson Z, where X 721 is the canonical curvature of
1 1

Elz L with respect to the Hermitian norm le ! induced by the norm in the module 7.

Proof. Choose an arbitrary point p € Z. Since Z is a submanifold of codimension ¢, there exists
a neighbourhood W, of p in Q, an open set O, =< C"*"! containing 0 and an immersion ¢, :
Op — Wy such that ¢, (0) = p, ¢,(0p) = W, N Z and ¢, : O, — W), N Z is a homeomorphism.
As aresult, W), n Z becomes a co-ordinate chart of Z around p. If v = (v, ..., ;) is the co-
ordinate representation of an arbitrary point in Oy, then any point in W, n Z can be denoted
as ¢, (v). Now, observe that for any v € O,

Hpza (pp(v)) = 0,0, 108 | Mp, 110, bp ()15 = 0,0, 10g 11 (¢ (1), bp (V).
On the other hand, JEM] = awawlog)m(-, -) on W,,. So, on i}l(Wp) =W,nZ,
iy HE , = 1,000wlogyi(,-) = 0,0,izlog 1 () =0,0,logx1(iz(),iz()).
In particular, for any v € O,
i}e]fEﬂl (bp() :avévlogXI(iZ((pp(V))yiZ((/)p(v))) 0,0 v1ogx1(dp(v),dp(v) = Zl(</>p(l/))

Thus, i, %, = Hpz1 as(1,1) forms on WynZ. The Lemma then follows from the arbitrariness
’ 1

of p. O
As a corollary of the Lemma 3.4.8, from Equation (3.8) we get

']“/EIZ'I + Z'EJJ/MPI = i;JEjf. 3.9
If 4, denotes the quotient module of .# in A, then for each we Q,

% — <{Kp(,w}>® C if weZ,
Mq®ciz) Cw = ( [ ker(P.u,Mpylu, - p(w)Lﬂq)) ® C= {

peClz] {0} otherwise.

Thus, .44 canonically induces a line bundle Ey, = Uwez <{Kz(,w)} > on Z. Its canonical
curvature Ag,, is a (1,1) form on Z and following a similar proof as given in Lemma 3.4.8 we
can show that i}, AE, = HE 4, Plugging this equality in the Equation (3.9) we finally get the
following equality of (1,1) forms on Z:

LZ,/EIZJ + i;e]fMpl = ‘Z“/E.ﬂq' (3.10)

From Corollary 3.4.4 it follows that Jf~z1 = (=2mi)cy (EZ1 Z1) s a geometric invariant for 4.
On the other hand, it is clear that Jfgﬂ is a geometric mvarlant for . So, from Equation
(3.10) it follows that J(~lzl +1i, &M, is a geometric invariant for .. Summarizing these steps,
in general, we obtain the following proposition.
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Proposition 3.4.9. Let A, .¥,.9;, 4, M;, i =1,...,t, be as above. Consider the set
Zx{n(0,...,0,1,0,...,00 c U; < Z x P!,

where 1 is at the i-th position and define Elz’i by restrictingEl on this set. Foreachie{l,...,t},
we have

(a) Jsz,i is an invariant for M ;
1

(b) J{Elz,i + i}]fM,,l. = Jfgﬂq as (1,1) forms on Z. In particular, JfElz,i + i}JKMpl_ is a geometric
invariant for 4.

Now, consider the example where # = H>(D™), meN,m =2, 4 =<{z,...,z:} > and for
each i=1,...,t, #;=<{z;} >. In this case, M, : #€ — M is an unitary map and hence, for
each weD™, M;®c(z) Cy =< {My;Kz(,w)} >® C. From Equation (3.7) it would then follow
that &), (w) =0, for each w € Q resulting i} &, =0 as a (1,1) form on Z. Consequently, by
Proposition 3.4.9 we obtain that lfglz,i is a geometric invariant for both .4 and ..






Chapter 4

Some complete invariants of a subclass of

similar submodules

4.1 Analytic sets and the Lelong-Poincaré formula

Let Q be a bounded domain in C™ and Z be an analytic set in Q. We define the dimension of
Z at an arbitrary point x € Z by the number

dim, Z = limsup dim;.Z,
z—x,zeregZ
where regZ denotes the regular points. Finally, the dimension of Z is defined as the maximum
of its dimensions at all points, i.e.,
dim Z := maxdim, Z = max dim,Z.
zeZ zeregZ

The codimension of an analytic set is, by definition, equal to m—dimZ.

For any ke N, Z is said to be a pure k-dimensional analytic set if dim,Z = k for all
x e Z. As an example, consider the set Z(z12) :={(z1, 22) € C?%: 2,2, =0}. One can check that
this is an analytic set of pure dimension 1. On the other hand, the set z;z, =0 = z;z3 in C3
has dimension 2 at all points of the complex plane C,3 and dimension 1 at the points of the
punctured one-dimensional plane C; —{0}. If Z is a pure k-dimensional, analytic subset(an
analytic set which is also closed) in Q, it defines a (m —k, m— k) current on Q given by

[.Z](a)::f i"a,
regz

where a is any compactly supported, smooth, (k,k) form(or test form) on Q, i:regZ — Q is
the canonical inclusion map and i*a is the pullback of a by i which is a smooth, (k, k) form on
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regZ [13, Theorem I11.2.7]. Note that supp(i*a) is not necessarily compact in regZ. So, the
main difficulty is to show that the integral is well defined in the following sense:

Let {U,}nen be a countable, locally finite open cover of regZ consisting of co-ordinate
charts and {p,}nen be a partition of unity subordinate to this cover. Then i*a =%, p,(i*a)
on regZ and fUnpn(i*a) is well defined for each n e N. Now, if the sum anUnpn(i*a) is
convergent for any such choice of {U,} and {p,}, then we'll define

f i*a:Zf pn(i*a).
regZ n JU

Finally, it can be checked that the right hand side is independent of any such choice of {U}}
and {p,} which makes this integral well defined.

However, if supp(a) is a compact subset of Q\sngZ, supp(i*a) is compact in regZ and
hence the integral fregz i*a is well defined, where sngZ denotes the singular points in Z and
equals to Z \regZ. To see this, observe that

supp(a) N Z =supp(a) N (regZ UsngZ) =supp(a) NregZ.

Since Z is closed and supp(a) is compact in Q, supp(a) NregZ = i_l(supp(a)) is a compact
subset in regZ. Finally, the result follows from the fact that supp(i*a) < i~!(supp(a)).

