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Abstract

Let T = (Ty,..., T) be a d- tuple of commuting operators on a Hilbert space /. Assume that
T is hyponormal, thatis, [ T*, T] := ([T}, Ti1) acting on the d - fold direct sum of the Hilbert
space / is non-negative definite. The commutator [T ]?k, T;1, 1 <1i,j < d, of a finitely ctyclic
and hyponormal d - tuple is not necessarily compact and therefore the question of finding
trace inequalities for such a d- tuple does not arise.

A generalization of the Berger-Shaw theorem for a commuting tuple T of hyponormal
operators was obtained by Douglas and Yan decades ago. We discuss several examples of this
generalization in an attempt to understand if the crucial hypothesis in their theorem requir-
ing the Krull dimension of the Hilbert module over the polynomial ring defined by the map
p — p(T), p € C[z], is optimal or not. Indeed, we find examples T to show that there is a
large class of operators for which trace [T]T", T;1, 1 < j,i < d, is finite but the d - tuple is not
finitely polynomially cyclic, which is one of the hypotheses of the Douglas-Yan theorem. We
also introduce the weaker notion of “projectively hyponormal operators" and show that the
Douglas-Yan thorem remains valid even under this weaker hypothesis.

We introduce the determinant operator dEt([[T*, T]]), which coincides with the gen-
eralized commutator introduced by Helton and Howe earlier. We identify a class BS,, 9(Q2)
consisting of commuting d- tuples of hyponormal operators T, o(T) = Q, satisfying a growth
condition for which the dEt is a non-negative definite operator. We then obtain the trace esti-
mate given in the Theorem below.

Theorem. Let T = (Ty,..., T4) be a commuting tuple of operators on a Hilbert space S such
that T is in the class BS,9(Q). Then the determinant operator dEt([[T*, T]|) is in trace-class
and .,
trace(dEt([T*,T]))) = moa' [ IT;I%.
i=1

In the case of a commuting d - tuple T of operators, where o (T) is of the form Q) x -+ x
Q, we obtain a slightly different but a related estimate for the trace of dEt ([ T*, T]))). Explicit
computation of dEt([[T*, T]|) in several examples and based on some numerical evidence,
we make the following conjecture refining the estimate from the Theorem:

vii
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Conjecture. Let T = (T3,..., T;) be a commuting tuple of operators on a Hilbert space /# such
that T is in the class BS,, 9(Q2). Then the determinant operator dEt([[T*, T]]) is in trace-class,
and 4
. md! —
trace (dEt([[T*, T])) < FV(Q),

where v is the Lebesgue measure.

Let Q be an irreducible classical bounded symmetric domain of rank r in C%. Let K be
the maximal compact subgroup of the identity component G of the biholomorphic automor-
phism group of the domain Q. The group K consisting of linear transformations acts naturally
on any d-tuple T of commuting bounded linear operators by the rule:

k-T:=(ki(T1,.... Ta),...., ka(Th,..., Ta)), k€K,

where k;(2),..., k;(z) are linear polynomials. If the orbit of this action modulo unitary equiv-
alence is a singleton, then we say that T is K-homogeneous. We realize a certain class of K-
homogeneous d-tuples T as a d -tuple of multiplication by the coordinate functions z,..., z4
on a reproducing kernel Hilbert space #%. (The Hilbert space .#x consisting of holomor-
phic functions defined on Q and K is the reproducing kernel.) Using this model we obtain a
criterion for (i) boundedness, (ii) membership in the Cowen-Douglas class, (iii) unitary equiv-
alence and similarity of these d-tuples. In particular, we show that the adjoint of the d-tuple of
multiplication by the coordinate functions on the weighted Bergman spaces are in the Cowen-
Douglas class By (). For an irreducible bounded symmetric domain Q of rank 2, an explicit
description of the operator Z?: T T; is given. Based on this formula, a conjecture giving the
form of this operator in any rank r = 1 was made. This conjecture was recently verified by H.
Upmeier.



Conventions and Notations

The following conventions and notations will be in force throughout.

1.

2.

10.

11.

12.

13.

14.

15.

All Hilbert spaces will be assumed to be complex and separable.

An operator T, unless otherwise specified, will be assumed to be linear and bounded.

. The algebra of bounded linear operators is denoted by 2(#4).

The symbol T denotes a commuting d - tupe of operators (11, ..., Tg).

. For brevity, we write, hyponormal d - tuple for jointly hyponormal d - tuple of commut-

ing operators.

Np denotes the set of non-negative integers.

a € N{ is called a multi-index.
a+tei=(ag,...,a;+1,...,az)
a—c¢;:=(ay,...,a;—1,...,ay) whenever a; > 0.
la|:=a;+---+agand a!=a;!---ay.

»n

We will use the term “finitely polynomially cyclic”, "m - cyclic" or even “m - polynomi-
ally cyclic" interchangeably, while “cyclic” always means 1 - cyclic.

Anr- tuple s = (sy,...,8;), 1 =+ = s, = 0 stands for a signature.
N denotes the set of all signatures.

M = (M,,...,My;) is the commuting d- tuple of the operator of multiplications by the
co-ordinate functions.

o (T) denotes the Taylor joint spectrum. However, the term spectrum, or joint spectrum
would always mean the Taylor joint spectrum.
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16.

17.

18.

19.

Clz] is the ring of complex polynomials in d variables.
Il - ]I7 is the trace norm.
AW p:=AA+1)---(A+ n—-1) is the Pochhammer symbol.

A)s:= ;:1 (A-4G- 1))5. = H;:l H;ﬂl (A-4(j - 1) +1-1)is the generalized Pochham-
s J -
mer symbol.
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Chapter 1

Introduction

The spectral theorem provides both a complete set of unitary invariants and a canonical
model for normal operators on a complex separable Hilbert space. Therefore, it is natural to
ask if there are operators which one may study using techniques developed for studying nor-
mal operators. It is natural to expect that operators close to the class of normal operators may
be somewhat more tractable by these methods than an arbitrary operator. Several notions of
"close" have been around in the literature. For instance, (i) an operator T such that the com-
mutator [N* — T*, N — T] = K for some compact operator K, the quantitative version of this
would be to require that K is in a Schatten p - class (ii) the hyponormal operators, namely, an
operator T such that the commutator [T*, T] is a non-negative operator, (iii) the subnormal
operators, the operators which are obtained by restricting a normal operator to an invariant
subspace, etc. The study of each of these classes of operators has been vigorous over the past
few decades. An impressive body of results have been accumulated. However, the study of
commuting tuples of operators in each of these classes remains widely open. Among many
other results from operator theory in one variable, the Berger-Shaw theorem has provided the
impetus for a number of exciting developments in multi-variate operator theory [7]. Indeed,
it shows that an operator T that is hyponormal and m-cyclic is close to a normal operator,
that is,

trace[T”, T] < ZArea(c (T)),

where o(T) is the spectrum of the operator T. Thus a very large class of operators is close to
the class of normal operators. In this thesis, first we obtain trace inequalities similar to the
one of Berger and Shaw for a certain small class of commuting tuples of operators. However,
there are several instances, where all of the commutators [T ]T*, Ti1,1<1i,j<d, of acommuting
tuple T := (T3,..., Ty) are not necessarily compact even after assuming that they are jointly
hyponormal and cyclic. So, the question of finding trace inequalities for such d- tuples does
not arise. However, we define an operator valued determinant of a d x d- block operator



2 1. Introduction

B := ((B;)) by the formula

dEt(B):= ) sgn(0)Bra),oc1)Br@,oc@) - Brm,ow@)-
0,16y

In this thesis we investigate the properties of the operator dEt([[T*, T]), where [T*, T] :=
(177, T:1), i.e., in this case, B;; = [T}, Ti]. We show that the operator dEt([[T", T]) equals
the generalized commutator of T introduced earlier by Helton and Howe [24]. Among other
things, we find a trace inequality for the operator dEt([[T*, T]|), after imposing certain growth
and cyclicity conditions on the operator T. We give explicit examples illustrating the abstract
inequality and show that it is sharp in a number of examples.

In this introductory chapter, we first recall some definitions, namely that of operators in
the trace class ( Schatten p -class) and jointly hyponormal operators and its multiplicity fol-
lowed by that of a Hilbert modules over a ring and finally the list of classical bounded symmet-
ric domains. Since we use some of the basic tools from commutative algebra, we recall them
here. This includes the notion of a Noetherian ring, the Krull dimension and the Noether
normalization lemma. Our search for explicit examples, where the conditions of our main
theorem are met and we obtain a trace inequality for the determinant operator dEt([[T*, T]]),
takes us to the class of the d- tuple of multiplication operators M, on the weighted Bergman
space of a bounded symmetric domain. We therefore recall some of the basic tools like the
Peter-Weyl decomposition, Fischer-Fock inner product, the Wallach set etc. that will be es-
sential to some of the proofs. Finally, the chapter ends with a brief description of the results
in each of the following chapters.

1.1 Trace, Multiplicity and Hyponormal Operators
Let us recall the definition of trace of a bounded linear operator defined on a complex sepa-
rable Hilbert space.

Definition 1.1 (Trace-class). An operator T : # — J is said to be in trace-class if there is an
orthonormal basis {e,} such that ), (|T|e,, e,) < oo, where |T| is the unique square root of
T*T. The trace norm of an operator T in the trace class is set to be

1T =) (I Tlen en),
n

where the sum ), (| T'|ey, e,,) is independent of the choice of basis. The p - norm of an opera-
tor T is defined, similarly, by setting

ITI5 = (TP en, en).
n

An operator T with || T, < oo is said to be in the Schatten p - class.
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Definition 1.2 (m- cyclic). Let &(m) denote a set of linearly independent vectors ¢y, ..., in
€. For a commuting tuple of operators T = (11, ..., T4), we say that &(k) is cyclic for T if the
linear span of the vectors

{T{l T2, Ty ve &) and i, ia, .., iq = o}
is dense in /. The commuting tuple T is said to be m- polynomially cyclic if
m =min{k : £(k) is cyclic for T}.
The set {(m) is then said to be m-cyclic for T. For a m-cyclic d- tuple T, let
Fen =\ T T2 Tl veglm and 0 < iy + ip + .0 < N}

and Py be the orthogonal projection onto #y.

»”n

In what follows, we will use the term “finitely polynomially cyclic”, "m - cyclic" or even
“m - polynomially cyclic" interchangeably, while “cyclic” always means 1 - cyclic.

For any two operators T and T, on a Hilbert space /4, the commutator [T}, T>] of T}
and T, is 1 T» — T» T;. An operator T on a Hilbert space ./ is said to be hyponormal if the
commutator [T, T] is non-negative definite. An operator T is pure if it has no reducing sub-
space # such that T restricted to ) is normal. A bounded operator T on . is said to be
subnormal if T has a normal extension. There are many possible notions of hyponormality
forad- tuple T = (T3, ..., T;) of commuting operators acting on a Hilbert space ..

For instance, a commuting d- tuple T of operators acting on a Hilbert space . is said
to be jointly hyponormal if

* * d
[T, 7] = (177, T)); -y :@%_’?Jf
is non-negative definite, that is, for each x e @, A4,
([T*, T]x,x)=0.

Or, equivalently, if

((T; Ti))?,j:o : @Jf - @j"a’

a+1 a+1
where Ty := I, is non-negative definite (see [31]).
On the other hand, a commuting d- tuple T of operators acting on a Hilbert space ./ is
said to be projectively hyponormal if, for each vector (a1, ..., ag) € C%\ {0}, the sum Z?zl a;T;
is a hyponormal operator on .. In the literature, these have been called weakly hyponormal
operators. However, the adjective "projective" describes better the way this class is related to
the class of jointly hyponormal operators.
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Remark 1.3. For1<i,j<d,let B;; : ##/ — # be a bounded linear operator. Define
(Bij): #oC! — #eC?

to be the operator
d d
(Bij)xoa=(Bijx)-a:=) () ajBijxee).
i=1 j=1

If ((Bij)x®a,x®a) =0 for every vector x® a in 7 ® C“, then we say that the operator ((B; ;)
is projectively positive.

Now, it easy to verify that a tuple of operators T = (T7,..., T;) is projectively hyponormal
if and only if [[T*, T is projectively positive on 7 ® C.

It is evident that a hyponormal tuple is automatically projectively hyponormal. But the
converse is not true in general.

Example 1.4. (R.Curto) For x = 0 let Ty be the weighted shift whose weight sequence is given
by ap = x,a, = \/Z—ié (n=0). If% <x< \/g then (T, T2) is projectively hyponormal but not
hyponormal.

For a single hyponormal operator T, one of the most celebrated results is the trace in-
equality due to Berger and Shaw reproduced below.

Theorem 1.5 (Berger-Shaw, [7]). If T is an m- cyclic hyponormal operator, then [T*,T] is in
trace-class and

trace[T*,T] < %V(U(T)),

where o (T) is the spectrum of T and v is the Lebesgue measure.

In what follows, unless explicitly indicated otherwise, we drop the adjective “jointly”
and say “hyponormal” instead of jointly hyponormal.

1.2 Preliminaries on Hilbert modules

A Hilbert module # over a ring £ is an ordinary module over the ring # except that A is
a Hilbert space and the module multiplication is assumed to be continuous in the second
variable. This notion was introduced by R. G. Douglas, see [17]. However, the original defini-
tion required the ring to be a complete normed algebra and the module multiplication to be
continuous in both variables. Over the years, it has become apparent that these additional re-
quirements are of no significant value. So, they are not included in the definition of a Hilbert
module. Now, we give the formal definition of a Hilbert module over a normed ring.
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Definition 1.6 (Hilbert Module). A complex separable Hilbert space ./ is said to be a Hilbert
module over a (complex) unital ring Z if there exists a map (p, h) — p- h from Z x /€ to A
satisfying the following conditions:

1. 1-h=h,

2. (pq)-h=p-(q-h),

3. (p+q)-h=p-h+q-h,and

4. p-(ah +Bhy)) =a(p-h)+B(p-hy).

where p,qe %, h,h; € #,i=1,2,and a, § € C and the linear operator my, : 7 — A, my(h) =
p-h, pe2,isbounded.

Thus the notion of a Hilbert module # over a ring Z is determined by the unital homo-
morphism p — m, p € Z, from the ring % to the algebra of bounded linear operators %(#)
and conversely.

Apart from the boundedness of the operator m,, for each p € %, if we also require that
the ring Z complete with respect to some Banach algebra norm and impose the condition
that the map

(p,h) = p-h, peR, he #,

is continuous in both the variables, then from the uniform boundedness Principle, it follows
that
Impl <Klpl, peZ,

for some constant K independent of p. Thus continuity in both the variables of the module
mabp is equivalent to the boundedness of the homomorphism p — m,,.

Now, we remark that if the ring Z is the polynomial ring C[z] in d variables, then any ho-
momorphism m,, : C[z] — %(A) is evidently determined by a commuting tuple T := (T1,... T)
of operators in () by setting my(h) := p(T)h, p € Clz] and h € #. The other way round,
given a homomomorphism m,, : C[z] — %(A), it determines a d- tuple of commuting oper-
ators, namely, T; := mg;, i = 1,...,d. We will therefore use the three notions, i.e., the Hilbert
module 7, the homomorphism m,, and the d- tuple of commuting operators without mak-
ing any distinction depending on the context.

If # is a Hilbert module over the polynomial ring C|z], then &(m) is said to be a generat-
ing set for /. According to [17, Definition 1.25], the minimal cardinality of this generating set
is defined to be the rank of the module ./, which coincides with the notion of m- polynomial
cyclicity as in Definition 1.2.

Now, we recall some basic definitions from commutative algebra.
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Definition 1.7 (Algebra). Let [ : o — 98 be aring homomorphism. The scalar multiplication,
ab= f(a)b,ac o/andb e A,

makes the ring 4 into an «/- module. Thus 2 has an (compatible) «/- module structure
along with a ring structure. The ring equipped with this < - module structure, is said to be an
< -algebra.

Definition 1.8 (Noetherian ring). A ring £ is said to be Noetherian if it satisfies the following
three equivalent conditions:

(i) Every non-empty set of ideals in # has a maximal element.
(ii) Every assending chain of ideals in Z is stationary.
(iii) Everyideal in £ is finitely generated.

Definition 1.9 (Krull dimension). The Krull dimension of a ring £ is defined to be the maxi-
mum of those positive integers n for which there is an ascending chain of prime ideals of the
form

0}=PyCPC...C P, C &

For example, C[z,..., z,] has Krull dimension 7. A chain of prime ideals in Clz,,..., z;]
of length 7 is easy to exhibit:

0) € (z21) € (21,22 © - C (21,...,2,) © Clz1,..., 2.

One can show that it is maximal [20].
The height (or co-dimension) of a prime ideal P in % is the maximum length of the chain
of prime ideals such that
PoCPC...CPycP

Height of an ideal I is the infimum of the heights of all prime ideals containing I.

Lemma 1.10 (Ideals in quotient rings). Let I be an ideal in a ring . Then contraction and
extension by the quotient map ¢ : & — R/ I give a one to one correspondence between ideals in
R/ I and ideals containing I in R:

{ideals in # | I} — {ideals containing I in ®}
J—J =@
G =J°—J.

If 1 is an ideal in an integral domain &, then dim(% /1) + height(I) = dim .
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Theorem 1.11 (Noether’s normalization theorem). Let % be a Noetherian ring over C having
dim () = n with generators {xy, ..., Xm}.

1. Then there exists a complex n x m matrix ((a;;)) such that % is integral over

C[Z;nzl aljxj,...,Z;?lzl anjXjl.

2. IfE is the linear span in C™ of the row vectors of the n x m matrix ((a;j)) such that % is
integral ovequ[ZT:1 aljxj,...,z;”:l anjx;jl, then dim (E) = m.

Further, if Z is the co-ordinate ring Clzy,...,z4]/1, where VI = I(U) and U is an algebraic
k,m

curve, then there exists ((a; ;) )ity i=1

such that ifg; = Z}?il aijzj,i=1,...,k, then
1. Clz,...,z4] is integral over C[1, g;] and

2. each zj is a linear combination of the g; s.

It is easy to adapt the definition of Shatten p - class and hyponornormality to a Hilbert
module defined over a commutative Banach algbra.

Definition 1.12. Let of be a commutative Banach algebra containing a dense subalgebra 23.
A Hilbert module # over & is said to be p-reductive for 28 if [mzl, mp,] is in the Schatten
p-class S, for every by, b, € 9.

Definition 1.13. Let / be a Hilbert module over a Banach algebra /. Assume there is a dense
Noetherian sub-algebra 28 of «7, that {by, by, ..., b,;} generates 28 and that the commuting tu-
ple of operators (my,, mp,, ..., mp,) on A is hyponormal (resp. subnormal). Then the Hilbert
module ./ is said to be a hyponormal (resp. subnormal) module over <.

We are now ready to state the Theorem of Douglas and Yan which was an attempt to
find a generalization of the Berger-Shaw theorem for a commuting d- tuple of operators.

Theorem 1.14 (Douglas-Yan). (Module): Let A be a finitely generated hyponormal Hilbert
module over «f with the dense subalgebra 3. If dim% = 1, then A€ is 1-reductive for 9.

(d- tuple): Let T = (T1,...,T4) be a hyponormal d- tuple of operators on the Hilbert space A
such that T is finitely polynomially cyclic. Let I be the ideal of Clz,, ..., z4] defined by

I={peClz,...,z4] : p(T) = 0}.

Ifdim(Clzy,...,z41/1) =1, then [T]f‘, T;] is in trace-class for all i, j.
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Another important topic that provides impetus for the results in Chapter 3 is the Arveson-
Douglas Conjecture which we now describe briefly. First, we recall the definition of the weighted
Bergman spaces.

Let #Y (B,), A > 0, be the weighted Bergman spaces of the unit Euclidean ball B,. In
particular, A = d is the Hardy space ./?(B,). These spaces are determined by the orthonormal
set of vectors:

A a d
{czl 20 a = (ay,...,aq) NG,

where c‘(xM = % Here
Mp=AA+1D)---A+n-1)

is the Pochhammer symbol.

Conjecture 1.15 (Arveson-Douglas). Assume [ is a homogeneous ideal of the polynomial ring
Clz,...,z4] and [I] is the closure of I in A% (Bz). Then for all r > dim Z (1), where Z (1) is
the common zero set of I, the quotient module [ 1+ is r-essentially normal.

In many cases, [I] = {f € YV B,) : f, 7 = 0}. Assuming this is the case, Q is the closed
linear span of the vectors {KM (z, w) : w € Z(I)}, where KM (z, w), for every fixed w € By, is
the unique vector in .#"Y (B;) determined by evaluation at w. It is not hard to verify that the
commutators [M;.‘,Mi], 1 =i < d, on the weighted Bergman spaces A% (By), A =1, are in
Schatten p - class for p > d +¢, € > 0. It follows that the Arveson-Douglas conjecture is true for
the trivial ideal {0}.

