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Abstract

The validity of the von-Neumann inequality for commuting 7 - tuples of 3 x 3 matri-
ces remains open for n = 3. We give a partial answer to this question, which is used to
obtain a necessary condition for the Carathéodory-Fejér interpolation problem on the
polydisc D”. In the special case of n = 2 (which follows from Ando’s theorem as well),
this necessary condition is made explicit.

An alternative approach to the Carathéodory-Fejér interpolation problem, in the spe-
cial case of n = 2, adapting a theorem of Kordnyi and Pukanzsky is given. As a conse-
quence, a class of polynomials are isolated for which a complete solution to the
Carathéodory-Fejér interpolation problem is easily obtained. A natural generalization
of the Hankel operators on the Hardy space of H?(T?) then becomes apparent. Many of
our results remain valid for any n € N, however, the computations are somewhat cum-
bersome for n > 2 and are omitted.

The inequality lim .o, C2(n) < ZKg, where Kg is the complex Grothendieck constant

and
Co(n) =sup{llp(M)l: Iplprco < LI Tlloo < 1}

is due to Varopoulos. Here the supremum is taken over all complex polynomials p in n
variables of degree at most 2 and commuting n - tuples T := (T7,..., T,;) of contractions.
We show that

3v3
lim Cy(n) < iKg
n—oo 4

obtaining a slight improvement in the inequality of Varopoulos.
We show that the normed linear space ¢ 1(n), n > 1, has no isometric embedding into
k x k complex matrices for any k € N and discuss several infinite dimensional operator

Space structures on it.
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1 Introduction

The fundamental inequality of von-Neumann saying that || T'|| < 1 if and onlyif || p(T) || <
Iplip,co for any polynomial p, has lead to several new developments in modern oper-
ator theory. This inequality follows from the Sz.-Nagy dilation theorem, indeed, it is
equivalent to it. The homomorphisms p : C[Z] — %8(H), where C[Z] is the polynomial
ring and 28(H) is the algebra of bounded linear operators, on some complex separable
Hilbert space H, are clearly in one-one correspondence with operators T in %8(H). Thus
given T € %(H), one defines the homomorphism p,(p) = p(T) and conversely given p,
one may set T := p(z). An equivalent formulation of the von-Neumann inequality is the
statement: A homomorphism p is contractive, thatis, [[p(p)ll < [l plip,c for all p e C[Z] if
and only if | T|| := [ p(2)| < 1.

The Sz.-Nagy dilation theorem for a homomorphism p is the statement:

The homomorphism p is contractive if and only if there exists a Hilbert space K con-
taining H and a *-homomorphism p : C(T) — %(K) such that

Pup(p), =p(p), peClZ].

Since 0(p(z)) < T and p is a *-homomorphism, it follows that

le(PII < 1Pup (Pl < Ip(PII = 1PlIT,00 = 1PlID,0os

which is the von-Neumann inequality. The existence of the *-homomorphism g can
be obtained, among several other methods, following the Schaffer construction of the
(unitary power) dilation.

Over the past five or six decades, the question of the von-Neumann inequality and
the Sz.-Nagy dilation has been studied vigorously. In explicit terms, these two questions
are stated below. Let C[Z}, ..., Z,] denote the ring of complex valued polynomials in n
variables.

(1) IfTy,..., T,isatuple of commuting contractions, does it follow that || p(T7, ..., T, <
| pllpn 0o for any polynomial p € C[Z3,..., Z,]?
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(2) If p is a contractive homomorphism, that is, |[p(p)Il < Iplprco, p € ClZ1,..., Zy],
does it follow that p(p) = Pyp(p)),, for some *-homomorphism g : C(T") — B(K),

where K is some Hilbert space containing H?

As is well known, via the foundational work of Arveson [Arv69, Arv72], the second ques-

tion is equivalent to the complete contractivity of the homomorphism p:

lo(P)I < IPllgy, o, where P = ((pi;)), pij € ClZ1,... Z]

and || Pligs o = sup{[|(pi;)| : 2 € D"}.

If n = 1, as we have seen, an affirmative answer to both of these questions are ob-
tained via the von-Neumann inequality and the Sz.-Nagy dilation theorem. Indeed, an
affirmative answer to either of these questions gives an affirmative answer to the other.
This continues to be the case even if n = 2, thanks to the celebrated theorem of Ando.
However for n = 3, examples due to Varopoulos-Kaijser and Parrott show that neither (1)
nor (2) has an affirmative answer.

Varopoulos, in a second paper, showed that
K& <supllp(Ty,..., Tp)ll < 2K, (1.1)

where K‘[G: denote the complex Grothendieck constant and supremum is over all n € N,
tuples of commuting contractions T = (T3,..., T;) and polynomials p of degree 2 with
Iplipn 0o < 1. He lamented if 2 appearing on the right hand side of this inequality, can
be removed. The examples due to Varopoulos leaves the following question (cf. [Pis01,
Chapter 1, Page 24] open:

Question 1.1. Forafixed neN,n =3 and M > 0, does there exist a commuting contrac-
tive n - tuple of operators 71, ..., T, such that

I p(Th,..., TH)l S
peCiZ,nZyl  IPIDrco

A class of homomorphism, which include the example of Parrott were studied further
in [Mis94, Pau92], where the question of contractivity vs. complete contractivity of these
homomorphism was reduced to certain linear maps. The reason for this lies in showing
that the contractivity(respectively complete contractivity) of these homomorphisms is
determined by their restriction to the linear polynomials. To explain this in some detail

and for use throughout this thesis, we introduced the following notations,



Let Q be abounded and polynomially convex domain in C". Let < (Q2) be the comple-
tion of C[Zy, ..., Z,] with respect to norm || - [|g,c0, Where || fllq,co = supilf ()| : w € Q} for
every f € C[Zy,..., Z,). Let @[ Z4,..., Z,] denote the set of all polynomials in 7 variables
of degree at most k. When number of variables is clear from the context we omit the vari-
ables Zi,..., Z,. Let H*(Q) denote the set of all complex valued bounded holomorphic

functions on Q and D be the unit disc in C. For each w € (, set
H*®(Q,D) = {fe H®WQ): I fllge < 1} and H’(Q,D) = {fe H>®(Q,D): f(w) = O}.

Let T = (Ty,..., Ty) be a tuple of bounded operators on some fixed separable Hilbert
space Hand w = (wy,...,w,) be a fixed point in Q. Define the Parrott homomorphism to
be the map p{) : H*(Q) — 2(H & H) given by the formula

f!I Dfw)-T
0 flw)I

pﬁa))(f) — (

where D f(w) = (%f(w), . %f(w)) and Df )T = & f@) Ty +- -+ 32 (@) Ton.

The following lemma, called “the zero lemma”, and several of its variants involving
functions defined on domains in C" and taking values in k x k matrices have been proved
in [Mis84, MNS90, Mis94, Pau92]. The proof below follows closely the one appearing in
[Pau92].

Lemma 1.2. A Parrott homomorphism p is contractive if and only if | p ()| < 1 for
all f € H®(Q, D).

Proof. Let us assume that [|p“’(f)|| < 1 for all f € H(Q,D). Suppose g : Q — D is an
analytic function and ¢ is the automorphism of D mapping g(w) to 0. Then ¢po g is an
analytic map from Q to D with (¢ o g)(w) = 0, therefore || pg") (¢pog)ll < 1. Now by von-
Neumann’s inequality we have [¢~! (p;“’) (po @)l <1, which is equivalent to || p;“’) @l =
1. Hence p;“’) is a contraction. The converse is trivially true. O

Now, let us assume that Q is a unit ball in C” with respect to some norm and w = 0. Let
L2, Zyl={aiz1+---+ayz,:a; € CVi=1to n}

be the set of all linear polynomials in m variables. Let p, denote the homomorphism

0
Py

Theorem 1.3. For the Parrott homomorphism p,., we have

sup{llo; (D : € € L[ Z,..., Zn), 1]l a0 < 1} = sup{llip, (NIl : f € H5"(Q, D)}
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Proof. 1f f € H3°(Q,D) is a holomorphic function, then from the Schwarz lemma [Rud08,
Theorem 8.1.2], ¢ := D f(0) maps Q in to the disc of radius | f|g,c0 and thus [[£]qc <
I fllo,co- From the definition of p,, we have [|p, (/)| = | p,(f)|l. Therefore

FRGINTAG]
1loco ~ Iflae

and hence

sup{lp, D : €€ L Z,..., Zul, 1€ 0,00 < 1} = sup{llp, (N : f € HP(Q,D)}.
The other inequality is obvious. O

This theorem says that if we wish to establish only the contractivity of Parrott homo-
morphism p,, it is enough to restrict p, to the linear polynomials.

It also says that if Q = D", then the Parrott homomorphisms p,. are contractive if and
only if T,..., T), are contractions. This follows from the Schwarz lemma (cf. [Rud08,
Theorem 8.1.2]):

{Df(0)eC": fe HPXD",D)} ={¢:¢(D") <D}.

Consequently, these homomorphisms can not be used to answer the Question 1.1.

We therefore investigate the homomorphism induced by the commuting triple of con-
tractions 11, T», T3 given by Varopoulos and Kaijser with the property || p(T, Tz, T3) || >
| Pllps oo- This leads to a natural definition of a class of operators which we call Varopou-
los operator of type I and II. We investigate the answer to the Question 1.1 assuming the
homomorphism p, is induced by 7, a tuple of these operators. It is useful to recall that

Varopoulos, in a second paper, proved the following.
Kg <sup ||PTL@2 I < ZKC,

where Kg denote the complex Grothendieck constant and supremum is over all n €
N and tuples of commuting contractions T = (T1,..., T,). Thus it is natural to ask if
sup;ry <t | Orlz, I, where | T |loo := max{|| T11l,..., | T I}, is closer to the universal constant
Kg of Grothendieck than indicated by the inequalities (1.1). We show that inequality on
the right can be considerably improved.

Let H be a separable Hilbert space and {e;} jen be a set of orthonormal basis for H. For
any x € H, define x* : H — C by x*(y) = ¥ x;y;, where x = ¥ xje; and y = Y. yje;. For
x,y € H, we set [x,y] = x* ().



Definition 1.4 (Varopoulos Operator of Type I (V I)). Let H be a separable Hilbert space.
For x,y € H, define Ty, : CeHe C — CoH& C by

0 x* o
Tyy=|0 0 y
0 0 0

The operator T,), will be called Varopoulos operator of type I corresponding to the pair
of vectors x, y. If x = y then T}, will simply be denoted by T.

Definition 1.5 (Varopoulos Operator of Type II and of order k (V Il of order k)). Let H be
a separable Hilbert space. For X € 2(H), let

0

be the operator in B(H® C k+1y 1n analogy with the work of Varopoulos [Var76], oper-
ators of the form Tx, X € 4(H), are called Varopoulos operator of type II and of order
k.

Let Q be a bounded domain in C" and w € Q be a fixed but arbitrary point. As be-
fore let pgc“;,) (respectively ,u(}‘(")) denote the induced homomorphism on H*(Q), corre-
sponding to a tuple of commuting contractions wI + Ty, y,,...,wpI + Ty, (respectively

w11+ Tx,,...,w,I+ Tx,), which is defined as following.

fw) Df(w)-x* 3D*f(w)- Ay,
pH=[ 0  f@I  Dfw-y
0 0 f(w)

for f € H®(Q), where x = (x1,..., %), ¥ = (J1,..., Yn), X = (xﬁ)""xg’l) and Ay, = (([xﬁ,yﬂ))-
As the definition of p&“}) (f) includes only the terms of order at most 2 from the Taylor se-

ries expansion of f, therefore it is quite natural to ask the following question.

Question 1.6. We ask if the contractivity of pgc“’y) on H*(Q) is equivalent to contractivity

of the restriction to the polynomials of degree at most 2.
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Clearly to answer this question, one must first answer a related question generalizing
the Carathéodory-Fejér interpolation problem, namely: Given any polynomial p in n
variables of degree 2 with p(0) = 0, find necessary and sufficient conditions on the coef-
ficients of p to ensure the existence of a holomorphic function & defined on the polydisc
D" with 2 (0) = 0 for all multi indices k of length at most 2, such that f := p + h maps
the polydisc D" to the unit disc D.

However the absence of an explicit criterion, in spite of several results which have
been obtained recently [FF90, EPP00, Woe02, HWH14], for the solution to this problem
for n > 1 makes it difficult to answer this question.

We combine a theorem due to Kordnyi and Pukdnszky giving a criterion for deter-
mining if the real part of a holomorphic function defined on the polydisc D" is positive
with a theorem due to Parrott to find a solution to the Carathéodory-Fejér interpolation

problem. We state these two theorems below.

Theorem 1.7 (Koranyi-Pukanszky Theorem). Ifthe power series}. geny aqz® represents a
holomorphic function f on the polydisc D", then R(f(z)) = 0 for all z € D" if and only if
themap ¢ : 7" — C defined by

2Ra, ifa=0
ag ifa>0
¢la) =

a_, ifa<0

0 otherwise

is positive, that is, the k x k matrix (¢p(mi-m))) is non-negative definite for every choice of

m,...,mi€2".

Let f : D" — D be a holomorphic function and y be the Cayley map of the unit disc
to the right half plane. Then in the matricial representation of ¢,. s with respect to the
usual order in Z?, it is not easy to isolate the coefficients of f. We introduce a new order,
to be called, the D-slice ordering:

Definition 1.8 (D-slice ordering). Suppose (x1,y;) € P; and (xp, y») € Py, are two ele-
ments in Z2. Then

1. If [ = m, then (x1, y1) < (x2,¥2) is determined by the lexicographic ordering on
P; < 7? and

2. if I < m (resp., if | > m), then (x1, y1) < (x2, y2) (resp., (x1,y1) > (X2, ¥2)).



The matricial representation of the function ¢y, r is then in the form of a block Toeplitz

matrix with respect to the D-slice ordering.

Theorem 1.9 (Parrott’s Theorem). Fori =1,2, letH;, K; be Hilbert spaces and H = H; &
Hy, K =K; & Ko. If
A

c :H; —Kand (C D):H—-K;

are contractions, then there exists X € %My, K1) such that (4 %) :H — K is a contraction.

In this theorem, all the choices for X are given by the formula:
I-Z2ZH'"2v(-Y*)? - 78"y,
where V is a contraction and Y, Z are determined from the formulae:
D=(I-cCcHY?y, A=z(I-C*O)"2

Our method gives only a (explicit) necessary condition for the existence of a solution
to the Carathéodory-Fejér interpolation problem in general. (Surprisingly, for the case
of the bi-disc, this necessary condition is exactly the condition for contractivity of the
homomorphisms induced by the Varopoulos operators.)

It also gives an algorithm for constructing a solution whenever such a solution exists.
The algorithm involves finding, inductively, polynomials p,, of degree at most n such
that a certain block Toeplitz operator, made up of multiplication by these polynomials
is contractive. A solution to the Carathéodory-Fejér interpolation problem exists if and
only if this process is completed successfully.

If n = 1 and the necessary condition we have obtained is met, then the algorithm
completes successfully and produces a solution to the Carathéodory-Fejér interpola-
tion problem. Thus in this case, we fully recover the solution to the Carathéodory-Fejér
interpolation problem.

We also isolate a class of polynomials for which our necessary condition is also suffi-
cient. This is verified using the deep theorem of Nehari reproduced below (cf. [You88,
Theorem 15.14, page 194]).

Let H?(T) denote the Hardy space, a closed subspace of L?(T). Let P_ denote the
orthogonal projection of L?(T) onto L*(T) e H?(T).

Definition 1.10 (Multiplication Operator). For ¢ € L*(T), we define multiplication op-
erator My : L*(T) — L*(T) by My (f) = ¢- f.
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Since ¢ f € L*(T) for any ¢ € L>°(T) and f € L*(T) therefore M, is well defined for all
¢ € L(T). Also | Myl = ¢l (cf. Theorem 13.14 in [You88]).

Definition 1.11 (Hankel Operator). Let ¢p € L*°(T). Hankel operator corresponding to ¢
is the operator P_ o M| 2 (1. It is denoted by Hy.

Theorem 1.12 (Nehari’s Theorem). If ¢ € L°(T) and Hy is the corresponding Hankel
operator, then
inf{llp — gllT00: g € H®(M)} = | Hpllop-

All this is done for the bi-disc D? with the understanding that these computations will
go through for the polydisc D”. Similarly, while we have discussed the Carathéodory-
Fejér interpolation problem for polynomials of degree at most 2, again, our methods
remain valid for an arbitrary polynomial.

What follows is a detailed description of the results proved in this thesis.

Following [Var76] and [Pis01, Page 24], in chapter 2, we define the quantities:

Ci(n) =sup{llp(D)Il : Iplpnco < 1, p is of degree at most k, || Tlloo < 1}

and
C(n) = lim Ci(n), (1.2)
k—oo
where || T |ls = max{ll T, ..., Tnll}. In this notation, it follows from the von-Neumann

inequality and Ando’s theorem that C(1),C(2) = 1. Also C»(3) > 1, thanks to the exam-
ple of Varopoulos and Kaijser [Var74] involving an (explicit) homogeneous polynomial
of degree 2. Following this, in the paper [Var76], Varopoulos proves the inequality (1.1).
Consequently, the limit of the non-decreasing sequence C(n) must be bounded below
by Kg. We show that C»(3) = 1.2 by means of explicit examples. We were hoping to im-
prove this inequality obtained earlier by Holbrook [Hol01] since our methods appear to
be somewhat more direct. In view of the known lower bound for lim;, .o, C>(n) in (1.1),
we hoped that the lower bound for C,(3) itself will be closer to Kg. In this chapter, we
also show that || p(T3,..., Tn)|l < | pllpr 00 for any n commuting contractions of the form
w; a; 0 w, a, 0 L

{( ( 8 (1())1 gi)”( 8 az)n 5)2) ) aifj=aipi,l<i,j<n w:=(w,..., 0, el]j)”}, (1.3)
after assuming that |a;| = |B;|, 1 < i < n. This is interesting considering that the von-
Neumann inequality is valid for any commuting n - tuple of 2 x 2 contractions [MP93,
Agl90] and fails for 4 x 4 contractions [Hol01]. As a corollary of the von-Neumann in-
equality for a subclass of the operators defined in (1.3), we get the following necessary

condition for the Carathéodory-Fejér interpolation problem for the polydisc D".



