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ABSTRACT. For a commuting d- tuple of operators T defined on a complex separable Hilbert
space H , let

[[
T ∗,T

]]
be the d ×d block operator

(([
T ∗

j ,Ti
]))

of the commutators [T ∗
j ,Ti ] :=

T ∗
j Ti − Ti T ∗

j . We define the determinant of
[[

T ∗,T
]]

by symmetrizing the products in the

Laplace formula for the determinant of a scalar matrix. We prove that the determinant of[[
T ∗,T

]]
equals the generalized commutator of the 2d - tuple of operators, (T1,T ∗

1 , . . . ,Td ,T ∗
d )

introduced earlier by Helton and Howe. We then apply the Amitsur-Levitzki theorem to con-
clude that for any commuting d - tuple of d - normal operators, the determinant of

[[
T ∗,T

]]
must be 0. We show that if the d- tuple T is cyclic, the determinant of

[[
T ∗,T

]]
is non-negative

and the compression of a fixed set of words in T ∗
j and Ti – to a nested sequence of finite di-

mensional subspaces increasing to H – does not grow very rapidly, then the trace of the deter-
minant of the operator

[[
T ∗,T

]]
is finite. Moreover, an upper bound for this trace is given. This

upper bound is shown to be sharp for a class of commuting d - tuples. We make a conjecture
of what might be a sharp bound in much greater generality and verify it in many examples.

1. INTRODUCTION

The study of bounded linear operators T on a complex separable Hilbert space close to
normal operators has been quite successful and has a long history. For commuting tuples
of operators T := (T1, . . . ,Td ), this study is not as complete as in the case of one variable.
For instance, while some attempts at the generalization of the Berger-Shaw or the Brown,
Douglas and Fillmore theorem in the multi-variate context exist, they are far from complete.
In this paper we focus on obtaining trace estimates for the commutators [T ∗

j ,Ti ], 1 ≤ i , j ≤ d ,
in the spirit of the Berger-Shaw theorem. As in the one variable case, one expects a reasonable
estimate after requiring the d - tuple to be hyponormal and m - cyclic. We recall these notions
below.

An operator T on a Hilbert space H is said to be hyponormal if the commutator [T ∗,T ]
is non-negative definite. There are many possible notions of hyponormality for a d- tuple
T = (T1, . . . ,Td ) of commuting operators acting on a Hilbert space H .

For instance, a commuting d- tuple T of operators acting on a Hilbert space H is said to
be jointly hyponormal if [[

T ∗,T
]]

:= ((
[T ∗

j ,Ti ]
))d

i , j=1 :
⊕

d

H −→⊕
d

H
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is non-negative definite, that is, for each x ∈⊕
d H ,〈[[

T ∗,T
]]

x, x
〉≥ 0.

On the other hand, a commuting d- tuple T of operators acting on a Hilbert space H is
said to be projectively hyponormal if, for each vector (α1, . . . ,αd ) ∈Cd \ {0}, the sum

∑d
i=1αi Ti

is a hyponormal operator on H . In the literature, these have been called weakly hyponormal
operators. However, the adjective "projective" describes better the way this class is related to
the class of jointly hyponormal operators.

Definition 1.1 (Schatten p - class). An operator T : H → H is said to be in the Schatten p -
class Bp , p ∈ [1,∞), if there is an orthonormal basis {en} such that

‖T ‖p := (∑
n
〈|T |p en ,en〉

)1/p <∞,

where |T | is the unique positive square root of the operator T ∗T. The operator T is said to
be of trace class, i.e., T ∈ B1 if ‖T ‖1 < ∞. We let B(H ) denote the algebra of all bounded
operators on the Hilbert space H .

(m- cyclic). The d - tuple T is said to be m - polynomially cyclic if the smallest cardinality
of a linearly independent set of vectors ξ⊆H such that H is the closed linear span of{

T i1
1 T i2

2 . . .T id
d v | v ∈ ξ and i1, i2, . . . , id ≥ 0

}
is equal to m. We let ξ[m] denote any such set ξ of m linearly independent vectors.

In what follows, we will use the terms “finitely polynomially cyclic”, “m - polynomially
cyclic" or even "m - cyclic" interchangeably, while “cyclic” always means 1 - cyclic. Also,
unless explicitly indicated otherwise, we drop the adjective “jointly” and write “hyponormal”
instead of jointly hyponormal.

Letσ(T ) ⊆Cd denote the Taylor joint spectrum of the d-tuple of operators T , see [8, 11]. We
assume that the spectrum is polynomially convex. Consequently, the property of polynomial
cyclicity as opposed to rational cyclicity, would be the natural hypothesis for us. Therefore,
we write “m-cyclic” instead of m-polynomially cyclic throughout this paper.