Definition 4.1.1. A holomorphic function g : Q — C is said to be a defining function of the
subset Z c Q if

) Z={z€Q:g(z) =0}, and

ii) for any open subset U of ), if f € G(U) vanishes on Z N U, then f = gh on U for some
holomorphic function h: U — C.

For any x € Z, if there exists an open subset U, € Q and a holomorphic function gy : Uy — C
such that gy is a defining function of Z N U, < Uy, then we say that g, is a defining function
of Z near x. From [9, Proposition 1.2.9] it follows that if Z is an analytic hypersurface in Q
and x € Z, then Z has a defining function near x. Recall that an analytic hypersurface is a
pure m— 1 diemensional analytic set in Q.

In what follows, we say that a holomorphic function g:Q — C defines Z if g is a defining
function of Z in the sense of Definition 4.1.1

Let fe0(Q) and Z be an analytic hypersurface in Q. For any point x € Z, the order
ordz . f of f along Z at x is defined to be the largest integer k such that in the local ring Oy
we have

A, =@,

where g is the defining function of Z near x. With this definition we'll prove the following.
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Lemma 4.1.2. Let Z be an analytic hypersurface in Q2 which is irreducible, that is, Z cannot be
written as the union of two analytic hypersurfaces in Q distinct from Z. Then, for any f € O(Q),
the integer valued map ¢ on Z given by ¢(x) = ordz x f is constant.

Proof. Firstly, we will show that ¢ is constant on reg’Z which, from [9, Section 5.3], is a con-
nected m — 1 dimensional manifold in Q. Choose an arbitrary point x € regZ. Then there
exists a neighbourhood Uj of x in , a holomorphic function g : U, — C such that g defines
Z NnUy < Uy. Since regZ is an open subset of Z, g defines regZ near x. But any complex
submanifold of codimension 1 can be locally defined by an analytic submersion. So, in Oy,
(8), is the germ of an analytic submersion at x modulo a unit. As a result, (g), is irreducible.
To see this, observe that g is a submersion at x or equivalently, the total order of g at x, namely
ord, g equals 1. If we have (g) , = (81)x(82)x in Oy, then

ordyg =ord,g; +ord,g, =1

which implies either ord, g; or ord,g» equals 0. Thus, one of the factors of (g) is a unit.
From the definition of ordz , f, we have (f), = (g);dz’xf(h)x in Oy, where (g) does not
divide (h),. Since (g), is irreducible, this means (g)x and (h) are relatively prime in O.

Following [25, Proposition 1.1.35] we can find a neighbourhood V of x in U, such that
a) = g“dleh on V,,

b) forall y € Vy, (g), and (h), are relatively prime.

Now, pick an arbitrary point y € Vy nregZ. Clearly, (f), = (g)‘;d‘z’Xf(h)y in 0y and (g)y, (h),
are relatively prime. Clearly, g is a defining function of regZ near y and following similar
arguments as above, we obtain that (g), is irreducible. As a result, (g), does not divide (h),
which implies ordz,, f = ordz . Thus, ¢ is locally constant on the connected set reg-Z

proving our first claim.

Next, pick an arbitrary point x € sng.Z. We will show that ordz x f = ¢, where c is the
constant value of ¢ on regZ. Let g be a defining function of Z near x. Then we can find a
holomorphic function & in a neighbourhood of x such that (f), = (g)5 "~ <f (h)xin Oy and (g)«
does not divide (k). Since @, is an UFD, we have

(&)x= (g (gr)

in Oy, where n,...,nig €N, gi,..., g are holomorphic functions defined near x with the prop-
erty that (g1)x, ..., (gx)x are distinct irreducible factors of g, in G. Observe thatny =--- = ny = 1.
Otherwise, g; - -- gk vanishes on Z near x and g does not divide g; - -- g in any neighbourhood
of x contradicting that g is a defining function of Z near x.
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Since (g)x does not divide (&), one of its irreducible factors does not divide (h)y. This is
because distinct irreducible factors of (g) are relatively prime. If all irreducible factors of (g)
divide (h), then their least common multiple(lcm) divides (k). But the lcm of relatively prime
elements is their product which is (g) in this case. Without loss of generality, let (g;)x does
not divide (h),. Then they are relatively prime. As a result, there exists a neighbourhood V, of
x in Q such that

i) (g1)y and (h), are relatively prime for all y € V,

ii) (gi)y,(g;)y arerelatively prime forall ye Vy, i, j€{l,...,k}, i # j,
iii) f=g™zx/hon V,and
iv) g=g1---gron Vi.

Now, we claim the following: There exists a regular point of Z in Z(g;) N V.
If possible, let (Z(g1) N Vi) nregZ be empty. Then

reg(Z n V) =teg(Z(g) N Vy) = Ut_,reg(Z(g:) n V),

whereas Z(g) NV, = u;‘:l (Z(gi) N V). Taking closure in V,, we get

Z(8) N Vi = 1eg(Z(g) N V) = UY_,Teg(Z(g:) N Vi) = UL, (Z(g:) N V).

Thus, Z(g1)NnVy < UZ.CZZ(Z(g,-) NV,) and from [25, Corollary 1.1.19] we get (g1) , divides (g2)x - - (k) x
in 0. Since (g1)y is an irreducible element of an UFD, it is a prime element and hence
there exists j € {2,..., k} such that (g;) divides (g;)x in Oy. But this contradicts the fact that
(81)x---»(8k)x are distinct irreducible factors of (g) .

Choose a point y € (Z(g1) N Vi) nregZ. From condition iii) we have (f), = (g)"yrdZ”‘f(h)y in
0. Moreover, from condition i) and iv) it follows that (g), does not divide (h),. This implies

ordz . f = ordz,, f = ¢ which proves the lemma. O

The constant attained in Lemma 4.1.2 is called the order of f along Z and is denoted by
ordz f. Now, we will state the Lelong-Poincaré formula.