Theorem 1.13. Let p be a polynomial in n variables of degree 2 such that p(0) = 0. There
exists a holomorphic function q, defined on polydiscD", with g®(0) = 0, | k| < d such that
Ilp+qglleo <1 onlyif

sup +|Dp(0)-a|2}5 1,

lallo=1

D*p(0)- Ay
==

2
wherea = (@i, ..., an), Aa = (@i@;), D*p(0)-Aq = ¥ 522 (O)aiaj and Dp(0)-a = ¥ 52 (0)a.

We also prove the following theorem, giving a considerable improvement on the up-

per bound (1.1) previously obtained in [Var76].
Theorem 1.14. lim, .., Cy(n) < #Kg

Finally, in this chapter, we investigate in some detail, the contractivity of the homo-
morphisms py, , induced by the Varopoulos operators of type I (V I) and we come up with
the same inequality as in the Theorem 1.13 but for n = 2.

In chapter 3, we study the homomorphisms induced by tuples of commuting Varopou-
los operators of type I and order 2 and solve the extremal problem (indeed a more gen-
eral extremal problem obtained in the study of these homomorphism) occurring in the
Theorem 1.13 but for n = 2. We define

2 2 52

_0 9 _L1o 1 2
P = O+ G fOzand pae) = 5 55 [0+ 520 [0z 4 5 5 101z

for a holomorphic function f in two variables and we prove the following.

Theorem 1.15. For f € H8°(|D2,|D), we have,

sup
[ Xlloo=1

‘J’(Df(O) X, %sz(()) -AX)

= 1T (Mp,, Mp,)ll,

where X = (X1, X) is pair of commuting operators, | X || oo = max{|| X1 |l | X2}, Ax = (X X;)

and T (A;, Ay) :( Ar A )
1

forany Ay, A, € B(H).

In the process of solving the extremal problem occurring in this theorem, we reprove
the von-Neumann inequality and Ando’s theorem for a commuting pair of Varopoulos
operators of type II.

In chapter 4, we give an alternative for solving the Carathéodory-Fejér interpolation

problem after adapting a theorem of Koranyi and Pukénszky. This approach is important
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as it is independent of the commutant lifting theorem, whereas the method in chapter 3
strongly depends on it. For a polynomial p in two variables we define
2 2 1 62

0 9
—p(0) + 0)z+-—p(0)Z°.
azfp() p(0)z 2az§p( )z

0 0 1
=—p0)+—p(0 d =—
p1(2) aZl/v( )+6Z2p( )z and p(z) > 52197,

In the following theorem, we reformulate the Carathéodory-Fejér interpolation problem
for the bi-disc D?.

Theorem 1.16. For any polynomial p of the form
p(2) = a10z1 + Ap1 22 + A0 2} + A112122 + A2 25,

there exists a holomorphic function q, defined on the bi-disc D2, with q(k) (0) =0 for|k| <
2, such that |p + qllp2,o < 1 if and only if |p2| <1 - |p11? and there exists a holomorphic
function f:D — B(L*(T)) with

f(k) (0)
I fllp <1 and 0

where pg = 0 and for k = 3, pi € C[Z] is a polynomial of degree less than or equal to k.

=M, forallk =0,

Here My, is the multiplication operator on L2(T) induced by the polynomial py.

In this chapter, we show that |p; 12+ | p2| <1 is a necessary condition for the solution
to exist for the Carathéodory-Fejér interpolation problem. In the following theorem, we
also isolate a class of polynomials for which this is a sufficient condition for the existence

of a solution.

Theorem 1.17. Let py(z) =y +0z and p»(z) = (a + Bz)(y +z) for some choice of complex
numbers a, B, y and 8. Assume that|p1|*+|p2| < 1. Ifeither afyd = 0 orarg(a) —arg(B) =
arg(y) — arg(0), then |p1)* + |p2| < 1 is a sufficient condition also for the existence of a
solution for the corresponding Carathéodory-Fejér interpolation problem.

We illustrate, by means of an example, that this necessary condition is not sufficient in
general. In the end of this chapter, we give a proof of the Kordnyi-Pukénszky theorem for
the bi-disc using the spectral theorem. This proof can be made to work for the polydisc
as well.

In chapter 5, we give a generalization of Nehari’s theorem to two variables. In this
chapter we define the Hankel operator Hy corresponding to any function ¢ € L™ (T?).
The following theorem shows that the norm of the Hankel operator Hy is the norm of

the symbol ¢ with respect to a quotient norm, described below.

10



Theorem 1.18 (Nehari’s theorem for L*(T?)). If¢p € L™°(T?), then | Hp|l = disteo (¢, Hy).

In this theorem, H; := {f = Y amnz'zy1f € L°°(1T2)} and dist (¢, Hy) is the dis-
m+n=0
tance of ¢ from H; in L*°— norm.

In chapter 6, we study the operators space structures on ¢!(n). There is a canonical
isometric embedding of £°°(n) into the set of n x n matrices M,,. However, we show that

¢%(n), n> 1, has no isometric embedding into M, for any k € N.
Theorem 1.19. There is no isometric embedding ofﬁ1 (n), n>1, in to My forany k € N.

The next theorem provides several isometric embeddings of #!(n) into 98 (H) for each
neN.

LetH,,...,H, be Hilbert spaces and T; be a contraction on H; for i = 1,..., n. Assume
that the unit circle T is contained in o (7;), the spectrum of T;, for i = 1,..., n. Denote

Ni=T1o®?" VY T=10T,eI®" 2 . T,=1°"VeT,.
Theorem 1.20. Suppose the operators T, ..., T, are defined as above. Then, the function
f:0'(n)—» BH,® - -oH),)
defined by
flay, az,...,an)i=a Ty + ayTo+ -+ a, Ty.
is an isometry.

For n = 2,3, we show that all of these embeddings are completely isometric to the MIN
structure. In the end of this chapter, using these embeddings and Parrott’s example in
[Mis94], we construct an operator space structure on ¢ 1(3) which is distinct from the
MIN structure.

11






2 Varopoulos Operators of Type |

LetC[Zy,..., Z,] denote the set of all polynomials in n complex variables. For every con-
traction T on a complex Hilbert space, the von-Neumann inequality [vN51] states that
Ip(D)l < lplp,co for every p € C[Z]. Ando [And63] established an analogous inequal-
ity for any two commuting contractions T, T, namely, || p(T1, T2)|l < [plp2 « for every
p € C[Zy, Z,]. Varopoulos [Var74] constructed examples showing that the generalization
of this inequality to three variables fails. He along with Kaijser also produced an explicit

example of three commuting contractions T3, T», T3 and a polynomial p with the prop-

erty |p(Th, T, T3) || > 1pllps oo- Let [ Tlloo = max{[I 1 1l,..., I Txll},
Cir(n) =sup{Ilp(D)ll : Iplpnco <1, p is of degree at most k, || Tlloo < 1}. 2.1)
and
C(n) = klirn Cr(n). (2.2)

In this notation, it follows from the von-Neumann inequality and Ando’s theorem that
C),C(2)=1.

Also C»(3) > 1, thanks to the example of Varopoulos and Kaijser [Var74] involving an
(explicit) homogeneous polynomial of degree 2. Following this, in the paper [Var76],
Varopoulos shows that the limit of the non-decreasing sequence C,(n) must be bounded
above by 2Kg, where Kg is the complex Grothendieck constant, the definition is given
below. He also showed that the lower bound for this limit is Kg. Thus he has proved

Kg = lim Cy(n) <2Kg. (2.3)
—00

We show that C»(3) = 1.2 by means of explicit examples. We were hoping to improve
this inequality obtained earlier by Holbrook [Hol01] since our methods appear to be
somewhat more direct. In view of the known lower bound for lim,,_.,, C>(n) in (2.3), we
hoped that the lower bound for C,(3) itself will be closer to Kg

We recall some of the details from the two papers [Var74, Var76] of Varopoulos, which

will be useful in what follows. Fix a Hilbert space H and a bilinear form S on H with norm

13



2 Varopoulos Operators of Type I

1. Let e, f be two arbitrary but fixed vectors of length 1 and set # = {e} @ H& {f}. For any
x € H, define Ty : #£ — A by the rule

Tif =x, Tyy=S8(x,y)e, Tye=0 forall yeH (2.4)
and extend it linearly. It is then easily verified that for every x, y € H, Ty and T, commute.

Lemma 2.1. For every x € H, || Tx|l = || x|l, where the operator Ty is defined according to
(2.4).

Proof. For h € # and «a, € C, we have h = ae + Pyh + B f, where Py : /& — A is the
orthogonal projection on H.

(TFTyeh, b = |S(x, Py(h)* + 8121 x1I* < (I Pkl + | B15)1x1?

therefore (T} Txh, h) < I 202 x)1%. Thus || Tyl < Il x]l. We already know that || 7| = || x|l and
hence || Tl = [ x||. O

Definition 2.2 (Grothendieck Constant). Suppose A:= ((aji)),,, , is a complex(real) array

satisfying

n
Z ajkSjlk
k=1

Smax{|sj||tk|:15j,ksn}, (2.5)

where s;, t are complex(real) numbers. Then there exists K > 0 such that for any choice
of sequence of vectors (x;){, (yx)] in a complex(real) Hilbert space H, we have

n

> ajidxj, i)
k=1

< Kmax{llxjllyel:1< j, k<n}. (2.6)

The least constant K satisfying inequality (2.6) is denoted by K and called Grothendieck
constant. The constant K is a universal constant independent of n and the matrices
satisfying the hypothesis (2.5). Note that the definition of Kz depends only on the un-
derlying field. When it is the field C of complex numbers, this constant is called the
complex Grothendieck constant and is denoted by Kg

n
i,j=1
that || p, p2n o, < 1. This follows from the equality || p, p2r oo = | All poo(py— 01 () L€t P, , DE

Let p, be the polynomial ). aijz;wj. The inequality (2.5) is equivalent to saying

the restriction of p, to the diagonal set

A=A{(z1,...,2n,21,...,2n)  lzil <1, 1< i < n},

14



which is the polydisc D". Thus || P, Ipn,o is also at most 1. If A is symmetric, then the

second derivative D? P, ,(0) is 2A. It is therefore clear that

1P2a5 D700 = 21 All ooy 1) 2.7)
We find examples where (2.7) is strict. Indeed, for this particular example, we show that

All jooi)
WAl et 4
P45 D700

This observation will be important for us in what follows. As pointed out earlier, the
following theorem is due to Varopoulos.

Theorem 2.3 ([Var76]). lim,,_.,C(n) = Kg.

Proof. It is a well known that Kg > 1. Let € > 0 be a fixed real number such that Kg —-€>
1. Since Kg is the least constant in the inequality (2.6), therefore there exists a matrix
A:=((ajk),,, satisfying the inequality (2.5) and unit vectors x;, y;, in ¢*(k), 1 <i < n,
for some k € N such that

n
Y ajilxj, ye) > (KG—€)
k=1

J

Let

1

o 0 A
A= ((ajk))anZ}’l = 5

At 0

It is easy to see that A satisfies inequality (2.5). Take X = x1, X2 = X2, ..., X = Xp, Xp41 =

V1,-.» X2 = ¥ and consider the bilinear form S on ¢2(k) defined as follows:
k
S,y =) xjyi,
j=1

where x = (x1,...,xt) and y = (y1,..., yx). The operator A: £*°(2n) — ¢1(2n) is of norm at

most 1 and
2n 1 n n
Y ﬁjks(fcj,ik)zi Yo ajlxp Y+ Y, ari{Vi X ¢
jk=1 j k=1 j k=1

which implies

2n n
Y auSE,x) =Y, ajxj,yi)>Ks—e. (2.8)
jk=1 jk=1

15



2 Varopoulos Operators of Type I

The polynomial p(z,...,2z2,) = Zi’}czl ajrxzjzy is a homogeneous polynomial of degree
two. Itis clear that || pllp2 o, < 1. Consider the operators (as defined in (2.4)),

0 5Cj 0

— =t
Ty =[ 0 0 % (2.9)

0O 0 O
for j=1,...,2n. Then ||p(Tk,,..., Tz, )l > Kg — € is a direct implication of the inequality
(2.8). O

Let H be a separable Hilbert space and {e;} jen be a set of orthonormal basis for H. For
any x € H, define x* : H — C by x(y) = 2.jxjyj, where x =} xjej and y =} yje;j. For
x,y € H, we set [x*, y| = x*(y). From the definition it can be seen that [x/, y] = [*, x]. Let
H¥ := {x": x € H}. Let H* be equipped with the operator norm. Since the map ¢ : H — HF
defined by ¢(x) = x' is a linear onto isometry, therefore Hf is linearly (as opposed to the
usual anti-linear identification) isometrically isomorphic to H.

Let H; and H be two separable Hilbert spaces and {e;} jen, {€;} jen be orthonormal
bases of H; and H respectively. Let {f;} jen and { fj} jen be the corresponding dual basis
for H; and Hj respectively. For a linear map T : H; — H, define T!:H, — H, by

T' @) =) fr(Te)e;
J
and extend it linearly. We note that if T is bounded then so is the operator T*. We have
the following lemma:

Lemma 2.4. LetH;,H, and Hs be separable Hilbert spaces and {e;p )} jeN be an orthonor-
mal basis forH, forp =1,2,3. Let {f].(p)}jeN be the corresponding dual basis forH,, for p =
1,2,3. If T :H; — H, and S : H, — Hs are two bounded operators, then (S o T)f=Tto St

Proof. Itis enough to check the equality (So T)! = Tto S* on the basis elements {ef’)} keN-
Forany ke N,

(So T () = > D(s(Te))ell.
(1o 9)(ef?) = Tﬁ(z (5ef?)e?)

-3 <3>(5e(2>)(; O (el )elh).

16



Thus
(7101)") = XA (S 1 T e
j

= ; FE(SomyeM))ell.

Hence (So T)ﬁ(ef)) = (T*o 5%)(e). .

The form of the operator appearing in (2.9) and the operators used in the addendum
of [Var74], suggest the definition of the following two classes:

Definition 2.5 (Varopoulos Operator of Type I (V I)). Let H be a separable Hilbert space.
For x,y € H, define Ty y:CeHeC — CoHa C by

E=S

X
Tyy=

oS O O
o v O

0
0
The operator T, will be called Varopoulos operator of type I corresponding to the pair

of vectors x, y. If x = y then Ty, will simply be denoted by T.

Definition 2.6 (Varopoulos Operator of Type I and of order k (V Il of order k)). Let H be
a separable Hilbert space. For X € 8(H), let

0

X - 0
Tx = :
0

0 - 0

be the operator in 2(H ® C**1). In analogy with the work of Varopoulos [Var76], oper-
ators of the form Ty, X € Z8(H), are called Varopoulos operator of type II and of order
k.

In the following section, we show that || p(T1,..., Tl < | pllp» 00 for any n commuting
contractions of the form

{((aél Zg (l%),...,(wto)n %Z f?n)):aiﬁj:ajﬁi,ls i,jsn,w::(wl,...,a)n)EID”}, (2.10)

17



2 Varopoulos Operators of Type I

after assuming that |a;| = |B;], 1 < i < n. This is interesting considering that the von-
Neumann inequality is valid for any commuting n - tuple of 2 x 2 contractions [MP93,
Agl90] and fails for 4 x 4 contractions [Hol01].

Secondly, we show that lim,,_.., C2(n) < %gl(g giving a considerable improvement on
the upper bound previously obtained in [Var76].

Finally, we investigate in some detail, the contractivity of the homomorphisms py,,
induced by the Varopoulos operators of type I (V I). In particular, for a pair of commuting
contractions Ty, Ty,, x1, X2 € C, of type V|, and any holomorphic function f : D? — D,

f(0,0) =0, applying the von-Neumann inequality, we must have

of of 1 & azf
su Tl =—0)x; + =—(0)xo, — O x;xi ||l =1,
xl,xZIz:ID (azl ! 6Z2 2 2 l',]Z:’I aZiaZj P

where T (w, a) = ( (:)) * ) The solution to this problem (indeed a generalization of it),
w

which we obtain in Chapter 3, therefore gives a necessary condition for the Carathéodory-
Fejér interpolation problem for polynomials of degree 2. Unfortunately, while the ex-
tremal problem can be stated for any z in N, not just for 2, its solution depends on the
commutant lifting theorem.

2.1 The von-Neumann Inequality

The von-Neumann inequality for a commuting 7 - tuple of 3 x 3 matrices remains open
for n = 3. In this section, we establish this inequality for any n - tuple of commuting
contractions of the form prescribed in (2.10) with the additional assumption that |a;| =
Bil, 1<i<n.