1.3 Bounded Symmetric Domains

Bounded symmetric domains are the natural generalization of the open unit disc in one com-
plex variable and the open Euclidean unit ball in several complex variables. A bounded do-
main Q c C? is said to be symmetric if for every z € Q, there exists a biholomorphic auto-
morphism of Q of period two, having z as isolated fixed point. The domain Q is said to be
irreducible if it is not biholomorphically equivalent to a product of two non-trivial domains.
We refer to [30], [1] for the definition and basic properties of bounded symmetric domains.
Let Q be an irreducible bounded symmetric domain in C? and let Aut(Q) denote the
group of biholomorphic automorphisms of Q, equipped with the topology of uniform con-
vergence on compact subsets of Q. Let G denote the connected component of the identity in
Aut(Q). It is known that G acts transitively on Q. Let K be the subgroup of linear automor-
phisms in G. By Cartan’s theorem [37, Proposition 2, pp. 67], K = {¢p € G : ¢(0) = 0} is a maximal
compact subgroup of G and Q is isomorphic to G/K. Note that the unitary group % (d) is the
subgroup of linear biholomorphic automorphisms of Aut(B%). Therefore, it is natural to re-
place % (d) with the subgroup K of linear biholomorphic automorphisms of an irreducible
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bounded symmetric domain Q and study all commuting d- tuples T such that k- T is unitar-
ily equivalent to T for all k € K. The action of the group K on the d- tuples is defined below.
The group K acts on Q by the rule

k-z:=(ki(2),..., kq(2)), keKandze Q.

Note that k;(2),..., k;(z) are linear polynomials. Thus k € K acts on any commuting d- tuple
of bounded linear operators T = (T3,...,T;), defined on a complex separable Hilbert space
€, naturally, via the map

k-T:=(ki(Ty,....,Ta),...., ka(Ty,..., Ta)).

Definition 1.16. A d- tuple T = (T3, ..., T;) of commuting bounded linear operators on ./ is
said to be K-homogeneous if for all k in K the operators T and k- T are unitarily equivalent,
that is, for all k in K there exists a unitary operator I'(k) on / such that

T;I'(k)=T(k)k;(Ty,...,Tq), j=12,...,d. (1.1)

For brevity, we will write
TT (k) =T(k)(k-T).

While a d- tuple of K-homogeneous operators is clearly modeled after a spherical tu-
ple, it is a much more intricate notion, in general. For instance, spherical tuples in the class
B, (B%), introduced by Cowen and Douglas in the very influential paper [12], are necessarily
joint weighted shifts. On the other hand, the structure of K-homogeneous operator tuples
in B;(Q), where Q is a bounded symmetric domain of rank > 1, is much more complex. In
particular, they are not joint weighted shifts. Also, recall that the commuting operator tuples
T =(Ty,...,T;) such that T and g(T) are unitarily equivalent for all g in G, called homoge-
neous tuples, have been studied extensively over the past few years, see [33], [35], [28]. In the
case of open unit disc D, all homogeneous operators in B; (D) were classified by Misra in [32].
As a corollary of his abstract classification theorem, Wilkins provided an explicit model for all
homogeneous operators in By (D), see [45]. Later in 2011, using techniques from complex ge-
ometry and representation theory, a complete classification of homogeneous operators in the
Cowen-Douglas class B, (D) was obtained by Misra and Koranyi in [27]. Homogeneous opera-
tors on an irreducible bounded symmetric domain of type I, discussed below, were studied by
Misra and Bagchi in [6]. Later in [2], their results were generalized for an arbitrary irreducible
bounded symmetric domain by Arazy and Zhang. A comparison of the class of d- tuples of
homogeneous operators with K-homogeneous operator tuples might reveal interesting con-
nections with the inducing construction, which we intend to study in future.
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Every irreducible bounded symmetric domain Q of rank r can be realized as an open
unit ball of a Cartan factor Z = C4. For a fixed frame e1, -, er of pairwise orthogonal minimal
tripotents, let

Z= Y Zj
O<i<j<r
be the joint Peirce decomposition of Z (see [44, pp. 57]). Note that Zyy = {0} and Z;; = Ce; for
alli=1,...,r. Moreover,
aZ:dile'j, l<i<j=sr

is independent of i, j and
b :=dim Zy;, l<js<r

isindependent of j. The parameters a, b are called the characterstic multiplicities of Z and the
numerical invariants (r, a, b) determine the domain Q uniquely upto biholomorphic equiva-
lence (see [1]). The dimension d is related to the numerical invariants (7, a, b) as follows:

d:r+gr(r—1)+rb.

According to the classification due to E. Cartan [9], there are six types of irreducible
bounded symmetric domains upto biholomorphic equivalence (see also [30]). The first four
types of these domains are called the classical Cartan domains, while other two types are
known as the exceptional domains. In what follows, we consider only the classical domains,
that is, an irreducible bounded symmetric domain of one of the following four types:

(i) Typel: n x m (m = n) complex matrices z with ||z|| < 1. These domains are determined
by the numerical invariants (n,2, m — n).

(ii) TypeIl:Symmetric complex matrices z of order n with || z| < 1. In this case, the numer-
ical invariants (n, 1,0) are complete biholomorphic invariant.

(iii) Type III : n x n anti-symmetric complex matrices z of order n with | z| < 1. Here r =
[g],a:4andb:0ifnisevenandb:Zifnisodd.

(iv) Type IV (The Lie ball) : All z € C% (d = 5) such that 1 + I%ztzl2 >z!'z and z'z < 2, where
z!isthe complex conjugate of the transpose z’. The numerical invariants (2, d —2,0) are
complete biholomorphic invariant for these domains.

Throughout the thesis, let Ny denote the set of all non-negative integers. Let 22 be the space
of all analytic polynomials on Z, and let 22, n € Ny, denote the subspace of &2 consisting of
all homogeneous polynomials of degree n. Clearly, as a vector space, &2 can be written as
the direct sum 77 ) &7,. The group K acts on the space & by composition, that is, (k- p)(z)
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= p(k‘lz), k e K, p € &. Below we describe the irreducible components of this action. An
r- tuple s = (s1,...,s,) is called a signature if s; = --- = 5, = 0. Let Ng denote the set of all
signatures. For all s € NS, we associate the conical polynomial A, see [44, pp. 128] for the
definition, where

As(2) = AT T2 (2)... A1 T (2) AV (2)

r—1

and the polynomial space Z; is the linear span of {A;o k: k € K}. It is known that the poly-
nomial spaces {@£}§€N6 are precisely the K-invariant, irreducible subspaces of &2 which are
mutually K-inequivalent, and

P=) P

seNg

The Fischer-Fock inner product on &, defined by (p, ¢)# := ,,Ldfcd p(z)ﬁe‘VIZ dm(z), is
[K-invariant. The reproducing kernel of the space 27; with respect to the Fischer-Fock inner
product is denoted by K(z, w). Note that Kj is K-invariant and

Y Kz, w) = =™,
§€N(’)
Further any K-invariant Hilbert space .# of analytic functions on Q has the decomposition

JC= 9@.

§EN6
This decomposition is called Peter-Weyl decomposition [43].

Let T = (T3,...,T;) be a commuting d- tuple of bounded linear operators acting on a
complex separable Hilbert space /. Also, let Dy : & — A & --- & A be the operator

DThZ: (Tlh,...,Tdh), he .

We note that ker Dt = m?zlker T; is the joint kernel and 0, (T) = {w € C% :kerDy_ # O} is
the joint point spectrum of the d- tuple T = (T1,..., T;). The Wallach set # (Q2) of a classical
bounded symmetric domain Q is of the form #,;(Q) U #.(Q2), where

a a a
Wal@):=1{0, 5, 5 1= D, #el@):= (S(r = D),00),
see [22]. For A > 0 consider the function KW : Q x Q — C given by the formula

KMz, w) =) W)Ki(z,w), zweQ,
S

where (1), is the generalized Pochhammer symbol

%)

Wy:= 1 (A—g(j—l)) i i

Il ,° ] (/l—g(j—l)+l—1).

1l=1
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The function K™Y is non-negative definite if and only if A is in the Wallach set # (). Let AW
denote the Hilbert space determined by the non-negative definite kernel K W Aew Q. If
A= % andA=5(r—-1)+ %, then the Hilbert spaces .#"Y coincide with the Hardy space H?(S)
over the Shilov boundary S of Q and the classical Bergman space A?(Q) respectively. For this
reason with a slight abuse of language, the Hilbert spaces #W, A € # (Q)), are called weighted
Bergman spaces.

1.4 Main Results

This thesis is in two parts. The first part is an attempt to obtain an inequality for the trace
of a suitable function of a d- tuple of operators T. The second part is a detailed study of
commuting d- tuples T that remain unitarily invariant under the action of a natural compact
group acting on the joint spectrum o (T). We briefly describe the results of the thesis below.

Chapter 2 begins with elementary observations about tensor products of jointly (respec-
tively, projectively) hyponormal operators. It is then shown that the commutator [T, T1],
where T is of the form (A, ® T,..., A; ® T), belongs to the trace class as soon as certain nat-
ural conditions are imposed on the commuting tuple A and the operator 7. Next, a mild
generalization of the Douglas-Yan theorem by replacing the strongly hyponormal d- tuples
with projectively hyponormal d- tuples is obtained. This is followed by several explicit exam-
ples of commuting d- tuples of operators satisfying the hypothesis of the Douglas-Yan the-
orem. The chapter concludes by showing that the joint spectrum of a d - tuple of operators
of the form (A;® T,...,A; ® T) is the countable union of thin sets whenever (A;,...,A;) is a
commuting tuple consisting of normal and compact operators. The trace of the commutator
[(Aj®T)*,(A;® T)], 1 < i,j < d, is finite while these commuting tuples need not be finitely
polynomially cyclic. Therefore finding a different set of conditions on a commuting tuple of
operators ensuring the membership of the commutators in the trace class remains an intrigu-
ing problem.

A different approach is to look for a function of [ T*, T]] which may be in trace class. For

d by

this, we define an operator valued determinant of a d x d- block operator B := ((B;;); ;_,

the formula

dEt(B):= ) sgn(0)Br)oc1)Bre,oa@)---Br@,ow@)-
0,716,

Setting B;; = [T]?‘, T, it is natural to investigate the properties of the operator dEt([[T*, T]]).
Indeed, we show that the operator dEt([[ T*, T|]) equals the generalized commutator GC(T*, T)
introduced earlier by Helton and Howe [24, pp. 272], who had investigated the trace proper-
ties of the operator GC(T*, T). Among other things, we find a trace inequality for the opera-
tor dEt([[T*, T])), after imposing certain growth and cyclicity condition on the operator T. We
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give explicit examples illustrating the abstract inequality and show that it is sharp in a number
of examples. In Chapter 3, we explicitly compute dEt([[T*, T]]) and trace (dEt([[T*, T]])) for
some class of operators. Moreover, the class BS,, 9(€2) of commuting d- tuple of operators T
is introduced. For d = 1, this class of operators is clearly included in the class of finitely poly-
nomially cyclic hyponormal operators and therefore the trace of the commutator [T*, T] is
finite by the Berger-Shaw theorem. In this case, [T*, T] = dEt([[T*, T]|) and we show that the
trace of the operator dEt([[T*, T])) is finite in general for an arbitrary d € N. We give several
examples of d- tuples in BS,;, 9(Q) when Qis aball of the form B, ; := {(z1, 22) : |21P +|22|7 < 1}
withp=2,g=2andp=2,g=1.

Definition 1.17. Fix a bounded domain Q < €% such that Q is polynomially convex. A m-
cyclic commuting d- tuple of operators with o (T) = Q is said to be in the class BS,, 5(Q), if

(i) PNTjP5=0,j=1,...,d.
(i) dEt([[T*, T]) is non-negative definite.

(iii) For a fixed but arbitrary 7 in the permutation group &, of d symbols, there exists 9 € N,
independent of N, such that

d 2
[T]7:]"
1

1=

-1

. . . N+d-1

| Pn( Z@ Sgn(n)Tanr(l)Tn(z)...Tn(d))P}VT,(d)PN||58( J1 )
neSq

The main theorem of Chapter 3 provides an estimate for dEt([[T*, T]) in terms of the
operator norms || Ti|l, 1 <i < d:

Theorem 1.18. Let T = (T,..., T;) be a commuting tuple of operators on a Hilbert space /€
such that T is in the class BS,, 9(Q). Then the determinant operator dEt([[T*, T]) is in trace-
class and 4
trace(dEt([[T*, T]))) = mOd' [] | ;|12
i=1
This is followed by explicit computation of dEt([[T*, T])) for the commuting tuple of
multiplication by the coordinate function on the weighted Bergman space of the Euclidean
ball, the generalized ellipsoid and the symmetrized bidisc. Based on these examples and some
numerical evidence, we make the following conjecture. The conjecture is a refinement of the
previous estimate of the trace. It connects the trace of dEt([[T*, T]]) to the volume of the joint

spectrum of the d- tuple T

Conjecture 1.19. Suppose that T = (T1,..., T;) is a commuting tuple of operators, acting on a
Hilbert space #, is in BS,,, 9(Q2). Then

trace (dEt([[T*, T]])) < T[—dd!v(ﬁ),
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where v is the Lebesgue measure.

We show that the inequality in the conjecture is sharp in the class BS;,;(B,2). Also,
setting TV#T® :=(T{V o [,..., Ty @ 1o T{?,...1® T})), we have

Theorem 1.20. Assume that T® is in the class BS,1(Q;), i =1,2. Then the determinant op-
erator

dEt([(TV#T@)*, (1D # T®)]))

is non-negative definite and

d d:
trace(dEt([(TV#T@)*,(TV#T®)))) < 2d!dy!my my ﬁ (s ||2 1’2[ | ||2.
] 2

i=1

Finally, for the polydisc D¢, the inequality proved in Theorem 1.20 is sharp as is easily
verified by taking the example of the d- tuple of multiplication by the coordinate functions on
the Hardy space of D?.

The results of Chapter 4 and 5 are in [23]. In Chapter 4, we introduce the class /K (Q2)
consisting of commuting d- tuples of K - homogeneous operators T possessing a number of
additional properties:

Definition 1.21. A commuting d- tuple of K-homogeneous operators T possessing the fol-
lowing properties

() dimkerDp+ =1,
(ii) any non-zero vector e in ker D+ is cyclic for T,
(iii) Qco,(TY)
is said to be in the class /K ().

Now, for T € «/K(Q), which are necessarily K-homogeneous, we provide a model as
multiplication by the coordinate functions z,...,z4 on a reproducing kernel Hilbert space
Ak of holomorphic functions defined on Q2. We describe the kernel K in terms of the K-
invariant kernels K of the spaces &;.

Theorem 1.22. If T is a d- tuple of operators in 4K (Q), then T is unitarily equivalent to a d -
tuple M = (M,, ..., My) of multiplication by the coordinate functions z,, ..., z4 on a reproducing
kernel Hilbert space Hy of holomorphic functions defined on Q with K(z, w) =¥ a;'K. 5(z, w),
z, w € Q, for some choice of positive real numbers a s with ag = 1. -
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Having described the model, we obtain a criterion for boundedness of these operators.
Using this criterion, we determine which d- tuple of multiplication operators on the weighted
Bergman spaces 7€V are bounded. The boundedness criterion for the multiplication op-
erators on the weighted Bergman spaces has appeared before in [6] and [2]. For any T in
the class «/IK(Q)), we point out that the operators Zflzl T/ T; and Z?zl T; T} restricted to the
subspace & are scalar times the identity. In particular, for the weighted Bergman spaces
76D, (2, Proposition 4.4] provides an explicit form for the operator Y%, T; T;". We extend this
formula for any T in the class #/K(Q). We also obtain criterion for the adjoint of the d- tu-
ple of operators in &K (Q) to be in the Cowen-Douglas class B; () for some neighbourhood

Qp < Q of 0 € Q. In case of weighted Bergman spaces .#W

, we prove that the adjoint of the d-
tuple of multiplication operators by the coordinate functions are in the Cowen-Douglas class
B1(Q).
Throughout the PhD thesis, let K¥ : Q x Q — C denote the kernel function given by the
(a) - _
formula K'¥ (z, w) = Z£€N6

The positivity of the sequence a; ensures that K (@ js a positive definite kernel. Thus it deter-

asKs(z,w), z, w € Q, for some choice of positive real numbers a;.

mines a unique Hilbert space % < Hol(Q) with the reproducing property: (f, K'Y (-, w)) =

f(w), f e #9, we Q. From [1], it follows that the polynomial ring 2 is dense in #® and

P is orthogonal to 2y whenever s # §/, that is, #@ = @ _, 7. Itis then easy to see that the
s s seNr s

d- tuple of multiplication operators M® on the reproducing kernel Hilbert space #? are
in the class «/K(Q). Finally, we study the question of unitary equivalence and similarity of d-
tuples of operators in the class /K (Q2) using the model of d- tuple of multiplication operators
M@ on the reproducing kernel Hilbert space /%,

Theorem 1.23. Let T, and T» be two operator tuples in 4K (Q). Suppose that T ~, M'® and
T, ~, M), Then the following statements are equivalent.

(i) T, and T, are unitarily equivalent.
(ii) as=b; forallse N(r)
(i) K@ =kK®.

Theorem 1.24. Let T, and T» be two operator tuples in 4K (Q). Suppose that T, ~, M'® and
Ty ~, M. Then the following statements are equivalent.

(i) T, and T, are similar.
(ii) There exist constants «, f > 0 such that || pll s < | pll z» < Blpl 7@, p € L.

(iii) Jg(a) :Jg(b)'
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(iv) There exist constants &, B > 0 such that aK'® < K¥) < BK@.

(v) there exist constants «, § > 0 such that aa; < by < fas, s € N{.

Corollary 1.25. IfA1,A> > 5(r—1), then the d- tuple of multiplication operators MM op 7M)
and M2 on #12) are similar if and only if A = As.

In Chapter 5, for the Hardy space H?(Sq) of the Shilov boundary Sq, of a classical bounded
symmetric domain Q, we show that Z?zl M M; is the rank times the identity. This is inde-
pendently proved in [5]. Also, for any T in «/K(Q), we show that the commutators [M;", M;],

i =1,...,d on the weighted Bergman spaces are compact if and only if r = 1. This follows
d

i=1
any classical bounded symmetric domain Q of rank 2, an explicit description of the opera-

from the explicit computation of the operator }.7_; T T; on certain subspaces of A9, For
tor Z;’lzl T T; is found on all of 9. The computation involved in this description naturally
lead to a conjecture, given below, independent of the rank of the domain. This conjecture was
recently proved by Upmeier, see [42].

Conjecture 1.26. Let Q) be an irreducible bounded symmetric domain of rank r. Then, for any
polynomial p in 2, M'?* M@ p = 5(s) p on the Hilbert space #'?, 5(s) given by the formula

as (%)S €
5= Y — L)) (1.2)

jert(s) s+e; (T

Sj—Sk-I-%(k—j-i—l)

where I*(s):={j:1<j<r, §+€j€N6} and cﬁ(j):l_[k#jsj_schr—%(,C_j), j=L..,r
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Chapter 2

Multivariate Hyponormal tuples and Trace
Theorems

Any attempt to generalize the Berger-Shaw inequality must take into account the behaviour
of the pair of multiplication operators M := (M;,, M,) on the Hardy space H?(D?) of the
bidisc D?. The pair M is hyponormal and 1- cyclic. However, an easy computation shows
that [M;i,le.] is of the form P® I or I ® P depending on whether i =1 or i = 2, where P is a
finite rank projection and I is the identity operator on the Hardy space H?(D) and H?(D?) is
identified with H2(D) ® H?(D), see (3.3). It follows that neither of the commutators [M 2o Mz,
i = 1,2 can be compact leave alone trace class. The challenge is to find suitable additional
hypotheses to ensure that the self commutators are in trace class. As we have discussed in
the Introduction, Athavale had introduced the notion of hyponormality for a commuting d-
tuple of operators and proved that if apart from hyponormality, one makes a strong cyclicity
requirement, namely, require that each operator in the d- tuple is individually cyclic, then the
self commutators (and hence all the commutators) of the d- tuple are in trace class. Dou-
glas and Yan arrive at a similar conclusion by assuming joint cyclicity but making the strong
assumption of thinness of the Taylor joint spectrum.

In this chapter, we isolate a small class of operators for which neither of the strong as-
sumptions of joint cyclicity or thinness of the spectrum is required to conclude that the com-
mutators [T]’.“, Ti1 1 <1i,j < d are in trace class. This is Theorem 2.5. We also obtain a class
of explicit examples, where the Douglas-Yan theorem applies. We can even do this with the
weaker hypothesis of projectively hyponormal d- tuples, at the moment, only for a pair of
operators, this is Theorem 2.16.
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2.1 Aclass of hyponormal d- tuples

The following lemma is certainly well known, however for the shake of completeness, we pro-
vide a proof.

Lemma 2.1. Let A, C be positive operators on some Hilbert space /¢, and B be a nonzero oper-
ator on (possibly) some other Hilbert space #¢». Assume that

A®B*B=C®BB".
Then A= C.
Proof. By our hypothesis, for unit vectors x € #) and y € A, we have

(Ax,x)IIByIIZ:(A®B*Bx®y,x®y> (2.1)
>(C®BB*x®y,x®y) = (Cx,x)|B*y|? 2.2)

Since ||B|I? = | By|I?, sup{lIB*yl?: llyl =1} = | B*||* and | B*|| = || B||, it follows that A= C. O

Proposition 2.2. Let A= (Ay,..., Ag) bed- tuple of operators on a Hilbert space #, and T be a
nonzero operator on (possibly) some other Hilbert space /¢,. Assume that the tuple of operators
AT :=(A18T,...,Aq®T) on S, ® /&, is commuting and projectively hyponormal. Then we
have the following.