Theorem 4.1.3. Suppose f is a holomorphic function on Q which is not identically zero. Then
log| f| is a plurisubharmonic function and it is pluriharmonic outside the zero set Z(f) of f.
Moreover, as (1,1) currents on (2,

I -
gaalogmz =;m,-[v,-1,

where V; is an irreducible component of Z(f) and m; = ordy, f, for i in some locally finite set.
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Note that in the left hand side we have taken the distributional derivatives of log|f|2. This
function is not differentiable around any point in Z(f). However, it is locally integrable on Q
and hence can be considered as a distribution on Q. So, its distributional derivatives exist. The
sum in the right hand side is locally finite because the collection of all irreducible components
of an analytic subset in Q is locally finite [9, Theorem 5.4]. Also, for any holomorphic function
f:Q — C one can check that Z(f) is an analytic subset of Q with pure dimension m—1. So,
for each i, the current [V;] is well defined.

4.2 Support of currents defined by a holomorphic function

Let T be a (k,k) current on Q and k < m. The support of T, supp(T) is defined as the
smallest closed subset of Q such that T vanishes on Q\supp(T), i.e., T(a) =0 for any smooth
(m—k,m—k) form a on Q with compact support in Q\supp(T). This leads us to the following
lemma.

Lemma 4.2.1. For any holomorphic function f : Q — C, supp([Z()]) = Z(f).

Proof. From the definition of support it follows that
Q\ Z(f) =Q\supp([Z(f)]) orequivalently, supp([Z()])< Z(f).

To prove the converse part, note that it is enough to show regZ(f) < supp([Z(f)1). Fix a point
x eregZ(f) and choose any neighbourhood Uy, of x in 2. We want to show that there exists a
(m—-1,m-1) test form a on Q such that supp(a) < U, and [Z(f)](a) # 0.

Since regZ(f) is a complex manifold of dimension m — 1, we can find a neighbourhood V
of x in Q, a biholomorphic map v : V, — w (V) such that

a) w(x)=0and
b) v (VynregZ(f)) = {z1 = 0} Ny (Vy).

Consequently, (Vx nregZ(f), Pro¥lv,nregz( f)) is a chart of regZ(f) around x, where P, : C"" —
C™ ! is the map given by P;(z1,Z)) = Z, (z1,2) € C™. Furthermore, we can assume that
Vy € Q\sngZ(f). This is because sngZ(f) is a closed subset of Q2 and x ¢ sngZ(f). If we

write ¢ = (Y/1,..., ¥ n), then Py oyly, qregz(y) = (W2|vxmreg2(f),---,1//m|vxmregZ(f))- Now, choose
a smooth function {, : Q — C such that

i) {,=00nQ,

ii) {x =1 onacompactset Ky containing x in Uy N Vy with non-empty interior and
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iii) supp((y) € Uy N Vy.

Finally, define a as follows:

. Cxdyondy)N... AN Ay ANdyy) on Vi
0 outside V.

Clearly, supp(a) < U, n Vy. Also, since regZ( f) is a complex manifold, any atlas is orientable. If
ir:regZ(f) — Qis the canonical inclusion, then

[Z(N(a) = f i]"ia
regZ(f)

ira
fonregZ(f) !

f Cxdyarndp) N AN Ay ANdY )
VenregZ(f)

(Proy) (VxnregZ(f)) ((Pl Owlvx”regZ(f))_l) Celdyandp) N AN AW ANdY )
1°© x

(1//_1 |{z1:0}m//(Vx) o io)*(x(dilfz A d@z) TARRRA (du/m A dtpm)

(xow Loig)dzoAdZ) A...N(dzm NdZp),

where iy : C™! — C™ is the holomorphic map given by iy(2,...,2m) = (0,22,...,2,). The
second equality is true because supp(ij"; a) i}:l (supp(a)) < VynregZ(f). Finally, in the right
hand side we have the integration of the function {0 w‘l o iy over an open subset of C"~! with
respect to the Lebesgue measure. Since the function { o' o i is non-negative over this open
subset and strictly positive over a subdomain, the resulting integration is nonzero. This proves
regZ (f) < supp([Z(f)]) which implies Z(f) < supp([Z(N]). O

The next two results generalize Lemma 4.2.1.
Lemma 4.2.2. For any pure k-dimensional analytic subset Z of Q, supp([Z]) = Z.

Proof. From the definition of support we obtain that supp([Z]) < Z. To prove supp([Z]) 2 Z,
take an arbitrary element x € regZ. Following similar arguments given in Lemma 4.2.1 we can
show that for any open set Uy, of x in Q, there exists a (m — k, m — k) test form & on Q such that
supp(a) < Uy and [Z](a) # 0. This shows regZ < supp([-Z1]). But supp([Z]) is closed in Q and
regZ is dense in Z. Thus, Z = (regZ) < supp([Z]). O

Lemma 4.2.3. For any non-zero holomorphic function f : Q@ — C, supp(ddlog|f1®) = Z(f).
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Proof. 1f{V;:i € I} is the collection of all irreducible components of Z(f), then from Theorem
4.1.3 it is clear that

supp(ddlog|fI°) = supp(Z mi[Vi]),

where m; = ordy, f. Take any (m — 1, m — 1) current & such that supp(a) is a compact subset of
Q\ Z(f) =Q\ (Ujes V7). Then (X; m;[V;]) (@) = ¥; m;([V;l(a)) = 0 which proves

SUPp(Z mi[Vi]) c Z(f).

To prove the reverse inclusion, it is enough to show that regZ(f) < supp(Z im; [Vi]). From [9,
Theorem 5.4] it follows that any irreducible component V; of Z(f) is of the form S; (closure
in Q), where §; is a connected component of regZ( f). Firstly, we claim that regZ(f) = U;¢1S;.
Clearly, regZ(f) 2 U;ec1Si. Now, if possible let regZ ( f) SZ U;erS;i. Then there exists a connected
component S of regZ(f) which is not of the form S; for any i € I. This means S is not of
the form V; for any i € I. But S is an irreducible component of Z(f) [9, Lemma 5.4]. This
contradicts that any irreducible component of Z(f) is of the form V;.

Now, take an arbitrary point x € regZ(f) and let W, be an open set in Q2 containing x.
Then x € S; for some i € I. We'll show that x ¢ U;j; V;. If possible, let x € Uj; V;. Since the
collection {V;};¢y is locally finite, x has a neighbourhood V; in W, which intersects finitely
many elements in the collection. Suppose all the elements in {V;};c; that intersects V, are given
by {Vi, Vj,..., Vj.}. Then we have

Z(x=WUjerVi)x=Vi)xU(Vj)xU--- U (Vj )«

as analytic germs. In other words, Z(f)y is reducible. But regZ(f) is a complex submani-
fold of codimension 1. So, Z(f) is defined by an analytic submersion g near x. As a result,
Z(f)x = Z(g)x. Also, the total order ord, g of g at x equals 1 which implies g, is irreducible.
Consequently, by [25, Lemma 1.1.28] we obtain that Z(g), is irreducible which is a contradic-
tion.