Let H be a separable Hilbert space. Given a set of n operators Ay,..., A, in (H),
define the operator

A Ay Ay - A,
0 A Ay - Apa

T(Ay,..., A= 0 0 A - Ay |,
o o o0 - Ap

which isin B(H® C™).

18



2.1 The von-Neumann Inequality

The condition for the contractivity of any 3 x 3 matrix of the form

w a 0
T=1 0 w B |,weD, aandfinC. (2.11)
0 0 w

is given in the following lemma. It will be used repeatedly in what follows.

Lemma 2.7. The operator T defined in (2.11) is a contraction if and only if

lal<1-ol?, |Bl<1-|wl

and
ol < ((1-1o?)? - la?)((1-10)* - 18P).
In particular, if la| = ||, then T is contractive if and only if |a| < (1 — |w])v1 + |w].
Proof. Suppose T is contraction. Then T(w,a) := (‘3 g‘,) and J(w, p) := (‘g 5) must be

contractions. Hence, we have |a| < 1—|w|? and | Bl < 1-|wl|?. By Parrott’s theorem [Par78],

there exists a € C such that the operator T, is a contraction, where

w a a
T,=]1 0 w P
0 0 w

Every possible choice of a in C, ensuring contractivity of the operator T, is given by
a=I-zz9"vI-v*1)'?- 25"y,

where V : C — C is an arbitrary contraction, S = T7(0,w), R = (6,w)' and Q = (w, a). The
operators Y and Z are explicitly determined by the formulae R = (I - $§*)1/?Y and Q =
Z(I—-S*S)'2. The reader is referred to (cf. [You88, Chapter 12]) for more information on
the Parrott’s theorem and related topics. Thus

Y= (Lz,w)t and Z = (a) L).

(1=l 1 -lw)?
Therefore
|CZ|2 )1/2 ( ) |ﬁ|2 )1/2 Eﬁa
=la-|w?- via- - - . 2.12
a (( 0" =TT A=l -1 0n e (2.12)
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2 Varopoulos Operators of Type I

Since T is a contraction, it follows that @ = 0 is a valid choice in (2.12) for some contrac-

tion V. This forces

Ve wPa ((l—lwlz)— la)? )_1/2((1—|w|2) a2 )_1/2

T 1-|wl? 1-|w|? -l

to be of absolute value at most 1. Thus we have
20121 R12
lw|*a|] Bl -

(1-lw)®

2
lal

(0102 o) 250

Hence we get
ol < ((1-1o?)? - la?)((1-10?)* - 1P).

All the steps in the proof given above are reversible. Therefore, the converse statement
is valid as well.
The condition for contractivity assuming |a| = | 8| is easily seen to be

lal = (1 -lw)v1+wl
O

Remark 2.8. It is known that T is a contraction if and only if | f(T)|| < 1 for all f in the
disc algebra A (D) with f (w) = 0 for an arbitrary but fixed w inD and || f |lp,co < 1. Therefore
T in (2.11) is a contraction if and only if

L' ) Plal? + | f"(w)/2]|al® < 1

forall f € AD) with f(w) =0and || flpco < 1. Thus
1

lal® < IHORY
SUp(If’(w)|2+ITI)

where the supremum is over the set {f € A(D) : f(®) =0, flpco < 1}. From the Lemma

2.7, we conclude (for some arbitrary but fixed w € D) that

| fll (w) 1
2 (1-lwP)A-lw)

suP{V'“"”” | fEAD), f) =0, ||f||D,0051}:

For aj, §; € D, define the operators

] O
Ti=1 0 0 B; |\1=sj=n,
0
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2.1 The von-Neumann Inequality

and assume that a By = arfj, j,k = 1,...,n. This commuting n-tuple of contractions
T=(T,..., Ty isinthe set (2.10) with w = 0. It defines a homomorphism p,. : C[43,..., Z,] —
B(C? given by the formula p,. (p) := p(T). Explicitly evaluating p(T), we obtain

f0) Df(0)-a 3D?f(0)-Aqp
p,(N:=] 0 f(0) Df(0)-B , f€CIZy,..., Zy], (2.13)
0 0 f(0)

where Agg = (@;Br),, - Here

) )
Df(0)-a :Za—g(om,-, Df(0)-f =Za—£(0)ﬁj
] j J

J

and
52

2020z

D*f(0)- Agp = Z 0 a ;P

Clearly, the formula (2.13) makes sense and defines a homomorphism of the algebra
H*(D") consisting of all bounded holomorphic functions on the polydisc D”.

The following lemma and several of its variants involving functions defined on do-
mains in C" and taking values in k x k matrices have been proved in [Mis84, MNS90,

Mis94, Pau92]. The proof below follows closely the one appearing in [Pau92].

Lemma 2.9 (The zero lemma). The homomorphism p, is a contraction if and only if
lo, (Ol <1 forall f e H*(D") with f(0) =0 and | flp»co <

Proof. Let us assume that [|p,(f) <1 forall f:D" — D with f(0) =0. Let g: D" — D be
an analytic function and ¢ be an automorphism of D mapping g(0) to 0. Then ¢o g is
an analytic map from D" to D with (¢ o g)(0) = 0, therefore ||p, (¢ o g)ll = 1. Now by von-
Neumann’s inequality we have [|¢p"(p, (¢ o g))|| < 1 which is equivalent to [ o, ()l < 1.
Hence p, is a contraction. The converse is trivially true. O

Theorem 2.10. The homomorphism p,, as defined in (2.13) for the commuting tuple of
contractions T, is contractive.

Proof. Assume that the supremum norm of the polynomial
p(z1,...,2,) = Za]z]+ Z a,]ZIZ]+Z Z az’
i,j=1 k=3|Il=k

over the polydisc D" is at most 1. Then

[ Xaiai Xaijaif; -
o
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2 Varopoulos Operators of Type I

if and only if

n

> aiBj

j=

n
> aijaif;

ij=1

lllegorl)

Without loss of generality we assume 0 < |51] < |a;]|. Let [f1]/|a;1| = u. We have a ;B =

n
D aja;
j=1

aiPjforall j,k=1,...,n therefore inequality (2.14) is equivalent to

<[l

Define g4 (?) := p(tay,..., tay) for all £ € D. Since ||plpr, < 1 therefore |4 llp,0o < 1 and
hence T(Y a;a;,Y a;ja;a;) is of norm at most 1. Therefore

el

and since p = 1, it follows that (2.15) holds. Hence p, is a contractive homomorphism.
O

n
D aijia;
ij=1

2
). (2.15)

> a;a;
j=1

2 aja;
j=1

n
D aijaia;
ij=1

> aja;
j=1

> aja;
j=1

We now prove the von-Neumann inequality for any contractive n - tuple in the set
(2.10) assuming |a;| = |B;l, 1 < i < n. (We no longer assume that w = 0.) As before, such
a n-tuple defines a homomorphism p,, : H*(D") — %(C%) by

fw) Dfw)-a 3D*f(w)-Aap

Pr,(f):=] 0 f(w) Dfw)-B |, (2.16)
0 0 f(w)
where 5 5
Df(w)-a=Z—f(w)aj,Df(w)-ﬁ:Z—f(w)ﬁj
7 0% 7 0%
and ,
D*f(w)- Agp = (W)a; P
f ap j;cazj'azk ]ﬁk

Here is “the zero lemma” again, now adapted to work for the homomorphism p,. . For
the proof, we compose f with an automorphism of the disc taking f(w) to 0, whenever

fw)#0.

Lemma 2.11. The homomorphism p,., is contractive if and only if | p;, ()l < 1 for all
f eH®D") with f(w) =0 and | fllprco < 1.
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2.1 The von-Neumann Inequality

Theorem 2.12. The homomorphism p,, induced by a contractive n - tuple T in the set
(2.10) withaj = B, j = 1,..., n, is itself contractive.

Proof. Assume that the supremum norm of the polynomial

n n d
pzi,.czn) =) ajzji—o)+ Y. aij(zi-w)zi-0)+ Y. Y alz-w)
=1

j ij=1 k=3|I|=k

over the polydisc D" is at most 1, where d is the degree of p. Then

”PT,U)(P)”: it ijAittj <1
0 Yaia;
if and only if
n n 2
Z a;ja;a; S(l— Zajaj ) (2.17)
i,j=1 j=1

For j =1,...,n, applying the Lemma 2.7 to the operator

wj (1—|a)j|),/1+|wj| 0
0 w;j (1~ o) /T+1w;]

0 0 wWj

we conclude that it must be contractive. Therefore, using Nehari’s theorem (cf. [You88,
Chapter 15, Theorem 15.14]), we obtain a holomorphic function #;, h;.k) 0 =0,k =
0,1,2, defined in the unit disc D such that the supremum norm of the function

fil@=wj+Q—-|wjD\/1+|wjlz+ hj(z)

over the unit disc D is at most 1. Define f = (f1,..., fn) : D" — D" by f(z1,...,2,) =
(fi(z1),..., fa(2s)). Now po f maps D" to D with po f(0) = 0. Define the following con-

tractive operators

o — % 0
(I-lw;jhy/1+lw;l
Si:= — 4
J 0 0 (-l /T+w;]
0 0 0

for j=1,...,n. Then § = (S3,...,S,) is a tuple of commuting contractions. From Theo-
rem 2.10 it is clear that [[po f(S)| < 1. Therefore (2.17) holds and hence || p(T3,..., Tyl <
1. O
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2 Varopoulos Operators of Type I

As a corollary of this theorem, we get the following necessary condition for the Carathéodory-

Fejér interpolation problem for the polydisc D".

Theorem 2.13. Let p be a polynomial in n variables of degree 2 such that p(0) = 0. There

exists a holomorphic function q, defined on polydiscD", with g™ (0) = 0, |k| < d such that

lp+qlleo <1onlyif

D’p(0)- Aq
2

sup {‘ +|Dp(0)-a|2}51,

lalloo=1

2
wherea = (a1,...,an), Aq = (a;ia}), D?p(0)-Aq = Z%(O)aiaj andDp(0)-a = Z%(O)ai.

Zj

Remark 2.14. This proof of the von-Neumann inequality works without having to make
the assumption that |a;| = |B;|, if instead, we assume that

wj aj 0 wj Bj 0
0 wj «j and 0 w;j ,3]'
0 0 w]- 0 0 wj

are contractions for j = 1,..., n. Unfortunately, there are contractive n - tuples T in the set
(2.10) for which this condition is not met, for example, takew = a =2/5 and = 415, here

nisjustl!

2.2 An improvement in the bound for C,(n)

The explicit example in [Var74] showing that a commuting triple of contractions need
not define a contractive homomorphism of the tri-disc algebra uses the interesting poly-
nomial

. _ 2, .2, .2
py:=(21,22,23) = 2] + 25 + 25 — 22120 — 22223 — 22321

This polynomial will be referred as the Varopoulos-Kaijser polynomial. The supremum
norm of p,, over the tri-disc is shown to be 5. Let

1 -1 -1
A= -1 1 -1 (2.18)
-1 -1 1

be the matrix of co-efficients of the polynomial p, .

Lemma 2.15. || A, [l geo(3)—¢1(3) = 6.
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2.2 An improvement in the bound for C,(n)

Proof. Suppose a;; denote the (i, j) entryof A, and z; = e%i for i, j=1,2,3. Then

|ZaijZiEj| = |.Z1|2 + |Zz|2 + |.Z?,|2 —2Re (leg + 2923+ Zgzl)

=3-2(cos(@1—65) + cos(@—03) + cos(03 —01))

ol

=6.

Using the Lemma 2.18, the above inequality can easily be deduced . For 0, -0, = %” =

0, — 03, the inequality in this computation becomes an equality. Thus

Ay 1l poo(3)— 1 (3) = |Sup1 |Z dijZi5j| =6.
Zj =

”AV”[OO(g)ﬁ[l(g) - 1 2

Thus [| A, [l geo3)—¢1(3) > | Py I p3 00~ Here Ty Tt o

Question: Does there exists k > 0 such that || Al jeo(p)— o1 () < kll P, , llpn 00 fOT @ll symmet-

ric matrices A of size n, n e N?

We have just seen that k is bounded below by 1.2. Now, we show that % is an upper

bound for k. This will be an immediate corollary of the following theorem giving an

upper bound for the second derivative.

Theorem 2.16. If f : D" — D is a holomorphic function, then ”sz(o)”[oo(n)_,[l(n) is
3v3

bounded above by =%=.

Proof. Let f be a complex valued analytic function on D” with | fllpre < 1. Let a =
(a,...,an) € D" be an arbitrary point. Let ®; be the automorphism of the unit disc de-

fined by
zZ+aj
Dj(2) = —=

1 +ﬁjz
for j=1,...,n. Let ®(zy,...,2,) = (®1(z1),...,P,(z,)) and ¢ be the automorphism of the

unit disc such that ¢(f(a)) = 0. Due to chain rule we have
D(@o fo®)(0) =¢'(f(a)Df(a)DP(0).

As g:=@o fo®:D" — D is an analytic map therefore due to Schwarz’s lemma Dg(0) is a
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2 Varopoulos Operators of Type I

contractive linear functional on (C", | - [[p» o). Also

1-|al? 0
1—|a2|2 0
D®(0) =
0 0 o 1—|apl?

therefore
, Y L I 1(0)
Df(a)=¢(f(@) 1(2 28 2).
-l- la;]
Thus we have

1
|IDf (@], =1-| f(a)|2)m]axm.

Suppose r € (0,1) is such that |a;| < r forall i = 1,..., n. Then we have

IDf(a)llh =

. 2.19
1-r? (2.19)

Let g := Df then g is a map from rD" to ﬁ(lﬂ)”)* where (D")* denotes the dual unit

ball of (C", || lIp»,c0). Now due to Schwarz’s lemma Dg(0) is a linear operator on C” which

1

——([D™)*. Hence we have

maps rD" into

1
1D £ (0) goo y— 1y < - (2.20)

1-r2)
Inequality (2.20) is true for every r € (0,1) and maximum of r(1 — r?) is attained at r =
1/+/3. Therefore we can conclude that

3v3
||D2f(0) ||400(n)_,(1(n) = T

O

Let p(z1,22,...,2n) = X a;jz;zj be a homogeneous polynomial of degree 2 in n variables
with |pllpr 0o < 1. As sz(O) = (2a; ) nxn therefore from (2.16), we have

3v3 _
el
This leads to a considerable improvement in one of the theorems of [Var76], which is

exactly the same as the theorem below except that the constant obtained in [Var76] is
2K¢.
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2.2 An improvement in the bound for C,(n)

Theorem 2.17. Suppose p be a polynomial of degree atmost 2 in n variables and T =

(T, ..., Ty) be a tuple of commuting contractions on a Hilbert spaceH. Then

3v3
IP(Ty,..., Tl < ==K Pllpn,co,
where Kg is the complex Grothendieck constant.

Proof. Let

n

n
p(z1,...,2,) = agp + Z ajzj+ Z AjkZjZ.
k=

j=1 Jrk=1

For x, y € H arbitrary vectors of norm at most 1, we have

n n
[(p(T,..., T)x, p| = [aolx, yy + ) (a;Tix, yy+ 3 {ajTix, Tyl

Jj=1 Jjrk=1
Let
a wql2 a2 --- ayl2
a2 an  ap - an
an/2 an1 an2 Ann

and g be the corresponding homogeneous polynomial of degree 2 in n + 1 variables
defined by

n
2
q(zo,z21,...,2n) = Agzy + Z ajzjzo+ '

n
Z Ajrjl.
j=1 Jrk=

1
It can easily be seen that [ glpr+1 o, = | Pllpn,c0- Suppose vo = x,v; = Tjxand wy = y, w; =
T]?‘yforj =1,...,n. Then

n n n
bjivj, wy = aolx, )+ Y (a;Tix,yy+ Y (ajxTjx, TLy),
j=0 j

j=1 Jjk=1

where by is the (j, k) entry in B. Now from the definition of the complex Grothendieck

constant, we get

n
>
bji(vj, wk)‘ < KGlIBll oo (1)~ 21 (n+1)-
j=0

Now, to complete the proof, one merely has to apply the inequality (2.21). O
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2 Varopoulos Operators of Type I

2.3 Homomorphisms induced by operators of type V|

Let Q be abounded domain in C™ and w = (wy, ..., w;) € Q be fixed. Let H be a separable
Hilbert space. Let x = (x1,...,Xm), ¥ = (J1,...,Ym), where xj,y; e Hforall j =1,...,m,
be such that [xi.,yk] = [xi,yj] forall j,k=1,...,m. Let the operator ij,yj be of type VI
corresponding to the pair x;, yj, j=1,...,m. We let TSC“’)), denote the commuting n-tuple
(W1 1+ Ty, s @I+ Ty, y,). Wewill let T, denote the m-tuple (Ty, x,,..., Tx,, x,,)- It is
easy to see that for j, k, [ =1,...,m, we have ij,yj Ty, y. T,y =0and

0 0 [y
ij,ijka’k: 00 0
0 0 0

Consequently, for any polynomial p in m variables, we see that

pw) Dpw)-x* ID*p(w)-Axy
pr¢h= 0  pwI Dpw-y |, 2.22)
0 0 p(w)

where x* = (x},...,xh,), Axy = (1}, ¥}1),,.,,- Therefore, extending this definition to

functions in H*(Q), we obtain the homomorphism p&‘”} :H®(Q) - B(CeHeC), which
for any polynomial p is given by the formula pgc'f’;,(p) = p(TSC“,’}) and is defined for f in
H*(Q) by the same formula. The homomorphism p@x will simply be denoted by py.