(i) Each of the operators Ay, ..., Ag is hyponormal on /6, and the operator T is hyponormal
on #,.

(ii) The tuple of operators A is commuting and projectively hyponormal on A, .

Proof. Since A® T is projectively hyponormal, the commutators [A7 ® T*, A; ® T] in the (i, i),
i=1,...,d, positions of the matricial commutator [[(A® T)*, A® T]| are hyponormal. In other
words, fori =1,...,d, we have

Al ®T*, A;®T|= (A A;® T* T~ A;A} ® TT*) 2 0.

Now, for a fixed i, 1 <i < d, setting A:= A;‘Ai, C:= AiA:‘ and B := T, we see that the hypothe-
ses of Lemma 2.1 are satisfied. Therefore, we conclude that A;, 1 <i < n, is hyponormal.

A similar proof shows that T is hyponormal on . Next, we prove that A;, A; for i # j
commute. By hypothesis,

0=1[(A;®T),(A;@T)]
=[A;, Ajl® T?
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whenever i # j. This implies: either [A;, A;]=0 or T2 =0. If T2 = 0, then the spectral radius of
T, r(T) = 0. Since T is a hyponormal operator we have r(T) = || T|| (see [41, Theorem 1]). So
[ Tl = 0 which is a contradiction. Hence we have [A;, A;]=0.
To complete the proof, for an arbitrary choice of complex numbers a;,...,a,, let Ay :=
Y, a;A; and set
A=A} Ay, C:=AyA,and B:=T.

As before, the hypotheses of Lemma 2.1 are satisfied and it follows that A is projectively hy-
ponormal. O

The following proposition is analogous to the previous one with hyponormality replac-
ing the projectively hyponormality in it.

Proposition 2.3. Let A= (A,..., Ay) be d- tuple of operators on a Hilbert space 76, and T be a
nonzero operator on (possibly) some other Hilbert space /¢,. Assume that the tuple of operators
AT :=(A1®T,...,Aq®T) on A ® 4> is commuting and hyponormal. Then we have the
following.

(i) Each of the operators Ay,..., Ag is hyponormal on /€, and the operator T is hyponormal
on .

(ii) The tuple of operators A is commuting and hyponormal on J¢,.

Proof. Evidently, hyponormality implies projective hyponormality and thus the statement (i)
and the first half of the statement in (ii) follow from the previous Proposition. To prove the
second half of the statement in (ii), we have to show that [[A*, A]] = 0 on 7 ® C%. This is
equivalent to showing

ATA .o ARA (AA] L AAY
: . = - :
AfAg ... A3Ag) \AgA; ... AqA

on #, ® C%. By our hypothesis,
[[(Ae )", (A®T)]] =0
on #, ® 7 ® C%. In other words,

ATA ... AtAy AjAT L AgA}
. . ®T*T2 . . .

ALAL ... ANAg ALAY ... AgA

QTT*.
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ATAT ... ALA AA} L AA
Now setting A := : : ,C:= : |, both acting on the Hilbert
AjAq ... AGAg AgA; ... AgA

space # ® C%, and B := T on the Hilbert space .75, it is easy to see that the hypotheses of
Lemma 2.1 are met. Thus,

ATA o AYA (AAT L AAY
: o= S
AfAg ... AZAd AgAl ... AdAZl
which completes the proof. O

The following Proposition provides a converse to the Propositions 2.2 and 2.3. For brevity,
we have combined the hypotheses of the projective hyponormality and the (joint) hyponor-
mality in a single statement. The proofis also given with the hypothesis of projective hyponor-
mality with the understanding that the proof follows similarly in the case of hyponormal tuple.

Proposition 2.4. Let A = (Ay,..., Aq) be a commuting projectively (resp. jointly) hyponormal
tuple of operators on a Hilbert space /¢, and T be a hyponormal operator on (possibly) some
other Hilbert space #>. Then A® T = (A1 ®T,...,Ag ® T) is a commuting projectively (resp.
jointly) hyponormal tuple of operators on A ® F&.

Proof. For an arbitrary choice of a = (a1,...,a4) € C%, let Ay := Z?Zl a;A;j and (A® T)qy :=
Z?:l a;(A;®T). Itis easy to see that (A® T), := A, ® T. Since A is commuting projectively
hyponormal, we have for each a € C% [(AQ)*,(Ag)] = 0. Now
[(Ag® T)*,(Ag ® )] = (Ag) " (Ag) ® T* T — (Ag) (Ag) " ® TT"
2 (A)" (A ®TT" —(A)(Ag) " ® TT"
=[(Ax)", (A1 ® TT"

=0.
Theorem 2.5. Let A:=(Ay,...,Ag) be a d- tuple of commuting normal Hilbert-Schmidt oper-

O

ators on a Hilbert space 76, and T be a hyponormal operator on a second (possibly different)
Hilbert space /¢,. Assume that T is m- polynomially cyclic. Then A® T :=(A1®T,...,A3®T)
is a commuting hyponormal d - tuple of operators and forall1<i,j<d,[A;®T*,A;®T] isin
trace class.

Proof. Since T is a hyponormal and m- polynomially cyclic operator on %, by the Berger-
Shaw theorem, [T*, T] is in trace-class. Using Fuglede theorem for commuting normal oper-
atorswe get, for1<i,j<d,

[((A;® T)*,(Aj® IB) :A?Aj ®[T*,T]= A]-A;fF ®[T*,T] (2.3)



2.2. Douglas-Yan Theorem 21

Using Equation (2.3), we obtain the following string of equalities.

MAIS(T,T] ... AgAl®[T*T]
[Ae D) Ae T]| = : - :

MAYGT*,T] ... AgA}®[T*,T]
MAT . AgAT

= : : ®[T*,T]
AAY, Ag A
Ay

~| : (A;‘ A;)®[T*,T]. 2.4)
Ag

Since we have assumed that T is hyponormal, therefore from Equation (2.4), it follows that
the commuting tuple A® T is hyponormal.

Also, since A;, is a Hilbert-Schmidt operator, it follows that AiA;, 1<i,j<d,isintrace-
class. The operator [T*, T] is in trace-class, consequently (using Equation (2.3)), we conclude
that [A;.k ®T*,Aj®T],1<1i,j<d,isin trace-class. O

2.2 Douglas-Yan Theorem

In this Section, we first recall the Douglas-Yan theorem from [18] in two different forms, which
nevertheless are equivalent. We then give a proof for one of these theorems with a slightly
weaker hypothesis. This proof is very similar to the original proof but we include it here for
completeness. We also give some natural examples of commuting d- tuples of operators sat-
isfying the hypothesis of the Douglas-Yan theorem. Next, for many of the d- tuple of operators
discussed in the previous Section, we show that the conclusion of the Douglas-Yan theorem
remains valid while they don’t meet all the hypotheses of the theorem.

Theorem 2.6 (Douglas-Yan). (Module): Let A4 be a finitely generated hyponormal Hilbert mod-
ule over o/ with the dense subalgebra 2. If dim % = 1, then J€ is 1-reductive for 9.

(d- tuple): Let T = (Th,..., T4) be a hyponormal d- tuple of operators on the Hilbert space /€
such that T is finitely polynomially cyclic. Let I be the ideal of Clz,, ..., z4] defined by

I={peCla,...,zq] : p(T) = 0}.

Ifdim(Clz1,...,z4l/I) = 1, then [T}, T}] is in trace-class for all i, j.
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Remark?2.7. (i) Since /¢ is a finitely generated hyponormal module, there exist generators
$1,...,¢pq for A (as an algebra) so that (my,, ..., my,) isa commuting finite polynomially
cyclic hyponormal tuple of operators on /. Since B is a subalgebra of finite type it
follows that

B=Clzy,...,z4]!1.

Thus, by hypothesis, dim 2 = dim(Clz,...,z4]/I) = 1.

(i) In the special case, when the operator tuple T is subnormal, dim(Clzy, ..., z4]/1) = 1 is
equivalent to the fact that the Taylor joint spectrum of the d- tuple is thin.

2.2.1 Examples

For the sake of completeness, we first recall the definition of the joint spectrum o(T) of a
commuting d - tuple T due to J. Taylor. The following paragraph describing the Taylor joint
spectrum is taken verbatim from [16].

Let A = Ale] = Ayle] be the exterior algebra on n generators ey, ..., e,, with identity
eo = 1. A is the algebra of forms in ey, ..., e,, with complex coefficients, subject to the col-
lapsing property e;ej +eje; =0(1<i,j<n).Let E;: A— Abegivenby E;x=e;x(i =1,...,n).
Ey,..., By are the "creation operators." Clearly E;E; + E;E; =0(1 < i, j < n). A can be regarded
as a Hilbert space. If we declare {e;, -...-e; : 1 <1i; <--- < i} < n} as an orthonormal basis.
Then E; x = x', where x = e;x' + x" is the unique decomposition of a form x as the sum of an
element in the range of E; and an element in the kernel of E;. Actually, each E; is a partial
isometry, and E; E; + E;E; = 6;j(1 <1, j < n). For H avector space and A < Z(H), we define
Da:A(H) — A(H) (A(H) = H®c A) by

n
Dy:= Z A; ® E;.
i=1
Then
n
Di(yex)= Y AjA;y®E;Eix=) A;Ajy®(EE;+E;E)x=0,
i,j=1 i<j

so that R(D4) € N(Dj) (R and N denote range and kernel). We say that A is nonsingular on
H if R(D,4) = N(Dy). When n = 1, for instance, A is nonsingular if and only if A is one to one
and onto. The Taylor spectrum of A on H is

o(A H):={A€C":R(Dp-1) # N(Da-)}-

The Taylor joint spectrum o (T) of a commuting d - tuple T has several useful properties
listed in [16, pp. 21]. These include
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1. o(T) is non-empty and compact subset of C¥.

2. The spectral mapping property: o(p(T)) = {p(A) | A € o(T)} for any polynomial p in d
variables. In particular, the joint spectrum has the projection property.

Note that the projection property shows that the joint spectrum o(T) of a commuting d -
tuple T is a subset of the product o(T7) x -+ x 6(T;). Now, we recall without proof, a useful
proposition from [8] describing the Taylor joint spectrum of the direct sum of a countable set
of commuting tuple of operators.

Proposition 2.8. Let{S;:=(Si1,..., Sid)}?zl, where n € NU {oo}, be a set of commuting d - tuple
of bounded linear operators on the Hilbert spaces #;. Then the Taylor joint spectrumo (&7, S;)
of the direct sum ®}_, S; equals U 0 (S;).

It is proved in Theorem 2.5 that the commutators [(A;® T)*,A; ® T], 1 < i,j < d, be-
longs to the trace class as soon as certain natural conditions are imposed on the commuting
tuple A and the operator T'. For this, the commuting tuple T need not be polynomially cyclic,
which is one of the assumptions in the Douglas-Yan theorem. However, using the following
theorem, we see that the joint spectrum of the d- tuples appearing in Theorem 2.5 is union
of thin sets. A set V < C¥ is said to be an algebraic curve if it is the common zero set of a set
of polynomials in d variables. Let I(V) denotes the set of polynomials that vanish on V. If
dim (C[zl,...,zd]/I(V)) =1, then V is called an algebraic curve. In the paper [18], the joint
spectrum o (T) of a commuting d - tuple T is said to be thin if it lies in an algebraic curve.

Theorem 2.9. Let A:= (A;,...,Aq) be a d(= 2)- tuple of commuting normal Hilbert-Schmidt
operators on a Hilbert space #, and T be an operator on a second (possibly different) Hilbert
space J&,. Then the joint spectrum of the commuting d- tuple of operators A® T := (A; ®
T,...,Aq®T) is a countable union of thin sets.

Proof. Let AR = (/lg.k))i€ 1, 1 <k < d, be the countable set of eigenvalues of Ay, that s, I is at
most a countable set. We can assume, without loss of generality, that A =} Agk) P;, where P;
. c . . . (k)

is the orthogonal projection to the eigenspace corresponding to ;™. Consequently, the tuple
A® T is the direct sum

1) (d)
%(Ai T,..,AT).
For a fixed i € I, the spectrum of the operator (/15.1) T,..., /15.‘” T) is the set {(ﬂtgl)z, e Agd) Z):z€
o(T)} € C%. Now, applying Proposition 2.8, we conclude that the spectrum of the d- tuple of
operators A® T is the set
o(A®T)= g{(ag”z,...,agmz) :zea(D}.

Thus 0(A® T) is a union of at most countably many thin sets. O
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Remark 2.10. Abstract conditions on a commuting d - tuple of operators T are given in The-
orem 2.6 to ensure that the commutators [T]?‘, Ti1,1<1i,j <d, are in trace class. In Theorem
2.5, it is shown that the commutators [A7 ® T*,Aj® T], 1 < i, j < d, are in trace class for any
commuting d - tuple (Aj,...,Ag) of normal Hilbert-Schmidt operators and a polynomially
cyclic hyponormal operator T. As shown in Theorem 2.9, the spectrum of these d - tuple of
commuting operators, in general, is only a countable union of thin sets. For producing a dif-
ferent class of examples, let T be a m- polynomially cyclic pure hyponormal operator on a
Hilbert space . Assume that the pair (T, T?) is hyponormal. We claim that the Douglas-Yan
theorem applies to the pair (T, T?).

To verify this claim, we note that (T, T?) is n- polynomially cyclic with n < m whenever
T is m- polynomially cyclic. Thus it remains to show that the Krull dimension of C[z1, z] /I is
1, where I = {p € Clz1, 221|p(T, T?) = 0}. By definition the ideal generated by the polynomial
pr:pr(z1,z) = zf — zp isincluded in I. If there is another polynomial p, which does not have
pr as a factor, with p(T, T?) = 0, then q(T) = 0 for some non zero polynomial g € C[z]. But
q(T) = 0 if and only if the spectrum of T is finite. Now, if T is a pure hyponormal operator,
then the spectrum of T can not be discrete hence cannot be finite (see [41, Cor. 2]). Thus the
polynomial p such that p(T, T?) = 0 will have pr as a factor. Therefore, the vanishing ideal of
the pair (T, T?) is the ideal generated by the polynomial z;% - z,. Since z;2 - z, is an irreducible
polynomial, the ideal I generated by itis a prime ideal and height of I is 1. Thus using Lemma
(1.10) we conclude that

dimClzy, z2] /1 =1.

Similarly, we verify the hypotheses of Theorem 2.6 for any hyponormal d- tuple (7, T2,..., TY.

For this d- tuple, the vanishing ideal I contains the idea (22 - z5, 25 — z3,..., 2 — z4), the ideal

generated by the polynomials zf -2, z*i’ — 23,0, zf —z4. An argument, as in the previous para-
graph shows that it is equal to the vanishing ideal. The kernel of the evaluation map ® from
Clzi,...,zq] to C[z1] given by f(zy,...,2q) — f(zl,zf,...,zf) is I and therefore, C|z;,...,24]/1 =
C[z;]. Thus

dimClz,...,z4]1 /1 =dimC[z] = 1.

2.2.2 Astrengthening of the Douglas-Yan Theorem

Recall that Athavale, in the paper [4], had introduced the notion of the projectively hyponor-
mal operators, although, he called them weakly hyponormal. Among other things, he had
proved the following Lemma. We provide a proof which is no different from the proof of
Athavale except for minor correction in his proof.

For the proof of the Lemma given below, we will be using the trace norm || T|; of an
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operator T € 98(A) in a slightly different form than the one given in Definition 1.1, namely,

o0
ITIh = sup Y KTfn 8l (2.5)
{fn}{gn} n=1
where the supremum is taken over any pair {f,,} and {g,} of orthonormal sets in the Hilbert
space /¢, see [40, Proposition 3.6.5.].

Lemma 2.11. Let T = (Th,..., T;) be a commuting projectively hyponormal d- tuple of op-
erators on the Hilbert space /€. Furthermore, assume that for 1 < k < d, each [T}, Ty| is in
trace-class. Then [T;‘, Ty] is also in trace-class forall1 < k,j < d.

Proof. From projective hyponormality of T, for any fixed pair of indices j, k and any pair of
complex numbers « j, ar, we have that a; T} + a; T\ is hyponormal, that is, the commutator
[((a;Tj+arTe)*, a;Tj+ aiTi] is non-negative. Expanding and taking inner product with an
arbitrary vector f € #, we have

|ajI*(f, T, T+ 2Re d@jar(f, [T], Tel ) + |l >(FITE Tl fY 2 0, ar €C, f € 7. (2.6)

Since the inequality (2.6) is for all pairs of complex numbers «, §, it follows that ( f, [T]fk y Tl f) =
0 if both (f,[T]?‘,T]-]f> =0 and (f,[T,, T¥]f) = 0. On the other hand, suppose that one of
(f, [T}, Telf) or (f, [T]f*, T;1f) is not equal to 0, say, {f,[T,, T] f) # 0. Then choosing aj =1

~(F T Tl )

and [ <f,[T]:ka]f> »

the inequality (2.6) gives

KAUTE TP KA Tl
+
FIATLTA (TG T )

FIT;, T -2 >0, fe .

Or, equivalently,

|<f;[T;;Tk]f>|2 (L UL} TR T T, f e . 2.7)

For any bounded operator A on a Hilbert space .#, by the polarization identity, we have

A4 f,Ag) =(f+8 A(f+8)—(f—-8g A(f—g)
—i(f+ig A(f+ig)+i{f—ig A(f-ig)), f[,g€H,

and hence

4f, A < Kf + & A(f + NI+ I{f — & A(f — &)
+f+ig, A(f+ighl+Kf—-ig, A(f—ig))l (2.8)
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Forall f, g € /2, putting A = [T]’.", Ty] in the inequality (2.8), we get

4K, (T, Tl @)
<(f+& T}, Tel(f + @I +1¢f = & T}, Tl (f — gl
FUf+ig (T] TR+ + [ f = ig, [T}, Tel (f — ig))]
< (f+ & ITE TAS + NS + & IT], TH(f +g)))?
+(f =& 1T T (f — ) F - & IT;, Tj(f - 93
FUf+ig TS T (f + i (f +ig, [TF, TH(f +ig))?
FUF— g UL, T (f — i(f — ig, 1T}, T(f — igh)?
< %(<f+g,[T,j,Tk](f+g)> H(f+ G T T + @) +(f — & T3, Tl (f — g+
f =I5 T = @) +(f +ig, [Tf, Tel(f +ig) +{f +ig, [T}, Til(f +igh+
(f—ig T TR (f —igh +(f —ig, [T}, Tj)(f — ig))
<2(¢f, T8, Tel ) + (8, 1T3, Telg) + (f 1T}, TjL ) + (8, 1T}, T19))-

Therefore, using Equation (2.8), we have

* 1 * * * *
< [T}, Tilg)| < 5((f, (T, Tl ) + <&, [Ty, Telg) + L [T5, Ti1 /) + (8, [T, Tj1)).
For any pair of orthonormal sets {f,,} and {g,} ,
D[ T, Tilgn)|
1
< 5 (L [TE, Tl f) + 2 [T, Tl g +
n n
D (T} Tl fud + 3 8n [T}, Tj18n))
n n
]‘ * £
= @lre, Tl +2f i, 7))
= |ltre, Tally + 77, Tl
Taking supremum over all possible orthonormal sets we get,

iz, Tl = 075 T30, = sup ST Ty fur g

= sup Y [fu [T}, Telgn) < | (T, Tel | + |77, T, < oo.
{fulign} n

Thus [T]f‘, T] is in trace class. O
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Reviewer pointed out that in the proof of Lemma 2.11 the scalar matrix ((([T;‘, T:1f, /)
is positive semi-definite, Hence by the Cauchy-Schwarz inequality, one gets the inequality 2.7.

The following estimate for the trace norm of [T ]’.k, T;] assuming that (T1,... T;) is projec-
tively hyponormal follows directly from Lemma 2.11 and the Berger-Shaw theorem.

Theorem 2.12. LetT = (Ty,..., T;) be a projectively hyponormal d - tuple of operators. Suppose
thateach T;, 1 <i < d, is m;- polynomially cyclic. Then the operators [T ]f‘, T;] arein trace class.
Moreover, we have

Ziv(o(Ty) ifi=j
Ziv(o(T)) + V(o (T ifi# j,

||[T;,m||ls{

wherev(o(T;)) is the Lebesgue measure of the spectrum of T;.

Proposition 4 of [4] gives an estimate (a) for the trace of the operators [T ]f‘, Til,1<i,j<d
assuming only projective hyponormality of (T7,..., T;) and (b) for the Hilbert-Schmidt norm
of the same set of operators under the stronger assumption of hyponormality. We are unable
to verify these assertions with the exact assumptions made in [4]. However, Theorem 2.12
together with Theorem 2.13 stated below, we believe, should replace the corresponding parts
of Proposition 4 in [4].

Theorem 2.13. Let T = (Ty,..., T4) be a hyponormal d - tuple of operators. Suppose that each
T;,1<i<d, is m;- polynomially cyclic. Then the operators [T ]?", T;] are in trace class. Moreover,
we have

Ziy(o(T;)) ifi=j
”[T]ik’Ti]HlS J,In l L m; ..
(Zv(o(Ti))? (FEvie(T))?  ifi# ],
wherev(o(T) is the Lebesgue measure of the spectrum of T .
Proof. Hyponormality of the d- tuple T gives for x, y € A,
1. 1
(IT}, Tix, )| < LT}, Tilx, 02T, Tily, ) 2.