Since VyN(Ujz; Vi) = Vyn(Vj, U---UV},), itis a closed subset in V, which does not contain
x. So, there exists a neighbourhood Uy of x in V, such that U, N (U;x;V;) is an empty set.
Shrinking Uy if necessary, we can also assume that U, < Q \sngZ(f). Consequently,

UnVi=UnZ(f) = UynregZ(f)

is a (m — 1)-dimensional submanifold of 2 which means x is a regular point of V;. Now,
similar to the proof of Lemma 4.2.2, we can find a (m — 1, m — 1) test form a on Q such that
supp(a) € U, € Wy and [V;](a) # 0. This gives
(X mitvjl)@ = ¥ mj((Vjl(@) = mivil(@) #0.
jel Jjel
Since x and Wy are arbitrarily chosen, we can conclude that regZ(f) < supp(z ;M [Vi]) which
proves the desired result. O
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4.3 Description of various submodules and their complete in-

variants

A Hilbert module # over the polynomial ring C[z] is said to be an analytic Hilbert module if it
satisfies the following properties:

a) it consists of holomorphic functions over a bounded domain Q = C™ and possesses a
reproducing kernel K ;

b) the polynomial ring C[z] is dense in it.
We begin by proving a useful Lemma.

Lemma 4.3.1. Let /2, 7' < 0(Q) be analytic Hilbert modules for a bounded domain Q < C™.
Suppose thereis a L : # — F#' is a bijective module map. Then there exists a non-vanishing
holomorphic function a: QQ — C such that L(h) = ah forall he A.

Proof. Firstly, we'll show that L* (0 ker(MZ7¢ — w;)*) = n™ ker(MZ — w;)*. Choose an
arbitrary element 1’ in N | ker(Msz "~ w;)*. Since L is a module map, we have
(M7)* o L*) (W) = (L o (MZF)*) (W) = L* (k) = wiL* (),
forall i, 1 < i < m. This proves L*(n™ ker(MZ' — w;)*) = n™ ker(M* — w;)*. Similarly, one
can show that (L™1)* (n;’ilker(M‘z{,‘o— w)*)en, ker(MZ‘]f’—wi)* or equivalently, N | ker(Mff—
wi)* < L*(n7 ker(MZ¢ — w;)*) which proves the claim.
Since A, /' are analytic Hilbert modules, their reproducing kernels K, K 7 are sharp.

As aresult,
<{L* Kz (-, w)} >=< {Kz(, w)} >,

for all w € Q. This means w — L* K (-, w), w — Kz(-, w) are two anti-holomorphic frames
of the line bundle | |,cq < {K#(-, w)} >. Consequently, there exists a holomorphic function
a:Q — C such that L*Kz (-, w) = a(w)K (-, w). Similarly, (L™1)* Kz (-, w) = b(w)Kz (-, w),
for some holomorphic function b : Q — C. Combining these we get
Ko (w) = (L) L* Kz (-, w) = a(w) (L) * Kz (-, w) = a(w) b(w) Kz (-, w)
which implies
Kz, w)(1 - a(w)b(w)) =0,

for all w € Q. Since 1 € #', K 7 (w, w) # 0 which gives a(w)b(w) = 1 for all w € Q. This proves
that a is non-vanishing on Q. Finally, for any z € Q, h € ./,

(Lh)(2) = (Lh,Kz (-, 2)) o = (h,L* K¢ (-, 2)) s = a(2) h(2)

which proves the lemma. O
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Let # be an analytic Hilbert module in ©(Q), .4 be a submodule of A given by 4 ={f €
S f=0on Z}, where Z is an analytic hypersurface in Q and i 4 : # — F be the canonical
inclusion map. Clearly, i s is a module map. So, for each w € Q, it induces the map

idﬂ ®C[§] lw :'/%®C[E] Cw — %@C[E] Cw,

where C,, is the one dimensional module over C|z] given by, p-A:=p(w)A, peClz], LeC. If
we assume that ¢ is a global defining function of Z in Q, ¢ € # and rank(.#) =1, then for all
weQ,

M Bz Cpy =<{Mpx(,w)}>® C and A &c|;)Cy=<{Kz(,w)}>eC,

where K 4 (z, w) = (2)p(w)x(z, w), Kz,K 4 are the reproducing kernels of A, 4 respectively.
Thus, we canonically obtain a map i 4 (w) :< {Myx (-, w)} >—<{Kz(-, w)} > given by

Ly (w):= P<{K]€(',w)}>i./%l<{M(pX(‘,w)}>’

where Pk, wys> 1 € —<{Kz(-, w)} > is the canonical projection map on the vector space
<{Kz(,w)} > for all we Q. Define,

K, (w) = 00log iy (W),

Note that i 4 (w) vanishes at every point w € Z and the right hand side is thought of as a (1,1)
current on Q. Finally, consider the line bundles | |eq < {Mpx(, w)} and Uyeq < {Kz(:, w)} >.
If we denote their curvatures as % 4 and %z respectively, then from [14, Theorem 1.4] we
obtain that

K, — Ky + Kz =00log|pl

as (1,1) currents on Q. This gives us the following theorem.

4.3.1 The first main theorem

Theorem 4.3.2. Let Q) be a bounded domain in C™ and A, #" be analytic Hilbert modules in
0 (Q). Suppose ¢,y : Q — C are holomorphic functions that define Z(p) := {z € Q: ¢(z) =0},
Z(yp) :={z€Q:¢(z) =0}, respectively. Set M ={f € A :f=00onZ(p)}, M' ={ge A :g=
0 on Z(y)}. Assume that ¢ € 7,y € /' and thatrank(#) =rank(#") =1. IfL: # — A" isa
bijective module map, then the following are equivalent

a) L) =4;
b) Z(p)=Z(y);

Q) Kiy— K+ K=K, —Ky+Kz as (1,1) currents on Q.
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Proof. a)<b) Since L : # — A4 is a bijective module map, there exists a non-vanishing
holomorphic function a : Q — C such that L(h) = ah, for all h € /. Observe that ¢ € /4.
So, L(.«) = 4" implies L(p) = ap € #'. As a result, ap vanishes on Z(y) or equivalently,
Z(ap) = Z(p) 2 Z(y). Similarly, from L~! we'll obtain Z(y) 2 Z(¢) proving Z(¢) = Z(y).