Suppose Q = D™ and |lx;[ < 1,]ly;l <1 for each j =1,...,m. Then for m = 1,2, we
know that p;‘“; is contractive homomorphism. What about m > 2?

The following example is due to Varopoulos and Kaijser in [Var74]. Set

0 0 0 0 0
1 0 0 0 0
A=l o o 0 0o 0|,
0 0 0 0 0
0 1/vV3 -1/vV/3 -1/V/3 0
0 0 0 0 0
0 0 0 0 0
A= 1 0 0 0 0
0 0 0 0 0
0 -1/v3 1/v/3 -1/V3 0
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2.3 Homomorphisms induced by operators of type V |

and
0 0 0 0 0
0 0 0 0 0
As=| 0 0 0 0 0
1 0 0 0 0
0 —-1/v3 -1/v3 1/V/3 0

It is easy to see that A;, A and A3 are commuting contractions. Now, consider the

.. . : — (L _1 _1 =
Var(l)polulos—lKaljser p01y1110m1f11 plv defined earlier. Choose x; = ( NRRVAL \/g)* Xp =
(_ﬁ) ﬁ)_%)) X3 = (_E)_ﬁy ﬁ) and yl = (1)0)0)7 yz = (0,1,0), y3 = (0)071)- In the
notations above Ty, ,, = Ay, Ty, y, = A2 and Ty, ,, = A3. We have

||pv(Txl,y1) T.XZQ,_)/Q) TX3,y3)|| = ‘ a]k [xiyyk] ‘ = 3\/§> 5 = ”pv”l[[)s,oo!

3
jk=1
where ((ajk)) = A,. Hence pgyy corresponding to x = (x1, X2, X3), y = (y1, y2, y3) is not con-
tractive. In this example the ratio of || p, (T 96’ y) I to | py lIp3 oo is approximately 1.04. In this
section we shall show that

Sup{ I py (Tl
Py D3 00
is 1.2, which was proved earlier by Holbrook [Hol01]. However, we give many examples

Hxllo =1}

of operators of type VI for which this upper bound is attained. As explained earlier,
the hope that we may be able to increase it even further was the motivation behind

introducing the set of operators V |. For the proof, we shall need the following lemma.
Lemma 2.18. Forn > 1, we have
min ((x1, X2) + (X2, X3) + (x3,x1)) = _Z_)’
where the minimum is over the set{(xl,xg,xg) 1X1, X2, X3 €ER™ | x;ll2=1,1= 1,2,3}.
Proof. Let x1,x2, x3 € R" with ||x;]l2 = 1, i = 1,2, 3. The following identity is easily verified:
2y + x2 + 2315 = a5 + 215 + 1203115 + 2(C0n, 22) + (2, x3) + €03, 1))
Fori=1,2,3, |x;ll2 =1, therefore

1 + 22 + %3115 — 3 = 2((ox1, X2) + (X2, X3) + (X3, X1)).

Thus {(x1, X2) + (X2, x3) + (X3, x1) is minimized at x1, X3, x3 € R” such that x; + x, + x3 = 0.
Choose any three points xi, x», x3 from the unit sphere of R” such that the centroid of
these points is the origin. For example, choose x; = (1,0,...,0), xo = (-1/2, V3/2,0,...,0)
and x3 = (-1/2,—v/3/2,0,...,0). Thus we have proved the lemma. O
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2 Varopoulos Operators of Type I

What follows is an easy generalization of the preceding lemma.

Lemma 2.19. Forn> 1, we have
min(Z(xi,xj>) =——
i<j
where minimum is over the set {(x1,...,Xp) : X1,..., Xm €R™, | xil2=1,i=1,...,m}.

Let x1, X2, x3 € R" be arbitrary vectors of Euclidean norm 1 and set x = (x1, x2, x3). Con-
sider the algebra homomorphism p, asin (2.22), namely, p(p) = p(Tx). Take Varopoulos-
Kaijser polynomial p, . By the definition of py, it is easy to see that

lox@l=| 3 apic el =| 3 atsyx0)
k=1 Jrk=1

J
3
Z aji +2a12{x1, X2) + 2ax3(x2, x3) + 2az1{(x3, X1)

—

=3 =2 ((x1,x2) + (X2, X3) + (X3, X1)).

From the Lemma 2.18, it is clear that we can choose x1,x2,x3 € R” (in fact there are
infinitely many choices for x for each n > 1) such that | px(p,)ll = 6 and [ x;ll> = 1 for

eachi=1,2,3. Thus
lox(p)Il 6

Py D3 00 "5
Hence for this choice of x the corresponding ratio of || p, (T )|l to || p,, lIp3 o is 1.2.

=12>1.

We state “the zero lemma” for a third time, in the form we will use it here. The proofis
no different from what has been indicated earlier.

Lemma 2.20. For m—tuple of vectors, x = (xX1,...,Xm), ¥ = (Y1,--., Ym) from H, we have,
IIp(“') (NI =1 forall f e H*®(Q,D) if and only zfllp(w) (NI <1 forall f e HPX(Q,D).

As before, using the Lemma 2.20 we may assume that f(w) = 0, without loss of gener-
ality, in determining the contractivity of p(“’) for f in any algebra of holomorphic func-
tions containing the algebra H*(Q2).

Proposition 2.21. Let p(‘“) be as defined in (2.22). For f € HX(Q,D), we get IIp(“’) Ni=1
if and only if

2

'%sz(w)-Ax,y 5(1—||Df(w)-x||2)(1—||Df(w)'J/||2)-
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2.3 Homomorphisms induced by operators of type V |

Proof. Let f e H®(Q,D). Let Vi : H — ¢2 and V» : H* — (£2)* be isometries taking D f (w) -y
to | Df(w)-ylle; and D f (w) -xtto IDf(w)-x| ei respectively, where e; is (1,0,0, .. )Y Then

D xt 1p2 Ay
||p("”(f)||—( Jlw)a a D7 (@) Axy

0 Df(w)-y
[ 3D*fw)-Ayy Df(w)-x*
Df(w)-y 0 '

As norms are preserved under isometries therefore

0 \( i1D?fw)-Ar, Df(w)-x* 0
IIP(“’)(f)II—H D7 f) Axy Df()-x ) H
and hence
1@l = (%sz(w%Ax,y ||Df(w)-x||e§)
IDf(@)-yllex
— lsz(w) Axy ||Df(0)) x|l
IDf(@)-yll

Thus we have the proposition.

Let
P = {(%sz(w),Df(w)) | feHXQ, D)}

be a subset of M;, x C™, where M,, denotes the set of all m x m complex symmetric
matrices.

Lemma 2.22. The set @g”) can be realized as the unit ball in M, x C'"™ with respect to some

norm, say | - .
Proof. We will show that @g") is a balanced, convex and absorbing subset of M;, x C™.

e Balanced: If 1 € D and (%sz(w), Df(w)) e @g"), then

1 1
A(Esz(w),Df(w)) = (EDZ(/If)(w),D(/lf)(a)) :
The map Af : Q — D is analytic with A f (w) = 0 and hence

]‘ w
A(Esz(w),Df(w)) el
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2 Varopoulos Operators of Type I

¢ Convex: Pick ) )
(5D2 f(w),Df(w)) , (Eng(w),Dg(w)) ey,

Forthe h:=tf+(1-1)g, t€(0,1), we have
1. o 1 o
a f),Dfw)|+1-1) ;D°8w), Dg(w)
1
= (EDZh(w),Dh(w)).
Since f, g are in Hy(Q,D), it follows that £ is also in Hy (2, D). Hence

t(%sz(w),Df(w)

1 2 (w)
+(1-1 ED gw),Dg(w) e@Q .

* Absorbing: Let B = (bj;) be a symmetric matrix of order m and a = (a1, ..., @) in
C™. Define
m
p(ZbZZv---yzm) = Z aj(Zj _(1)]) +
=1

m
Y bjk(zj— 0wz —wp).
J= k=

1

J

The function
p(z1,22,..., 2m)

Iplle,00

f(Zl) 22y ey Zm) =

is clearly in HyY (Q2, D) with

Df(w) = and ~ D2 flw) =

IpllQ,co 2 1Pl
Hence
1 ()
———(B,a)eD;".
Iplla,co
O
The set

U:={(z,v1,v2): 2€ C, vy, v e Hwith |z* < (1 - |v1]1%) (1 - [ v2]1?)}

is seen to be the unit ball via the identification (z, vy, v2) — (’ﬁ UZ ) Clearly, || (’ﬁ 5 )II <1
2 2
if and only if (z, v, v») is in U. Thus we have proved the following lemma.

. . . ;
Lemma 2.23. The setU is the unit ball with respect to the norm ||(z, vy, v2) |y := | ( ‘61 UZ )II.
2
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2.3 Homomorphisms induced by operators of type V |

For fixed x = (x1,...,Xm), ¥ = (J1,..., ¥ym) in H™, define a linear map LEC‘”)), My, xC" —
C e HeH by the formula

() 1
nyy(B,a): Etr(Ax,yB),a'x,a-y R

where a-x = a; x1+---+amxm, a=(ay,...,a,) € C" (and a-y is defined similarly). Propo-
sition 2.21 together with what we have said here amounts to the equivalence asserted in
the following theorem.

Theorem 2.24. The following statements are equivalent:
1. p&w} is a contractive homomorphism.
2. LEC‘”} (M, xC™|.llg) = (CeHeH, |I.Ilu) is a contractive linear map.
Let E be a domain (containing 0) in C. For each k € Ny, let

P(Q,E)={p€eClZ,...,Zn] :deg(p) < k and p(Q) c E}.

For each w € Q, let 22”(Q, E) denote the set of all polynomials p € 2, (Q, E) such that
p(w) =0.
Now, suppose Q is the unit disc and w = 0. Then we have the following theorem.

Theorem 2.25. IfH is a separable Hilbert space and x € H with || x|| < 1, then for the
homomorphism p,, we have

sup{llpx(p)ll: p € 2)(D,D)} =sup {llpx(f)ll : f € HP(D, D)} .

Proof. We know that for f € H*(D) with f(0) =0,

lox (I =

SO x1 1 (0)x]
ILf'(0)x] 0 ’

therefore from the formula in [MNS90],

1

L,

1 2
Il ={|a|||x||2+5 jaf? |t |+ /161 |1, [+ a2 1,

where a = f'(0) and b = f"(0)/2. Using Cauchy-Schwarz inequality we get

1
1 2
loxl = {|a|||x||2 +2 | 1aP 1 + VDI + 4l alIbP x| }
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2 Varopoulos Operators of Type I

and therefore X
2

1
||px||s||x||{|a|+§[|a|2+ |b|4+4|a|2|b|2]}
Hence sup {llpx(f)]l : f e HX(D, D)} = || x|. It is easy to see that

sup{llpx(p)ll: p € 2} (©,D)} = || x].
Hence the proof is complete. O

The following corollary is now evident.

Corollary 2.26. SupposeH is a separable Hilbert space and x € H with | x|| = 1. Then for
homomorphism py defined above, we get

sup{llox(p)ll : p € 22D, D)} = sup {llpx(f)Il : f € H(D,D)}.

2.4 The Carathéodory-Fejér Interpolation Problems

We state the well known interpolation problem in m variables, usually known as the
Carathéodory-Fejér (CF) problem.

Problem 2.27 (CF). Given any polynomial p in m variables of degree d, find necessary
and sufficient conditions on the co-efficients of p to ensure the existence of a holomor-
phic function & defined on the polydsic D™ with h¥)(0) = 0 for all multi indices k of
length at most d, such that f := p + h maps the polydisc D’” to the unit disc D.

Without loss of generality one may assume that p(0) = 0 via the transitivity of the
unit disc D. There are several different known solutions to the CF problem when n =
1, see (cf. [Nik86, Page 179]). However, repeated attempts to obtain solutions for n >
1 has remained unsuccessful for the most part, however see (cf. [BW11, Chapter 3])
for a comprehensive survey of recent results. In these notes we shall obtain necessary
condition for the CF problem for the bi-disc D2. (However, we first discuss the case of
the unit disc D, which paves the way for the case of the bi-disc D?.) We show that for
certain class of polynomials of degree at most 2, our necessary conditions turn out to
be sufficient as well. None the less, they are not always sufficient as we demonstrate by
means of an example.

We point out that the necessary condition for the CF problem actually works for any
n, via an adaptation of a theorem due to Koranyi and Pukédnszky [KP63]. However for
n > 2, the computations involved in deriving the necessary condition explicitly is cum-

bersome. Therefore, we don'’t give the details except in the case n = 2.
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2.4 The Carathéodory-Fejér Interpolation Problems

2.4.1 CF problem in one variable

The CF problem for one variable is stated below for polynomials of degree at most two
and with p(0) = 0. This is the first non-trivial case of the CF problem and is typical of all

other cases.

Problem 2.28. Fix p to be the polynomial p(z) = az+bz?. Find a necessary and sufficient
condition for the existence of a holomorphic function g defined on the unit disc D with
g®(0)=0,k=0,1,2, such that || p+ glpeo < 1.

Let Ty be an operator of the type V| for some x € C. For any f € H°(D, D), picking
|x| < 1 to ensure contractivity of Ty, we see that [ p.(f)|l < 1. Now, applying Corollary
2.21, we find that

%f”(O)xz +|f x| <1.

Taking supremum over all x such that |x| < 1, we get

+f O] <1,

1 I

—f7(

'2 ()
which is equivalent to

f”(O))" - H(f’(o) @) <1

T (0), —
(o 2103 2,

Thus we have proved the following theorem.

Theorem 2.29. Suppose f :D — D is an analytic function with f(0) = 0. Then
"
roj.,

!/
o

We answer the question of the converse in the theorem below.

Theorem 2.30. Ifa,f € C are such that |T(B,a)|l < 1, then there exists an analytic map
f:D — D such that f(0) =0, f'(0) = B and f"(0)/2 = a.

Proof. Let a, 8 € C be such that [T(B,a)[ < 1i.e. |a|+|fI* <1. As 2y is a convex and
balanced set so without loss of generality we assume a > 0 and |a| + |B]?> = 1. Define

[§, ifz=0
g(z):= f2)

otherwise.
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2 Varopoulos Operators of Type I

Let ¢ denote the automorphism of D mapping f to 0. From chain rule, we get

(ppog) (0= % -1
- 16l

Hence (pgo g)(z) = e'%z for some @ € [0,27). Therefore

elz+p
g(Z) =
1+ Beifz
and thus ”
1
f(z)= z~ﬂ.
1+ Beifz

O

Thus we have found necessary and sufficient condition for the CF problem 2.28. A

second approach to this problem will be given in Chapter 4.

2.4.2 CF interpolation problem in two variables

The complete solution to the CF problem remains a mystery, although, several different
partial answers are known. On the other hand, Eschmeier, Patton and Putinar [EPP00]
find a necessary and sufficient condition for the CF problem for the bi-disc D?. However,

these conditions are somewhat intractable.

Theorem 2.31. Let d be a positive integer and let P(z) be a polynomial of degree less
than or equal to d in two complex variables. There exists an analytic function F : D?> — D
such that P = F mod (z%') if and only if there are Hilbert spaces H, and H, and a pair
of vector valued polynomial functions of degree less than or equal to d, Ay : D?> — Hy,
k=1,2, such that:

1-P(2)P(2) = (1 — |21 P A1 (@12 + (1 - |22/ | A2(2) |3 mod (291, Z97Y).

Analogous to the case of one variable, the CF problem in the case of two variables
is given below for polynomials of degree at most two with constant term zero. This is

typical of all other cases.
Problem 2.32. Fix p € C[Z;, Z,] to be the polynomial
p(z1,22) = a1021 + ap,1 22 + az,ozf +ad1,12122 + ao,zzg-

Find necessary and sufficient conditions for the existence of a holomorphic function g
on D? with ¢® (0) = 0, for multi indices k of length at most 2, such that ||p + qlp2 00 < 1.
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2.4 The Carathéodory-Fejér Interpolation Problems

Let Ty,, Tx, be operators of type V| for x;,x, in C, |x1],[x2] < 1. Let f € Hgo([[l)z,[[l)) be
any holomorphic function mapping D? to D with f(0) = 0. The von-Neumann inequality
in Theorem 2.10 implies that || f(Ty,, Tx,) |l < 1, which in turn is equivalent to

IDFO)- xI? + ’tr(%sz(O) -xxt) <1,

where x is the column vector (}!). Thus we have the following theorem.

Theorem 2.33. If p is any complex valued polynomial in two variables of degree at most
2 with p(0) =0, then

op ap 1 & d%p
su T =—0)x; + —(0) x5, — O)x;xi|ll<1 (2.23)
xl,x}é@ (6z1 ! 02 2 21-,]-2:1 0z;0z; i

is a necessary condition for the existence of a holomorphic function q : D> — C, with
g (0) =0, |kl <2, such that | p + qllp2 o < 1.