A second consequence of the polynomial convexity is that T is m- cyclic if and only if the
subspace {

f (T )v | v ∈ ξ[m] and f ∈ Hol(σ(T ))
}

is dense in H . Here, Hol(σ(T )) is the algebra of all functions which are holomorphic in some
open neighbourhood of the compact set σ(T ). The operator f (T ) is then defined using the
usual holomorphic functional calculus.

For a single hyponormal operator T , one of the surprising results is the trace inequality
due to Berger and Shaw reproduced below. A generalization of the Berger-Shaw inequality is
in [22], see also [16].

Theorem 1.2 (Berger-Shaw, [3]). If T is an m- cyclic hyponormal operator, then [T ∗,T ] is in
trace-class and

trace [T ∗,T ] ≤ m

π
ν

(
σ(T )

)
,

where σ(T ) is the spectrum of T and ν is the Lebesgue measure.
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Apart from the earlier results for a d - tuple of m - cyclic hyponormal operators in [2] and
[10], more recently, several properties involving commutators of the restriction of the multi-
plication by the coordinate functions on H 2(D2) to an invariant subspace and the compres-
sion to a co-invariant subspace has been obtained in [23].

Let M := (M1, M2) denote the pair of multiplication by coordinate functions z1 and z2,
respectively, on the Hardy space H 2(D2) of the bidisc D2. The constant vector 1 is a cyclic
vector for M and [[

M∗, M
]]= (

P ⊗ I 0
0 I ⊗P

)
,

where P is the projection to the one dimensional subspace generated by the constant func-
tion 1 in H 2(D), is non-negative definite. Therefore the pair M is hyponormal. However,
neither [M∗

1 , M1] nor [M∗
2 , M2] is trace class. These operators are not even compact. Thus

the obvious generalization of the Berger-Shaw inequality fails, in general, in the multivari-
ate case. However, the product of the two operators [M∗

1 , M1] and [M∗
2 , M2] is trace class

with trace norm equal to one. This example prompts the question: In general, for an ap-
propriate class of commuting d - tuple T , if there is some function of

[[
T ∗,T

]]
which might

be in the trace class. We identify such a class of commuting d - tuples and a function: dEt :
B(H )⊗Md →B(H ). On the set{((

[T ∗
j ,Ti ]

))d
i , j=1 : T j Ti = Ti T j ,1 ≤ i , j ≤ d

}⊂B(H )⊗Md ,

it is given by the formula

dEt
([[

T ∗,T
]])

:= ∑
σ,τ∈Sd

Sgn(σ)[T ∗
τ(1),Tσ(τ(1))][T

∗
τ(2),Tσ(τ(2))] · · · [T ∗

τ(d),Tσ(τ(d))],

where Sd is the permutation group on d symbols. For the pair of multiplication operators
on H 2(D2), trace

(
dEt

([[
M∗, M

]]))= 2.
In Section 2, for any hyponormal (resp. weakly hyponormal) d - tuple T , we obtain an

estimate, Theorems 2.12 and 2.13, for the trace norm of [T ∗
j ,Ti ], 1 ≤ i , j ≤ d . Also, we show

that [10, Theorem 2] is valid with the weaker hypothesis of projective hyponormality instead
of the hyponrmality assumption. This is Theorem 2.15. In several explicit examples, we verify
the assumptions of this theorem.

In Section 3, we prove that dEt
([[

T ∗,T
]])

is equal to the generalized commutator GC(T ∗,T ),
Definition 3.3, introduced earlier by Helton and Howe. A commuting d - tuple T = (T1, . . . ,Td ),
T j : H ⊗Cn →H ⊗Cn , is said to be n - normal if the operators

{
T j (k,`) : 1 ≤ j ≤ d , 1 ≤ k,`≤ n

}
consists of commuting normal operators, where T j = ((

T j (k,`)
))

, 1 ≤ j ≤ d . Applying the
Amitsur-Levitzki theorem, which states that “the algebra of d ×d matrices over any commu-
tative ring R satisfies the standard polynomial S2d ” (see [17]) to a commuting tuple T of d -
normal operators and using the equality of dEt and GC, we show that if T is a d - tuple of d -
normal operators, then dEt

([[
T ∗,T

]])= 0. This is Corollary 3.6.
In Section 4, We obtain a trace estimate for dEt

([[
T ∗,T

]])
assuming that the d - tuple T is m

- cyclic, is in the class Bm,θ(Ω) that is introduced in this paper and is such that dEt
([[

T ∗,T
]])

is non-negative definite, see Theorem 4.7.
In Section 5, we discuss the weighted Bergman spaces on the Euclidean ball and the ellip-

soid. For the commuting tuple M of multiplication by the coordinate functions Mi , 1 ≤ i ≤ d ,
in these examples, we compute the trace of the operator dEt