For the converse part, take an arbitrary element m € .4 < /. Since m vanishes on
Z(p) = Z(y) and L(m) = am, L(m) vanishes on Z(y). Moreover, L(m) € #'. This implies
L(m) € 4" which proves L(.#) < .#'. Similarly, from L™! one can show that L™'(.#«') < .4 or
equivalently, .4’ < L(.4). Thus, L(4) = '

b) < c) Since both ¢ and vy are defining functions of the analytic hypersurface Z(¢) = Z(y)
on (), there exists a non-vanishing holomorphic function f : Q — C such that ¢ = fy on Q.
Also, from the discussion prior to this theorem it follows that

Hi, — K.y + Kz =00loglpl?

and
K, — K+ Hzp = 00loglyl>.

Next, we claim that ddlog|¢p|*> = ddlog| fi|> = ddlog|f|? + ddlog|w|? as (1,1) currents on Q.
This follows from the sequence of observations given below.

1) From Theorem 4.1.3 it follows that for any holomorphic function u: Q — C, log| ul®isa
plurisubharmonic function on Q.

2) Every plurisubharmonic function on Q is locally integrable on Q.
3) logly|? =log| fy|? =log|f|? +log|w|? as locally integrable functions on Q.

4) Since the space of locally integrable functions can be embedded in the space of distri-
butions, we have the equality logl(pl2 =log |fw|2 =log |f|2 +log |1,l/|2 as distributions, or
equivalently, as (0,0) currents on Q.

5) Applying the operators 0 and 0 on the space of (0,0) currents and using their linearity, we
obtain 6(_310g|(,0|2 = 6510g|f1[/|2 = 6510g|f|2 + 0(_910g|1,(/|2 as (1,1) currents on Q.

But f is non-vanishing, so 0510g|f|2 =0. So, daloglcpl2 = (3510g|w|2 as (1,1) currents on Q
which proves part c)

Conversely, let £ , — Xy + K7 = K, — K.y + Kz as (1,1) currents on Q. Following
previous arguments, this gives ddlog|¢|> = d0log|y|?. Finally, applying Lemma 4.2.3 we obtain
that Z(¢) = Z(y) which proves b). O
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Example 4.3.3. Let # denote the Hardy module H?(D?). Then the set {ei,j :i,jeENU {0}} is
an orthonormal basis of #, where e; j(z1,z2) = z{ zg, for any z;, zo € D. Define Mf, Mff to be
the pointwise multiplication operators on .# by z;, z respectively. Then, one can easily check
that both these operators are unilateral shifts with weight sequence 1.

Next, for each n € NU {0}, define the sequence v,, of positive real numbers as follows:

2
1 vno1(1+ 5
vozl,vlzzand vn:Llnzl),nzz.
(1+5)
A . : Bre N2
Then the set 7' = {f € 0(D?) :if f(z1,22) = ¥ j=0 [ (i, )z 2}, then ¥; j=o SAG < oo} with the

Vivj
inner product (f,g) , :=Y; =0 f(l+§](”) is a Hilbert space consists of holomorphic functions
on D?. Clearly, the set {e jihjeNuU {0}} is an orthonormal basis of #", where ¢/ j(71,22) =

VVilj z{ zg. One can check that for each w € D, the sum ¥ ,,- v, (|w|?)" is convergent. This
implies }; =0 Ie;y j(wl, wo)|? is convergent. As a result, #” is a reproducing kernel Hilbert
space with kernel Kz (2, w) = ¥, j=0 €} ;(2)€] (W) =¥, j=0 Vi vjz{zg w! wg, for z=(z1,22), w =
(wy, w,) € D%. Observe that #' can be considered as a Hilbert module over C[z;, z] with
module action being pointwise multiplication. Also, from the construction of #” it is clear that
Clz;, 2] is a dense subset of A#'. If MZ{‘O ,, i = 1,2 denotes the pointwise multiplication operator
on #' by z;, then

L (1+h)

T 1y _ .,z+1]_( i+1) Y

Mz (e; j)=+/vivjz Zz——(1+l') €iy1,j = Wiy
1

(1+527)

for i, j e Nu {0}, where wy =2 and w,, = (1 1)
*ta

s X A BN
and similarly, M7} (ei’j) =wje; iy ,forn=1.

Thus, M7 ’, Mjf " are unilateral shifts with weight sequences (w;);>o and (w/) j>o, respectively.

Define the linear operator L : # — /' as L(ejj):= a;a; e;,j, where ay = 1 and for each
neN,a,=1+ % Since the set {@, : n € NU{0}} is bounded, L is a bounded linear operator. It
is also invertible with L™} (e;., ].) = :ll—é] Now, we claim that L is a module map. To see this, note
that

A l
Lo M (ej) = Lei+1,) = aiv1aje;,, ;.

On the other hand,

/

M7 oL(e; )=a;a: M7 (€ )=a;a;w;e =ajaie
21 L,j) = Wi jiVMg &g/ = Wi jiCi g, — Qi+ltj

/
i+1,j°

Thus, Lo szl‘o = szl‘o ‘oL Similarly, we have Lo M ‘Z’Zf =M ‘Z’Zf "o L which proves our claim. Thus,
the analytic Hilbert modules /# and .’ are similar via the bijective module map L.

Now, define 4 ={f € #: f=00n{z =0}}, 4 ={ge #":g=00nZ(y)}, wherey = z, h,
for some non-vanishing holomorphic function #: D? — C. Clearly, .4, #' are submodules
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of #, 7', respectively. Then, from Theorem 4.3.2, it follows that these submodules are also
similar via the operator L.

4.3.2 The second main theorem

In the previous theorem, both .4, /' are the maximal set of functions in 4, #" that vanishes
on Z(¢g), Z(y), respectively. Now, we'll extend the theorem for non-maximal sets when ., .4’
are assumed to be the closure of principal ideals.