In the Chapter 3 we will compute the supremum occurring in (2.23). We will also
find conditions on the coefficients of the polynomial p, apart from the ones imposed by

(2.23), which will ensure the existence of the required function g.
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3 Varopoulos Operators of Type Il

3.1 Homomorphisms induced by operators of type
VIl and order two

Let Q be abounded domainin C" and w = (wy, ..., w;) € Q be fixed. Let H be a separable
Hilbert space and X = (Xj,..., X;;) be a tuple of commuting contractions, X; € %(H),
j=1,...,m. Let TX]. be of type VIl and of order 2, j = 1,...,m. Let Tx be the n-tuple

(w1 T+ TXl,...,a)mI+ TXm).Forj,lc,l:1,...,m,wehave TXjTXk: TXkTXj’ TXjTXkTXl =0
and
00 X;Xi
Tx,Tx,=| 0 0 0
00 0

Let Ay denote the block matrix (X; X)) of operators. Consequently, for any poly-

nomial p in m variables, we see that

mxm

pw]I Dpw)-X 1D’pw)-Ax
p(Tx) = 0 pw)I Dp(w)-X
0 0 pw)I

Therefore, extending this definition to functions in H*(Q2), we obtain the algebra ho-

(w)
X

(p) = p(Tx) and is defined for f in H*(Q) by the same formula. Suppose

g?) := Uy is a contractive homo-

momorphism p

(w)
X

Q is the polydisc D". Then, for m = 1,2, we know that u

: H*(Q) — Z(H e H e H), which for any polynomial p is given by the
formula u

morphism. What about m > 2?

Consider the operators A;, A and A3 as defined in the Section 2.3. Consider Ty,, Ta,
and T4, the operators of type V |l and of order 2. Consider the Varopoulos-Kaijser poly-
nomial p,. From the computation in [Var74], we get

”pV(TAl’ Ta, Tas) ” = H

J

3
Z ajrAxAj ” =33,
k=1
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3 Varopoulos Operators of Type I1

where ((a;i) = A, . Therefore

|y (Tay, Tay, Tag) || > 1py llps 0 = 5.

Hence px corresponding to the tuple X = (A, A2, A3) of commuting contractions A;, Ay
and Ajs is not contractive.

We need a version of “the zero lemma” one final time which is adapted to apply directly
to the functional calculus for operators of the type V II. This variant is also proved exactly
the same way as before.

Lemma 3.1. The homomorphism ,ug‘(”) is contractive if and only ifll,u(;’) (NI =1 forall f
inH Y (Q,D).

If Q) is the unit disc D and w = 0, then we have the following theorem.
Theorem 3.2. SupposeH is a separable Hilbert space and X € 28(H) with | X|| < 1. Then
for homomorphism px, we getsup {lux(p)|l : p € 2)(D,D)} = sup{llux (NI : f € HP(D,D)}.

Proof. We have sup{llux(p)ll:pe @{’(D,ID)} = || X|| by definition. Fix f € H(D, D), and
assume that f isrepresented in the unit disc D by the convergent power series Z‘]?il anz".
Then

lux (NI =T (a1 X, a2 X?) || < IXIIT (@1, a; X1

Also | flip.eo = 1T (a1, a2) I, therefore

lpx (AN _ IXIT (a1 1, a2 X) |
Ifllpeo 1T (a1, a)ll

The last inequality follows from the equation (??). Hence

= 1 X1

sup{llux(p)ll: pe 2 D,D)} = sup{lux(f)ll: f e H@,D)} = | X]I.
O

For two commuting contractions Xj, X, € 28(H), let X = (Xj, X») and Tx,, Tx, be the
operators of type VIl and order 2. Setting Q = D?, and w = 0, we see that the homomor-

phism px is contractive via Ando’s theorem. Hence for f € Hgo([DZ, D), we have

sup
X

<1,

‘J'(Df(O) -X,%sz(O) -AX)

where the supremum is taken over all pairs of commuting contractions X = (X1, X).

Thus we have proved the following theorem.
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3.2 The von-Neumann Inequality in One variable

Theorem 3.3. Let f € HX(D?,C). Then

of of 1 & 2f
> 2

T|=—0)X7 + —(0)X>,
Ozl() 1+6zz( )Xz 0z;0z;

sup <1,

(O)Xl-xj)

ij=1

where the supremum is taken over all pairs of commuting contractions X, Xo € B(H), is

a necessary condition for f to map D? toD.

In what follows, we show that the supremum in (2.23) is the same as the one appear-
ing in Theorem 3.3. We then proceed to compute it explicitly. Let (B); denote the open
unit ball of the Banach space B. Let Q be a domain in C” and k € N. We shall de-
note the set of all My—valued polynomials in m variables by 22(C™, My). The symbol
22,(C™, My) will denote the set of all polynomials in 22(C™, Mj) which are of degree at
most 7. For any w € Q, we shall denote 2\’ (C", My) := {pe2,(C™ M) : p(w) =0} and
23 (Q, (M) = {p e 2T, M) 1 plighy, < 1}, where IIplIgP,, = suplip(2lop : 2 €
Q}.

Our attempt here to find a solution to the extremal problem stated in the Theorem 3.3
leads naturally to an independent verification of the von-Neumann inequality for pairs

of commuting contractions of type V II.

3.2 The von-Neumann Inequality in One variable

In what follows the following lemma is needed.

Lemma3.4. IfF(z) = A1+ Azz+ As Z2+---isan analytic map onD taking values in (M),

then T (A1, A») has norm at most 1.

Proof. Suppose ¢_y, : (My), — (Mk), is an analytic map defined by

D=

h-a, (C)=(I- AlAf)_%(C—Al)(I— AFC) N I- AT A,

Then ¢4, o F maps D to (M), with (¢4, o F)(0) =0.

D=

(-, 0F)'(0) = 94, (FO)F'O) = (1= A A7) # o1 4} 1)

Schwarz’s lemma implies that (¢_ 4, o F)'(0) is a contractive linear map from C to M; and
therefore

<1

H (- AA) 2 Ay (I- AT A2

Now due to Parrott’s theorem, we conclude that || T (A, A2) || < 1. O
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3 Varopoulos Operators of Type I1

The theorem below proves the von-Neumann inequality (involving matrix valued poly-
nomials) for operators of type VIl and order 2.

The homomorphism ,ug?’) naturally extends to the algebra H*(Q2) ® M} by tensoring
with the identity map I; on the k x k matrices M. Thus

p © I : H®(Q) ® My — BH® C?) ® M

is given by the formula p(}‘;’) ® I} .(F) = ((,u(;(") (Fij))), where F = ((F;;)) € H°(Q) ® M. In
particular, for any F(z) = Ag+ A1z2+ A; z% +---, it follows that

uS?”@Ik(F) = A0®Ik+A1®TX+A2®T§+---

Ay A1®X Ar®X?
(0 e ) 3.1)

0 Ay A®X
0 0 A
Theorem 3.5. Let X be a contraction on some Hilbert space H and Tx be the operator of
typeV | and order 2. If P € 22, (D, (My)1) then, | P(Tx)| < 1.

Proof. The zero lemma 3.1 is easy to prove for the homomorphism ug‘g’) ® . The proof
now involves finding an automorphism of the unit ball (with respect to the operator
norm) in the k x k matrices taking P(w) to 0. Since this group of automorphisms is known
to be transitive, the proof of the zero lemma even for matrix valued polynomials is same
in spirit to the ones given before. We therefore assume, without loss generality, that
P(0) =0. Thus for any polynomial P(z) = A;z+ Arz? +---+ A,z", we have

0 A;®X A,®X?
P(Ty):=ux®I(P)=| 0 0 A ®X

0 0 0
and hence
A®X Ay ®X?
IP(Tx)| =
0 A1®X
B I®X 0 A1®] A1 1 0
- 0 I 0 Aelflo I1ex ]|
Since || X| < 1, it follows that [|P(Tx) |l < IIT(A;, A2)|l. Now using the Lemma 3.4, we get
IP(Tx)Il<1. O
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3.3 Ando’s Theorem for the Operators of type V |l and order 2

3.3 Ando’s Theorem for the Operators of type VIl and
order 2

The zero lemma 3.1, modified as in the previous section, applies to the case of matrix
valued polynomials in any number of variables. In this form, it is stated in the pa-
pers [MNS90, Pau92]. Consequently it is enough, without loss of generality, that the
homomorphisms we consider below are defined only on polynomials with P(0) = 0. We
now recall the commutant lifting theorem (cf.[DMP68, Theorem 4]), which we use in the

proof of the lemma below.

Theorem 3.6. Let T be a contraction on a Hilbert spaceH, U be its minimal co-isometric
dilation acting on some Hilbert space K, and R be an operator on H commuting with T.
Then there is an operator S on K commuting with U such that

SHcH, S| =||Rl| and R"T" = PyS™U"|yVm,n=0.

Let X; and X, be two commuting contractions on a Hilbert space H and Tx,, Tx, be

the operators of type V Il and order 2 respectively. Let

n
P(z1,2) =) Y. quzfzg
k=1p+q=k

be in 2 (C?, My). Evaluating the polynomial P on the commuting pair of contractions
Tx,, Tx,, we get

0 Y Apg®oX'X)] ¥ ApgeX'Xx]

p+q=1 p+q=2
P(Tx,, Tx,)=]| 0 0 Y Apge XX,
pt+qg=1
0 0 0

and hence

P(Tx., Tx) | =] P!
” X1 1 X5 ” 0 Z qu®X1pX2q

P ~4q P ~4q
Y Apg@XUX] Y Apge XX ”
p+q=2
p+q=1

Lemma 3.7. For any polynomial P in 2 (C?, My), |P(Tx,, Tx,) | <1 for all commuting
contractions X1, Xy if and only if |P(Tx,, Tx,) | < 1 for all commuting pairs X1, X, with

X, is co-isometry and X, contractive.
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3 Varopoulos Operators of Type I1

Proof. Let X; and X, be any two commuting contractions. Let U : K — K be the minimal
co-isometric dilation of X;. From commutant lifting theorem there exists an operator
S:K — K such that

ISl =1 X2ll, SU=US and X" X;" = PyS™U" | for all m, n € Ny.

Let Ty and Ts be the operators of type VIl and order 2. Setting H = C* @ He CF @ H, we
have
PaT (A10®@ U+ Ag1 ® S, Agg® U* + Aj1 ® US + A2 ® 52)|[;u

=T| X Apg®X7X), Y Apge X[X]|.
p+q=1 p+q=2
Thus for any polynomial P of the form

n
Plz1,2)=3 Y. Apg22
k=1p+q=k

mapping D? into (My);,, we have |P(Ty, Ts) | = |P(Tx,, Tx,)|l completing the proof of
the lemma. 0

Theorem 3.8. Let Tx, and Tx, be commuting contractions of type V || and order 2. We
have |P(Tx,, Tx,) |l < ||P||?DI2) o’ for any matrix valued polynomial P in two variables.

Proof. Let P be a polynomial in two variables of the form

n

P(z1,22) =Y. Y. Apgalz], Apge M,
k=1p+q=k

with |PII)} <1.For €D,

pa(z1) := P(z1,A21) = (Ao + Agi M) 21 + (Azg + At A+ AgpA®) 212 + ..
maps D to (My);. Therefore for each 1 € D,

|7 (A10, A20) + T (Ao1, A11) A+ T (0, Ago) A*|| < 1,

AlO + A()l/l Ag() + Allﬂ + Aozﬂ,z
0 Ao+ Ap1 A

which is equivalent to
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3.4 Solution to the Extremal Problem

for all A € D. Define f:D — (Myx); by
FA) =T (Ao, Azg) + T (Ap1, A1) A+ T (0, Agz) A%

Let X; be a co-isometry operator and X, be an arbitrary contraction such that X; X» =
X X:. If Y := X, X7, then

FY)=T(A1p®I+Ap®Y, Ap® [+ A11®Y + A ® Y?).

An easy computation gives

Ap® X1+ A1 9 Xo Ago ® X12 +A10 XX+ A ® ng
0 A1 ® X1+ Ag1 ® X>

[ I1ex; 0 ) I 0
B 0 I 0 IeX; |

Therefore,

=lreexn|

pP~d P4
‘I( 2 Apg®Xi X, ) qu®X1X2)
p+qg=1 pt+q=2

and since X, X;' is a contraction, therefore by the von-Neumann inequality, we have

H‘.T( Y ApgeXPX] Y qu®leX2q) <1.
p+q=1 p+q=2
This completes the proof of the theorem. O

3.4 Solution to the Extremal Problem

In this section we shall calculate the supremum occurring in Theorem 2.33 and Theo-
rem 3.3.

Let B be the bilateral shift on ¢?(Z) and C*(B) be the commutative unital C*— algebra
generated by B. Hence C*(B) is isometrically isomorphic to the C*- algebra of contin-
uous functions C(o(B)), where o(B) = T is the unit circle in C. This isometric isomor-
phism, which we denote by 7, is defined by the rule 7(f) = f(B*). Consequently, for any
k €N, the map

7®I;.: C(T) ® My — B(¢*(2)) ® My

is also a *— isometric monomorphism. In particular, for any P € 22(C, M), we have

1Pl = IP(B™)II. (3.2)
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3 Varopoulos Operators of Type I1

In the proof of the Theorem 3.8, we have seen that in solving the extremal problem

0 0 1 & ¢
(—f(O)Xl + —f(O)Xz, Z P af
Zj

sup

(O)X,-Xj)

l ,j=1
over all commuting contractions X, X> € 4(H), we may assume without loss of gener-

ality that X; = I. Therefore the supremum in Theorem 3.3 is equal to the

2 2 2
(£(0)1+£(0)X (H(O)I—Fz of 0)X + f(O)Xz))

Sup 6Z2 0 2 Ozlazz 0 2

' (3.3)

where the supremum is taken over all contractions X.
Let P be the polynomial (taking values in 2 x 2 matrices M)

2 52
PA) =T (ﬂ(O),——f(O))#.T(ﬁ(O), of A+‘T( zaf(O))

(0)

2 0272 0z, ~ 021022 2y
We have
0 o 1 & 062
sup —f(O)x1+—f(0) X5, > T ———(O)x;x; || = IPlp
x1,X2€D 0z, z] 10z 6 ,

and for any contraction X, an application of the von-Neumann inequality gives || P(X) | <
Py .. From (3.2) we have, [Pl = IIP(B*)|l. Therefore, sup [P(X)|| = [|P(B*)| and
hence supremum in (3.3), Theorem 2.33 and Theorem 3.3 are equal to

(Of of 10°f *f 10°f

——(0)I+—=——(0)B", 0)I+ (0)B* + =—=(0)B*?

0 <1 az 2 OZ% 6Z10Z2 20z 2

Thus Theorem 2.33 and Theorem 3.3 are equivalent to the following theorem.

2
Theorem 3.9. For any f € Hy°(D*,D),

2 2 2
‘ (af(0)1+ af(O)B ——f(0)1+ / ——(0)B* +— f(O)B*z)

<1
0 21 622 20z 2 aZ16Z2 20 2

The following corollary is essentially a restatement of Theorem 3.9. However, it is
worded to make the necessary condition for the CF problem inherent in this theorem,
evident.

Corollary 3.10. If p is any complex valued polynomial in two variables of degree at most
2 with p(0) =0, then

(6}9 10%p &*p 10°p -1

—(O)I+—(O)B ——(0)I+ (0)B* + = (O)B*2

0 <1 aZZ 26 2 azlazz 20z 2

is a necessary condition for the existence of a holomorphic function q : D* — C, with
g (0) =0, |kl <2, such that | p + qllpz o < 1
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3.4 Solution to the Extremal Problem

In the Chapter 4, we will give another proof of Theorem 3.9 and investigate the ques-
tion of the converse.
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4 The Koranyi-Pukanszky Theorem
and CF Problems

4.1 The Koranyi-Pukanszky Theorem

We recall the following theorem of Kordnyi and Pukédnszky proved in [KP63, Corollary,
Page 452]. This gives a necessary and sufficient condition for the range of a holomorphic
function defined on the polydisc D" to be in the right half plane H,.

Theorem 4.1 (Koranyi-Pukanszky Theorem). Ifthe power series Y. geny aq 2 represents a
holomorphic function f on the polydisc D", then R(f(z)) = 0 for all z € D" if and only if
themap ¢ : 7" — C defined by

2Ra, ifa=0
Qg ifa>0
¢(a) =

a_, ifa<0

0 otherwise

is positive, that is, the k x k matrix (¢p(m;-m))) is non-negative definite for every choice of
mi,...,mp€2Z".

We will call the function ¢, the Kordnyi-Pukénszky function corresponding to the co-
efficients (da)aeNg-

Let us revisit the (CF) problem of realizing a polynomial p € C[Zy,..., Z,] of degree d
as the first d terms of the power series expansion of an analytic function f € H*(D")
with || fllpr,eo = 1.

4.2 The planar Case

Although, we state the problem below for polynomials of degree 2, our methods apply

to the general case.
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4 The Koranyi-Pukdnszky Theorem and CF Problems

Problem 4.2. Fix p to be the polynomial p(z) = az+ bz?. Find a necessary and sufficient
condition for the existence of a holomorphic function g defined on the unit disc D with
g(k) (0)=0,k=0,1,2,such that |p+ gllp,cc < 1.

We note that the condition on the range of a holomorphic function given in the theo-
rem of Kordnyi and Pukdnszky can be easily converted into a condition where the range
is required to be in the unit disc D. For this consider the Cayley map y : D — H, into the

right half plane defined by
1+z

1-z

x(2) =

which is a bi-holomorphism. Let f € H*(D) be given by the power series f(z) = Y7 | a,z".
Assume that f maps D to D. This happens if and only if y o f maps D to H,. Also,

_1+/@ N> . n
Xof@%-l_f&)—Zﬁb+;;%z), 4.1)

where ¢y = 1/2 and the new coefficients c; are as in the lemma below. In this section, we

set cg = 1/2, wherever it occurs.
n-1

Lemma 4.3. The coefficient ¢, in equation (4.1) is given by an + ). ajcp-j forn=1.
j=1

Proof. Consider the expression

1
5+ﬂ@+fuﬁ+f@ﬁ+m.