([[
M∗, M

]])
. Based on these com-

putations, we conjecture an inequality for the trace of the operator dEt
([[

T ∗,T
]])

in general,
which we expect to be sharp.
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2. A CLASS OF HYPONORMAL d - TUPLES

Given a commuting d - tuple of bounded linear operators T = (T1 . . . ,Td ), our main goal
is to find what natural conditions must be imposed on T to ensure that the commutators
[T ∗

j ,Ti ], 1 ≤ i , j ≤ d , are in trace class. Several conditions on T are known (see [2, 10]) which
achieve this goal. The theorem below provides an easy construction of such commuting d -
tuple of operators starting from a single operator T . First, we make a simple observation.

Proposition 2.1. Let A = (A1, . . . , Ad ) be a commuting projectively hyponormal (resp. hyponor-
mal) tuple of operators on a Hilbert space H1 and T be a hyponormal operator on (possibly)
some other Hilbert space H2. Then A ⊗T = (A1 ⊗T, . . . , Ad ⊗T ) is a commuting projectively
hyponormal (resp. hyponormal) tuple of operators on H1 ⊗H2.

Proof. For the first half of the proof, assume that A is projectively hyponormal. For an ar-
bitrary choice of α = (α1, . . . ,αd ) ∈ Cd , let Aα := ∑d

i=1αi Ai and (A ⊗T )α := ∑d
i=1αi (Ai ⊗T ) =

Aα⊗T . Since A is commuting projectively hyponormal, we have [(Aα)∗, (Aα)] ≥ 0 for each
α ∈Cd . Now, [

(Aα⊗T )∗, (Aα⊗T )
]= (Aα)∗(Aα)⊗T ∗T − (Aα)(Aα)∗⊗T T ∗

≥ (Aα)∗(Aα)⊗T T ∗− (Aα)(Aα)∗⊗T T ∗

= [(Aα)∗, (Aα)]⊗T T ∗

≥ 0.

A similar proof:
[[

(A ⊗T )∗, A ⊗T
]]≥ [[

A∗, A
]]⊗T T ∗ ≥ 0 completing the proof in the case A is

hyponormal. �

What additional condition must be imposed on a hyponormal d - tuple A ⊗T to conclude
that [[

(A ⊗T )∗, A ⊗T
]]

: (H1 ⊗H2)⊗Cd → (H1 ⊗H2)⊗Cd

is in trace class? The following theorem provides a set of very restrictive conditions ensuring
this.

Theorem 2.2. Let A := (A1, . . . , Ad ) be a d - tuple of commuting normal Hilbert-Schmidt oper-
ators on a Hilbert space H1 and T be a hyponormal operator on a second (possibly different)
Hilbert space H2. Assume that T is m- polynomially cyclic. Then A ⊗T := (A1 ⊗T, . . . , Ad ⊗T )
is a commuting hyponormal d- tuple of operators and∥∥[

A∗
j ⊗T ∗, Ai ⊗T

]∥∥
1 ≤ m

π
ν
(
σ(T )

)‖Ai‖2‖A j‖2,1 ≤ i , j ≤ d ,

where ν is the normalized Lebesgue measure.

Proof. Since T is a hyponormal and m- polynomially cyclic operator on H2, by the Berger-
Shaw theorem, trace([T ∗,T ]) ≤ m

π
ν(σ(T )). For 1 ≤ i , j ≤ d , using Fuglede theorem for com-

muting normal operators, we have[
(A j ⊗T )∗, (Ai ⊗T )

]= A∗
j Ai ⊗ [T ∗,T ] = Ai A∗

j ⊗ [T ∗,T ] (2.1)

Using Equation (2.1), we obtain the equality

[[
(A ⊗T )∗, A ⊗T

]]=
A1

...
Ad

(
A∗

1 . . . A∗
d

)⊗ [T ∗,T ]. (2.2)
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Since T is hyponormal by hypothesis, it follows that the commuting tuple A ⊗T is hyponor-
mal.

Also, since Ai , 1 ≤ i ≤ d , is a Hilbert-Schmidt operator, it follows that Ai A∗
j , 1 ≤ i , j ≤ d , is

in trace-class. The operator [T ∗,T ] is in trace-class, consequently (using Equation (2.1)), we
conclude that

[
A∗

j ⊗T ∗, Ai ⊗T
]
, 1 ≤ i , j ≤ d , is in trace-class. Moreover, we have∥∥[

(A j ⊗T )∗, (Ai ⊗T )
]∥∥

1 =
∥∥A∗

j Ai ⊗
[
T ∗,T

]∥∥
1

= trace
(|A∗

j Ai |
)
trace

[
T ∗,T

]
≤ m

π
ν
(
σ(T )

)∥∥Ai
∥∥

2

∥∥A j
∥∥

2,

where the last inequality follows since ‖AB‖1 ≤ ‖A‖2‖B‖2 for any pair of Hilbert - Schmidt
operators A and B . �

The following lemma is certainly well known, however for the shake of completeness, we
provide a proof.