For any pair of orthonormal sets {f,,} and {g,} ,

S KITS i) o gd| < AT Tl fos fid2(UT, T ins )

D=

< (SAIT7 T fn f))? (CAUTS T s 8)
< iz Tl ey Tl

Now the conclusion follows from Equation (2.5) and the Berger-Shaw theorem. O
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Lemma 2.11 and the Lemma proved below help to prove the Douglas-Yan theorem with
the weaker hypothesis of projective hyponormality.

Lemma 2.14. Let T = (Th,..., T;) be a projectively hyponormal commuting d- tuple of opera-
tors on a Hilbert space #€ and a;j, 1 <i < mand1 < j < d be a set of md complex scalars. Sup-
posegi(T) = Z]d':l aijTj, i=1,...,m,. Then(g(T),...,gn(T)) is also projectively hyponormal
on /.

Proof. T is projectively hyponormal implies the operator a; 71 + a2 To +...+ a4 T4 is hyponor-
mal for all a; € C. There exists b; € C, 1 < i <d, such that Z?@ZI Ajgi(T) = Z?Zl b; T;. Therefore
(g1(T),...,gm(T)) is also projectively hyponormal. O

The following Theorem is a restatement of [18, Theorem 2] with the weaker hypothesis
of projective hyponormality. The proof given below is similar to the one in [18]. As in the
original proof, the main idea in the proof below is to find an appropriate linear combination
of the operators T;, 1 < i < d such that each of them is individually polynomially cyclic. This
is ensured by using the crucial assumption that the Krull dimension of the module is 1.

Theorem 2.15. Let T = (T3,...,T,) be a projectively hyponormal commuting d- tuple of op-
erators on a Hilbert space A such that T is m- cyclic. Assume that Clz,,...,z4]1/1 has Krull
dimension 1, where I is the vanishing ideal of T, then [T;‘, T;lisin traceclass foralll <i,j<d.

Proof. ByhypothesisC|z,...,z4]/Ihas Krull dimension 1 and the Noether normalization the-
orem applies to it. Consequently there exist linear polynomials gi, ..., g, such thatC[zy, ..., z4]

is integral over C[/,g;l,j=1,...,n,andfori=1,...,d, z; =y

=1 aijgj, aij € C. Thus

n
Tl = Zaijgj(T),i: 1,...,d,
j=1

and

(2 ajkgr(M)” Z azlgz(T)]
k=1

n

ZZ aiajc[ge(T)", gi(T)].

To complete the proof, it is therefore enough to prove that [(gx(T))*, g;(T)],1 < k,l < n, is in
trace class.

It follows from Lemma 2.14 that (g, (T), ..., g,(T)) is a projectively hyponormal n- tuple.
Hence fori=1,...,n,g;(T) is a hyponormal operator. Since T is m- cyclic there exists {[m] :=
{v1,..., v} € A such that {p(T)vIv € ¢[m]landp € C[zl,...,zd]} is dense in /. For a fixed
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but arbitrary i, 1 <i < d, Clz,..., z4] is an integral module over C[, g;], therefore C|zy, ..., z4]
is finitely generated over C[I, g;]. Thus for any polynomial p in C[z,..., z4], there is a finite
subset {fi,..., f;} € Clz,...,24], depending on g;, and ¢y, ..., q; in C[I, g;], depending on p,
such that p = g1 fi +...q:f;.- By hypothesis I is the vanishing ideal for T. Hence ¢g(T) is in
Clgi(T)] for any g € C[I, g;]. For vy,...,v,, in {[m], define vy; = fi(T)vg,l =1,...,t. Now, fora
fixed but arbitrary vy € {[m], we have

t t

p(Mvi =) q(T)fi(T v =) q(T)vy, peClaz,..., zal.
I=1 I=1

This proves that {p(T)v|v € é[m]and p € C[zy,..., z4]} is subset of
{q(gi(MHviveivy,l=1,...t,k=1,...,mland q € Clz]}.

Thus g;(T) is finitely polynomially cyclic. By applying Berger-Shaw theorem to g;(T),i =
1,...,n, we conclude that [g;(T)*, g;(T)] is in trace-class. Finally, it follows from Lemma 2.11
that [(gx(T)*, g1(T)], 1 < k,l < n, is in trace class. O

In the proof of the following theorem, we consider those polynomials p in Clz,..., z4]
with the property that none of the partial derivatives 0y p, 1 < k < d, is the zero polynomial.
We call such a polynomial pure.

Suppose (11, T») is any pair of commuting operators and p(71, T>) = 0. If p is not pure,
then p is of the form: (a) p(z1,22) = Z,’;”:l akz{“, or (b) p(z1,22) = ZZZI bkzéc. In either case,
the spectrum of T or T3 is finite. Now, if 77 and T, are pure hyponormal operators, then the
spectrum of neither of these can be discrete hence cannot be finite (see [41, Cor. 2]). This
contradiction shows that for any commuting pair T3, 7> of pure hyponormal operators, if p is
not a pure polynomial, then p(T3, T>) cannot be zero.

Theorem 2.16. Let T = (11, T») be a (pure) projectively hyponormal pair of commuting opera-
tors on the Hilbert space /€ such that T is m- polynomially cyclic. Furthermore, assume that
there exists a polynomial p € Clzy, z2] such that p(Ty, T>) = 0, then [T]Tk, T;] is in trace class for
alll<i,j=<2.

Proof. The discussion preceding the Theorem shows that any polynomial p for which p(T3, T3) =
0 must be pure. Let degree of z, in p be k. For any polynomial g € C|z;, z2] using the Division
algorithm in (C[z;])[z2] we get

q(z1,22) = q1(z1,22) p(21, 22) + 1 (21, 22)

where degree of z, in r is less than k. Since p(Tj, T>) = 0 it follows that g(T, T2) = r(T1, T»).
We conclude that Tj is mk- polynomially cyclic with the cyclic set {Tzi v:veérim),0<i<k}
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where ¢ r[m] is the cyclic set for T. Now projective hyponomality of the pair T implies that T;
is hyponormal. Hence, by the Berger-Shaw theorem, [T, T1] is in trace-class. Similarly, since
T, is also polynomially cyclic, one can prove [T,, T>] is in trace-class. Finally, from Lemma
2.11 we conclude thatfor 1 <i,j <2, [T]f‘, T;] is in trace-class. O

Remark 2.17. It is possible to construct a large family of Hilbert modules, using the Theorem
we have just proved, where the Douglas-Yan theorem applies with the slightly weaker hypoth-
esis of projective hyponormality:

Suppose that /7 is a Hilbert module over the polynomial ring C[z;, z;]. For any com-
muting pair of operators 11, T» € B(H), define the the module multiplication by the rule
(p,h) — p(T1, Tx)h, p € Clz1,22], h € #. Suppose T = (11, T>) satisfies the hypotheses of The-
orem 2.16. Now, we show that the Krull dimension of Cl[z;, z2]/1, where I is the vanishing
ideal of (T3, T»), is 1. To verify this claim, note that the only possibilities for the Krull dimen-
sion of C[z1,z,]/1 are 1 or 0. But if the Krull dimension is 0, then I must be a maximal ideal.
Since Tj, i = 1,2 is a pure hyponormal operator, it follows that no maximal ideal can be the
vanishing ideal of (77, T>). Hence the dimClz,, zp]/1 = 1.
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Chapter 3

Determinant Operator and Generalized
Commutator

Let T be a d - tuple of weighted shift operators with (bounded) weight sequence wg), that is,

Tixgq = wg)xa+€i, i =1,...d, where {x,} is an orthonormal basis in the Hilbert space ¢> (I\Ig).
The d - tuple T is commuting if and only if, for the corresponding weight sequence w{’ we
have the equality

In this chapter, the d - tuple T of weighted shift operators that we discuss are commuting and
hence the equality of Equation (3.1) for the weight sequence w{" is assumed throughout. A
joint weighted shift would always mean a d - tuple of commuting weighted shift operators as

above.

Definition 3.1 ( [11], Definition 2.3). The d- tuple of joint weighted shift operator T is said to

be spherical if the weights wg) of T admit a factorization of the form

(i) _ a;+1 _ .
wy =0k T d’ k=laleN,1=<i=<d,

for some sequence 0 of positive real numbers. The operator Ty is the weighted shift defined
by the weight sequence {6 i} ken-

If T is a spherical d - tuple, then || T;| = Sup{wg) Q€ Ng} = sup{0 : k € Np}. It follows
that the spherical d - tuple is bounded if and only if the weight sequence 6 is bounded. One
of the main results of [11] is that the hyponormality (resp. subnormality) of the d- tuple of
joint weighted shift operators T is equivalent to the hyponormality (resp. joint subnormality)
of the weighted shift operator Ts. In particular, the d- tuple is hyponormal if and only if the
weight sequence {04} is increasing.
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The commuting d - tuple M W= (M (A),...,M;,M) of multiplication by the co-ordinate
functions on the weighted Bergman spaces H ) (Bg), A > 0, is unitarily equivalent to a com-
muting d - tuple of weighted shift operator with weights wg) (A) :=4/ &’lii, l<i<d. Fora
fixed A > 0, we have the factorization

(i) _ |la|+d a;+1
We (A) =1/ g1 V Talxa’

k+d
k+A’

It is known that the d - tuple MW is hyponormal if and only if A = d, see [11, pp.

therefore the d- tuple M W s spherical and 6 = k = |a| in this case.

605]. From the criterion given in [11, Corollary 4.5 and 4.6], it follows that the commuta-
tors [M](/U*,MEM], A>0,1<1,j<d, are in Schatten p - class if and only if p > d. This ver-
ifies the Arveson-Douglas conjecture for I = {0} in the weighted Bergman spaces HV (B,),
A > 0. Consequently, even if A = d, the commutators [M](.M *, Ml@)] are not in the trace class. In
this chapter, for a commuting d - tuple of operators T, we introduce the determinant op-
erator dEt([MW", MW])). For the weighted Bergman spaces, we verify that the operator
dEt ([MP", MW])) is in trace class. We also define a class BS,,,5(2) of commuting d - tu-

ple of operators T with the property that dEt([[T*, T])) is in trace class.

3.1 Determinant Operator

For1=<1i,j<d,let B;; : ## —  be a bounded linear operator on the complex separable
Hilbert space #. Consequently, B := ((B;;)) defines a bounded linear operator from the
Hilbert space # ® ¢,(d) to itself. The determinant dEt(B) is the operator given by the for-
mula:

dEt(B) := Z Sgn (o) B:(1),0(: (1)) Br@2),0x2)s -+ -» Br(d),o(x(d))-
0,7€6,

Let T = (Ty,...,T;) be a commuting d- tuple of operators. The determinant of the d x d
block operator [ T*, T]| = ([T}, Ti1)) is then obtained by setting B;; = [T, T;]. For instance, if
T is the pair (11, T»), then

dEt([[T*, T]]) = Tl* TITZ* T, + TZ* Tle* Th+T Tl* TZT; + T2T2* T Tl*
— LT T -T; T To- TV I T T - LTy T T, (3.2)

Remark 3.2. Here are some remarks on the determinant operator.
(i) The map dEt: B(A)% x --- x B(A)? — B(H) is defined in analogy with the usual def-
inition of the determinant, namely, det: C x --- x C? — C, that is, dEt is a multi-linear

alternating map. It is not clear if such a map is uniquely determined (up to a scalar
multiple).
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(i) The determinant of a positive matrix is positive. However, if B := (B;;) is a positive
d x d block operator, then the determinant operator dEt (B) need not be positive. For
example let B be the 2 x 2 block operator with B;; = E;j, where E;; is the 2 x 2 matrix
with 1 at the (i, j) entry and 0 everywhere else. The block matrix B is self-adjoint and
positive. But dEt(B) = (7 %) is not positive.

(iii) Inthe particular case of [[T*, T], there is another competing definition of an alternating
multi-linear map, namely, the generalized commutator introduced by Helton and Howe
in [24], which we shall discuss in Subsection 3.3.

(iv) By Putnam-Fuglede Theorem, for d - tuple of commuting normal operators N,

dEt([N*,N]|) =o0.

Reproduced below is a remark made by the Reviewer.

Remark. If T is a doubly commuting d - tuple of bounded linear operators on /€, then
dEt([[T*, T])) = a\ [T}, Th]...[T}, Tal.

In particular, if [T}, T1] is compact, then dEt([|[T*, T])) is compact.

3.2 Determinant Operator Associated to Different Classes of

Operators

3.2.1 Hardy Space over D?

In this subsection we will discuss the determinant operator associated to the pair of multi-
plication operators (M;,, M,,) on the Hardy space H?(D?) over the bidisc D? determined by
the orthonormal basis {z]"z} : m,n = 0}. The space H?(D?) is isometrically isomorphic to
H?(D) ® H*(D) via the map L: 2"z} — zI" ® z}'. Extend the map L by linearity and note that
it is well-defined and isometric. It is evidently surjective, hence unitary. The unitary L inter-
twines the pair of operators (M, , M,) with the pair (M, ® I,1® M), where M, is the multipli-
cation operator on H?(D). We will let M denote either of these two pairs without causing any
ambiguity since the meaning would be clear from the context.

Let P be the orthogonal projection onto the subspace generated by the constant func-
tion in H2(D). Clearly, M; M, = I and M;M; = I — P. Therefore, we can write down the com-
mutatorsof M := (M, ®I,I® M,):

(M@ D*,(M;® D] =PI, [I®M)",(I® M) =I®P
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and
(IeMy)*,(M,®D]=0=[(M;® D", (I® M)].

Thus the commutator

N (M, D*,(M,®D] [(I®M,)*,(M,®I)]
[, ] ::([(Mzeal)* (I®M)] [(I®M)*,(I®M,)]
(P®I 0)
= =>0. (3.3)
0 I®P

This proves that M is hyponormal. In this example, we have
dEt([M*,M]])=PeD(IeP)+(Pe(I®P)=2(PaP).

Although, none of the non-zero commutators are compact, we see that dEt ([ M*, M]]) is pos-
itive with trace (dEt ([[M*, M]])) =2.

3.2.2 Hardy Space over Symmetrized Bidisk

The usual Hardy space H?(D?) is a module over the polynomial ring C[z1, z;] equipped with
the module multiplication m, given by the point-wise multiplication, namely, m,(f) = pf,
peClz, 2], f€ H?(D?). Obviously, there are several other possibilities for the module mul-
tiplication. In this subsection, we consider a different module multiplication, which up to
unitary equivalence, is isomorphic to the Hardy module on the symmetrized bidisc. For this,
first consider the commuting pair of operators T = (T3, T»):

T1=M,®I+1I®M,and T, =M, ® M,
acting on the Hardy space H?(D?). We have
[T}, T1)=P®I+I®P [T, T,)=Io P+ PP
Similarly,
[T,,Ti)=P@M:+M &P [T}, T)=PoM,+M,8P.
The operator matrix associated to this pair (71, T») is

(T, T1] [Tz*,Tl] | P®I+I®P PeM;+M;®P
[Tl*,TZ] [TZ*,TZ] B PeM,+M,oP I[I®P+PePt
0 0
+
0O PoP

Pel I®P)(P®I I®P)* V 0 )
— + =0.

| P®l I®P |[P®] P®M;
\PeM, M,®P||{IeP M:eP

PeM, M,eP|\PeM, M,®P 0 P®P
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Thus it follows that T is hyponormal. A simple computation gives
dEt([[T*, T]])=2P®P—-PM; ® M,P— M,P®PM.

We note that the vector 1® 1 is an eigenvector of dEt([[T*, T]|)) with eigenvalue 2 while the
vector z® 1+ 1® z is an eigenvector of dEt ([[T*, T]|)) with eigenvalue —1. Therefore the oper-
ator dEt([[T*, T]])) acting on H?(D?), is not nonnegative definite.

But if we restrict dEt([[T*, T]]) to the subspace HZ, .
in H2(D?) that are anti-symmetric, then it is nonnegative definite. Let [2] be the set of all pairs

(D?) consisting of those functions

p = (p1, p2) such that p; > p» 20, p1, p2 € Np. Define

ZP' @ zP2 — zP2 @ zP1

V2

Then {ep(2) : p € [2]} is an orthonormal basis for the subspace H2 .(D%), see [34]. It is also

(D?) is module isomorphic to the Hardy module H?(G,) on the

e,,(z) =

shown in that paper that H> .
symmetrized bidisc: Gz := {(z1 + 22,21 22) : |z1],122] < 1}. In other words, the multiplication by
p(Ty, T») on the Hardy space H 2(D?) is unitarily equivalent to the multiplication by the pair of
the coordinate functions on the Hardy space H?(G>) of the symmetrized bidisc G,. A direct
and easy computation given below, using the orthonormal basis {e,}, shows that the operator

dEt([[T*, T]]) is nonnegative definite and is in trace class:

1 ifp=(1,0)

(B ([T Temep) =3 0 e

Remark. The pair of multiplication operators on H?(D?) and also on H?(G,) are subnormal.

3.3 Generalized Commutator

Given any d- tuple of operators A, not necessarily commuting, it is not clear what represents
the degree of noncommutativity among these operators. For two operators, the answer is
clear. Helton and Howe proposed the following notion of a generalized commutator that has
proved to be quite useful, (see [24, Section A, p. 272]).

Definition 3.3 (Helton-Howe). Let A = (A;,..., A4) be a d- tuple of bounded operators. The
generalized commutator GC(4) is defined to be the sum

Y. Sgn(0) As))As(2)s-- > Ag(a)-

o’€6d
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We adapt the definition of Helton and Howe slightly to the case of a commuting tuple
of operators T as follows. Let T = (T1,..., T;) be a d- tuple of operators. Let A} = T}, Ay =
Ti,...,A2q.1 = T;, Ayg = T,. The generalized commutator GC(T*, T) is defined to be the sum

GC(T*,T):: Z Sgn(O')Ag(l)Ag(z),...,AU(Zd). (3.4)

O'€62d

For a pair of commuting operators T = (11, T»),

GC(T*\ T) =Ty T\ Ty o+ T} LTy Ty + T T T TS + To Ty Ty T}
~T LT T -T, T T - T T T Ty - T, T T TS

Thus from the Equation 3.2 it follows that for any pair of commuting operators GC(T*,T) =
dEt([[T*, T]]). We now show that the dEt([[T*, T]]) and GC(T*, T) coincide for any commut-
ing tuple T. We emphasize that the equality need not hold unless T is a d - tuple of com-
muting operators. In this case, working witth the dEt([[T*, T]]) has some advantages over
GC(T*, T) since a number of terms in GC(T*, T) cancel, in case T is d - tuple of commuting
operators, and it equals the less formidable expression for dEt([[T*, T])).

Proposition 3.4. For any d-tuple T of commuting operators, the determinant
dEt([T*, T])) = GC(T*, T).

Proof. By definition, we have

d
Y Sgn() [ [ Briyoray

17,0664 i=1

dEe ([T, T1)

d
Y Sgn@Sgn@) [ Bz,
1mEG, i=1

where B;; = [T;‘, Tilandn=oT.

Fix a commuting tuple of operators T. Suppose one of the terms in GC(T*, T) has a
string of the form PT; T;Q, where P and Q are products of operators taken from the remaining
set of (2d —2) operators: (T7,..., T;, Ty,..., i, Tj,..., T;). (Here i, j are from{1,2,...,d} and
T means that it is not included in the set.) Then there must be a second term in GC(T*, T) of
the form PT;T;Q with the opposite sign. However these have to cancel since T; T; = T; T;. A
similar argument applies to strings of the form RT; T]?* S. Thus the only terms that survive are

those in which a T; must be followed by a T]Tk and a T]ik must be followed by a T;.
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There are two sets of terms in G(T*, T), one set which begins with a T* and another set
which begins with a T. Indeed, we have

GC(T", D)= Y, Sgn@Sgnm Ty Try Ty -+ Ty Triay
7,NeGy

+(=DT Y Sgn@Sgn() Ty Ty Te@ - Tray Ty (3.5)
T,NeSy

The terms starting with a T*, which is the first sum in GC(T*, T) simplifies:

Y. Sen(@Sgn() Ty Try Ty - Ty Tria

7,N€E6y

= Y Sgn@Sgn( [Ty Tro] Ty -+ Ty Triay
,N€Sy

+ Y Sgn(@Sgn() Try Tyyy Ty -+« Ty Tria-
T,neSy

If d = 1 the second sum on the right is zero since there are two terms containing the string
T 77(1) T ;(2) with opposite signs. Repeating this process (note that the vanishing argument does
not apply at the last stage), we get

> Sgn(mSgn(m) Ty ety Tyiay - Ty Trca

T,neSy
= Z Sgn(T)Sgn(n)[T;(l)’Tr(l)][Tr;k(z)rTT(Z)]---[T;(d)’Tr(d)]
T,T]EGd
+ Z Sgn(r)Sgn(n)[T;(D, Try] [T;(z)’ Tr)]... [T'r;k(d—l)’ Tra-1] Tra T;(d)' (3.6)

7,N€ESy

The terms starting with a T, which is the second sum in GC(T*, T), using the equality

T*

*
n(i)? TT(i)] + Tﬂ(i) TT(i)y

n = =L
simplifies:

> Sen@Sgn(m Try Ty Tre2) -« Triay Ty

T,neSy
= - z Sgn(r)Sgn(n) [T;(l)’ T‘r(l)] TT(Z) v TT(d) T;(d)
T,neSy
+ 2 Sen(@Sgn Ty Try Tree) - Tray Ty
7,neSy

If d = 1 the second sum on the right is zero since there is a string with T;1)T7(2). Repeating



38 3. Determinant Operator and Generalized Commutator

this process d — 1 times, we get

(—l)d ZG Sgn(r)Sgn(n) TT(l) T;(l) TT(Z) ves T‘L’(d) Tr;k(d)
T,N€EGy

d d— * * * %
=(DY=D* 3 Sgn(n)Sgn() [Tn(l)’ Trw)] [Tn(z)» Tr@). . [Tn(d—l)’ Tra-n] Tra Ty
T.neESy

(3.7)

Adding the two sums on the right hand side of the equation (3.6) and the one on the right
hand side of the equation (3.7), we get

GC(T*, )= Y. SgnmSgnm( Ty, Tr) [T Tr)] - [Ty, Tria)]

T,neSy
= ). Sgn(m)Sgn(m) By Br2me - Bramw
,neSy
= dee([ 7, T])
completing the verification that GC(T*, T) = dEt([| T*, T]|) for a commuting tuple T. O

This proof was made up with substantial help from Dr. Cherian Varughese.