Theorem 4.3.4. LetQ be a bounded domain in C™ and #, #"' < 0 (Q) be analytic Hilbert mod-
ules. Assume that %, %' are two principal ideals in C|z, ..., z;,] generated by p, p' respectively,
and that the zero set of each irreducible components of p, p' have non-empty intersection with Q.
Set 4, M to be the closure of the polynomial ideals %, %' in €, 7', respectively. IfL: 6 — F'
is a bijective module map, then the following are equivalent:

a) L) =4';
b) Ki,—Ku+ K=K, Ky+Kz as(1,1) currents onQ);
c) =9
Proof. Proof of a)=b) follows from [15, Theorem 1]. To prove b)=c), first observe that
K,y — Koy + Kz =00log|pl* and A; , — K 4 + Kz = 00log|p'|>.

So, b) implies ddlog|p|> = ddlog|p'|? as (1,1) currents on Q. As a result, from Lemma 4.2.3 we
obtain that Z(p) nQ = Z(p’) n Q. Since C|zy,..., zn] is an UFD, we have

p:ainl...a;cnk andp':b?l...b;”’

where my,...,myg, ny,...,n; € N and {ay,...,ax},{b1,..., b;} are the collection of distinct irre-
ducible factors of p, p’ respectively. Now, we claim the following:

) k=1,

ii) a; = by inClz,...,zy] modulo an unit, where 1 < i < k and o is a permutation on the
set {1,...,k}.

To see this, observe that foreach i, 1 < i < k, a; divides p. This gives Z(a;) < Z(p) which implies
Z(a)nQcZ(p)nQ=Z(pHnQ.Asaresult, Z(a)NZ(p" 2 Z(a)n Z(p)nQ = Z(a;)nQi.e.
Z(a;) N Z(p') contains a non-empty, open subset of Z(a;). But a; is an irreducible element in
the UFD Clz,,...,z,]. So, itis a prime element or equivalently, the principal ideal generated by
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a; is a prime ideal. If we denote this ideal by < {a;} >, then, from Hilbert’s Nullstellensatz, it
follows that I(Z(a;)) =< {a;} >, where, for any subset X of C™,

I(X):={g€Clz,...,z;m] : q=0o0n X}.

Thus, I (Z (a,-)) is a prime ideal in C[zy, ..., z;;] and hence Z(a;) is irreducible [23, Proposition
1.5.1]. Consequently, from [9, Corollary 5.3.2], this implies Z(a;) < Z(p'). As a result, p’ €
1 (Z (a,-)): < {a;} > which proves a; divides p'. Thus, all irreducible factors of p is an irreducible
factor of p’. Similarly, one can show that every irreducible factor of p’ is an irreducible factor of
p which proves the claim.

Relabelling ny, ..., ny if necessary, we get
p=a;"---a;* and p' = a" --- a;* (modulo a unit).

Next, we claim that either m; = n;, for all i € {1,..., k}. If possible, without loss of generality
assume that m; > nj,forl1<i<kj, n;>m;,fork;+1<i<k,and m; =n;,fork,+1<i<k,
where ki, k; are positive integers satisfying k; < k, < k. We have

k k
ddloglpl* =Y m;ddlogla;|* = Y n;00logla;|* = ddlog|p'*
i=1 i=1
as (1,1) currents on Q. This implies
k _ ky -
Y (m;-nyddlogla;l*= Y (n;—m;)ddlogla;l?,
i=1 i=k+1

or equivalently,

A m-ny mkl_nkl 2 _ AA nk1+l_mk1+1 . nkz_mkz 2
d0log|a; a, | —6010g|alirl a, |°.

Now, applying Lemma 4.2.3 we obtain that

- M, — N Niy+1— My +1 N, —M.
Z(a" ™™ a, "t T )nQ=Z(a, T T a2 )N,

k1 k1+1 ko

or equivalently,
Z(ay---ap) NQ=Z(Ag,+1° - A,) N

Thus, Z(a1) NQ € Z(ag,+1°-- ax,) N Q. As aresult, Z(a;) N Z(ak,+1 - ax,) contains Z(a;) N
Z(ag, 41+ ax,) NQ = Z(a;) N Q. Since Z(ay) is irreducible, from [9, Corollary 5.3.2] it follows
that Z(a1) < Z(ag,+1 - ax,). This means ay, +1 -+ ax, € I(Z(a1)) =< {a1} >, or equivalently, a;
divides ay, 11 --- ag,. But a; is an irreducible element in the UFD C|z;,..., z;,]. Consequently,
we have a; divides a; for some i, k; + 1 < i < k. This is a contradiction to the fact that a; and
a; are distinct irreducible factors of p for all i € {k; +1,..., k»}, proving our claim.
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Thus, p, p’ are associates in C[zy, ..., z;]. So, it clearly follows that the respective principal
ideals are equal, i.e., ¥ =.¢'.

Now, we'll prove c)=a). Since L : # — #' is a bijective module map, there exists a non-
vanishing holomorphic function a : Q — C such that L(h) = ah, for all h € A#. So, L(1) =
a € #'. Moreover, for any g € C[z,...,zn], L(pq) = apq = p(aq) € M,(#') < 4. To check
that M,(#") < /', take an arbitrary element h’' € #’'. Since polynomials are dense in #”,
there exists a sequence p,, € C|zi,...,z;] such that p, converges to k' in #’'. This implies
My, (p,) € & =9’ converges to M, (h') in #"'. But M, (') is an arbitrary element of M, (#").
So, M, (#") is a subset of the closure of .#" in #” which is .#'. This shows L(#) < ./'. Since .¥
is dense in .#, for any m € ./, we can find a sequence p, € .# such that p, converges to m in
A€. So, L(py) € #' converges to L(m) in #'. Thus, L(.#) < .#'. Similarly, one can show that
L™Y(M'") € A or equivalently, .4’ < L(#). This proves a). O

Example 4.3.5. Let #, #' be the Hilbert modules as given in Example 4.3.3 and let L be the
bijective module map between them. Take an arbitrary polynomial p € C[z,, z;] and let .# be
the principal ideal generated by p. If .4,.4' denote the closure of .# in A, #' respectively,
then, from Theorem 4.3.4 it follows that L takes .# to .#' and vice versa.