Lemma 2.3. Let X , Z be positive operators on some Hilbert space H1 and Y be a nonzero
operator on (possibly) some other Hilbert space H2. Assume that either

X ⊗Y ∗Y ≥ Z ⊗Y Y ∗, or Y ∗Y ⊗X ≥ Y Y ∗⊗Z .

Then X ≥ Z .

Proof. Suppose X ⊗Y ∗Y ≥ Z ⊗Y Y ∗. For any pair of unit vectors u ∈H1 and v ∈H2, we have

〈X u,u〉‖Y v‖2 = 〈X ⊗Y ∗Y u ⊗ v,u ⊗ v〉
≥ 〈Z ⊗Y Y ∗u ⊗ v,u ⊗ v〉 = 〈Z u,u〉‖Y ∗v‖2. (2.3)

Taking supremum over all unit vectors v ∈ H2, we see that X ≥ Z . The proof is similar if we
start with the inequality Y ∗Y ⊗X ≥ Y Y ∗⊗Z . �

In passing, we note that there is a converse to Proposition 2.1, which we give below.

Proposition 2.4. Let A = (A1, . . . , Ad ) be d- tuple of operators on a Hilbert space H1 and T
be a nonzero operator on (possibly) some other Hilbert space H2. Assume that the tuple of
operators A⊗T := (A1⊗T, . . . , Ad ⊗T ) on H1⊗H2 is commuting and projectively hyponormal
(resp. hyponormal). Then we have the following.

(i) Each of the operators A1, . . . , Ad is hyponormal on H1 and the operator T is hyponor-
mal on H2.

(ii) The tuple of operators A is commuting and projectively hyponormal (resp. hyponor-
mal) on H1.

Proof. Since A ⊗T is projectively hyponormal, the commutators

[A∗
i ⊗T ∗, Ai ⊗T ] = (A∗

i Ai ⊗T ∗T − Ai A∗
i ⊗T T ∗) ≥ 0.

First, applying Lemma 2.3 with X = A∗
i Ai , Z = Ai A∗

i and Y = T , and then with X = T ∗T, Z =
T T ∗ and Y = Ai , we conclude that Ai , 1 ≤ i ≤ d , and T are hyponormal. By hypothesis,

0 = [(Ai ⊗T ), (A j ⊗T )]

= [Ai , A j ]⊗T 2

whenever i 6= j . This implies: either [Ai , A j ]=0 or T 2 = 0. If T 2 = 0, then the spectral radius of
T , r (T ) = 0. Since T is a hyponormal operator we have r (T ) = ‖T ‖ (see [21, Theorem 1]). So
‖T ‖ = 0 which is a contradiction. Hence we have [Ai , A j ]=0.
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For an arbitrary choice of complex numbers α1, . . . ,αd , let Aα := ∑d
i=1αi Ai . If A ⊗ T is

assumed to be projectively hyponormal, then [(Aα⊗T )∗, Aα⊗T ] ≥ 0. Now, setting

X := A∗
αAα, Z := AαA∗

α and Y := T,

and applying Lemma 2.3, it follows that A is projectively hyponormal.
A similar proof: Set

X :=

A∗
1 A1 . . . A∗

d A1
...

. . .
...

A∗
1 Ad . . . A∗

d Ad

 , Z :=

A1 A∗
1 . . . A1 A∗

d
...

. . .
...

Ad A∗
1 . . . Ad A∗

d

 ,

both acting on the Hilbert space H1 ⊗Cd , and Y := T . The hypotheses of Lemma 2.3 are met
when A ⊗T is assumed to be hyponormal (see Equation (2.2)). Thus, in this case, we have
X ≥ Z completing the proof of the hyponormality of the commuting d - tuple A. �

2.1. Hyponormality and trace class commutators. For many of the d- tuple of operators
discussed in the previous section, we show that the conclusion of the Douglas-Yan theo-
rem, which is recalled below, remains valid even though, they don’t necessarily satisfy the
hypotheses of the theorem. One of these hypotheses is that of the Krull dimension of the
quotient C[z1, . . . , zd ]/IT , where

IT = {
p ∈C[z1, . . . , zd ] : p(T ) = 0

}
is the vanishing ideal of the d - tuple T .