3.4 Theclass BS,, 9(Q2)

Let Q c C% be a bounded domain and let .# < Hol(Q2) be a Hilbert space. A commuting tuple
of bounded linear operators T = (T7,..., T;) defines a module multiplication on .# over the
polynomial ring C[z] via the map

pr(h) = p(T)h, peClz], he 7.
Evidently, p — pr is an algebra homomorphism.

Definition 3.5. Let [n] denote a set of linearly independent vectors ¢y, ...,¢, in 4. For a
commuting tuple of operators T = (T3, ..., Ty), we say that &[k] is cyclic for T if the linear span
of the vectors

{Ti T2 Tyl ve gk and it iy, .., ig = 0}

is dense in /. The commuting tuple T is said to be m-polynomially cyclic, where
m =min{k : {[k] is cyclic for T}.

The set §[m] is then said to be m-cyclic for T.



3.4. The class BS, 9(Q2) 39

Remark 3.6. 1. In this thesis, we assume that the spectrum of the d-tuple of operators T is
polynomially convex. Consequently polynomially cyclic, as opposed to rationally cyclic,
would be the natural hypothesis for us. Therefore, we write "m-cyclic" instead of m-
polynomially cyclic throughout the thesis.

2. A second consequence of the polynomial convexity is that T is m- cyclic if and only if
the subspace
{f(TD)v| veé&lm]and f € Hol(o(T))}

is dense in .. Here, Hol(o(T)) is the algebra of all functions which are holomorphic
in some open neighbourhood of the closed set o (T). The operator f(T) is then defined
using the usual holomorphic functional calculus.

Definition 3.7. For a m-cyclic d-tuple T, let
%N::V{TlilTZiz...T;dvl veémlandO<ij+ixr+...0ig4 SN}
and Py be the orthogonal projection onto /.

We list below some of the basic properties of the projection Py that will be used in the
proof of the main theorem.

Lemma 3.8. For a m-cyclic d-tuple of operators T, we have Py increasing strongly to I and
rank(P5T;Py) <= m(Mi4Y), j=1,....d.

Proof. Evidently, #y < .#/y+1 and hence the projections {Py} are increasing. By hypothesis,
T is m-cyclic, therefore by definition, the linear span of {#y : N € Ny} is dense in /. The
number of vectors from #y that are pushed out of it by the operator T; provides a reasonable
upper bound on the rank of the operator Pk, T;Py. Such vectors can only be a subset of the
subspace Ao #n-1. Clearly, the dimension of this subspace is the same as the dimension of
the space of homogeneous polynomials of degree N in d-variables tensored with C"”*, which
is m(Ngfl_l). Therefore, rank (Pk, TjPn) < m(N;fil_l). O

We recall a well-known inequality between the trace norm and the operator norm of a
finite rank bounded operator.

Lemma 3.9. IfF € B(A) is of finite rank, then ||F||, < (rankF)| F]|.

Proof. Since F is a finite rank operator, choosing an arbitrary but fixed {¢1,...,¢,} orthonor-
mal basis for the range of F, for any x € .#°, we have

Fx=) (x,vi)px (3.8)
k=1
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for some set of n vectors {vy,..., v,} in A#. To see this, observe that Fx = Zzzl (Fx, Q). For
any fixed k, 1 < k < n, the map x — (Fx, @) is a bounded linear functional because F is a
bounded operator. Therefore, there is a vy € A4 such that (Fx, @) = (x, vi). (Here, the vector
v depends on the operator F.) For any pair of vectors x, y € #, we see that

(Fx,y) = <Z<x Ve Pk, V)
Z X, Vi) (Pier ¥)

(iﬂpk, WVE))-

Therefore, we have proved that F*y = (X 7_, (¢k, ) vk). It follows that

n
F*Fx=F*( Z (X, V) @k)

IDEADTIT
i=1

i
n
Z X Vj)Vj

Therefore, setting V to be the linear span of the vectors {v,..., v,}, we have F*F(V) < V. The
restriction of F*F to V= is zero. Hence F*F = (F*F )iv ®0. Since V is finite dimensional and
for any finite dimensional positive operator A, we have the inequality || Al|; < (rank A) || All, we
conclude that

IFIy = ||(F*B)?||, < tank F) | F]|

completing the proof of the theorem. O
We next define a class BS,, 9(Q2) of d - tuples of commuting operators. The rest of this

chapter is devoted to showing that if T is in BS,, 9(Q), then trace(dEt([[T*, T]])) is finite.
Moreover, if T is in BS,;, 9(€2), then

trace(dEt([[T*, T]))) < mﬁd!f[ I1T; 012,

Definition 3.10. Fix a bounded domain Q < €% such that Q is polynomially convex. A m-
cyclic commuting d - tuple of operators with o(T) = Q is said to be in the class BS,, 9(Q),
if

(i) PNTjP5=0,j=1,...,d.
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(i) dEt([[T*, T]) is non-negative definite.

(iii) For a fixed but arbitrary 7 in the permutation group &, of d symbols, there exists 9 € N,
independent of N, such that

-1
. . . N+d-1 d

[P 26 Sgn(m Ty Try Ty -+ Ty ) PR Tray P | 519( d-1 ) Hl” T,
Nn€Gq i=

Remark3.11. (a) For asingle operator T on a Hilbert space ., condition (iii) of Definition
3.10 reduces to
IPNT* Py TP <OITI?,

which is true with 9 = 1. It follows that a m-cyclic hyponormal operator T with o(T) = Q
is in the class BS;;;,1(Q), if Py TP]{, =0.

(b) If for each 7 € G4, there exists a unitary operator U; on the Hilbert space such that
U T:U=T;, 1<i<d,
then it is enough to check condition (iii) for identity permutation, that is,

-1
N+d-1 a
) [Ti7:0°
d-1

i=

neGy
implies all the other inequalities, one for each 7 of (iii).

To see this, pick 79 € &4 such that n = 7-7y. With this choice of 7y, we have Sgnn =
Sgn1SgnTy. It now follows that

Pn( Y Sen) Ty Ty Ty -+ Tria- Ty )Py Tr@ Py

neGy

=PynU; (Sgn(‘[) Z Sgn(#) T;(l) T T;(Z) Ti Trf;(d))U: PZJ\‘,Ur T, U: Py
neGy

=Sgn(7) UTPN( Z Sgn(#) T;(l) T T;(Z) o Ta T;(d))PIJ\‘,TdPNUT*.
neGy

(c) There exists unitary representation U of the symmetric group &, and commuting d -
tuples of operators T in BS; ; (B;) with the property

U T, U; =T, 1€G,, 1<i<d.

Explicit examples are given in the following section and in [11].



42 3. Determinant Operator and Generalized Commutator

3.5 Examples of operators in the class BS,,, 9({2)

We consider two sets of examples, the first is based on the Euclidean ball B; < C while the
second set of examples comes from considering the ball B, ; := {(z1, 22) : |21 12+ |z <1} < C2.

3.5.1 The case of the Euclidean ball BS, ; (B,)

In the following examples, we have taken Q = B;. Let HY (B,) be the weighted Bergman
spaces of the unit Euclidean ball B,. In particular, A = d is the Hardy space H?(B;). These
spaces are determined by the orthonormal set of vectors:

{cPalt 25" a=(ay,...,aq) NG},
where N is the set of non-negative integers and c(’” M;'!"" . Here
MDp=AA+1D)---A+n-1)

is the Pochhammer symbol and || = a1 + - - + ag4. Let MY = (MW . ..,Mg”) be the d-tuple
of multiplication by the coordinate functions on H W (B4). These are examples of spherical
operators [5,11] described below.

Let % (d) be the group of unitary linear transformations on C¢, let T be a commuting d-
tuple of bounded linear operators on ./ and finally, let % (/) be the group of unitary linear
transformations on .. Clearly, the group % (d) acts on any commuting d-tuple of operators
T, namely,

U-T:= (ilUlej,..., iUdjTj), U= ((U) e % (d). (3.9)
Jj= Jj=
The d-tuple T is said to be spherical if there is a map I' : % (d) — % (/) such that
TyTl} = CyTily,...,TyTTy) = U-T forall U € %/(d). (3.10)
The set of vectors

(ad) a
eq(z) =1/ a',""zl1 . zd , ael\lo,a' al--ag!

is an orthonormal basis of H?(B;). The d- tuple S of multiplication operators by the co-
ordinate functions and its adjoint $* on the Hardy space H?(B,) are commuting tuples of
weighted shift operators:

Qi if s
Sio. =@t s: \ Tara=1 Ca—e; @i >0,
i€a = \/ TqJ+d Catep O €a =

0 otherwise.
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Note that the operator S is the same as the commuting tuple M¥. However, it is convenient
to use a different notation for this particular d-tuple as will be apparent soon. The basic prop-
erties of commuting tuples of weighted shifts, also called joint weighted shifts, are in [26].

The proof of the two main results of this Section, appearing below, are given for the case
of d = 2. The proof, in general, is obtained inductively starting from this case. The details are
in the Appendix.

Theorem 3.12. For the d-tuple S of multiplication by the coordinate functions on the Hardy
space H*(By), the operator dEt([|S*, 8]]) is non-negative definite and trace(dEt([[S*,S]))) = 1.

Proof. (d = 2): In this particular case, we have

a;+1
Si(eq) = W eqse;, where wd) = | —— i=1,2,
la| +2

relative to the orthonormal basis {eq} of the Hardy space H?(B,) and

(1)
Wy ¢ Ca—e;y fOra;>0,
S;( (ea) = l .
0 otherwise.

A simple computation gives

S}, Silleq) = {wP)? — (WS . )teq

j @) ()
[S7, 51 (ea) = {(Wg ¢, e )W) = (W) (WG NV ea—e;te;-
So the action of the determinant operator on the basis vectors e, is given by the formula:

dEt([[S*, S]) (eq)
= (187, 11185, S2l + [S3, S211S1, S11 = S5, 21185, S11 = 1S5, S11[ST, Sa1) (ea)
= {l@P? - @ WP - w )Y
+Hw)? - Wi ) HwWE)? - (WP )%
(W)W, ve) — W D W IHWE ¢ o)) WD) — W2 (WP )}
(WD W 1) ~ WL )WL IHWE e, ) W)~ WG W)} ea)

e L
CMal+2)  (lal+1)27 "

1 &)

TaliD ~ Talinz) 2 0 it follows that dEt ([[S*, ])) is non-negative definite. We now com-

Since (
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pute the trace of the determinant operator:

trace (dBt([[8",S])) = T (dEt([S"S]))eas ea)

ael\lg

- 1 le|

_kzzoa;xz((mum (|a|+1)2)
la|=k

S k+1 k
_kg;)(k+2 - k+1)
=1.

This completes the proof. O

Forae C%and r >0, let B[a, r] be the ball {z€ C%: ||z — all» < r}. We let B[r] denote the
ball of radius r centred at 0. Finally, B is the unit ball in C¥.

Theorem 3.13. Let T be a d- tuple of spherical joint weighted shift operators and Ts be the one
variable weighted shift corresponding to T. If Ty is hyponormal, then T is in BS1 1 (B[r]), where
B[r] ={z€ ca:. lzllo <71}, r>0.

Proof. (d =2): Clearly, the d- tuple T is 1- cyclic. The joint spectrum of T is B[r] for some
r > 0, where the radius r of the ball B[r] is determined by {64} (cf. [11, Proposition 3.2]). A
calculation similar to the one in the proof of the previous theorem gives the equality:

671“' B la|6%

* la|—-1
dE ([T, T]) (xa) = ( ) e
(T TIDte) = \Ga1%2) ™ Gars 02
ot |6 el
. . . . . |a| |a|-1 la|-1
Since §q is an increasing sequence, it follows that ((Ia|+2) — (|a|+1)2) 2 Tar e = 0.

Hence dEt([[T*, T]]) is non-negative definite. Now it only remains to check the norm esti-
mates in the Definition 3.10. A straightforward computation shows that

% % 3 ar(2) -1
() Sgn(m) T,y Tr)) Tpzy) X = SEN(T)F}y, |a|+1(|a|+1) Xa—er)-
neG;
Consequently, we have
IPn( Y Senm Ty Tey Ty )Pl < max {53 M(|oc|+1)‘1}
ne®s DI @ENT T gz U jar] +1
3
5N+1
N+2
1 2
= I Tr ) 171 T2 Il

N+2
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Thus
1
IPNn( Y Sgni Ty, ey Togy) P Trie) Pl < ~ 5 T 21 Tr 2 1%,
neS;
Since T is a d - tuple of joint weighted shifts, by definition, Py TjPZ%, =0,i=1,...,d. O

Corollary 3.14. Supposed, 11 then trace(dEt([T*, T])) =

Proof. The string of equalities

trace (B[ T, 7)) = ¥ (QEC([[T°,T]])xa %)

aeN4
d d
= ¥ @-ni; i el
for? al+d) 4D (al+d-1)4
2d 2d
_Z Z (d- ), 6|a| _ 5|a| ilal
Zoaa (el +d) -V (jal+d-1?
la|=

S (oak+d-1)(k+d-2)...(k+1) _,,; (k+d-2)...(k+1k
=2 (6 —031 )

frar (k+da)@-b (k+d-1)4-1

~ im 52d(k+d Dk+d-2)...(k+1) 1

k—o0 (k+d)@-D

where second equality follows from Equation (6.7), verifies the claim. O

3.5.2 The case of an ellipsoid BS; » (B, ;)

For p,q €N, letB, ; = {z € C*:|z|” +|22|7 < 1}. These are examples of pseudo convex Rein-
hardt domains in C2. The usual Euclidean ball B, is obtained by taking p =g =2,i.e., By = B,.

The pair (z1,2,) € C* is in By, if and only if rZ + r, < 1, where ry := |zl, k = 1,2. The
volume measure v restricted to By ; is of the form dv(z) = rirodr1dr.d0,d0;, zi. = ri. exp(i0y),
k=1,2 and set

duy(z):=Q1- rl2 — rg)/l_4l"1 rodridrod6,d0o-. (3.11)

The measure du, defines an inner product on the space C[z] of polynomials in two variables
by integration over B, ;:

(P, D2 I=f pqdu,.
B2,

Let AW (B, ) denote the Hilbert space obtained by taking the completion of the inner product
space [C (z], (") ,1). The Hilbert space AN (B,,1) is non-zero if and only if A > 3. This follows
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from the norm computation below. For any multi-index « = (a1, a») € N%, we have

12%)2 = f 2 Pd

_(2n)2f f 2a1+1 2a2+l(1 _r2)1—4d’_1dr2
r=0Jry

=2(m)*BRay+2,A—3)B(a; + 1,2, + A —1)
a1+ 1DI'2az +2)

_ 2 _
=2 T A=)

Integrating first, with respect to the measure d6 df-, we see that {z* | @ € N3} is an orthogonal
_z*
z%1a
I\I%} is a complete orthonormal set in the Hilbert space AW (B,,1). Now, it is easy to see that

set of vectors relative to the inner product ¢, -), and hence the set of vectors {gba = ‘@€

the multiplication operators M, i = 1,2 on the Hilbert space A(A)(Bz'l) are weighted shifts
relative to this orthonormal basis, that is, M, (¢q) = w,(,?qba% .» where the weights are given
explicitly by the formulae:

« a1+2a2+)t (@1 +2ar+ V) (a1 +2a, +A+1)

Since Sup{w(’)} =1, it follows that [ M, | =1,i=1,2.

Theorem 3.15. Let M = (M, M,) be the pair of multiplication operators on AN (B, 1) by the
co-ordinate functions. If A = 4, then M is in BS1 2(By,1).

Proof. Since M is a pair of joint weighted shifts, by definition, Py M; P]%] =0,i=1,2.The com-
muting pair M is 1-cyclic and the Taylor joint spectrum o (M) = B, 1, see [15]. The following
computation verifies the estimate (iii) of the Definition 3.10.

(M MZIM M MZI ;)Qba

_ ( Ra;+2a,+1-1) QCay)2ay+1)
- (a1 +2a2+A-2)(a1+2a,+A-1)\ (a1 +2a2+A-2)(a; +2a2+A—1)

J$a-es

Thus || Py (Mg, M, M7, - M2, M., M) P

2
vl = 557 1Mz, 121 Mz, | and therefore

v 2
1PN (M, M, My, — M, My, Zl)PfVMzZPNusmanlnanzan.

(M}, M, M} — M} M, M} )}
Rar+1)(a;1+1-2)+2(as+ 1) (a1 +2a2+ A1 —2)
(a1+2a,+A1-2)(a; +2as+ )
2 aq
(@1+2a2+A-1)V a; +2a>+A-1

(pa—Gl'



3.6. Trace estimate of the determinant operators 47

Consequently, we have
| Py (M, Mz, Mz, = M M, M) P || < < I M 7ML, |

and
| Pn (M, M, M} — M} M ,M )PNlePNH_ ||MZZ|| 1M, 11

To complete the proof, we only need to verify that the operator dEt([[M*, M]]) is non-
negative definite. Evaluating on the orthonormal basis {4}, we see that dEt([[M*, M]|)da =
Ya®a, Where

2(12(2052 + 1)(2“1 +20§2 +A- 1D (2@2 +2)(26¥2 +3)(2(X1 +26¥2 +A+ 1
(a1 +2a2+A—-2)%(a; +2a, + A —1)2 - (a1 +2a2+ A2 (a1 +2as + A +1)2
N 21 +1D)(Caz+D(a1+A—-1D +2(az + 1) (a1 +2a, + A —1))
(a1 +2ar+A-1D(a; +2ar+1)2%(a; +2a,+ 1 +1)
20:1((20!2 + 1)(6{1 +A—2) +2(a2 + 1)(6{1 +2a2 +/1—2))
B (a1+2a2+/1—2)(a1+2a2+A—1)2(a1+2a2+/1)

Xa=—

Gathering these terms over a common denominator and simplifying we find that y is a frac-
tion with a positive denominator and the numerator is 4 times the expression given below.

al(daA—10az +31-9) +2a; (8a; (12A% —=30A + 1) + a5 (481° — 961 — 841 +98))
+ 20 (80521 —5) +2a; (4A% =61 —7) +3(2A% = 7A +6)) + aF (4a5 (24A% — 541 - 5))
+ af (4845 (21 —5) +4az (6A° —31% =351 +32) +184° — 721 + 931 - 33)
+2a; (32a3(2A = 5) + @ (81" +41° —981% + 1281 —39) + 3 (2A* —94% + 134% - 51 - 2)) +
+ 16, (8A% =214 +2) + 16a; (64° — 154% — 41 +9) +4a; (8A* — 144° —374% + 611 — 14)
+32a3(2A - 5) +2a5 (2% + 31" — 4213 + 6412 — 141 — 13) + 3(A + 1) (A2 =31 + 2)°

It is then not hard to verify that the coefficients of ai, 1 < i <4 and that of ag, l<j<5and
the constant term are all positive if A = 4 completing the proof. O

Remark 3.16. Although, unlike the case of the Euclidean ball B,, we are not able to explicitly
compute the trace of the operator dEt([[T*, T]) for the weighted Bergman spaces AW (B, ;),
extensive numerical computations show that it is approximately equal to %, which is the %
times the volume of the ellipsoid B ;.

3.6 Trace estimate of the determinant operators

In this Section, for a commuting d-tuple of operators T in the class BS,, 5(Q2), we obtain an
estimate for the trace of the operator dEt([[T*, T]|) in Theorem 3.18. We make the standing
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assumption that the spectrum of the d - tuple of operators T is polynomially convex and
consider only finitely polynomially cyclic d - tuples T.