)(of(z):2(60+ Y cnz”) =2
n=1

Rewriting, we get

=1
1-f@ &

Hence, we have

o0 o0
1+ ) cnz”) (1 - anz”) =1.
n=1 n=1
A comparison of the coefficients completes the verification. O

Remark 4.4. Applying Theorem 4.1 to y o f, we conclude that f mapsD toD if and only if
the Kordnyi-Pukdnszky function ¢ corresponding to coefficients (cy)$., is positive.
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4.3 Alternative proof of Theorem 2.30

Matrix of ¢ : The matrix (¢(j - k) ; , is given by

-1 0 1

-1 1 ¢ ¢

0 e 1o o | (4.2)
Cr 1

Therefore, we can rewrite the Problem 4.2 in the equivalent form:

Problem 4.5. Let p be a polynomial of the form p(z) = a,z + a,z*. There exists a holo-
morphic function g, g (0) = 0 for k = 0,1,2, defined on the unit disc D, such that
lp+qlpco < 1if and only if

1 ¢ ¢
C1 1 El
C2 (1 1

is non-negative definite and for j > 2, there exists c¢; € C such that the Kordnyi-Pukédnszky

function ¢ corresponding to (cy) sen, is positive.

4.3 Alternative proof of Theorem 2.30

Suppose f is an analytic function on the unit disc D with | flip . < 1 and that f(z) =
Y52, anz" is its power series expansion in the unit disc D. Then y o f(z) has the power
series 2(co+ X0~ cp2") in the unit disc D, where ¢y = 1/2 and ¢, is of the form prescribed

in the Lemma 4.3. In this section also, we set ¢y = 1/2, wherever it occurs. Let C,;, A,, and

P, denote
1 ¢ Cc -+ Cp a, a az -+ Qay
C1 1 El ce En—l 0 ay dz -+ dp-1
(Cpim)| 2 1 - Ty |,A4,=)| 0 0 a - apo
Cn Cp-1 Cp—2 *** 1 o 0 0 -+ am
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4 The Koranyi-Pukdnszky Theorem and CF Problems

and
l —a —-a —ap
0 1 - —dp-1
(Pp:=)
0 0 0 -4
0 0 0 1

respectively for each n e N.

Lemma 4.6. Ifa,,a; € C, then |a; 12 +]axl <1 if and only if the matrix C, is non-negative
definite.

Proof. Since la;|? + |ay| < 1, it follows that || As|| < 1. Tt is equivalent to the positivity of
the following matrix

I-(lal?+|a®) -ara 0
- A4 0 |1|_|2| 212 L
0 L 1E —aay 1-|a|® 0 [=P2C,P;.
0 0 1

Since P, is an invertible matrix, the positivity of P,Cy P, is equivalent to C} being non-

negative definite. Thus, we conclude that C; is non-negative definite. O
Lemma4.7. ForallneN, P,C\ P! =(I- A A}) ®1.

Proof. We shall prove the result by induction on n. The case n = 1 follows from the

Lemma 4.6. Assume the result upto n—1 for n > 1. Foreach n e N, let
Pp:=(—an,—an-1,...,—a1)" and C, := (cy, Cn-1, ..., ¢1)".

The verification of the identity

., P ct . C P* .0
PnC;PZ = " 1n g;l ln ;;1 )
n n
is easy. Hence

From the Lemma 4.3, we have P,_,C,, + P,, = 0 and therefore we conclude that

n- n-1

P, ,Ct P* +P.C*P* . 0
pncnp,’;:( A 1).
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4.3 Alternative proof of Theorem 2.30

Now
Ak 1k — n-1 _ n-2 B
.Pn(jnfyrﬂ>: . Cn— 2: aiCn—i Cp-1-— 2: a;Cp—i -+ C1
i=1 i=1

~ o~ . — — - n-1
PnC;;P;;_l = ( an 6l1 ) = ( an_lan_j)i,jzo.
Also,
k k
1-3% lajl© - X ajaj— —ara,
]:1 j:2
k k-1 , _
I—A A =| —Xajaj 1= lajl® -+ —ag1a1
k k' ]: ]:1
—ayag —mag-1 o 1-lal?

and therefore I — Ay A}, = ((I = Ap-1A;_)) @ 1) + (=@n-jan-1) . 1<, - Thus I = Ay A}, =
Pn1C_\P:_,+P,C,P;_,, which completes the proof. O

An immediate corollary is the following proposition.

Proposition 4.8. The matrix C,, is non-negative definite if and only if A,, satisfies || A, |l <
1.

In the theorem below we provide an alternative proof of the Theorem 2.30. The tech-
nique involved here is from the Section 3 of the paper of Parrott [Par78].

Theorem 4.9. Suppose a, and a, are two complex numbers. Then there exists f € H®(D),
with || fllp,eo < 1, such that f(0) =0, f'(0) = ay, f"(0) = 2ay ifand only if|a;|* + |ay| < 1.

Proof. Assume f and yo f are as in (4.1). Then by Kordnyi-Pukénszky theorem 4.1, every
principal submatrix of finite size of the matrix in (4.2) is non-negative definite. In par-
ticular, the matrix C, is non-negative definite. From the Lemma 4.6 we conclude that
la1? +|ay] < 1. Conversely, assume ay, a, € C are such that |a; |2+ |az| < 1. Then,

a, a
Ay = 1 2
0 ay
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4 The Koranyi-Pukdnszky Theorem and CF Problems

satisfies || A2 || < 1. Using Parrott’s theorem, there exists as € C such that

a az; as
Ag = 0 ay, ap
0 0 a)

has operator norm less than or equal to 1. Using the Lemma 4.3, we see that the matrix
Cs is non-negative definite. Repeatedly using the Parrott’s theorem and the Lemma 4.3,
one may ensure the existence of non-negative definite matrices C,, for all n > 3.

Hence the Koranyi-Pukdnszky function corresponding to (c;)n, is positive. Thus the
function g(z) =Y, ¢,z" maps D to H, by Koranyi-Pukdnszky theorem 4.1. Hence from
the Lemma 4.3, the function f = y ! o g satisfies all the required conditions. O

4.4 The case of two Variables
Problem 4.10. Fix p € C[Z;, Z,] to be the polynomial defined by
p(z1,22) = a10z1 + ap122 + dzoz% +a11212 + dozzg-

Find necessary and sufficient conditions for the existence of a holomorphic function
function g defined on the bi-disc D? with g'¥(0) = 0 for |k| < 2, such that [ p+gllpz o, < 1.

Let f be an analytic function on D?. Suppose f is represented by the power series

o0
f(2) = Z dng{nZS
m,n=0
and ago = 0. Also assume that f maps D? into D. This happens if and only if y o f maps
D? to H,, where

xof@=0+f@)A-f@) " '=2|co+ Y, cmnzl'2 |,

m,n=1
coo = 1/2 and the coefficients c;;;; are from the Lemma 4.13. In this section, we set cgg =
1/2, wherever it occurs. If ¢p denotes the Koranyi-Pukanszky function corresponding to
the coefficients (c;,5), then ¢ is positive.

The matrix of ¢: For a fixed k € Z, define Py := {(x,y)|x+ y = k}. The sequence (Py)
is a sequence of disjoint subsets of Z2. Besides

|| Pr=27%
kez
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4.4 The case of two Variables

An order on Z2, which we call the D-slice ordering, is defined below. Clearly, it is dif-
ferent from the usual co-lexicographic order. The matrix computations that follow are
transparent because of the D-slice ordering that we use in describing the matrix of the

Koranyi-Pukanszky function ¢.

Definition 4.11 (D-slice ordering). Suppose (x1, y1) € P; and (x2, y2) € P, are two ele-

ments in Z2. Then

1. If [ = m, then (x1,y1) < (x2,¥2) is determined by the lexicographic ordering on
P; < 7% and

2. if I < m (resp., if | > m), then (x1, y1) < (x2, y2) (resp., (x1,y1) > (X2, ¥2)).

The following theorem describes the Kordnyi-Pukédnszky function ¢ with respect to

the D-slice ordering on Z2.

Theorem 4.12. Let (¢;un) m,nen, be an infinite array of complex numbers. The matrix of
the Kordnyi-Pukdnszky function ¢ in the D-slice ordering corresponding to this array is of
the form

P, Py P
Pyl I C ¢
Py |- & 1 C -]
Pl & o I

where Cy, := ¢cpol + cp—11B* + -+ conB*"", neN.

Proof. With respect to the D-slice ordering on Z?, the matrix corresponding to the func-
tion ¢ is a doubly infinite block matrix, where (k, n) element in (I, m) block, which is
¢ ((k,—k+1)—(n,—n+ m)).is computed as follows, separately, in three different cases:

First,let k—n <0.

The quantity ¢ ((k,—k+ 1) — (n,—n+ m)) is non-zero only if k —n = [ — m. Hence if
l=m,then ¢ ((k,—k+ 1) — (n,—n+ m)) =0. Now, assume / < m. In this case, the possible
values for k—narel—-m,l—m+1,...,—1, otherwise ¢ ((k,—k + I) — (n,—n+ m)) = 0. For
pef0,1,...,—l+m—-1}and k—n=1-m+ p, we have

¢ ((k,=k+1D)—(n,—n+m))=Cmi—p,p.
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4 The Koranyi-Pukdnszky Theorem and CF Problems

Second, let k—n=0.

¢ l—m):{ Col-m iflzm

Com-i ifl<m

Finally, let k —n > 0.

The quantity ¢ ((k,—k + I) — (n,—n+ m)) is non-zero only if k —n < I — m. Hence if
I <m,then ¢ ((k,—k+1)—(n,—n+ m)) =0. Now, assume [ > m. In this case the possible
values for k—nare l—m,l—m—-1,...,1 otherwise ¢ ((k,—k+1)—(n,—n+m)). For p €

{0,1,...,]-m—-1}and k—n=1-m- p, we have
¢ ((k,—k+1)—(n,—n+m))=cr_m—pp-
Therefore, the (I, m) block in the matrix of ¢ is given exactly by the following rule:
1. Cr_,ifl<m,
2. Ci_pifl>m,
3. Iifm=1.

Hence the matrix of the Kordnyi-Pukanszky function ¢ in the D-slice ordering corre-
sponding to the array (c,,,) is of the form

P, P, P
Pyl 1 c
|- o 1 c
Pl o oo I

O

Assume that the power series Z‘]?okzo aj kz{ zé“ , with ago = 0, represents a holomorphic
function f defined on the bi-disc and that || fllpz o, < 1. Let 2(coo + Z‘fk:l cjkz{ zéc) be
the power series representation for y o f on the bi-disc D? for some choice of complex
number c;,, which are determined from the coefficients a,,, of the function f.

Lemma 4.13. For all n € N, setting A, := anol + ap-11B* + -+ + ap,B*", Cy, = cpol +
Cn-11B* +-+++ conB*", we have
n—-1

C,=A,+ Z Aan_j.
j=1
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4.4 The case of two Variables

Proof. Let C(z1,22) := X, Cij 2! zg. We have

i,j=0

_ (xo fz1,22) N

coo = C(z1, 29).
> 00 (21, 22)

1+ f(z1,22) + f(21,22)% + -+
Thus C(z1,22)(1 — f(z1,22)) = 1, which is the same as

(141021 +co122 + Cg()Z% +C112122 + Cogzg +.-0)x%

2 2
(1 —ay0z1 — ap122 — Ar02] — A112122 — o225 ++++)

= 1
Now comparing the coefficient of z{?‘k zé“ we have
k n
Crekk = 2 2 @n-j,pCj-kk-p»
p:Oj:k

where agy = 0.

n-1
The coefficient of B** in Ap+ Y AiC,_;is
=

1
An—k,kC00 + An—k,k-1C01 + Ap—k-1,kC10 + An—k,k-2Co2
tap—k-1,k-1C11 + Ap—j-2,kC20 + -
= (@n-k,kC00 + An—k,k-1C01 +*** + An—k,0Cok) +

(Ap—k-1,kC10 + Ap—k—1,k-1C11 +***+ Ap_k-1,0C1,k) + -

o+ (AokCn—k,0 + A0,k—1Cn—k,1 +* + Aoo Cn—k, k)
k n
=) 2 An-jpCi-kk-p
p=0j=k

completing the proof of the claim. O

In view of the Theorem 4.12 and the Lemma 4.13, the CF Problem 4.10 takes the fol-

lowing form:
Theorem 4.14. For any polynomial p of the form
p(2) = a1z + ag1 22 + A0 25 + 112122 + o225,

there exists a holomorphic function q, defined on the bi-disc D?, with g® (0) = 0 for |k| =
0,1,2, such that

1p+qlpzeo<1
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4 The Koranyi-Pukdnszky Theorem and CF Problems

ifand only if
I Cf G
G I Cy
C, C I

is non-negative definite and for each k = 3, there exists Cy. = cxol + cx—1,1B* + -+ co B* k
such that the Kordnyi-Pukdnszky function ¢ corresponding to (Cpun) m,nen, 1S positive.

Lemma 4.15. If A, and C,, are as defined above, then

I Cy O R O
C: I ci - Cr
Cg C1 1 ce C;;_z >0
Cn Cn—l Cn—2 e I
if and only if
Al Ay Az -+ Ap
0 A Ay - Ap.
0 0 A - Apo <1
o o o0 --- A

Proof. For each n € N, C,, commutes with C,, and A,, for all m € N and hence we can

adapt the proof of the Lemma 4.7 to complete the proof in this case. O

Since the adjoint of the bilateral shift B* on ¢2(Z) is unitarily equivalent to the mul-
tiplication operator M, on L?(T), it follows that A, and C, are unitarily equivalent to
the multiplication operators M, and M, respectively, where a(z) = ano + ap-1,12+ -+
apnz", and c(z) = cpo + cp—1,12+ - + con2". Now the Theorem 4.14 takes the equivalent
form given below, where for the polynomial p of the form p(z) = aj0z1 + ap122 + agozf +

a112122 + dop z5, we have set
p1(2) == ayp+ ap1zand pa(z) = ax+ a1z + dogZz. (4.3)
Theorem 4.16. For any polynomial p of the form

2 2
p(z) = ar0z1 + ap122 + axoz] + a112122 + Ap2 25,
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4.4 The case of two Variables

there exists a holomorphic function q, defined on the bi-disc D?, with q'© (0) = 0 for |k| =
0,1,2, such that

lp+qlp2eo =<1
if and only if |p2| < 1 —|p1|? and there exists a holomorphic function f : D — %(L*(T))
with

) 0
1 g =<1 and L k!( )

where py = 0 and for k = 3, p € C[Z] is a polynomial of degree less than or equal to k.

=M, forallk =0,

Here M), is the multiplication operator on L2(T) induced by the polynomial py.

Thus the Problem 4.10 has been reduced to a one variable problem except it now in-
volves holomorphic functions taking values in 98(L?(T)). To discuss this variant of the
CF problem, the following definition will be useful.

Definition 4.17 (Completely Polynomially Extendible). Suppose k € N and {p j}§?21 isa
sequence of polynomials, with deg(p;) < j for all j =1,2,...,k. Then ‘J'(Mpl,...,Mpk)
will be called n-polynomially extendible if |T(Mp,,...,Mp)Il <1 and there exists
a sequence of polynomials {pl}?:kﬂ, with deg(p;) < [, such that [|T(Mp,,..., M, )| <
1. Also, T(My,,...,Mp,) will be called completely polynomially extendible if the
operator T(Mp,, ..., My,) is n-polynomially extendible for all 7 € N.

For p1, p2 € C[Z], polynomials of degree at most 1 and 2 respectively, let P denote the
polynomial P(z) = M, z + My, z*. We shall call P to be a polynomial in the CF class if
given these polynomials p;, p», there is a holomorphic function f : D — 28(L?(T)) satis-
fying properties stated in the Theorem 4.16. Such a function f is called a CF-extension
of the polynomial P. It follows that a solution to the Problem 4.10 exists if and only if the
polynomial P is in the CF class. We have therefore proved the following theorem.

Theorem 4.18. A solution to the Problem 4.10 exists if and only if the corresponding one
variable operator valued polynomial P is in the CF class. Or, equivalently, T(M,,,, M,) is
completely polynomially extendible.

It is clear, from the Theorem 4.16, that | p; 12+ p2| < 1is a necessary condition for the
existence of a solution to the Problem 4.10. This condition via Parrott’s theorem is also
equivalent to the condition [|T(My,, Mp,)|[ < 1.

We now give some instances, where this necessary condition is also sufficient for the
existence of a solution to the Problem 4.10. This would amount to find condition for
T(Mp,, My,) to be completely polynomially extendible.
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4 The Koranyi-Pukdnszky Theorem and CF Problems

Theorem 4.19. Let py(z) =y +0z and p»2(z) = (a + Bz)(y +z) for some choice of complex
numbers a, B, y and 5. Assume that |p;|? +|p2| < 1. Ifeither aByd = 0 orarg(a) —arg(B) =
arg(y) —arg(d), then T (M p1» Mp,) is completely polynomially extendible.

Proof. All through this proof, for brevity of notation, we will let || f|| stand for the norm
sup{ll f(2)llop : z € D}, for any holomorphic function f : D — %(L*(T)).

Case 1: Suppose ff = 0. Then P(z) = M), (z+ az?). Let p(2) = z+ az*. Using Nehari’s
theorem, we extend p to the function p(z) = z + az? + as3z® +--- such that 1Plp,co =
1T(1,a)ll. Define f(z) = My, p(z) = Mp, z + Mp222 + M,,3z3 +---, where py = ap;. Also,

Il = Suulj? IMp, p(2)|| = | Mp, I sup |p(2)| = | Mp, I T (L, ).
zZ€E

zeD

Thus [ fIl = IMp,  T(1, a) || = 1T (M), Mp,)|l < 1. Hence f is a required CF-extension of
P.