Definition 2.5 (Krull dimension). The Krull dimension of a ring R is defined to be the maxi-
mum of those positive integers n for which there is an ascending chain of prime ideals of the
form

{0} = P0 ( P1 ( . . .( Pn (R.

We also give some natural examples of commuting d- tuples of operators satisfying the
hypothesis of the Douglas-Yan theorem. Finally, we indicate a proof of this theorem with the
weaker hypothesis of projective hyponormality.

Theorem 2.6. Let T = (T1, . . . ,Td ) be a hyponormal d- tuple of operators on the Hilbert space
H such that T is finitely polynomially cyclic. If the Krull dimension of C[z1, . . . , zd ]/IT is 1,
then [T ∗

j ,Ti ] is in trace-class for all i , j (1 ≤ i , j ≤ d).

An algebraic closed set V ⊆ Cd is the set of common zeros of a set of polynomials in
C[z1, . . . , zd ]. Furthermore, if IV ⊆ C[z1, . . . , zd ] is the ideal of all polynomials vanishing on
the set V , then the set V is called an algebraic curve if dim

(
C[z1, . . . , zd ]/IV

) = 1. A closed
algebraic set V is said to be thin if it is a subset of an algebraic curve. In the special case,
when the d- tuple T is subnormal, dim

(
C[z1, . . . , zd ]/IT

)= 1 is equivalent to the fact that the
Taylor joint spectrum of the d- tuple is thin, see [10].

It is proved in Theorem 2.2 that the commutators [(A j ⊗T )∗, Ai ⊗T ], 1 ≤ i , j ≤ d , belong to
the trace class after having imposed suitable hypothesis on the commuting tuple A and the
operator T . This set of hypotheses does not include polynomial cyclicity of the commuting
d- tuple A ⊗T . Polynomial cyclicity is one of the two main assumptions in the Douglas-
Yan theorem. However, we show that the Taylor joint spectrum of the commuting d- tuple
A ⊗T appearing in Theorem 2.2 is a union of thin sets. This was the other hypothesis in the
Douglas-Yan Theorem. The Theorem stated below is slightly more general than [4, Proposi-
tion 3.16], however, the proof is similar and therefore omitted.



A TRACE INEQUALITY FOR COMMUTING TUPLES OF OPERATORS 7

Proposition 2.7. Let
{

S i := (
Si 1, . . . ,Si d

)}n
i=1, where n ∈ N∪ {∞}, be a set of commuting d-

tuple of bounded linear operators on the Hilbert spaces H i . Then the Taylor joint spectrum
σ(⊕n

i=1S i ) of the direct sum ⊕n
i=1S i equals ∪n

i=1σ(S i ).

The Theorem below follows directly from Proposition 2.7.

Theorem 2.8. Let A := (A1, . . . , Ad ) be a d- tuple of commuting normal Hilbert-Schmidt oper-
ators on a Hilbert space H1 and T be an operator on a second (possibly different) Hilbert space
H2. Then the joint spectrum of the commuting d- tuple of operators A⊗T := (A1⊗T, . . . , Ad⊗T )
is a countable union of thin sets.

Proof. Let λ(k) = (λ(k)
i )i∈I , 1 ≤ k ≤ d , I countable, be the set of eigenvalues of Ak . We can as-

sume, without loss of generality, that Ak =∑
λ(k)

i P (k)
i , where P (k)

i is the orthogonal projection

to the eigenspace corresponding to λ(k)
i . Consequently, the tuple A ⊗T is the direct sum⊕

i∈I

(
λ(1)

i T , . . . , λ(d)
i T

)
.

For a fixed i ∈ I , the spectrum of the operator
(
λ(1)

i T , . . . , λ(d)
i T

)
is the set {(λ(1)

i z, . . . ,λ(d)
i z) :

z ∈σ(T )} ⊆Cd . Now, applying Proposition 2.7, we conclude that the spectrum of the d- tuple
of operators A ⊗T is the set

σ(A ⊗T ) = ⋃
i∈I

{
(λ(1)

i z, . . . ,λ(d)
i z) : z ∈σ(T )

}
.

Thus σ(A ⊗T ) is a union of at most countably many thin sets. �

Remark 2.9. The simple examples of Theorem 2.2 show that the conclusion of membership
in the trace class can be achieved without imposing either of the hypotheses mandated in the
Douglas-Yan theorem.

As shown in Theorem 2.8, the spectrum of the d - tuple of commuting operators A ⊗T , in
general, is only a countable union of thin sets. Although, if A is a commuting d- tuple with
the property:

card
{
λ := (

λ(1), . . . , λ(d)) |λ ∈σ(A)
}<∞,

then the σ(A ⊗T ) is a union of finitely many thin sets and therefore it is thin.