Lemma 3.17. Suppose thed -tuple T is m- cyclic and PNT]-PI%] =0,1<j<d. Then

|trace(PndEt([T*, T])) Pn)|

_m(N+d 1)( Y Sgn(m P Ty Tray Tz - T;(d)pﬁTT(d)PN) ”)'
€6y neGy

Proof. For a d-tuple of commuting operators T, by Proposition 3.4 and using Equation (3.5),
we infer that the determinant

det([[T7,T]])= X SgnmSgn(m) oy Try Tyzy -+ Ty Tear +

,T)€6d
> Sen@Sgn(m) Try Ty Tr @ - - Triay Ty
7,Ne€Sy
> SenmSgn() Ty ey Tiay -+ Ty Tear +
7,NeSy
Z Sgn(r)Sgn(n) TT(d) 77(1) TT(l) e Tr(d—l) TT](d) (312)
USSy
= ) Sgn(1)Sgn(m)| Ty Tr Ty - T;(d),TT(d)].
TUEGd

The second equality in Equation (3.12) is obtained by replacing the permutation 7 in the sec-
ond sum by the permutation 7’ = to(1,...,d), where (1,...,d) is the permutation taking 1 — 2,

., (d-1) — d and d — 1. Since the sums are over all permutations, this does not change it.
But the sign of 7’ differs from that of 7 by (—1)¢~!. Therefore, it follows that

PNdEC([[T*, T])Pn= ) Sgn(r)Sgn(n)Pn| n(l)T,(DT;(Z)...T;(d),T,(d)]PN.
T,N€ESy

Also, for T € G4,

*
PN[ n(1) Trqy Tn(z) Tn(d)’Tr(d)]PN

= Pn(Ty0y ey Ty -+~ Ty Triay = Triay Ty Try - Teta—1) Tyea)) P

= PNTn(l) TT(I) Tn(g) U(d) (PN+ PN) T‘r(d)PN PNTT(d) (PN+P ) 77(1) TT(]) Tn(g) Tn(d)PN
= PNTU(U T Tn(z) Tn(d)P TyayPn + [PNTn(D Ty Tn(z) Tn(d)PN, PnTyayPn]

—PnTra)Py Ty T Ty - Ty P

* 1L * *
= PN T Try Ty - Ty PR Teay P + [PN T Try Ty - Ty P P Ty P,

where, the validity of the last equality follows from the assumption that Py T jP]f, =0,j=
1,2,...,d. If A, B are any two operators with one in trace class and the other bounded, then
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trace (AB) = trace (BA). A bounded operator of finite rank is trace class. Therefore, the com-
mutator of any two bounded operators of finite rank must be 0. Hence

n@ - T

trace([PNT P Py T,(d)PN]) -0

n(1)

Putting these together we obtain the equality below

trace (Py dEt([[T*, T])) Pn)

= ) Sgn(@)trace( Y Sgn)Pn Ty Try o) - Ty Pa Tra) Prv)-
1€6y neGy

By Lemma 3.8 we have the inequalities:

rank(( Y. SgnmPnT; o e Tz Tn(d)PIJ\_I) (PJJ\_ITT(d)PN))
n€Gq

< rank(Py; Ty Pn) < m("V 3471, (3.13)
This implies
|trace (PN dEt([[T*, T])) Pn)|
< ) |trace( ). Sgn(mPy Ty Trn Tz - Tn(d)Pz%lTr(d)PN”

Te6y, neGy
= {”( Y. SenmPN T Try Ty - Ty P Teia Pr) |
1€6y neSy
rank ()~ Sgn(m Py Ty Tray T -- Tn(d)PIJ\}TT(d)PN)}
NSy
= 2 (2. sgnnPy Ty Troo Ty - T;(d)Pz%rTr(d)PN)”fank(PﬁTr(d)PN)
€6y neGy

=m("ye 1)( 2 [0 Senm PN T, Troy Ty - Tn(d)PNTT(d)PN)”)‘
€6y  neGy

The two penultimate inequalities follow from the inequality 3.13. O

The following Theorem shows that the operator dEt([[T*, T])) is in trace class whenever
T isin BS;;, 9(€).

Theorem 3.18. Let T = (T3,..., T4) be a commuting tuple of operators on a Hilbert space /€
such that T is in the class BS,;, 9(Q). Then the determinant operator dEt([[T*, T])) is in trace-
class and

trace(dEt([T*, T])) < mt‘)d!f[ I 75112
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Proof. By hypothesis,

. . . 9 @
|Pn( ). Sgnm Ty Try Ty -+ Tria-1y Tn(d))P]%,T,(d)PN” S T [TIIT: ||2.
n€Sa (Tasy ) =1

Thus combining this inequality with the one from Lemma 3.17, we have

|trace (Py dEt ([ T*, T]) ) Pn)| < mO d! ]f[l 173 ])°.

Since dEt([[ T*, T]]) is non-negative definite by assumption and Py 1 I, we obtain the inequal-
ity
4 2
trace (dEt([T*, T]))) s moa![] | T:|

i=1

completing the proof. O

From Theorems 7.1 and 7.2 of [24], it follows that the trace of the generalized commuta-
tor GC(T*, T) of a class of analytic Toeplitz operators is bounded above by 1. In particular, the
explicit formula given in Theorem 7.2 (a) of [24] shows that equality is achieved for the tuple
of multiplication by the coordinate functions. Of course, the same is true of the determinant
operator dEt([[T*, T]]). In the example of weighted Bergman spaces over the Euclidean ball
B1,1, we have been able to compute the trace of the operator dEt([[T*, T]]) and shown that
trace (dEt ([ T*, T]))) = Z2%v(®,,1). Also, for the generalized ellipsoid B; 2, we have numerical
evidence for such an equality. Taking all of this into account, we make the following conjec-
ture.

Conjecture 3.19. Suppose that T = (T,..., T;) is a commuting tuple of operators on a Hilbert
space ./ in the class BS,, 9(€2). Then

trace (dEC ([T, T])) < ”;—dd’v@,

where v is the Lebesgue measure.

3.7 The tensor product model
Fori=1,2,let T = (T(i), ety T(’t)) be a d;- tuple of commuting bounded operators. Set

(TV#1@):=(1TV e I, 18 T?)
—(7M 1 2 @
=(T{"el.. T eLIe T, .18 T,)

This definition clearly extends to d;- tuples of commuting operators, i = 1,..., n.
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Lemma 3.20. The spectrum o(T® #T®) of the operator TV #T@ is o(TV) x o(T®). More-
over, if the d; - tuples TW i=1,2, are m; - cyclic, then the operator TO#T® jsm- cyclic, where
m=mymy.

Proof. The joint spectrum of TO#T®@ g explicitly given in [10, Theorem 2.2]. If ) [m;],
i = 1,2, is the cyclic set for the d;- tuple T”, then the cyclic set of the operator TV #T®? is
clearly contained in the set of vectors
{x®ylxeérmlm]and y € &po [mol}.
Thus the claim that m < m; m, is verified.
We now obtain a trace inequality for the operator dEt([(TV#T@)*, (TV#T@)])). A

similar inequality can be proved for TM#...#T7",

Theorem 3.21. Assume that T® is in the class BSy, 1(Q;), i = 1,2. Then the determinant op-
erator
dE([(TV#T@)* (T #TP)]))

is non-negative definite and

d d
trace(dEt([(TV #T@)*,(TW #T®)])) < 2d;!do!mymy ]‘] IT®)? 1‘2[ 1@

i=1 i=1

Proof. Itis easy to see that
[(r)* TV] eI 0
[[(T(l) # T(Z))*’ (T(l) # T(Z))]] — .
0 I2[(T®)*, T?]
Thus
dEt([(TV#T®)*, (TV#T@®)])) = 2dEt ([ TV, TV])) @ dEt([T®", T@]).

Since for i = 1,2, T® is in the class BS,,1(Q;), dEt([(T)*, T?]]) is non-negative definite
and

4
trace (dEt ([ (™), TVT)) < dytm; T | 71"
j=1
Hence, dEt([[(TV#T@)*, (TW #T®@)])) is non-negative definite and

trace (dEt ([(TM #T@)*, (TW # T®)]))) = 2trace (dEt ([[(TV)*, TV]]))trace (dEt ([(T®)*, T®])))

d d
<odtm [ |70 - doms [T | 72
i=1 i=1

d1 d2
=2d\\do!mym [ || Ti(l) ”2 [1] Ti(Z) ”2
i=1 i=1

This completes the proof. O
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Remark 3.22. 1. Let T, i =1,...,n be a set of n commuting d;- tuple of operators. A
similar proof, as given above, shows that if TW e BS;n;,1(€Q;), then

dEt([[(T(l)#...#T(n))*’ (T(l)#~-~#T(”))]])

is non-negative definite and

trace (dEt ([(TW #---#T™)*, (TV #--.#T"™)]))) < nldy!--- dp!my ---m, [ 1TV,

n

i=1
where | TW|? = ]_[;-iil [ T;i) I12.

2. Ifd;=1,i=1,...,n, then (TW#.--#T™) is of the form (T} ® [ ---® I,...1®---® T,,). Now,
we can apply the Berger-Shaw inequality to each of the operators T;, 1 < i < n, to con-
clude

trace (B¢ ([ (T #---# T, (TD .. # TUN])) < iy -« g Lo X En)
7[”
Let M = (M,,... My;) be the d- tuple of multiplication by the coordinate functions on
the Hardy space H?(DY). Clearly, M = M#---#M where M is the multiplication operator on

H?(D).

Corollary 3.23. For the d- tuple M = M#---#M on the Hardy space H>(D%), we have that the
operator dEt([[M*, M|)) is non-negative definite and

trace(dEt([[M*, M]])) = trace(dEt([[(M#---#M)*, (M#---#M)]|) < d..

Remark 3.24. The inequality of the Corollary 3.23 is actually an equality which follows from
an easy direct computation. This shows that the inequality obtained in Theorem 3.21 is sharp.
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Chapter 4

K-Homogeneous Operators on Bounded
Symmetric Domains

Let T = (Ty,..., T;) be acommuting d- tuple of bounded linear operators acting on a complex
separable Hilbert space 4. Also, let Dy : # — A & --- & /€ be the operator

DThZ: (Tlh,...,Tdh), he .

We note thatker Dy = m?zl ker T; is the joint kerneland o, (T) = {w € C%:.kerDy_y; # 0} is the
joint point spectrum of the d- tuple T = (T,..., T;).
The group K acts on Q by the rule

k-z:=(ki(2),..., kq(2), keKandzeQ.

Note that k;(2),..., k;(z) are linear polynomials. Thus k € K acts on any commuting d- tuple
of bounded linear operators T = (71, ..., Ty), defined on complex separable Hilbert space ./,
naturally, via the map

k-T:=(ki(Ty,...,Ta),...,ka(Ty,..., Tp)).

Definition 4.1. A d- tuple T = (T3,..., T;) of commuting bounded linear operators on ./ is
said to be K-homogeneous if for all k in K the operators T and k- T are unitarily equivalent,
that is, for all k in K there exists a unitary operator I'(k) on # such that

T;I'(k)=T(k)k;(Ty,...,Tq), j=12,...,d. (4.1)

For brevity, we will write
TT (k) =T (k)(k-T).

Definition 4.2. A commuting d- tuple of K-homogeneous operators T possessing the follow-
ing properties
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() dimkerDp+ =1,
(ii) any non-zero vector e in ker D+ is cyclic for T,
(iii) Q<o,(TY)

is said to be in the class /K (Q).

4.1 Model for operators in /K (Q)

We begin this section by providing a well known family of examples, namely, the d- tuple of
multiplication by the coordinate functions on the weighted Bergman spaces, which belongs
to the class &/ K (Q).

Recall that the Wallach set # (Q2) of a classical bounded symmetric domain Q is of the
form #,;(QQ) U #;:(QQ), where

a a a
Wal@):=1{0, 5,0 5 r =D}, #el@):= (S (r = D),o00),
see [22]. For A > 0 consider the function KW :Q x Q — C given by the formula

KV z,w) =Y WKz w), zweQ,
S

where (1), is the generalized Pochhammer symbol

r

(/l)izzj]:[l(/l—g(j—l))sj:jljll:]_j[l(/l—g(j—l)+l—1).

The function K™ is non-negative definite if and only if A is in the Wallach set # (Q). Let #W
denote the Hilbert space determined by the non-negative definite kernel KM, 1 € #(Q). If
A=4%and A=4(r-1)+4<, then the Hilbert spaces #™" coincide with the Hardy space H%(S)
over the Shilov boundary S of Q and the classical Bergman space A?(Q) respectively. For this
reason with a slight abuse of language, the Hilbert spaces AN A ew (Q), are called weighted
Bergman spaces.

For A > %(r — 1), the multiplication d- tuple MW = (MY”, . ..,ML(iM) on #% is bounded
and homogeneous (cf. [6], [2]). One can also verify that MW is in «/K(Q). Replacing (1) s by
any arbitrary positive number a; with some boundedness condition, we get a large class of
operator tuples in &K (Q2) and we prove that they are the all.

To facilitate the study of K-homogeneous operators, we recall the following result from
[1] describing all the K-invariant kernels on Q.
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Proposition 4.3 (Proposition 3.4, [1]). For anyK-invariant semi-inner product (-,-) on the the
space of polynomials 22, the following statements hold:

(i) 2 is orthogonal to Py whenever s # s'.
(ii) There exists a constant bs = 0 associated to each s € N such that

(P, @) =bs(p, )z,  forallp,qeP;.

(iii) bs>0 forallse Ng ifand only if -, -) is an inner product.

(iv) If the evaluation map at each point of Q) is continuous on (%, :,-)), then the completion
JC of (PP, (-,+)) is a reproducing kernel Hilbert space. Moreover the kernel K(z, w) is of the
form

Kiz,w) =) b;'Ks(z,w),
seNj
where convergence is both pointwise and uniformly on compact subsets of Q x Q and in
norm.

The following result is a generalization of [11, Lemma 2.10] which is necessary for the
proof of Theorem 4.5 giving a model for commuting d- tuple of operators in the class «/K (Q).

Lemmad4.4. Let T = (T1,..., Ty) be alk-homogeneous d- tuple of commuting operators on A .
Suppose that ker D+ is one-dimensional and is spanned by a vector e € A4 which is cyclic
for T. Then there exists a sequence {a£}£€N6 of non-negative real numbers such that for any
polynomial p € 2,

deg p
llip(DellZ= Y. Y aslpslZ, 4.2)
k=0 |s|=k
where deg p is the degree of p and
deg p
p=2 2 Ps
k=0 |sl=k

is the Peter-Weyl decomposition.

Proof. Since T is K-homogeneous, for each k € K, there exists a unitary operator I'(k) on A
such that

TiT(k) =T(Kk;(T), j=1,...,d.

Hence TJT‘F(k) =I'(k)k;(T)*, j=1,...,d. Since k;(T) is a linear combination of T3,..., T; and
e € ker D+, it follows that I'(k)e belongs to ker D+ for all k € K.
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Furthermore, since ker Dr+ is one dimensional and spanned by e, we obtain thatI'(k)e =
n(k)e for some 7(k) such that |n(k)| = 1. We now define a semi-inner product on & for all
S€E NS by the formula

(Ps)qs) 2, :=(ps(T)e, qs(T)e) z, Ps) qs € Ps.

Now for any k € K we have

(ps(k-2),qs(k-2)) o, = (ps(k-T)e,qs(k-T)e) »
= (T(K)* ps(DT (k) e, T(k)* qs(TT (k) e) 7
= (ps(T)T(k)e, qs(T)T (k) e)
= (ps(TIn(k)e, gs(T)n(k)e) 7
= In(k)*{ps(T)e, qs(T)e) 7
=(ps(Te,qs(T)e) 7
={ps 4s) ;-

So (-,-)», is a K-invariant semi-inner product on & for each s. Therefore, on 22,

l
<p’ q) = Z Z (pg; q£>32§y
k=0|s|=k

where p and g have the Peter-Weyl decomposition Zzigop 2 |sl=k Ps and Ziigoq 2|s|=k qs respec-
tively and ¢ = min{deg p,deg g}, defines a K-invariant semi-inner product. Thus by Proposi-
tion 4.3, there exists a sequence of non-negative real numbers a; such that

4
pay=). > aypsqs)z.

k=0|s|=k
This completes the proof. O

For all the classical bounded symmetric domains, it can be easily verified that Q = {w €
Cl:we Q. Consequently, in the following theorem, the Hilbert space that we construct con-
sists of holomorphic functions on Q rather than {w € C%:w € Q}. The next result provides an
analytic model for any d- tuple of operators T in «/K(Q).

Theorem 4.5. If T is a d- tuple of operators in /4K (Q), then T is unitarily equivalent to a d -
tuple M = (M,, ..., My) of multiplication by the coordinate functions z,, ..., z4 on a reproducing
kernel Hilbert space Hy of holomorphic functions defined on Q with K(z,w) = ¥, a; 'K, s(z, w)
forall z, w € Q, for some choice of positive real numbers as with ag = 1. -
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Proof. Since Q 0, (T"), for each w € Q there exists a non-zero vector x € #, such that T]f" X =
w;jx for all j =1,...,d. Thus for any polynomial p € 2?, we have p(T*)x = p(w)x. Letee€
ker D+ be a cyclic vector for T of norm 1. Then

pw){e, )7 = (e, p(W)x) 7 = (e, p(T)x). = (p(T)e, x) 7, 4.3)
where p(z) = p(z), z € Q. Since x # 0 and e is cyclic for T, we get (e, x)_» # 0 and

Il p(Tell 7|l x|l 7
Ip(w)| = e 0] . (4.4)

Thus it follows that evaluation at w € Q is bounded and therefore, the semi-inner product

defined by the rule (p, g) @, = (p(T)e, q(T)e) 7 is an inner product on each &. This gives rise
to an inner product (:, -) on the space of polynomials . The sequence {as} N, of Lemma
4.4, using Proposition 4.3(iii), is now evidently positive. Moreover, since ||e|| = 1 it follows
from (4.2) that ag = 1. Thus, by Proposition 4.3(iv), the completion of (£, (:, -)), say Hk, is a
reproducing kernel Hilbert space, where

K(z,w)=) a;'Ki(z,w), zweQ. 4.5)

Clearly, the map p — p(T)e extends to a unitary from Hy to #, which intertwines T with the
multiplication d- tuple M = (Mj,..., M;) on Hg. O

If T is a K-homogeneous d- tuple of operators, then, in general, the map k — T'(k) of
(4.1) need not be a homomorphism. The next proposition assures that if T is in the class
K (Q), then there exists a choice of I'(k) for which the map k — I'(k) is a homomorphism.

Proposition 4.6. If T is a d-tuple of operators in K (Q2), then there exists a unitary represen-
tation T : K — U () such that
TT (k) =T(k)(k-T).

Proof. By Theorem 4.5, T is unitarily equivalent to the d- tuple M = (M,,..., My) of multi-
plication operators on a reproducing kernel Hilbert space Hx of holomorphic functions de-
fined on Q with a kernel K(z, w) which is K-invariant. Clearly, the map I' on Hg given by
L) (f)=fo kl()isa unitary representation of K satisfying the intertwining condition.

O

Remark 4.7. Since K is a subgroup of the group % (d) of unitary linear transformations on C¢,
every spherical d- tuple T = (Ty,..., T;) is K-homogeneous. Conversely, a K-homogeneous
d- tuple of Theorem 4.5 is spherical if and only if a; = ay for all 5,s" € N with |s| = |s'I.

Remark 4.8. We also point out that, by the spectral mapping theorem, the Taylor joint spec-
trum o (T) of a K-homogeneous operator T is [K-invariant, that is, if w belongs to o(T), then
k- w also belongs to o (T) for all k € K.



58 4. K-Homogeneous Operators on Bounded Symmetric Domains

4.2 Boundedness of the multiplication tuple

Let K9 : OxQ — C denote the kernel function given by the formula K @z, w)=Y s asKs(z, w),
z,w € Q, for some choice of positive real numbers a; for which the series is convergent. The
positivity of the sequence a; ensures that K (@ is a positive definite kernel. Thus it determines
a unique Hilbert space ¥ < Hol(Q) with the reproducing property: (f,K'‘“ (-, w)) = f(w),
f e A9, we Q. It follows from Proposition 4.3 that the polynomial ring 2 is dense in #?

and % is orthogonal to 2y whenever s # s', that is, A = EBseN’f‘@S' In this section, we
s s seNZs

discuss the boundedness of the d- tuple M @.— (M{“), ety Mé“)) of multiplication by the coor-
dinate functions zi,...,z4 on A?. We begin with the following basic lemma, which is surely
known to the experts, but we provide a proof for the sake of completeness.

Lemma 4.9. For the bounded d- tuple of multiplication operators M® := (M{“), e Mfi“)), the
operators Y| Ml@ ) Mlg“) andy? | Ml@ Ml@ *, acting on 769, are block diagonal with respect
to the decomposition ®§EN6‘@§’ where each block is a non-negative scalar multiple of the iden-
tity operator.