Case 2: Suppose a = 0. Then, P(z) = M, (z + BM,z?). Let Q(z) = z+ M,z and
r(z1,22) = z21(1 + Bzy). Define s(zp) = 1+ fz2. Suppose §(z2) = s(z2) + ,Bzz% + ,Bgzg +---
be such that [|5llpeo = IT(L, B)I. If 7 := 215(z2), then [IF] = 5] = |T(Q,B)I. If Q(z) =
z+ Mp,z* + Mg, 22° + -+ and f(z) = My, Q(2), then | f]| = M), Qll < IMp, IQIl. Since
§(M;) = Q(z), from the von-Neumann inequality it follows that ||Q] < ||§]. Therefore,
IFIF < IMp, IHITA, B = 1T (Mp,, BMp,)|l. Hence

s )
o 1\ 0o M, || 0o I
Therefore f is a CF-extension of P

Case 3: Suppose a # 0 and B # 0. Then, P(z) = M, (z2+ My 4,2°). Let Q(2) := z +
Mg p.2*. Define r(z1,25) 1= z1+azi + fz122 = 21 (1 + az1 + fz,) . Let A := |a|/|fl and a:=
Al(1+Q). Define s(z1, 2) := 1+az1+ Pz = (a+ az1)+(1 —a+ Bzp). 1f hy (z1) := a+az; and
hy(z2) := 1—a+ Pz, then there exist iy = a+az;+axz5+:-- and hp = 1—a+fzp+ Pozi+: -
with | 71| = |T(a, )| and || 2| = ||T(1 - a B)||. If

Ifll =

_ ) = = 2 3 2
7(z1,22) := 21 (h1(21) + ho(22)) = 21 + az] + 2122 + A22) + P2z125 + -+,

then |7l < |7l + | k2 ll. Let Q(2) = Iz + Myup.2* + My, 1 p,,22° + -+ and f(2) = Mp, Q(2)
=Y; ijzj, where pi41(2) = (ag + BrzX)p; for all k > 1. Thus | fI| < I My, Q1. Since
Q(z) = #(z, M), from the von-Neumann inequality, it follows that

£ < IMp HFI < UM p, I (1 D+ 172 11).
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4.4 The case of two Variables

AsT(a,lal) = AT(1 - a,|B)), therefore ([ 71| + Il 721) = 1T (1,1l +|Bl) || and hence

A< IMp, T (1, 1l +181) 1 = || T (Ipall, Qe + 18D prll) | -
subcase 1: Suppose y #0, 6 # 0 and arg (a) — arg () = arg (y) — arg (6). Then

(el + 18Dl prll = (@ + B prll = I pal.

Our hypothesis clearly implies that || p2 || + || p1 |2 < 1. Hence Ifll<1.
subcase 2: Suppose y =0 or § =0. Then

(lal+1BDIp1ll = l(a+ B pill =l p2l.
As in subcase 1, here also || f|| < 1 can be inferred easily. O

Remark 4.20. In Problem (4.10), If either py =0 or p2 =0, and |T(Mp,, Mp,)|| < 1, then
|P|l <1 and hence f in the Theorem (4.16) can be taken to be P itself.

Having verified that the necessary condition [|'T(M,,, My,)|l <1 is also sufficient for
P to be in the CF class in several cases, we expected it to be sufficient in general. But
unfortunately this is not the case. We give an example of a polynomial P for which
T (Mp,, Mp,) |l <1 but P is not in the CF class.

An Example: Let p;(z) = 1/v/2 and p;(z) = z°/2. We show that T(Mp,, Mp,) is not even
3—polynomially extendible.

It can easily be seen that || T (M, , Mp,) |l < 1. Now suppose there exists a polynomial p3
of degree at most 3 such that |'T (M), Mp,, Mp,) || < 1. Then Parrott’s theorem guarantees
the existence of a contraction V € 8(L?*(T)) such that

1
2

My, (1= Mipye) * Mp,.

-1 . %
My, = 1= M, = My, (1= M 2] Mpz) V =My, (1- M)
Since every operator involved in this expression is a multiplication operator, it follows

that V is also a multiplication operator, say, M,. Hence we have

(A=1p1»2=1p2l?) v-p5P,

p3 =

(1-1p1?
Aswe have (1—|p1|%)? - |p2|? = 0, therefore
2_
_Pzpl \/— 4
=27 _ /a2t
S EPNE

Thus pj3 is a polynomial of degree more than 3 which is a contradiction. Hence T (M), , M},,)
is not even 3— polynomially extendible.

We close this section with an open question: What are the properties we must im-
pose on the polynomials p; and p, in addition to the requirement ||T(Mp,, Mp,)[ <1 to

ensure that P is in the CF class?
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4 The Koranyi-Pukdnszky Theorem and CF Problems

4.5 Koranyi-Pukanszky Theorem as an Application of
Spectral Theorem

In this section we show that Kordnyi-Pukdnszky Theorem 4.1 is an application of the
well known spectral theorem. For simplicity we consider n = 2.

Theorem 4.21 (Koranyi-Pukanszky Theorem). If the power series 2 aen Ca z% represents
a holomorphic function g on the polydisc D", then R(g(z)) = 0 for all ze D" if and only if
the map ¢ : 2" — C defined by

2Rc, ifa=0
Ca ifa>0
¢la) =

c_q ifa<0

0 otherwise

is positive, that is, the k x k matrix (¢p(m;-mp)) is non-negative definite for every choice of

mi,...,mp€2Z".

Proof. Suppose the power series 2} geny cqa 2% represents a holomorphic function g de-
fined on the bi-disc D? with the property that R(g(z)) = 0 for all z € D?(This extra factor 2
has been put in to the power series just to make previous computation matched). With-
out loss of generality, we assume that g(0) = 1. The function g maps D? to the right half
plane H, if and only if f := y~! o g maps D? to the unit disc D. Suppose Z‘]’f’k:o ajkz{ z§
represents the function f. Then, ago = 0 and the array of coefficients (@) and ((c;) are
related by the formula obtained in the Lemma 4.15. The operators /® B* and B* ® B* are
commuting unitaries and they have T? as their joint spectrum. Now, applying spectral

theorem and maximum modulus principle, we get the following:
If(I®B*,B* ® B)Il = Il flip2,co- (4.4)
Also, we note that
fU®B*,B*®B*)=A1®B*+ Ay ® B** +--,

where A, := apol + ap-1,B* + -+ appB*" and C, := cpol + ¢yp—1,1B* +-+- + cop B*" as in
the Lemma 4.15. Since | fllp2 o < 1, it follows from (4.4) that |T(A;,..., Ay)ll <1 for all
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4.5 Kordnyi-Pukdnszky Theorem as an Application of Spectral Theorem

n € N. Now, from the Lemma 4.15, we conclude that

I
G
Co

Cn

Cy
I
C

Cn—l

G
¢y
I

Cn—z

(4.5)

is non-negative for all n € N. Hence from the Theorem 4.12, we get that the Koranyi-

Pukénszky function ¢ corresponding to the array ((c;ji)) is positive.

Conversely, suppose the Kordnyi-Pukdnszky function ¢ corresponding to the array

(cjx) is positive, where cqg is assumed to be 1/2. Then, from the Theorem 4.12, we get

that operator in (4.5) is non-negative for all n € N. Thus, from the Lemma 4.15 and the

equation (4.4), we conclude that [y o glip2 o, < 1, where g(z1,22) = zzorr?,nzo cmnzf"zg.

This is so ifand only if g maps D? to the right half plane H, . Hence the theorem is proved.

O
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5 A generalization of Nehari’s
Theorem

For a closed subspace M and a point x in a Hilbert space H, the distance of M from x is
attained at P(x), where P is the orthogonal projection of H onto M. Nehari considered
a similar problem but in the space L*°(T). He evaluated the distance of a function f in
L*>®(T) from the closed subspace H*(T). Before stating Nehari’s theorem we shall give

some definitions.

5.1 The Hankel Operator

Let H?(T) denote the Hardy space, namely the closed subspace of L?(T) :
H*(T):={f e L*(M| f(-n) =0,neN},

where f(-n) is the Fourier coefficient of f with respect to the standard orthonormal
basis z", n € Z and z € T, of L(T). Let P_ denote the orthogonal projection of L2(T)
onto L*(T) e H.

Definition 5.1 (Multiplication Operator). For ¢ € L°°(T), we define the multiplication
operator My : L*(T) — L*(T) by the rule My (f) = ¢ f, where (¢f)(2) = p(2) f(2), z€ T.

For any ¢ € L™(T) and f € L*(T), it is easy to see that ¢f € L*(T) and that M, is
bounded. Indeed | Myl = [[$ll« (cf. [You88, Theorem 13.14]).

Definition 5.2 (Hankel Operator). For ¢ € L*(T), define the Hankel operator with sym-
bol ¢ to be the operator P_ o My| 2 and denote it by Hy.

We recall the well known theorem of Nehari.

Theorem 5.3 (Nehari). If¢ € L>(T) and Hy is the corresponding Hankel operator, then

inf{llp—glit,00: g€ H(D} = | Hyllop-
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5 A generalization of Nehari’s Theorem

5.2 Nehari’s theorem for 1.?(T?)

In this section, we will give a possible generalization of Nehari’s theorem for L?(T?). This
generalization is most conveniently stated in terms of the D-slice ordering on Z?, which
we now recall. For a fixed k € Z, define Py := {(x,y)|x+ y = k}. The sequence (Py) is a
sequence of disjoint subsets of 7% and | ez Px = Z?. The D-slice ordering on 72 is the
ordering:

Suppose (x1, y1) € P; and (x5, J») € P, are two elements in Z?. Then

1. If [ = m, then (x1,y1) < (x2,¥2) is determined by the lexicographic ordering on
P; < 7% and

2. ifl < m (respectively, if [ > m), then (x1, y1) < (x2, y») (respectively, (x1, y1) > (X2, y2)).

Let A; = Ugen, Px and Az = [ |gen P-. Define

(m,n)eA; (m,n)eA;

H, = {f = Y amnzl"zylf € LOO(TZ)}, H, := {f = ) amnz'zy|f € L“(TZ)}.

H; and H, are two closed and disjoint subspaces of L*(T?) satisfying L®°(T?) = H; ® H,.
Now the answer to the following question on L?(T?) would be a natural generalization
of the Nehari’s theorem.

Question 5.4. For ¢ € L®(T?), what is dist, (¢p, Hy), the distance of ¢ from the subspace
H;?

5.3 The Hankel Matrix corresponding to ¢
Any ¢ € L?(T?) can be written as

m_n m_n m_n
&$(z1,22) = Zam,nzl Zy = Zam,nzl Zy + Zam,nzl Z .
m,nezZ m,neA; m,neAy

Suppose zp = Az;. Then

Plz1,Az) =) ( Zam,nxln) zk+ Y ( Zam,nxln) z~.

k=0 \m+n=k k<0 \m+n=k

Setting f,ép(/l) =Y man=k Am,nA"t, we have

Pz, Az) = Y fEZL.

kez
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5.3 The Hankel Matrix corresponding to ¢

In this way, L?(T?) is first identified with L?(T) ® L?(T) and then a second time with
L[%(T) ® ¢%(2Z), the identifications in both cases being isometric. For any ¢ € L®(T?),
define the multiplication operator My, : L2(T) ® £%(Z) — [2(T) ® ¢%(Z) as follows

My (Z gi® ej) =2 (Z 8qfq+k) ek
jez kezZ \qeZ
Lemma 5.5. For any ¢ € L®(T?%), we have | Mg = |||l 12 oo-
Proof. Let ¢ € L*°(T?) be an arbitrary element. From what we have said above, it follows
that ¢(z,12) = ¥ ez flép(/l)zk for some flzp in L2(T). The set of vectors {z' ® e; : (i, j) € Z%}

is an orthonormal basis in L2(T) ® £2(Z). The matrix of the operator My with respect to

this basis and the D-slice ordering on its index set is of the form

My Mo Mo
Mo Mpo Mo
Mg Mo Mo

We know that |||l 12 o, = SUP e SUP e [Xkez f]f (M) z*|. Thus

o ffw
lpllt200 =sup || --- fipz(/l) fipl(/l) fod)(/l)

AeT

) o o o
M M M
A A

=l - Mo Mo M
J A i 0
Mo Mo My

Hence [|¢ll2 o, = Myl completing the proof. O

The Hilbert space £2(Ny) and the normed linear subspace

{..,0,x0,x1,...0: ) |x;]? < co with xg at the 07 position}
i=0
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5 A generalization of Nehari’s Theorem

of ¢2(Z) are naturally isometrically isomorphic. Let H := L?(T) ® £?(N). The space H
is a closed subspace of L2(T) ® £%(Z). We define Hankel operator Hy, with symbol ¢, to
be' the operator Py o Mg, - Writing down the matrix for Hy with respect to the bases
{z'®ej:i€Z,j=0,1,2,..} and {z'®e_j:i€Zj=1,2,..} in the spaces H and H+
respectively, we get

M ffpl M fipg M fips

M M M
Hy= o T,

Mo Mg Mg

We call this the Hankel matrix with symbol ¢.
Let H be a Hilbert space. For any (T,) sen < $(H), define a operator H(T1, Ts,...) as

follows:
hn T, T3
T, T3 T,
H(Th, T»,..) =

T3 Ty Ts

Lemma 5.6. For¢ in L®(T?), we have || Hyll < diste (¢, Hy).

Proof. From the definition of Hy and the Lemma 5.5, it can easily be seen that

| Hpll = 1Ps: o Moy | = [ M| = [0l 72 -

Thus [ Hpll < ll¢lly2 o From the matrix representation of Hy it is clear that for any g in
Hy, Hy-g = Hp. Hence |[Hpll = [|Hp—gll < l¢p — gllt2,oo- Thus the proof of the lemma is
complete. O

ForneN, ay,ay,...,a,-1 € Cand (b;;) men < C, define the following operator

ap a - dp-1
by a - ap—
Ty ((bm), ao, ax,...,ap-1) :=
bp-1 by -+ ao

Lemma 5.7. Suppose fo, f1,..., fn—1 € L°(T) and (g,,) < L*°(T) are such that

sup 1T ((8m (A, fo(A),..., i1t W) I < 1.
el
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5.4 CF problem in view of Nehari’s theorem for L?(T)

Then, there exists f, € L°(T) such that

sup | Tne1 ((€m(A)), fo(A), ..., fu(M)) I < 1.
AeT

Proof. Let

t
QW =( o)+ fuar@ |, RO =( far D) - oA @A) -+ |

and
gV  foh) - fusA)
&) g - fuuad)
S(A) = : : :
gn-11) gn—2W) - §1(D)

All possible choices of f,, (1) for which Ty+1 ((§m(A), fo(A), ..., fa(1)) is a contraction are
given, via Parrott’s theorem (cf. [You88, Chapter 12, page 152]), by the formula

D) =UI-Z2Z9"2vU-Y* V)2 - ZsS()*Y, (5.1)

where V is an arbitrary contraction and Y, Z are obtained from the formulae R(1) =
(I=SMSWHV2Y, Q) = Z(I - S()* SN2,

Every entry of I-S(1)*S(A) is in L™ as function of A. Thus all entries in (I-S(1)* S(1)) 1/2
are measurable functions which are essentially bounded. Consequently, so are entries
of Z. A similar assertion can be made for Y. Therefore choosing V = 0 in equation (5.1),
we get f;, with the required property. In fact, one can choose V to be any contraction

whose entries are L* functions. O
Theorem 5.8 (Nehari's theorem for L?(T?)). If¢p € L°(T?), then || Hpll = disteo (¢, Hy).

Proof. From the Lemma 5.6, we know that || Hy|l < dists(¢p, H;). Without loss of gen-
erality we assume that || Hy| = 1. Using the Lemma 5.7, we find f(;b € L°°(T) such that
the norm of H(Mfo ’Mff’l"") is at most 1. Repeated use of the Lemma 5.7 proves the
theorem. O

5.4 CF problem in view of Nehari’s theorem for L*(T)

Fix p € C[Z;, Z>] to be the polynomial defined by

2 2
p(z1,22) = a19021 + ap122 + Azo2] + A112122 + A2 25 .
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5 A generalization of Nehari’s Theorem

Denote ([)(Zl,Zz) = E“;’p(zl,zz) = 61102% + amZ‘;’zZ + aypz1 + Clllz%Z2 + aogi‘;’zg. Suppose
p1(A) = ao+an A and pa(A) = axp+ an A+ ageA?. Then, | Hy |l = disteo (¢p, Hy), where

M,, M, 0
M 0 0
P1

H, =

¢ 0 0 0

Thus, if there exists a holomorphic function ¢ : D? — C with q(k) (0) = 0 for |k| = 2 such
that [|p + qllp2,o, < 1, then [ Hy || < [|p + qllp2 o Hence [ Hy|l < 1is a necessary condition
for such a g to exist.
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6 Operator Space Structures on ¢!(n)

6.1 Operator space

Definition 6.1. An abstract operator space is a normed linear space V together with a
norm | - || defined on the linear space

M (V) := {((Vij))lvij eV,1< i,j =< k}, keN,

with the understanding that || - ||; is the norm of V and the family of norms || - || satisfies
the compatibility conditions:

L IT®Sllprq=max{ITlp, ISl4} and
2. |1 ASBllg < I AlloplSllpIBllop
forall S€ My (V), T € My(V), A€ Mgy ,(C) and B € My, 4(C).