The following proposition gives a different set of examples satisfying the hypotheses of the
Douglas-Yan theorem.

Recall that an operator T (resp. d - tuple) of hyponormal operator is said to be pure if it
has no reducing subspace H0 such that T restricted to H0 is normal.

Proposition 2.10. If T is a pure hyponormal operator, and IT ⊆ C[z] is the vanishing ideal
of T := (T, . . . ,T d ), then dim

(
C[z]/IT

) = 1. Moreover, if T is m - cyclic, then (T, . . . ,T d ) is n -
cyclic for some n, n ≤ m.

Proof. Clearly, if T is m- polynomially cyclic, then (T, . . . ,T d ) is n- polynomially cyclic for
some n with n ≤ m. By definition the ideal I generated by the polynomials p(1)

T , . . . , p(d−1)
T :

p(1)
T (z) = z2

1 − z2, . . . , p(d−1)
T (z) = zd

1 − zd is included in IT .
The kernel of the map Φ : C[z1, . . . , zd ] → C[z] given by (Φ f )(z) = f (z, z2, . . . , zd ) is I and

therefore, C[z1, . . . , zd ]/I ∼=C[z]. It follows that the Krull dimension of C[z1, . . . , zd ]
/
I equals

that of C[z], which is 1. Therefore, to complete the proof, all we have to do is show that IT is
included in I .
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If there is a polynomial p not in I such that p(T,T 2, . . . ,T d ) = 0, then the polynomial
φ(p)(z) := p(z, z2, . . . , zd ) is not the zero polynomial and φ(p)(T ) = 0. But φ(p)(T ) = 0 if and
only if the spectrum of T is finite. Now, if T is a pure hyponormal operator, then the spectrum
of T can not be discrete hence cannot be finite (see [21, Cor. 2]). Therefore, the vanishing
ideal of the d- tuple (T, . . . ,T d ) is the ideal generated by the polynomials z1

2−z2, . . . , z1
d −zd .

This completes the proof. �

Recall that Athavale, in the paper [2], had introduced the notion of the projectively hy-
ponormal operators, although, he called them weakly hyponormal. Among other things, the
proof of the inequality (2.6) appears in the proof of Proposition 4 in his paper. However, the
estimate for |Trace[T ∗

2 ,T1]| that follows is valid if [T ∗
2 ,T1] is trace class. This was claimed in

the proposition but not verified. We provide this proof here. For our proof, it is necessary to
adopt the following slightly different definition of the trace norm ‖T ‖1, see [20, Proposition
3.6.5], which however is equivalent to the expression in Definition 1.1:

‖T ‖1 = sup
{ fn },{gn }

∞∑
n=1

|〈T fn , gn〉|, (2.4)

where the supremum is taken over all pairs { fn} and {gn} of orthonormal sets in the Hilbert
space H .

Lemma 2.11. Let T = (T1, . . . ,Td ) be a commuting projectively hyponormal d- tuple of op-
erators on the Hilbert space H . Furthermore, assume that for 1 ≤ k ≤ d, each [T ∗

k ,Tk ] is in
trace-class. Then [T ∗

j ,Tk ] is also in trace-class for all 1 ≤ k, j ≤ d.

Proof. From the projective hyponormality of T , for any fixed pair of indices j ,k, it follows
that

|α j |2〈 f , [T ∗
j ,T j ] f 〉+2Re ᾱ jαk〈 f , [T ∗

j ,Tk ] f 〉+ |αk |2〈 f , [T ∗
k ,Tk ] f 〉 ≥ 0,α j ,αk ∈C, f ∈H , (2.5)

whereα j ,αk are an arbitrary pair of complex numbers. By a reasoning identical to the deriva-
tion of the Cauchy-Schwarz inequality, we get

|〈 f , [T ∗
j ,Tk ] f 〉|2 ≤ 〈 f , [T ∗

j ,T j ] f 〉〈 f , [T ∗
k ,Tk ] f 〉, f ∈H . (2.6)

For f , g ∈H , using the polarization identity and Equation (2.6) together, we have

4|〈 f , [T ∗
j ,Tk ]g 〉| ≤ |〈 f + g , [T ∗

j ,Tk ]( f + g )〉|+ |〈 f − g , [T ∗
j ,Tk ]( f − g )〉|

+ |〈 f + i g , [T ∗
j ,Tk ]( f + i g )〉|+ |〈 f − i g , [T ∗

j ,Tk ]( f − i g )〉|
≤ (〈 f + g , [T ∗

k ,Tk ]( f + g )〉〈 f + g , [T ∗
j ,T j ]( f + g )〉) 1

2

+ (〈 f − g , [T ∗
k ,Tk ]( f − g )〉〈 f − g , [T ∗

j ,T j ]( f − g )〉) 1
2

+ (〈 f + i g , [T ∗
k ,Tk ]( f + i g )〉〈 f + i g , [T ∗

j ,T j ]( f + i g )〉) 1
2

+ (〈 f − i g , [T ∗
k ,Tk ]( f − i g )〉〈 f − i g , [T ∗

j ,T j ]( f − i g )〉) 1
2 .
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Next using the inequality x y ≤ x2+y2