4.3.3 Animportant example

However, it is important to note that the alternating sum given in Theorem 4.3.2 and 4.3.4
is not a complete invariant for similarity. To see this, consider the analytic Hilbert modules
F€ = H?>(D?) and #' = H?V (D?), where

. w2
HEV @) ={feo®):if f= Y fG,)zle), then ¥ lf?%l)lwo}

i,j=0 i,j=0

with the inner product given by (f, g) 5 := 2i,j=20 AU {lgl(l’]) Then the submodules ., #' are

defined as the closure of the principal ideal < {z1} > in A, #' respectively. Since

1
Kw(z,w) = - — = Zizwiw!
(1-z101) (1 — 22 10) ;0 17272

and
1

(1 -z 01)2(1 — zp105)

Kz (2, w) = =y (l+1)zlz2w1wé,

i,j=0

forall z, w € Q, we have K 4 (z, w) = zyw; (2, w) and KM’(Z w) = zyw1 x' (2, w), where y(z, w) =
Z,]>0z1z§ wlw2 Kp(z,w), ¥'(z,w) = Z”>0(z+2)z1z2 wlw2 It can be checked that y,y’:
Q x Q — C are non-vanishing, sesquianalytic, positive definite functions. So, they induce

reproducing kernel Hilbert modules 7, Jf;{, on D? where the polynomials are dense. Moreover,
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we obtain that the multiplication by z; is an unitary module map from 7, Jf;{, to M, 4" and

we'll denote them by M, le, respectively. Finally, observe that #, = H*(D?) and Jﬁ;{, can
be described by the set

. . 2
[, DI <OO}

i+2

{fe@’([D2 if f=Y fG, ])zlzz, then )’

i,j=0 i,j=0

fG,)gG,j) Del, ) 1)
=X JzZ0 T2

and the inner product (f, g) If {e; 1, {e’,-,j} are their orthonormal bases

given by e; j(z) = zlzz,e ,](z) \/(z+2)zlz], for all z=(z1,2») € D?, then

i+2 ,

MY (e; ;) = ei+1,; and Méﬁ(e )= T3 € il

!
i.e. Mgl,Mgl can be considered as weighted unilateral shifts with weight sequences w; =1 and

! . . . / .
w, = ,/%, where Mgl,MX are multiplication by z; operator on fo,,}fx, respectively. Now,

if possible, let .4, #' are similar via a bijective module map L. Then L, := (M’Zl)* oLoM, is

!
a bijective module map between %, and Jf;{, which satisfies LXOMQC1 = Mgl oLy. As a result,
there exists positive constants C;, C, such that

! !
0<Cr=lwo---wulllwy---w,| < Cy,

for all ne NuU {0} [28, Theorem 2]. But in our case Iwo---wnlllw(,)---will = \/% = ”TH
which is not bounded above. This is a contradiction to the previous statement which means
M, M are not similar. On the other hand, it can be easily checked that

inﬂ — Ky + =K

Lyt

— Ky + Kz = 00log|z1|%.

Thus, the alternating sums coincide even though the submodules are non-similar.

Theorem 4.3.4 proves a version of the Rigidity Theorem in the part a)=c). When # = #",
it also says the following: If 4,4’ are two distinct submodules of # as given in Theorem
4.3.4, then they are not similar via a bijective module map L on #. Now, we'll generalize
Theorem 4.3.2 for the submodules consisting of functions that vanishes to order greater that 1
on the zero set.

4.3.4 Generalization of the first main theorem: higher order case

Theorem 4.3.6. Let Q be a bounded domain in C™ and #,#' < 0(Q) be analytic Hilbert
modules. Suppose ¢,y : Q2 — C are holomorphic functions that define Z(¢) :={z€ Q: ¢(2) =0},
Z() :={z€Q:@(z) =0}, respectively. Assume that Z (), Z(y) are irreducible analytic subsets
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inQ andset M ={f € #:0rdz ) f =2k}, M' ={g € A :0rdyy) g = k'}, wherek, k' =1 are two
positive integers. Furthermore, assume that ¢* € 7, wk’ € A andrank(4) =rank(4") = 1. If
there exists a bijective module map L : # — #€', then the following are equivalent.

a) L) =M';
b) Z(p)=ZW), k=k';

Q) Hi,— K+ K= — Ay + K g as (1,1) currents on Q.

i‘/ﬂ/
(Note: Lemma 4.1.2 ensures that the submodules ., .#' are well defined. )

Proof. a)<b) Since L : # — ' is a bijective module map, there exists a non-vanishing
holomorphic function a: Q — C such that L(h) = ah, for all h € /. Observe that (pk € . So,
L(#) = 4" implies L(p*) = ap* € 4. Thus, Z(ap*) = Z(¢*) = Z(¢p) 2 Z(y). From similar
arguments with L~1it follows that Z (w) 2 Z(p). Asaresult, Z(¢p) = Z(y) and hence ¢, defines
the same set. Consequently, there exists a non-vanishing, holomorphic function f: Q — C
such that ¢ = fy on Q. Now, if possible, without loss of generality assume that k < k’. Since
ap® e ', w* divides apf = af*y*. This implies w* ~* divides af*. But this is absurd which
proves k = k'

For the converse part, take an arbitrary element m € 4. Then m = (pkr'h, for some
m e O(Q). As aresult, L(m) = am = ap*m is an element in #"'. Since Z(¢p) = Z(y),k = kK,
ordz(y)(ap®m) = k' and hence L(m) € 4. Thus, L(#) < .4'. Similarly, we can show that
L™ (") < . Consequently, L(.#) = /' and b)=a) part is proved.

b)<c) Similar to the case when k = k' = 1, one can show that

K, — Hoy + He = 00logloF1? and H; , — Ky + H g = 30logly* |2 @.1)

4

as (1,1) currents on Q. Now, b) implies ¢ = f, for some non-vanishing holomorphic function
f #0in ©(Q)). Following similar arguments as given in the proof of Theorem 4.3.2, we get

80log|p*|? = kddlog|p|? = kadlog| fy|* = kddlog| f|? + kddlog|y|* = ddlog |y .  (4.2)

The last equality is true because ddlog| f|> = 0 for any non-vanishing holomorphic function
f:Q— C. Since k = k', Equation (4.1) and (4.2) proves c).

Conversely, observe that c) implies 6510g Icpkl2 =00 log |1[/kl |2 as (1,1) currents on Q. Apply-
ing Lemma 4.2.3, this gives Z(¢*) = Z (wk') or equivalently, Z(¢) = Z(y). As aresult, ¢ = fy

for a non-vanishing holomorphic function f on Q. From Equation (4.2) this means
0dlog |y ? = 8dlog|y* 1> & kddlogly|* = k'ddlog |y < (k— k')ddlog|w|? = 0.