Proof. It is enough to give the proof for the operator Z;’lzl ME“)*ME“) since the proof for the
operator Z?:l Ml@ Ml@* follows exactly in the same way. First, note that F(lc)*MlF“)F(k) =

M;“ik_l for k € K. Let ey,...,e4 be the standard basis vectors in C%. Note that Mi“c)) -1 =
1 1

Zj:l (k‘lej, e,~>M](.“). In consequence, we have

d d
T(k)* (Z M,F“)*M,F‘”) (k)= Y T(k)* M@ T(RT(k)* MOT (k)

i=1 i=1

— (@  *jq@
- Mziok_l ZiOk_1
i=1
4 & 1 1 (@* yr(a@)
— . - - . a a
_Zi 2 1(e,,k ep)(k eq,e,)Mp Mq
i=1p,q=
d 1 1 (@* pqa@
- - a a
_pqz-1<k eq k™ ep) MY My
d (@)* 4 r(a)
— a a
=Y M M|

Here the last equality follows from the fact that the subgroup K is contained in the group
9 (d) of unitary linear transformations on C%. Since {Ps}  r;r are K-irreducible, mutually K-
- = 0

inequivalent subspaces of #'® and A = & =, 2, the conclusion follows from Schur’s
SEN, =

lemma. O
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For any s in NS, let I'*(s) and I (s) denote the sets given by

I+(§)::{j:15jsr,§+€j€N6},

I‘(g)::{jzlsjsr,§—€j€N6}.

Further, in the remaining portion of this paper, we set

. Sj—8k+%(k—j+l) )
C(): . ) :]'?“"r’
s kl_[;,g] sj—sk+5k=)) /
and .
) Si—Sk+5k—-j-1)
ci(N=11 ! 2 ,j=1,...,r1

If j € I (), then it is easy to see that cs(j) > 0. Otherwise, cs(j) = 0. Similarly, if j € I7(s), then
cs(j) > 0. Otherwise, cg(j) = 0.

The following lemma describing the operator Z?:l Ml@ Ml@ " on the Hilbert space A
was obtained for weighted Bergman spaces by Arazy and Zhang [2, Proposition 4.4]. Al-
though the proof for this much larger class of operators is very similar to the original proof

[2, Proposition 4.4], we recall it for completeness.
Lemma 4.10. For f € 25, we have Y%, M§“)M§“)*f =1(s) f, where

ase; (4 L(r—j)+s; .
N J r’s 2 J !
Z]€I (8) as (%)g—ej b+%(l‘—j)+8j Ci(]) lf§¢0)

7(8) =
0 ifs=0.

Proof. Let f € & be arbitrary. It follows from Lemma 4.9 that Zflzl Ml@ Ml@* f=10s)f for
some complex number 7(s). In order to find 7(s), first note that

d
(&) fw) = (Y MOMO") £, KD, w))
i=1

d

= ([ (X MM KO w))
i=1

=(f, (- w)K'D (-, w)).

Since for any signature s', (z, w) Ky (z, w) is a K-invariant kernel, it follows from [2, Lemma 4.2
and Lemma 4.3] that

(z,w)Ky(z,w)= Y By()Kyse;(z,w) (4.6)
JEIt(s)
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for some constants 5 (J)- Thus

@Zw)KzZw) =) ag Y By()Kyie(zw)

s jeIt(sh
:Z( Z ﬁg’—ej(j)ag’—ej)Kg’(z; w)
s’ jer(s)

Since f € &5, we obtain

(O f(w) = {f, ¢, w)K (-, w))
1 .
B (_ 2 Bse (J)“ﬁ—ej)<f’ asKs(, w))

s jeI(s)

:( . Z :65 ej(])as ej)f(w)

s jeI-(s)

Hence 7(8) =X jer- (s) ﬁ s—¢; (). Also it follows from the proof of [2, Proposition 4.4] that

ﬁﬁ‘ef(])_(z(r ])+S])ll;[j S Sl+g(l 1)

Dy Lr-j+s; 0
T @y b s

This completes the proof. O

The following lemma, while of independent interest, is useful in obtaining a criterion
for the boundedness of M and in many other proofs.

Lemma4.11. For any fixed but arbitrary s € N, we have
r r
Z cs(j) = Z cs(j)=r.

Proof. Evidently, we have

Sk+a(k j—=1
i Si—Sktglk=])

[\/]w

,
2 ol
i

j=1 ]:Ik
r a
— 2
_J;k#]( '_Sk+%(k_j))

a

I
.M“

~
Il
—
o~
S
~

-(1_(sj—§j)f(sk—§k))'
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_a;
Sji=3]
a
2

Setting s’ = , we see that s > s, >---> s/, and

San=XMl-gtg)=r X x ety

J=1k#j 5] Sk AL j—1, 41,01} keA ]_Sk
At
=r+ Y DAY [T
Acl,..., 1} ]EA]CEA k
]
|A|=2 k#j

where for any finite set A, | A| denotes the cardinality of A. Now, by [6, Corollary 2.3], it follows
that ZjeAerAﬁ =0forall Ac{l,...,r} with |A| = 2. Therefore, }_" \C (]) =r. The proof
k#j i

k
of the other part follows exactly in the same way. O

Theorem 4.12. The commuting d- tuple M'® = =(M; @ .,Mé“)) of multiplication operators on
F6'D is bounded if and only if

d
A:=sup bre (s :s,s—ejENS,jzl,...,r
as (d)s—e- o
= r’2-%j

is finite.

Proof. First assume that A is finite. Then we show that 7(s) is bounded for all s € Ng:

ase; (§) S(r—j)+s;
T(§): Z S—€j dr S Za J ‘ Jj C;(])
jerm s ()¢, brar=j+s; =
ro Sr—=p+s;

<A : cs(J)
]-Zzlb+§(r—])+sj s

.
<A} ¢
j=1

= Ar.

forany s e Ng Here, the last equality follows from Lemma 4.11. It follows form the proof of
Lemma 4.10 that (z, w)K'? (z, w) = ¥ 5 7(s) asK,(z, w). Consequently, (sup7(s)—(z, w)) K'? (z, w)
is non-negative definite. Hence by [6, Lemma 3.1] it follow that the d-tuple M@ = (M'?, .,Mé‘”)
on 7% is bounded.

To prove the other direction, assume that M¥) is bounded. This implies that Zd M; (@) M; (@
is bounded and therefore 7(s) is bounded, that is, 7(s) < B for some positive real number B
andforall se NS Thus

Sr=j+s;

r’s 2 J I, . -

- c.(j)<1(s)<B, el (s).
e b= +s; st = ] =
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Now, note thatif j € I" (s), then

1 Sj—8k+g(k—j)
cé(j) k¢jsj—sk+§(k—j—l)
Sj—Sk+%(k—j) Sj—Sk+%l(k—j)

k<jsj—sk+%(k—j—1)k>jsj—sk+%(k—j—1)
_ a(r_ i

<1_[ Sj sk+2(k J)
Sk+£(k—j—l)

k>]
<H — sk + (k- j)
k>j Sj— Sk
a —

<[la+ 5k ])
k>j S_Sk

a
<1+ E(r -1, 4.7)

Sj—Spty 4 (k-j)

Here the third inequality holds since m <

<1 for k < j. Now, it follows that

%)s B b+“(r D+s;

As_¢:
STEj

Fs
as (%)5_6]. cs(j) F(r—j+s;

a
=B(1+ z(r— 1)) (1+Db).

This completes the proof. O

Corollary 4.13. The multiplication d- tuple MY on the weighted Bergman space #™ is
bounded if A > §(r - 1).

Proof. If A > £(r —1), then

(Ds—e; (%) _$-8G-D+s;-1 1+b
LS =L 2 snl{ —ﬁr——}
Ws (B, A=30-D+sj-1 —5(r=1

Therefore, from Theorem 4.12, it follows that M™ is bounded. O

4.2.1 Cowen-Douglas Class

Having determined (a) the condition for boundedness of the operator M @ (b) noting that
each w in Q is a joint eigenvalue for the multiplication d- tuple M®* and finally since the
constant vector 1 is cyclic for M%), it is natural to investigate the question of which of these are
in the Cowen-Douglas class B; (Q2), see [12], [13] for the definition of this very important class
of operators. As shown in [19, pp. 285], the cyclicity implies that the dimension of the joint



4.2. Boundedness of the multiplication tuple 63

eigenspace at each w in Q is 1. Thus to determine the membership in the Cowen-Douglas
class in a neighbourhood of the origin contained in 2, we only need to find when ranD )+ is
closed. The following theorem provides the precise condition for this.

Theorem 4.14. For a multiplication d- tuple M? = (M(“),...,Mé“)) on A, ranD ¢ is
closed if and only if

as_e;, (%) _
B::inf{ Y s :gel\lé}

JeI(s) as (%)g—ej

is positive.

Proof. Itis elementary to see thatranD - is closed ifand only if ¥ 7 | Ml@ M§“) " is bounded
below on (ker D, +)*. Also, for the d- tuple M@ on 7%, we have ker D+ = %, the space
of constant functions. Therefore, in view of Lemma 4.10, it suffices to show that B is non-zero
positive if and only if inf{z(s) : s #0, s € N{)} is non-zero positive. Suppose that B is a non-zero
positive number. Now, for any non-zero s € N)’, we have

s Sr=p+s;
L)
)§_€jb+§(r—])+sj =

1 s_e. (D)
- S 6] di‘ s C;(])
b+1 jel-(s) 4s (7)§_€j =
1 a§—€j (%)ﬁ 1
b+1dmy as (D), 150 -1
B
2 .
(b+DA+5(r—-1)"

Here the third inequality follows from (4.7).
Conversely, assume that inf{7(s) : s #0, s € N{)} is a non-zero positive number, say C.
Thus for each non-zero s € NS,

( )£ %(r—j)+5j
as (L)ge, b+5r=+s;

ci(j) = C. (4.8)

Sr=+s;

Hence, noting that c}(j) < r by Lemma 4.11 and BT = 1, it follows that
2

jerr o 4 (Plg—e; T

Corollary 4.15. The range of Dy, is closed if A > 5 (r —1).
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Proof. Suppose A = %(r —1) +¢ for some € > 0. Then

Ms—e; (9 b+2(r—j)+s;

- = Z a

jery Ms (%)g—ej jel( 2= +sj+e=1

which is always bounded below by 1 if e < b+ 1. On the other hand, for e = b+1, itis bounded

below by % Hence, by Theorem 4.14, ranD is closed. O

MW

Now, we wish to show that the adjoint M®”

on 7™ is in the Cowen-Douglas class B; () for A > 4(r - 1).

of the d- tuple of multiplication operators

Recall that the left essential spectrum nﬁ'O(T) of a commuting d- tuple of operators T is
defined to be the complement of the set of all w € C¢ with the property:

1. dimker D(r—, ) is finite,
2. ranD(r—) is closed.

Ifo¢g nﬁ'O(T), then the d- tuple T is said to be left semi-Fredholm.

The essential ingredient of the proof of the following theorem is based on the spectral
mapping property of the left essential spectrum, which appears in [21] and was pointed out
to G. Misra by J. Eschmeier during a conversation at University of Saarbrucken in February
2014.

Theorem 4.16. The adjoint M @* of the multiplication d- tuple on #W is in the Cowen-
Douglas class B, (Q2) whenever A > %(r -1).

Proof. Since polynomials are dense in the Hilbert space .#W, it follows that dimker D Yo

is 1. By Corollary 4.15, we also have that ran D+ is closed. Therefore, D+ is left semi-

M
Fredholm and hence there is an € > 0 such that for w € Q with Z?Zl |lw;|? < ¢, the operators
Dv-wn+ are left semi-Fredholm. Thus MW" is in the Cowen-Douglas class B, (Q,), where
Q. ={we: Zle |lw;|?> < €}. Note that the operator MY is homogeneous (see [2]). This
together with the spectral mapping property of the left essential spectrum shows that M®") i
is actually in B, (Q).

To complete the proof, first note that if w € Q is any fixed but arbitrary point, then there
exists a biholomorphic automorphism ¢ of Q with the property: ¢(0) = w. We have seen
that 0 ¢ nﬁ'O(M D). An analytic spectral mapping property for the left essential spectrum is

ensured by [21, Corollary 2.6.9]. It follows that
w=0) ¢, M) =1 (9P = mg M),

Here the last equality follows from the homogeneity assumption. O
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4.3 Unitary equivalence and Similarity

In this section, we study the question of unitary equivalence and similarity of two commuting
d- tuple of operators in the class «/K(Q). In particular, when K is the unit circle T, these
results were obtained by Shields in [39] and the case when K is % (d), similarity result was
obtained in [29, Lemma 2.2].

By Theorem 4.5, any d- tuple of operators T in «/K(Q) is unitarily equivalent to M@
consisting of multiplication operators by the coordinate functions z,..., z; on the reproduc-
ing kernel Hilbert space Y with the reproducing kernel K @z, w)=Y s asKs(z, w), where
as > 0 with ag = 1. Thus we assume, without loss of generality, that T ~, M (@)

Theorem 4.17. Let T, and T» be two operator tuples in 4K (Q). Suppose that T, ~, M'® and
Ty ~, M?,
Then the following statements are equivalent.

(i) T, and T, are unitarily equivalent.
(ii) as=b; forallse NS
(iii) K(a) — K(b).

Proof. Itis easy to see that (ii) and (iii) are equivalent. It is obvious that (iii) implies (i). There-
fore it remains to verify that (i) implies (iii). Assume that the d- tuples T; and T, are unitarily
equivalent. Then so are the operators M @ and M, By [14, Theorem 3.7], there exists a
holomorphic function g on Q such that

K9z w) =g@KP(z,wgw), zweqQ.

In particular, K@ (z,0) = g(2)K?)(2,0)g(0), z € Q. Therefore, ay = byg(2)g(0), and conse-
quently, g(z)g(0) = 1 since ag = by = 1. Hence K@ = gb) O

Recall that two commuting d- tuples A = (Ay,...,A;z) and B = (By,...,By;), defined on
J6, and A, respectively, are said to be similar if there exists an invertible operator X : /] —
J6 suchthat XA; = B; X foralli =1,...,d. For anon-negative integer n, as before, 22,, denotes
the space of homogeneous polynomials of degree n in d variables. For two non-negative
definite kernels K and K, we write K < K if K — K is a non-negative definite kernel.

Theorem 4.18. Let Q < C¢ be any bounded domain (not necessarily symmetric ), and let 76,
and 76, be two reproducing kernel Hilbert spaces determined by two positive definite kernels
K; and K respectively. Suppose that

(i) the space of polynomials & is dense in both /6, and 75,
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(i) £, is orthogonal to 2, if m # n in A and F6>,

(iii) for each i = 1,2, the d- tuple M) = (M(i),...,Mg)) of multiplication operators by the
coordinate functions z,...,z4 on #; is bounded.

Then the following statements are equivalent.
i) MY and M® are similar.

(ii) There exist constants a, 3 > 0 such that

allpllz < pllze < Blple, pEP. (4.9)

(iii) A2 = A (as sets).
(iv) There exist constants a, 5 > 0 such that

aK; =K, =< ﬁKl.

Proof. The equivalence of (iii) and (iv) follows from the standard theory of reproducing kernel
Hilbert spaces (cf. [3], [38, Theorem 6.25]). Let f € #. Since polynomials are dense in /#
there exists a sequence of polynomials {p,} which converges to f in /. Hence {p,} is Cauchy
in A and therefore by (ii) it is also Cauchy in #%5. Thus {p,} converges to some g in /.
Since Evaluations are continuous in both #; and /5, we see that f(w) =limp,(w) = g(w),
w € Q. Hence S, < A#>». Similarly we can show that /%, < /. Hence (ii) implies (iii). If
SO = A (as sets), then the identity operator from . to # is a bounded invertible operator
which intertwines the multiplication d- tuples M D and M@, and consequently, (iii) implies
(i). Now, to complete the proof, it remains to show that (i) implies (ii).

Suppose that M and M® are similar. Then there exists an invertible operator X :
J6, — F6 such that

XMP=MPX,  j=1,...d. (4.10)

Since the subspaces £2,,, n = 0, are mutually orthogonal, it suffices to show that (4.9) is satis-
fied for all p € &2, and for some «, f > 0 (which is independent of n). Fix a polynomial p in
2,. Clearly, it follows from (4.10) that

1 — A@
xMP = MPX, (4.11)

where M ,(f) is the operator of multiplication by the polynomial p on /; fori = 1,2.
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°°__ be the matrix representation of X with respect to &7 %y, thatis, X; s =

Let (ers)r,s=0 . ; .
P, X|o,. Similarly, let M;,’) = ((M;,’))r, S)C:)S:O be the matrix representation of M;,”, i=1,2. Since

M,f,” maps & into P, ,, i = 1,2, it clear that

M)z, ifr=s+n

(M) s = . (4.12)
0, otherwise.
Therefore it follows from (4.11) that
M), nXyps, ifr—-n=0
Xr,s+n(M’(91))s+n,s = pooprmmeT (4.13)
0, otherwise.
Choosing r = n and s = 0, we see that
(M) 0,0X0,0 = Xn,n (M},) 0. (4.14)
Therefore
(M)(?D);,OX;,an,n(M;;D)n,O = X(;O(M;Z));,O(M(pZ))n,OXO,O- (4.15)
Since || X, 1l < |1 X, we have
Xpr n Xnn < I XIPL.
Hence from (4.15) we obtain
Xoo M5 0 (M) 0 Xo,0 = IXIZ (M), (M) 0. (4.16)

Note that Xy o is a linear map from 2, to 2% and dim %, = 1. Hence Xy 01 =11 for some n € C.
Also, taking p to be the polynomial z;, 1 < j < d, and r = 0in (4.13) we see that

X0, 541 (Mg,))HLS =0, for all s = 0.

Since this is true for all j = 1,...,d, it follows that X, ;+; = 0 for all s = 0. Moreover, since
X is invertible we must have Xy # 0. Otherwise, Xy s = 0 for all s = 0, implying that & is
orthogonal to the range of X, which is a contradiction. Hence Xy # 0, and consequently
n # 0. Therefore, from (4.16), we obtain

(MP)n,0Xo0,01, (M) n,0X0,01) < I XI2((My ") 01, (M) 01).

Consequently,
1 pl%, < IXIZ1 P12, - (4.17)

To finish the proof, note that (4.10) implies

X‘lM;.Z) = M](.”X_l, j=1,...,d.
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Hence repeating the arguments used to establish (4.17) we obtain that

1K1 pI%, < IXTHP1PIZ,,,
where (X_l)o,ol = (1, { #0. This completes the proof. O

Remark 4.19. In the proof given above, we have shown that X, ; = 0 for all s = 1. But using

(4.13), it can be easily verified that X, ; = 0 for all s > r, that is, X is lower triangular with

respect to the decomposition &9 &,. Consequently, { = %

Theorem 4.20. Let T, and T» be two operator tuples in 4K (Q). Suppose that T, ~, M'® and
T, ~, M. Then the following statements are equivalent.

(i) Ty and T» are similar.

(ii) There exist constants «, 3 > 0 such that
allpll zw = Ipll wm < Blpll z@, pEP. (4.18)

(iii)y AP = 2D (as sets).
(iv) There exist constants a, 3 > 0 such that

ak@ < k® < K@,

(v) there exist constants a, 5 > 0 such that

aas<bs<pPas, seN,.

Proof. The equivalence of (i), (ii), (iii) and (iv) follows easily from Theorem 4.18. Assume that

(ii) holds. Then (v) is easily verified by choosing any polynomial p in % and using || pll? o =

||p||9 and || p||? _Ip "5’ in (4.9). Also, it is trivial to see that (v) implies (iv). O

Jg(b
Corollary 4.21. Let A1,A> > 5(r —1). Then the d- tuple of multiplication operators MW op
M and MW on 761 are similar if and only if A1 = A,

Proof. Suppose that M) and M2 are similar. Then, by Theorem 4.20, there exist constants
@, > 0 such that a(11); < (A2)s < B(A1)s for all s € Nj. Take s = (s1,0,...,0), 51 € No. By the

As _ M)y Ai—As ~
M)s — Gy, 51 . Hence 1; = A,. The other

implication is trivial. O

properties of the Gamma function we have
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Chapter 5

Computation of ). M M;

We have studied the commuting tuple M¥ of multiplication by the coordinate functions on
the Hilbert space #'?. In particular, we have determined when they are bounded, when
they belong to the Cowen-Douglas class and when they are mutually unitarily equivalent,
respectively, similar. As we have pointed out earlier, the boundedness of the commuting tuple
M@ follows form the explicit formula for }° M;“) M;“) i Surprisingly, no formula was worked
out for the operator ZMZ@*MZF“). If nothing else, it should have been done for the sake of
completeness. Of course, the boundedness of the commuting d- tuple M¥ would follow
from this computation as easily as from the other one. However, the initial motivation for
computing this lies in the equality for a commuting pair of operators T = (71, T»).

2

2 2 2 2
T; i) + (Zl L,T}) - Zl TJ‘(Zi T Ti) T} - Z‘i TJ%(_ZI T;T;)T;.
i= j= i= j= i=

dee([T, 7)) = (]

2
1=

1

It is likely that a similar formula connecting dEt([[T*,T])) and the two sums }. T;T; and
Y. T} T; exist for any commuting d- tuple of operators T = (Ty,..., Tg), d > 2.