2 , x, y ∈ R+ and collecting the appropriate terms back for
another application of polarization identity we get that

4|〈 f , [T ∗
j ,Tk ]g 〉| ≤ 1

2

(〈 f + g , [T ∗
k ,Tk ]( f + g )〉+〈 f + g , [T ∗

j ,T j ]( f + g )〉+〈 f − g , [T ∗
k ,Tk ]( f − g )〉

+〈 f − g , [T ∗
j ,T j ]( f − g )〉+〈 f + i g , [T ∗

k ,Tk ]( f + i g )〉+〈 f + i g , [T ∗
j ,T j ]( f + i g )〉

+〈 f − i g , [T ∗
k ,Tk ]( f − i g )〉+〈 f − i g , [T ∗

j ,T j ]( f − i g )〉)
= 2

(〈 f , [T ∗
k ,Tk ] f 〉+〈g , [T ∗

k ,Tk ]g 〉+〈 f , [T ∗
j ,T j ] f 〉+〈g , [T ∗

j ,T j ]g 〉),

where we have also used the fact that [T ∗
j ,T j ] ≥ 0 for all j . For any pair of orthonormal sets

{ fn} and {gn} ,∑
n

∣∣〈 fn , [T ∗
j ,Tk ]gn〉

∣∣≤1

2

(∑
n
〈 fn , [T ∗

k ,Tk ] fn〉+
∑
n
〈gn , [T ∗

k ,Tk ]gn〉

+∑
n
〈 fn , [T ∗

j ,T j ] fn〉+
∑
n
〈gn , [T ∗

j ,T j ]gn〉
)

≤1

2

(
2
∥∥[T ∗

k ,Tk ]
∥∥

1 +2
∥∥[T ∗

j ,T j ]
∥∥

1

)
=∥∥[T ∗

k ,Tk ]
∥∥

1 +
∥∥[T ∗

j ,T j ]
∥∥

1.

Taking supremum over all possible orthonormal sets and using (2.4) we get that∥∥[T ∗
j ,Tk ]

∥∥
1 =

∥∥[T ∗
k ,T j ]

∥∥
1 = sup

{ fn }{gn }

∑
n
|〈[T ∗

k ,T j ] fn , gn〉|

= sup
{ fn }{gn }

∑
n
|〈 fn , [T ∗

j ,Tk ]gn〉| ≤
∥∥[T ∗

k ,Tk ]
∥∥

1 +
∥∥[T ∗

j ,T j ]
∥∥

1 <∞. (2.7)

Thus [T ∗
j ,Tk ] is in trace class. �

For i 6= j , the estimate of the trace norm [T ∗
j ,Ti ], 1 ≤ i , j ≤ d , obtained in Theorem 2.13 is

less than or equal to half of the estimate of the same norm obtained in Theorem 2.12, which
is only natural because of the stronger hypotheses in Theorem 2.13.

Theorem 2.12. Let T = (T1, . . . ,Td ) be a projectively hyponormal d- tuple of operators. Sup-
pose that each Ti , 1 ≤ i ≤ d, is mi - polynomially cyclic. Then the operators [T ∗

j ,Ti ] are in trace
class. Moreover, we have∥∥[T ∗

j ,Ti ]
∥∥

1 ≤
{

mi
π ν(σ(Ti )) if i = j

mi
π
ν(σ(Ti ))+ m j

π
ν(σ(T j )) if i 6= j ,

where ν(σ(Ti )) is the Lebesgue measure of the spectrum of Ti .

The verification of the estimate for the trace norm of [T ∗
j ,Ti ] in Theorem 2.12 assum-

ing that (T1, . . .Td ) is projectively hyponormal follows directly from Equation (2.7) and the
Berger-Shaw theorem.

Theorem 2.13. Let T = (T1, . . . ,Td ) be a hyponormal d- tuple of operators. Suppose that each
Ti , 1 ≤ i ≤ d, is mi - polynomially cyclic. Then the operators [T ∗

j ,Ti ] are in trace class. Moreover,
we have ∥∥[T ∗

j ,Ti ]
∥∥

1 ≤
{mi

π ν(σ(Ti )) if i = j(mi
π
ν(σ(Ti ))

) 1
2
(m j

π
ν(σ(T j ))

) 1
2 if i 6= j ,

where ν
(
σ(T )

)
is the Lebesgue measure of the spectrum of T .
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Proof. Hyponormality of the d- tuple T gives, for any pair x, y ∈H ,∣∣〈[T ∗
j ,Ti ]x, y〉∣∣≤ 〈[T ∗

i ,Ti ]x, x〉 1
2 〈[T ∗

j ,T j ]y, y〉 1
2 .