Let (V, |- llx) and (W, |- |x) be two operator spaces. A linear bijection T: V — W is said
to be a complete isometry if T ® I : (Mi(V), |- lx) = (Mp(W), |l - ll%) is an isometry for
every k € N. Operator spaces (V, | - ) and (W, | - ||x) are said to be completely isometric
if there is a linear complete isometry T : V — W. A well known theorem of Ruan says
that any operator space (V, || - [|x) can be embedded, completely isometrically, in to C*-
algebra 28(H) for some Hilbert space H. There are two natural operator space structures
on any normed linear space V, which may coincide. These are the MIN and the MAX

operator space structures defined below.

Definition 6.2 (MIN). The MIN operator space structure denoted by MIN (V) on a normed
linear space V is obtained by the isometric embedding of V in to the C*-algebra C((V*);),
the space of continuous functions on the unit ball (V*); of the dual space V*. Thus for
(vij) in ME(V), we set

[ iy = sup{l(F@ip) = £ € VIt

where the norm of a scalar matrix (( f(v;;))) is the operator norm in Mj.
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6 Operator Space Structures on £'(n)

Definition 6.3 (Max). Let V be a normed linear space and ((v;;)) € My (V). Define

(v )l prax = sup{ll(Tvi;)| : T2V — @D},

where the supremum is taken over all isometries T and all Hilbert spaces H. This oper-
ator space structure is denoted by MAX(V).

These two operator space structures are extremal in the sense that for any normed
linear space V, MIN(V) and MAX(V) are the smallest and largest operator space struc-
tures on V respectively. For any normed linear space V, Paulsen [Pau92] associates a
very interesting constant, namely, a(V):

a(V) :=sup {I Iv ® Iicll b1, (v, - lai) — (M (V) -l © K € N

The constant a(V) is equal to 1 if and only if V' has only one operator space structure on
it. There are only a few examples of normed linear spaces for which a(V) is known to
be 1. These include a/(¢*°(2)) = a(¢1(2)) = 1. In fact, it is known (cf. [Pis03, Page 79]) that
a(V)>1ifdim(V) =3.

The map ¢ : £*°(n) — LB(C") defined by ¢(zy, ..., z,) = diag(z,..., z,), is an isometric
embedding of the normed linear space ¢°°(n) in to the finite dimensional C*-algebra
2B(C"). Clearly, this is the MIN structure of the normed linear space ¢°°(n). We shall,
however prove that there is no such finite dimensional isometric embedding for the dual
space £1(n). Never the less, we shall construct, explicitly, a number of possibly different

isometric infinite dimensional embeddings of ¢! (n).

6.2 ¢'(n) has no isometric embedding into any M;

In this section, we will show that there does not exist an isometric embedding of ¢ L),
n > 1, into any finite dimensional matrix algebra My, k € N. Without loss of generality,

we prove this for the case of n = 2.

Lemma6.4. FormeN and0,,...,0,, € [0,21), there exists a;, a, € C such that
max |a; +ei9fa2| <|ai| +|az|-
j=1,...m

Proof. For any two non-zero complex numbers a,, a,, we have

max |a;+e%ay|= max ||ai|+e0itP2 0 gy,
j=1,...m j=1,...m
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6.2 ¢'(n) has no isometric embedding into any M.

where ¢, and ¢, are the arguments of a; and a, respectively. Setting a; = 0; + ¢ — ¢y,
we have
2 . 9
max |a1 +e’91a2| = max |Ia1| +e’“1|a2||
Jj=1..m Jj=1..m

202
= max |lail°lazl® +2|lay azlcosa|.
=1,...m

Therefore

‘max |a1+ei9fa2| = |a1| + |az|
j=1,...m

if and only if cosa; = 1 for some j, that is, if and only if @; = 0 for some j. Choose a;
and a such that ¢ — ¢, # 0; forall j =1,..., m. The existence of such a pair a;, and a
proves the lemma. O

Theorem 6.5. There is no isometric embedding of €1 (2) into M, for any n € N..

Proof. Suppose there is a n— dimensional isometric embedding ¢ of £1(2). Then this
embedding ¢ is induced by a pair of operators 11, T> € M, of norm 1, defined by the rule

¢(ay,a) = a1 Ty + ax T». Let Uy and U, in My, be the pair of unitaries:

T, Dy
: Ti)i:1,2,

U;:=
Dr, T7,

1

where Dr, is the positive square root of the (positive) operator I — T, T;. Now, we have
Pen(ayUr + axUz)icn = an Ty + ap T.

(This dilating pair of unitaries is not necessarily commuting nor is it a power dilation!)
Thus v : ?'(2) — M,,(C) defined by w(ay, az) = ayU; + ap U, is also an isometry. Since
norms are preserved under unitary operations, without loss of generality, we assume
i0,

U; = I and U, to be a diagonal unitary, say, D. Let D = diag(e . eiezﬂ). Now applying

the Lemma 6.4, we obtain complex numbers a; and a, such that
i0;
max |a +e"iap| < |a1|+|az].
j=1.2n

Hence y cannot be an isometry contradicting the hypothesis that ¢ is an isometry. O

Remark 6.6. An amusing corollary of this theorem is that the two spaces ¢ (n) and ¢ (n)

cannot be isometrically isomorphic for n > 1.

73



6 Operator Space Structures on £'(n)

6.3 Infinite dimensional embeddings of ¢! (n)

Let Hy,...,H, be Hilbert spaces and T; be a contraction on H; for i = 1,...,n. Assume
that the unit circle T is contained in o (7;), the spectrum of T;, for i = 1,..., n. Denote

Ni=TI®?" VY T=1eT,eI®"2 . T,=1°"VeT,.
Theorem 6.7. Suppose the operators T1,..., T, are defined as above. Then, the function
f:0l(n)— BH,® - -oH),)
defined by
flay,az,...,a,):i=a1 Ty +ay o+ + a, T),.
is an isometry.

Proof. Since T c o(T;) and T; is a contraction for i = 1,..., n, it follows that T < do (T3;)
for i =1,...,n. From (cf. [Con90, Proposition 6.7, page 210]), we have T < g,(T;) for
i=1,...,n. Thus for any i € {1,...,n} and A € T, there exists a sequence of unit vectors
(x! ) men in H; such that

I (T; —A)(x,’;i)ll — 0 as m — oo.
Now, applying the Cauchy-Schwarz’s inequality, we have

(T = A) (), (el )y < (T = A (e ) )
= 1(T; = M) (x]) || — 0.

as m — oo. Hence (Ti(x,’;l),(x,’;,l)) — A as m — oo. Let (ay,...,a,) be any vector in
¢1(n) such that none of its co-ordinates zero. Let 1; = e~ia8@) }, = g~iarglaz) = 3 —
e~targan) Now for each jefl,...,n}, we have (x%)me,\‘, a sequence of unit vectors from
Hj, such that

(Tj(x},), (x})) — A as m — oo.
As m goes to co, we have
K@ Ty @ 1P D 4o+ a, I Ve Ty (x), ® -+ @ x[L), (xXh, ® - ® X))

= |a(T1(xp,), Co))) + -+ + an{Tp(xX), )| — | Ay + -+ + anly|

=lail+---+lanl = l(ar,...,an) .
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6.3 Infinite dimensional embeddings of ¢* (n)

Hence |a1T1+ ax 1o +---+a, T, = (a1, ay,...,a,)|1. Also
lanTh +axTo+ -+ ap Tyl < |la |l Th |l + azl | T2l + -« - + |anl | Tyl

Hence ||a Ty + ay To + -+ a, Tyl = (a1, ay, ..., ay) |1, proving that f is an isometry.
If some of the co-ordinates in the vector (ay, ..., a,) are zero, the same argument, as

above, remains valid after dropping those co-ordinates. O

An adaptation of the technique involved in the proof of the Theorem 6.7, also proves
the following theorem.

Theorem 6.8. Fori=1,...,n, let T; be a contraction on a Hilbert spaceH; and T < o (T;).
Denote T;=T)®---® T; ® I,,, ®---® Iyy,. Then, the function

f:0l(n)— BH, ® - -oH),)
defined by
flay, az,...,an)i=ay Ty + ayTo+ -+ a, Ty.
is an isometry.

Remark 6.9. We have already noted that a(¢ Loy =1. Therefore all the operator space
structures on ¢1(2), defined in the Theorem 6.7, must be completely isometric to the MIN
operator space structure.

Suppose Ty and T, are contractions on Hilbert spaces H; and H, respectively with the
property that T < o(T;) for i = 1,2. Denote =T ® In, and T = I, ® T». Then the
map | defined as in the Theorem 6.7 is an isometry. The dilation theorem due to Sz.-
Nagy (cf. [Pau02, Theorem 1.1, page 7]), gives unitaries Uy : K1 — K| and U, : Ko — Ko
dilating the contractions Ty and T, respectively. The operator space structure defined by
the isometry g : 01(2) —» B(K, ®K,), where glay, ax) = a Uy ® I, + ax I, ® Uz, is no lesser
than that of f. Since Uy is a unitary map, it follows that the map a, Uy ® Ik, + ax I, ® Uz —
ay I, ® I, + a, U} ® Uy is a complete isometry. Therefore, without loss of generality, for all
operator space structures, defined in the Theorem 6.7, we can assume that T is Iy,. Now
suppose k e N and Ay, Ay € M. The von-Neumann inequality implies that

141 ® Iy, ® I, + A2 ® Iy, @ Toll < 1Ay + Apzllp) = 141 ® (1,0) + A2 ® (0, DIz

Since MIN is the smallest operator space structure, it follows that all operator space struc-

tures on ¢ (2), defined in the Theorem 6.7 are completely isometric to the MIN structure.
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6 Operator Space Structures on £'(n)

Remark 6.10. Here we note that all the operator space structures on ¢'(3), defined in
the Theorem 6.7, are completely isometric to the MIN structure. Suppose Ty, T» and T3
are contractions on Hilbert spaces Hy, H, and Hs respectively, with the property that T <
o(T;y), fori =1,2,3. Then the map [ defined as in the Theorem 6.7 is an isometry. Using
the same arguments as in the Remark 6.9, here also we can assume that Ty = Iy, . Let k € N
and Ay, Ay, Az € My. Since U} ® U, ® Iy, and U} ® Ik, ® U3 commute, therefore via Ando’s

theorem, we conclude that
(o)
||A1 ® IH1®D-I]2®I]-[I3 + Az ® I[H]1 ® T2 ® I|].|]3 + Ag ® I|].|]1 ® I[H]2 ® Tg” < ||A1 + A2Z2 + A3Z3”[D§oo

The right hand quantity in this inequality is || Ay ®(1,0,0)+ A2 ®(0,1,0) + A3®(0,0, 1) | ps7 -
Since M IN is the smallest operator space structure, therefore all the operator space struc-
ture on 01 (3), defined in the Theorem 6.7, are completely isometric to the MIN structure.

6.4 Operator space structures on ¢!(n) different from
the MIN structure

Due to Parrott’s example [Par70], it is known that a linear contractive map on ¢ 1(3) may
not be completely contractive. An explicit example for this is give also in the paper of
G. Misra [Mis94]. This example explains that there are more than one operator space
structure on £1(3). In this section, using the example in [Mis94], we give an explicit
operator space structure on ¢! (3), which is different from the MIN structure.

Consider the following 2 x 2 unitary operators:

2 — Ol,U.— i_%

2

1 _V3
2 2
S

andV := )
2 2

w
w

It is clear that the map h: ?1(3) - M, defined by h(zi1,22,23) = 211 + 22U + 23V, is of
norm at most 1. The computations done in [Mis94] includes the following:

I I+UU+VeV|=3. (6.1)
and
sup llz1l+22U+2z3V| <3. (6.2)
21,22,23€D

Choose a diagonal operator D on ¢%(Z) such that |D|| <1 and T c (D). Define

I 0
0 D

U o0
0 D

V o
0 D

T1 =

,TgZ:

,T32:
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6.4 Operator space structures on ¢! (n) different from the MIN structure

and
N=Th®I, Th=I0To®I, T5=101& T).

Let
S1:= T1€BI,SZZ: Tg@U,SgZ: TgGBV

be operators on a Hilbert space K.

Define

S:(¢(3), MIN) — B(K)
by
S(e1) = 81, S(ex) = S, S(e3) = S3

and extend it linearly.

From the Theorem 6.7, we know that the function (z;, 22, z3) — 2111 + 22T + 2315 is
an isometry and since /& is of norm at most 1, it follows that the map (z1, 22, z3) — 2181 +

2p Sy + 2353 is also an isometry. Consequently, there is an operator space structure on
¢1(3) for which S is a complete isometry. Also from (6.1), we have

1S9 1+S,®U+S3V||=|Ie[+UU+VeV|=3.
On the other hand from (6.2), we have

sup |z l+22U+2z3V| <3
21,22,23€D

and hence the operator space structure induced by S is different from the MIN structure.
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List of Symbols

G:[Zl)---,Zm]

Z-X

I fllo,00
H

2B(H)

o(T)

H*°(Q)

D

T

1Py o

Kg
P2y, .., Zy)
H*® Q)
H®°(Q,D)
H>(Q,D)
Df(w)

Ll 2,..., 2]
[x%, y]

«f

Ht

L*(T)

The set of all positive integers

The set of all integers

The set of all non-negative integers
Complex plane

The set of all polynomials in m variables

!
Y zjxjforx=(x1,...,x) e B!, z=(a,...,7) € C’
j=1

supilf(z)|: z€ Q}
A separable Hilbert space

The set of all bounded operators on H

Spectrum of T

The set of all bounded holomorphic functions on Q

unit disk in C

Circle of unit length

sup{llp(2)llop : z € Q}

Complex Grothendieck Constant

The set of all polynomials of degree k in n variables

The set of all complex valued bounded holomorphic function on Q
{fe HXQ): I fllae =1}

{f e H®(Q,D): f(w) =0}

(Zf@).... 32 f (@)

{ajz1+---+anz,:a;€Ci=1,...,n}

XjXjYj

C —valued linear map on H defined by x*(y) = [xf, y]
{x*:xeH}

The set of all square integrable functions on T with respect to
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List of Symbols

H?(T) Hardy space
L(T™) The set of all essentially bounded functions T" with respect to
Lebsegue measure and equipped with the essential sup norm
My Multiplication operator corresponding to ¢
Hy Hankel matrix corresponding to symbol ¢
1T lloo max{|| Ty[l,..., [ Tnll}
Cr(n) sup{Ilp(D)Il : Ipllpreo <1, p is of degree at most k, [ Tlloo < 1}
C(n) limg_ o, Cx(n)
Al Ay A - A,
0 A Ay - Apa
T(Ay,..., Ap) 0 0 A - Ap
o o0 0 - A

M. (B) The set of all k x k matrices with entries in Banach space B
diste (¢, K) Distance of ¢ from Kwith respect to essential sup norm
Ay Lken, P
Ay Lken Pk
Hy {f= % amual'2If e 1)}

(m,n)eA,
H, {f= T ama'gifer>as}

(m,n)e Ay
£2(Np) {(ap,a1,...):ajeCforall je I\Io,jgo |aj|? < oo}
P, Yo aijziw;j, where A= (aij)
A {(z1,...,2n,21,...,20) 1 lzil < 1,1 < i < n}
Pan the restriction of p, to the diagonal set A

121,02l (2alP +--c + 1 2a| PP
P (n) (€, 11.11p)
| All ooy~ ¢1(ny  Operator norm of A: £*°(n) — 2l (n)

Ay The matrix ([}, i) mom

24 {3D°f(),Df ()): f:Q— D is a analytic map with f () = 0}
M3, The set of all m x m complex symmetric matrices

l-llo The norm in M;, x C" corresponding to the unit ball @g" )

U {(z,v): z€ C,v e Hsuch that |z| + | v]* < 1}

-1y The norm in C @ H corresponding to the unit ball U

P (Q, E) {peCliz,,..., Z,] :deg(p) < k and p(Q) c E}.

.9?’,‘: (Q,E) The set of all polynomials p € 22(Q, E) with p(w) = 0.
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M

(X1

P(C™, My)

P (C™, My)
2 (C™, My)
2 (Q, (Mp)1)
B*

0%(2)

C*(a)
o(a)
C(X)
I

1
R(z)
H,
Py

arg(a)

H(TY, To,...)

T}’l ((bm), ao, dy,

M (V)
MIN(V)
MAX(V)
a(V)
dim(V)
Dr

oo A1)

The set of all k x k complex matrices

Open Unit Ball of Banach Space X

The set of all M} valued polynomials in m variables

{peP (™ My):deg(p) < k}.

The set of all polynomials p € 2 (C™, M}) such that p(w) =0
{peai @ My IpIg,, <1}

Adjoint of the bilateral shift

{C..,a_1,a0,a1,..):ajeCforall je Z,j§Z|aj|2 < oo}

C* — algebra geneated by 1,a and a*

{AeC:a—- Alisnot invertible}

The set of all complex valued continuous functions on X
Identity operator on CF

Identity operator on H

Real part of z

The right half plane

{(x,y)eZ*:x+y=k}

normalized Lebsegue measure and equipped with the L? norm

Argument of the complex number «

N T Ty
T, T3 T,

3 Ty Ts

ap a) an-1
by ag an-2
bp-1 bu ap
MV

MIN operator space structure on V

MAX operator space structure on V
{ Il (wi )l max

Toi v - (vij) € My, (V), k and [ are arbitrary positive integers}

Dimension of the vector space V

The positive square root of the operator I - T*T
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