The results of this Chap*)ter are in two parts. In the first part, we obtain an explicit for-
mula for the operator ) M E%) M ;%) on the Hardy space of the Shilov boundary of any classical
bounded symmetric domain Q of rank r, using this, in the second part, a formula for this op-
erator acting on the Hilbert space .#? is given as long as the rank of Q is 2. Based on these
computations, a conjecture was made for the actual form of the operator for a domain of any
rank. H. Upmeier has actually verified this conjecture to be true. It follows, as a corollary, that
all the commutators of the multiplication by the coordinate functions on #™" are compact if
and only if rank of Q is 1.
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5.1 Multiplication operators on H>(Sg)

The Hilbert space #W, A = % is the Hardy space of the Shilov boundary of the domain Q.
It will be useful to first determine the form of the operator }_ M;‘ M; on the Shilov boundary.
This computation is particularly simple for two reasons: First, the inner product in the Hardy
space is given by integration against a quasi-invariant measure on Sq and second, the action
of the operator 3> M; M; on functions from H?(Sq) is explicit.

In this section, for each one of the classical bounded symmetric domains 2, we com-
pute the operator Z?Zl M l* M; on the Hardy space H?(Sq) of the Shilov boundary Sq. This is
easily done since the function Z;.i:l |z;|? = r on the Shilov boundary Sq. This was also noted
in a paper of A. Athavale [5], although, his answers are different since the realization of the
classical bounded symmetric domains that he uses are different from the Harish-Chandra

realization used here.

5.1.1 Multiplication operators on H?(Sg) for type-I domains

I, m : The domains Q of type I consists of matrices of order n x m, n < m, of norm strictly less
than 1. The rank of the domain Q is n. It is known that the Shilov boundary S consists of
maximal partial isometries in n x m complex matrices. For a positive integer n, let H(Sq)
denote the direct sum of n copies of H?(Sq). Let M : H,%,Z(SQ) — H,%(SQ) be the block opera-
tor (M; ])7:T =1 where M;; is the multiplication operator by the coordinate function z;; on
the Hardy space H?(Sq) over Sq. Let M! denote the block operator (Mj,-);.n:"f'i:l : H%(SQ) —
H2,(Sq) and M"" be the adjoint of the operator M.

Theorem 5.1. The operator M ML H’%(SQ) — H’%(SQ) equals the identity operator I, on
H;(Sq).

Proof. Since the Shilov boundary Sq of Q is the set of all z € M,, ,, such that zz* = I, it follows
that Z;”zl zijZjk=0; foralli,k=1,...,n, where z= (zij);’;'fj:l € Sq. Any f € H2(Sq) is of the

h
form ( : ) for some choice of fi,..., f, € H*(Sq). For such a f € H2(Sq), we have
In
9 m n 2 m n
IMIFIZ =D 2 ziifi| =D D (@ijfaxife)
i=1|i=1 i=lik=1
n o m _ n m ~
=Y X | zjfizxjfedo= ) (Z Zijij)fifk do
ik=1j=1YSa ik=1YSa \j=1

¥ aikf,.fkda:ff A2 do = 1112,
i=1YSa

i,k=1YSa
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completing the proof. O

The following corollary is an immediate consequence.

Corollary 5.2. If M;; is the multiplication operator by the coordinate function z;j on H?(Sq)

then Z?;szl Ml*]Ml] =nlon HZ(SQ)

5.1.2 Multiplication operators on H?(S,) for type-II domains

11, : The domains Q of Type-II consist of symmetric complex matrices z of order n with | z|| <
1. In this case, the rank of the domain Q is n. The Shilov boundary Sq consists of symmetric

complex matrices z of order n such that z*z = I. Pick one of these domains of dimension
%. It is convenient to put w
inner product is given by tr(AB*). Now, in the space of these symmetric matrices of size n,
the matrices E;;, i = 1,..., n together with %, 1<i# j<n, form an orthonormal basis.
Consequently, the coordinates of this domain are of the form

variables in the form of a symmetric matrix, where the

z:= (le) \/EZIZ) ceey \/E'Zln! 222y eey \/EZZI’Z) vy Zp-1n-1» \/EZn—ln’ Znn);
see [25, pp. 130]. Thus the coordinate Z;; = z;; and for (i, j): j > i, Z;j = \/Ezij.

Theorem 5.3. If M;; is the multiplication operator by the coordinate function zZ;j on H?(Sq)
thenY.;<; M;;M;; = nl on H*(Sq).

Proof. Since trace (z*z) = trace (I) = n it follows that ¥, < ; 1Z;1* = Zl’,szl |z;j1* = n. Thus

(X M;Mip) o f) = 3 1M )P
isj =]
:Zf |z f(2)Pdo
i<jYSa
=Y | lzjf@Pdo

i,j=1Sa

= Y lzjlPIf(@Pdo

Sa i, j=1

- nfs \f@Pdo = nll fI%.

This completes the proof. O
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5.1.3 Multiplication operators on H?(S,) for type-IIl domains

111, : The domains Q of Type-III consist of anti-symmetric complex matrices z of order n
with | z| < 1. In this case, the rank of the domain ( is [g]. If n is an even number the Shilov
boundary Sq consists of anti-symmetric complex matrices z of order n such that z*z=1.1f n
is odd then the Shilov boundary Sq consists of all matrices of the form UDU™, where U is an
arbitrary unitary matrix [25] and

Coordinates of this domain are of the form

Z12) Z13, oo -)le’l’ZZ?) . -Z2n»---,zn—1m
see [25, pp.138 ]

Theorem 5.4. If M;; is the multiplication operator by the coordinate function z;; on H?(Sq)

then’.;<; M;;M;j = 511 on H*(Sq).
Proof. 1f z is in Sq, then trace (z*z) = [ ]. Thus Y ;. jlzi ]|2 [ ]. The remaining portion of
the proof is the same as the proof of Theorem 5.3. O

5.1.4 Multiplication operators on H*(Sy) for type-IV domains

Type-1V domains, which are also known as the Lie balls, consist of all z € C? (d = 5) such
that 1 + A—lllz“zl2 > z'z and z'z < 2, where Z' is the complex conjugate of the transpose z.
These domains have rank 2 independent of the dimension d. In this case the Shilov boundary
Sa € 54(0,v2), where S$,(0,v/2) is the sphere of radius v/2 centred at 0 in C%, see [36, pp. 190
and Theorem X.4.6].

Theorem 5.5. If M; is the multiplication operator by the coordinate function z; on H*(Sq) then
Y4 M?M;=2Ion H*(Sq).

Proof. Since the Shilovboundary Sg, is a subset of $(0, v/2), it follows that Z Izl = 2. Hence
Y4 M;M;=2Ion H*(Sq). O

The discussion of this section is summarized in the Theorem stated below.

d (= ) (—
Theorem 5.6. Let M'r) = (M," 4 ) be the d- tuple of multiplication operators by the

coordinate functions zy,...,zq on the Hardy space H?(Sq). Then

d 4y (4)
Z =rl. (5.1)
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52 Y%M;M; on 7

Let M@ .= (M{“), ety Mc(l“)) be the d-tuple of multiplication by the coordinate functions z, ..., z4
on #@ . In this section, we wish to compute the operator M@ M@ .= Z?Zl ME“)*ME“) on
the Hilbert space #?.

By Lemma 4.9, note that M@ " M@ is a block diagonal operator with respect to the de-
composition &2, where each block is a non-negative scalar multiple of the identity, that is,
M@* M@ p=01)p, pe s for some non-negative real number 0(s). Therefore, in order to
compute the operator M@ "M@, it is sufficient to find the constants 5(s) for all s in N}. Un-
fortunately, we are only able to find 6(s) when s € Ng and |I"(s)| < 2. In particular, we have
the complete answer in case the rank r = 2.

The following lemma gives a description of the operator Ml@* on . In case of
weighted Bergman spaces, it is described in [44, Lemma 4.12.19].

Lemmab5.7. Ifse Ng and p is a polynomial in &g, then

* As—e;
jel-(s) @s

where 0; denotes the partial derivative with respect to the variable z;.

Proof. By [44, Theorem 4.11.86], we have that z; 2 is contained in & j¢ 1+(§)=@§+ej- Thus, for
any polynomial p in &, it follows that M;"p belongs to & je;-(5Ps—¢;. Now for j € I"(s) and
q€Pse e have
(M P, @) g0 =P, 2i @) g0 = (P, (2i Q) 5) 7ot
1
= _<py (Zlq)§>g
as

1
- a_£<py Zi‘])g

1
= —(0;p,
as< iz

= 1_<(0' )
—a_s iP g—ej;q>9

As_c:
S—€j

<(aip)§—€j} q)%(m .

s

Here the equality (p, z;q)# = (0;p, q) # follows from [44, Proposition 4.11.36]. This completes
the proof. O

The following theorem describes the operator M(? "M@ on some subspace of A4,
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Theorem 5.8. Lets € NS such that |I*(s)| 2. Then M9 M@ p=5(s)p, p € P, where

S= Y — L. (5.2)

jert(s) Astej  (Ps
Proof. First note that, for p € &5, we have

d d
MO MOp= Y M = (MO T <z,~p>§+e,-))s

i=1 i=1 =1 jel* (s) s
-3
i=1" jel*(s) “S+€]

Z(a (Zzp)s+ej)) )

JeIt(s) a5+€] i=1

~.

((Zz p)s+€]))

where the third equality follows from Lemma 5.7. Let Q; be the linear map on 2; given by

((z: s 14
Qj(p) = El(al((zlp)§+€j))£’ if jel™(s)
0, otherwise.
Then clearly,
swp= T o -

jeI*(s) Gs+e;

Note that, for p € &, Q; satisfies the following:

d

Y w=Y ¥ (0i(@nse)),

JEI* () i=1jel*(s)

Il
.M&

~
Il
—

[0 X Gipss)),

JEIt(s) =

(ai(ziP)L
+ lé (Ziaip)s.

Il
.M&

~
Il
—_

Therefore, by Euler’s formula, we obtain

Y. Qj(p)=(d+Ishp. (5.4)

JeIt(s)

Now, assume that |7 (s)| = 1. Then s is necessarily of the form (s1,0,...,0) and I*(s) = {1}.
Thus it follows easily from (5.3) and (5.4) that 6(s) = T+ 81).
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To complete the proof, assume that | I (s)| = 2. Then I* (s) = {1, k}, where 2 < k < r. Note
that by (5.3) and Theorem 5.6, we have

(4 R
— QP+ ———Qk(p) =rp. (5.5)
T/stea T/stek

By solving equations (5.4) and (5.5), it is easily verified that

(k=14 +51)(s1 — s+ L)

Qilp)= (51— Sk +5(k—1) ’
and p
(r—k+1)(2—4%(k—1)+ sr)(s1— $x)
Qk(p) = L 1
(s1-sp+5(k—1))
Now, the proof is completed by (5.3). O

As an immediate consequence of Theorem 5.8, we obtain the following corollary giving
the complete form of the operator M@ * M@ on @ when the domain Q is of rank 2.

Corollary 5.9. Let Q be an irreducible bounded symmetric domain of rank 2. Then, for any
polynomial p in P;, M@ M@ p = §(s) p, where

as 4 .
8()= Y ————cs()).

jerr(o 9s+e; (Ts

As a consequence of Theorem 5.8, we also obtain the following corollary about the es-
sential normality of the multiplication operators by the coordinate functions on the weighted
Bergman spaces.

Corollary 5.10. Let A > §(r — 1) and MW = (M(M,...,Mg“) be the d- tuple of multiplica-

2

tion operators on #W . Then the operator M. is essentially normal, that is, the commutator

le*MlW - MIWMEM* is compact foralli=1,...,d ifand only ifr = 1.

Proof. If r = 1, then by a direct computation it is easily verified that each le is essentially
normal. For the converse part, first set I to be the signature (/,0,...,0), where [ is a positive
integer. Then, by Lemma 4.10 and Theorem 5.8, we see that,

d . *
Z(Mzw M;A)_MlgA)Ml@) )p=n)p, pe P,
i=1

where
CE+pu+g) 1r-nE-4 l

r__ 27
n(l)_(ﬂt+l)(l+%)+(A—%)(H%) A+l-1"

(5.6)
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Suppose that each MZW is essentially normal. Then the operator Z?Zl (le " MZW - MZW le *)

r-14-9)
-z
0. Finally, since % =1+ %(r —1) + b, we conclude that r = 1. O

is compact. Hence 77(I) must converge to 0 as / — co. Thus, from (5.6), we obtain that

We finish this section with the following conjecture on the description of the operator
M@* M@ on the Hilbert space #'® when the domain Q is of arbitrary rank.

Conjecture5.11. Let Q be an irreducible bounded symmetric domain of rank r. Then, for any
polynomial p in 25, M'®" M@ p = §(s) p on the Hilbert space #'?, where

(Dste;
b= Y 2 = 6y(j). (5.7)

jert(s) s+e;  (T)s
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Chapter 6

Appendix

Proof of Theorem 3.12: The constant function 1 is a cyclic vector for the d- tuple S. Also,
o (S) =By, see [11]. To show that dEt([[S*, S]]) is non-negative definite, we claim that

(> sgn(n)sf*l(l)sr(l)---Sr(d—l)s;;(d))ea
neSy

A1 (d)

=seny\ a1

(lal+d-1)"“PVeg_c,, (6.1)
for each 7 in &,4. Here we have assumed a4y > 0 without loss of generality.

For any fixed but arbitrary 7 € & and an arbitrary k- tuple (iy,...,ix), k < d, with 1 <
i1 <ip<---<ip=d,let “P;(iy,...,ix)” be the induction hypothesis, namely, the statement

( Z sgn(n)S;(l)SiTm...Sir[k_l)SZI(k))ea
neG4-q

Qi

= sgn(T) m

(lal+d-1)"%Veq_e, . 6.2)
We see that the equality of Equation (6.1) is the same as the equality asserted in the statement
P;(iy,...,ig) with k = d and 7 = id, the identity permutation on d elements.

Thus, a proof of the equality (6.1) follows from showing that the validity of all the equal-
ities in P;(iy,...,ix), T € Gk, k < d, implies the validity of all the equalities in P;(iy,...,ix+1)
TE 6k+1.

To establish this, first note that if k = 1, then P;(iy), T € S; is the equalty (a; > 0): S;.kl eq =

\/ Ialiﬁ Ca—c;)» which is clearly valid. Now if k = 2, we note that

* . * _ air(Z) 11
(TI;2 Sgn(T])S,-m)S,Im Simz))e“ = sgn(7) V la|+d—-1 (laf+d-1) Ca—eci,y,
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for any pair i;,1, with 1 < i; < i, < d and any fixed but arbitrary 7 € G,. This establishes the
validity of P; (i, i2), T € G,.

More generally, assume that the equalities in P;(ij,...,ix—1) are valid for each tuple
(i1,...,ik—1) with1 <ij <iy--- <i}_; < d, and any fixed but arbitrary 7 € Si_;. To show that the
equality in P;(iy,..., k) is valid for each fixed but arbitrary (iy,..., ix) and 7 € S, it is enough
to verify it with 7 = id. For this, we split the left hand side of P;;(i1,..., ix) into several sums
fixingn(k) =j, j=1,...,k, in each one of these sums, that is,

( > Sgn(n)sin(l)silsinw'"Sin(k—l)sikflsin(k))ea -
neSy

* * * *
( Z Sgn(n)sln(l) Sll Sin(Z) ...Sin(k—l) Sik*l Slk)ea
neG k) =k

* * * *
+ ( 66 %) . lsgn(n)sln(l) Sll Sin(Z) ...Sin(k—l) Sik—l Sik—l)ea
n kTl =Kk=

+( ) sgn(mS; | SiSi ,--Si o SiaSi,)ea
neG,nk)=k-2
+o( ), sgnmS; Si i, --Si | Sic, ST )ea (6.3)
77561077(/6)=1
Pick a fixed but arbitrary sum in P;4(iy, ..., ix) withn(k) = j, j =1,..., k—2. We claim that these

sums vanish. Each one of these sums is of the form

* * * * * * *
2, senmS;  SuS; ,--SiiSi  SiSi iy Siia Sty Sty Sk Siy- (6.4)
neSin(k)=j

For a fixed n € G, let n, € G be the permutation:

n(i) igij,j+11,
Ne(D=4nG+1) ifi=j,
nG)  ifi=j+1.

The sign of 71, is opposite of the sign of 7 and these occur in pairs. Also, S;S;S, = §,,8;S;
for any choice of ((i, [, p) with i # [ # p. Clearly, n(j) # j # n(j + 1) by choice. Putting these
observations together, we conclude that the sum (6.4) vanishes.

Now, we examine the two nonzero sums that remain on the right hand side of (6.3). The
first of these two sums, namely;,

(> sgn(n)S;‘nmSilS;‘m) 87 86, S )ea

In(k—
n(k-1)
neGy

=( ). sgn()S; S;S

* *
la(l) ..Sia’(k—l))slk_l Sikea
O'EGk_l

*
lg2) °
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Applying the equality in P;;(iy,...,ix-1) to the vector S;__, S7 eq, we have

llcll

(X sgnmS; SiS; ...Si Si ,Si)ea= iy G, 1, (6.5)
ne®y 8NS5t Si) -+ Sty Sk Si ) € = | 7o 1(ja|+d—Dk-D 5% T

The second sum

( Z Sgn(n)s ll :7(2) : S;n[k,l)sik—ls;k,l)ea
neSy

=—( > sgn()S; ”» ,18;‘;(2)...S;.“U(k))S,-k_lek_lea.

UEG]C 1

The verification of this equality is an immediate consequence of the following observations.

1. Each permutationn € ék :={ne€ Sk :n(k) = k—1} is of the form 6 (k, k — 1), where 6 is a
bijection from {1,...k—1} to {1,..., k-2, k} and (k, k — 1) is the cycle taking k to k—1.

2. The bijections ¢ are in one to one correspondence with permutations *3;_; of the set
{1,...,k—2,k}.

3. Since n =o(k, k—1) for some o € Py, it follows that sgn(n) = —sgn(o).
4. Gy_1 isisomorphic to Py_;.

Now, as before, applying the equality in P;4(i1, ..., k-2, ix) to the vector S;, | ST eq, we have

ik-1

(X sgn@)S;, 8655, Sty Sixs St )ea ==/ =it T of . (66)
nes, (i ln(2) Ink-1) k=171 la|+d—-1 (a|+d-1)k-D iy

Combining (6.5) and (6.6), we obtain

* * . * _ @iy —(k-1)
(né SgIl(’I])Sl ) ll Sin(Z) "'Sin(k—l] Slk—l Sin(k))ea = m(l(ﬂ +d-1) ea_eik,
k

which verifies P;(iy,...ix) for T = id. The verification of (6.1) for an arbitrary choice of T € G
is similar. Recall the expression of determinant operator in (3.12)

dEt([[S*,8])) = ) sgn(T)SgN) Sy 1y St1)Sh(2) -+ Syiay S+
7,N€Gy

-y sgn(r)sgn(n)ST(d)S;(I)ST(D...ST(d_l)S;(d).
,N€Sy

Now using the equality in (6.1) we get,

(d-1)!

T,T]EGd
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and

(d-1)!a|

Y sgn(r)sgn(m) S Spay Sz ...ST(d_l)S;;(d) Cq = mea.

1,m€6y
Thus combining the above equalities we get

(d-1)! (d-1!al

det([[s*, S = -
(8" S)ew = (s 20~ Tarrd 12

)ea-

It is easy to see dEt([[S*, S]) is non-negative definite since

1 ||
- > 0.
(lal+d) 4D (la|+d-1)4

Now,

trace (dE (", S])) = X (dEe([S"S]))ea ea)

ael\lg
1 ||
= d-1)! -
aEX,:Nd( : ((Ial +d) 4=V (lal+d- l)d)
0
> 1 1
= (d-1)! -
k;oal;ad ((Ia|+d)(d‘” (|a|+d—1)d)
lal=k
X (k+d-1)(k+d-2)...(k+1) (k+d-2)...(k+1)k
-3 - )
o (k+a)@d-b (k+d-1)d-1
=1.
This completes the proof. O

Proof of Theorem 3.13: As in the case of two variables, the d- tuple T is 1- cyclic, Py Tij, =
0,1 < j <d, and its spectrum is of the form B[r] for some r >0 depending on {04}
A calculation similar to the one in the proof of Theorem 3.12 given above shows that

(d-116%4  (d-1)a|6%4

* la| lal-1
dEt(|T", T = - . 6.7
Since 64 is an increasing sequence, it follows
(d-1D16%¢  (d-1)!a|6?¢ 1
|l a1 @-1162 | ) =0.

(lal+d)@D  (al+d-1)1 (lal+d)@D  (al+d- 14

Hence dEt([[T*, T])) is non-negative definite.
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To complete the proof, we need to verify the norm estimate (iii) of Definition 3.10. For
this, taking 7 to be the identity permutation in (6.1), we obtain the equality

(X sgnm Ty i Ty Ta-1 Ty ) Xa
neSy

_ s2d-1 agq —(d-1)
=0\ Tgra—l 40T e, (6.8)

Clearly, we have

* 1L
IPn( Y sgnmM Ty Ti Ty - Ta-1 T Pyl

neGy
-1
N+d-1
s( p ) [T 17021 Tall. (6.9)
-1 {i:i£d}
Consequently,

N+d-1\" d
”PN( Z sgn(n) T, 77(1) Ty;k(z) Ta- 1T(d))P T4Pnl = ( d—1 ) H” Ti”Z- (6.10)

neSy - i=1

It follows from Remark 3.11(b) that the inequality in Equation (6.10) remains unchanged
when we replace the identity permutation by any other permutation from &,. Therefore, the
d- tuple T is in the class BS;,; (B[r]) and the proof is complete. O
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