If k # k', then from Lemma 4.2.3 the last equality will imply that Z () is an empty set which is
a contradiction. Thus, ¢) implies Z(¢) = Z(y), k=k'. O
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When # = #" and U, 4 satisfies the hypotheses of Theorem 4.3.6, we have the following:
If there exists a bijective module map L on # such that L(.#) = .4, then .4 = 4. Finally,
we'll generalize Theorem 4.3.2 where the zero set has codimension greater than 1.

4.3.5 Generalization of the first main theorem: higher codimension case

Theorem 4.3.7. Let Q be a bounded domain in C™ and €, #' < 0(Q) be analytic Hilbert
modules. Also, letp := (@1,...,9:), ¥ := (W1,...,¥;) be holomorphic maps from Q toC" satisfying
the following three conditions.

i) Foreachi,1<i<r,p; € ,v;c A and they define Z(p;), Z(w;) respectively;

ii) Z(p), Z(y) are complete intersections of ¢, v respectively, where Z (¢) := Z(p1)N---NZ (@)
and Z(y) = Z(y)Nn---NnZy,);

iii) Z(p;), Z(v;), Z(p), Z(y) are connected subsets of Q foralli=1,...,r.

Fori=1,...,rset Mi=1{feA:f=00nZ(p)}, #={f €A :f=0on Z(p) ./%l/ ={ge
A g=00onZ(y)}, M ={ge A :g=0o0n Z(y)}. Assume thatrank(;) = rank(/%lf) =1.If
L: A — F¢' is a bijective module map, then the following are equivalent:

a) L) =4';
b) Z(p)=Z(y);

&) Ni_y (Hx, = Hou, + He) = Ni_y (K = K, + K ) as (1,1) currents on Q, where X; :

! ! . . . .
Mi— F, X, . M; — FE' are the canonical inclusion maps fori=1,...,1.

Proof. a)<b) Let a be the non-vanishing holomorphic function from Q to C such that L(h) =
ah, forall h e #. Since @; € M, L(U) = M', L(gp;) = ap; vanishes on Z(y), forall i =1,...,r.
Thus, Z(p;) 2 Z(y) for all i which implies Z(¢) = an:lZ (p;) 2 Z(y). Similarly, we'll get
Z(y) 2 Z(¢p) which proves b).

Conversely, take an arbitrary element m € .4 . Then m vanishes on Z(¢) = Z(y). As aresult,
L(m) = am is an element in /' which also vanishes on Z(y). Thus, L(.#) < .#'. Similarly,
we'll get L™ (") < 4, or equivalently, .#' < L(.#) which finally gives L(.4) = .4'.

b)<c) From the definition of the fundamental class and Lemma 4.2.1 it follows that Z(¢) =
Z(y) if and only if [Z(¢)] = [Z(y)] as (r,r) currents on Q. Now, Z(¢), Z(y) are connected
submanifolds in Q of codimension r and hence they are irreducible as analytic subsets of Q.
As aresult, [13, Proposition 111.4.12] gives

(Z@DIA-ANZ(p)] =[ZWDIA--- AN Z(yr)].
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Finally, from the discussions prior to Theorem 4.3.2 we see that
Hx, — Ko, + He = 0010glg;|” and K, — K, + K 50 = 00logly;],
forall i, 1 <i < r. The result then follows from Lelong-Poincaré formula. O

When # = ', we can prove a similar corollary as we have for Theorem 4.3.4 and 4.3.6. In
fact, we have a stronger result in this case. To see this, assume that ./ is generated by ¢1,...,¢;,
A" is generated by w,..., ¥, and @;,y; are polynomials. Then, from [3, Lemma 1.11], it
follows that the reproducing kernels of ., 4’ are sharp on Q\ Z(¢),Q\ Z(y), respectively. As
a result, we have the following.

Corollary 4.3.8. Let ./ and .#' be submodules of an analytic Hilbert module 7€, as described
above. If there exists a bijective module map L from . onto /', then

D) M =M and
i) NI_, (Hx, — Hu, + Ke) = NI, (J{X: —H Hz¢) as (1, 1) currents on Q.
Proof. Following similar arguments as given in Lemma 4.3.1 we obtain that for all w € Q,
L*(n™ ker(My, — wp)*) =" ker(M,, — wy)*,

where M;,, M,Zi are pointwise multiplication by z;, for i = 1,...,r. But the kernels of ., /' are
sharp outside their respective zero sets. So,

<{L*K 4 (-, w)} >=<{K 4 (-, w)} >,

forall we Q\ (Z (pyuz (w)). As aresult, there exists a non-vanishing holomorphic function a:
Q\(Z(@)u Z(y)) — C such that L* K 4 (-, w) = a(w)K_4 (-, w). But codimension of Z(¢) U Z ()
is greater or equal to 2. So, by Hartog’s theorem [26, Page 198] a extends as a non-vanishing
holomorphic function on Q. Thus, L*K 4/ (-, w) = a(w)K_4 (-, w) for all w € Q which means
L(m) = am for all m € ./ . Finally, following the proof of Theorem 4.3.7, a)=b) we obtain that
Z(¢) = Z(y) which proves .4 = .#'. The equality of the (r, r) currents follows from Theorem
4.3.7, b)=c). O

Consider the analytic Hilbert modules # = H?>(D?) and #' = H%V(D?). Next, define the
submodules ., 4" by the closure of the polynomial ideal < {z, 25} > in A, #' respectively.
Also, for each i =1,2, define the submodules ./%i,ﬂlf by the closure of the ideal < {z;} >. Then
it can be checked that 4; ={fe€ A :f=0on z; =0} and 4/%; ={geA :g=0o0n z; =0} If
possible, suppose there exists a bijective module L from . to .4'. From the proof of Corollary
4.3.8 this means L(m) = am for all me .4, where a:Q — C is a non-vanishing holomorphic
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function. As a result, L(m;) = am;, for m; € #;,i = 1,2 which means L(.;) :./%lf. But this is
a contradiction because we already know that .4, and ./%{ are not similar from the discussions
following Theorem 4.3.4. Thus, .4 and .4’ are not similar. On the other hand,

2

/\(‘Z’/X;_‘Z’/M;+‘Z’/Jf,)’

2 - 9 Az o (272
N (Hx, — Foa, + ) = 08log| 211 A 0dlog| 2| :(7) S0,0 =
i=1 i=1

where 8(g,) is the dirac-delta distribution at (0,0) considered as a (2,2) current on D?. Thus,
the wedge of alternating sums is not a complete invariant for similarity.
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