For any pair of orthonormal sets { fn} and {gn} ,∑
n

∣∣〈[T ∗
j ,Ti ] fn , gn〉

∣∣≤∑
n
〈[T ∗

i ,Ti ] fn , fn〉
1
2 〈[T ∗

j ,T j ]gn , gn〉
1
2

≤ (∑
n
〈[T ∗

i ,Ti ] fn , fn〉
) 1

2
(∑

n
〈[T ∗

j ,T j ]gn , gn〉
) 1

2

≤ ∥∥[T ∗
i ,Ti ]

∥∥ 1
2
1

∥∥[T ∗
j ,T j ]

∥∥ 1
2
1 .

Now the conclusion follows from the definition of the trace norm given in (2.4) and the
Berger-Shaw theorem. �

We point out that Lemma 2.11 appears in [10] with the stronger assumption of hyponor-
mality of the d - tuple T . Apart from Lemma 2.11, we need a second preparatory lemma to
prove the Douglas-Yan theorem with the weaker hypothesis of projective hyponormality.

Lemma 2.14. Let T = (T1, . . . ,Td ) be a projectively hyponormal commuting d- tuple of opera-
tors on a Hilbert space H and ai j , 1 ≤ i ≤ k, 1 ≤ j ≤ d; be a set of kd complex scalars. Suppose
gi (T ) =∑d

j=1 ai j T j , i = 1, . . . ,k. Then
(
g1(T ), . . . , gk (T )

)
is also projectively hyponormal on H .

Proof. T is projectively hyponormal implies the operatorα1T1+α2T2+. . .+αd Td is hyponor-
mal for all αi ∈ C. Since

∑k
i=1λi gi (T ) = ∑d

j=1(
∑k

i λi ai j )T j , therefore
(
g1(T ), . . . , gk (T )

)
is also

projectively hyponormal. �

We state the following theorem without proof, which is a restatement of [10, Theorem 2]
with the weaker hypothesis of projective hyponormality instead of hyponormality. The proof
is along the same lines as the original proof combined with Lemma 2.11 and Lemma 2.14 and
therefore omitted.

Theorem 2.15. Let T = (T1, . . . ,Td ) be a projectively hyponormal commuting d- tuple of oper-
ators on a Hilbert space H such that T is m- cyclic. Assume that C[z1, . . . , zd ]/IT has Krull di-
mension 1, where IT is the vanishing ideal of T , then [T ∗

j ,Ti ] is in trace class for all 1 ≤ i , j ≤ d.

However note that finite cyclicity of T has no implication for the finite cyclicity of the indi-
vidual operators Ti , 1 ≤ i ≤ d . Consequently, unlike in Theorem 2.12, there is no estimate of
the trace norm of [T ∗

j ,Ti ] in Theorem 2.15.
In the proof of the following theorem, we consider those polynomials p inC[z1, . . . , zd ] with

the property that none of the partial derivatives ∂k p, 1 ≤ k ≤ d , is the zero polynomial. We
call such a polynomial full.

Suppose (T1,T2) is any pair of commuting operators and p(T1,T2) = 0. If p is not full, then
p is of the form: (a) p(z1, z2) = ∑m

k=1 ak zk
1 , or (b) p(z1, z2) = ∑n

k=1 bk zk
2 . In either case, the

spectrum of T1 or T2 is finite. Now, if T1 and T2 are pure hyponormal operators, then the
spectrum of neither of these can be discrete hence cannot be finite (see [21, Cor. 2]). This
contradiction shows that for any commuting pair T1, T2 of pure hyponormal operators, if p
is not a full polynomial, then p(T1,T2) cannot be zero.

Theorem 2.16. Let T = (T1,T2) be a (pure) projectively hyponormal pair of commuting oper-
ators on the Hilbert space H such that T is m- polynomially cyclic. Furthermore, assume that
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there exists a polynomial p ∈ C[z1, z2] such that p(T1,T2) = 0, then [T ∗
j ,Ti ] is in trace class for

all 1 ≤ i , j ≤ 2.

Proof. The discussion preceding the theorem shows that if p(T1,T2) = 0 for a polynomial p,
then it must be full. Let degree of z2 in p be k. For any polynomial q ∈ C[z1, z2] using the
Division algorithm in (C[z1])[z2] we get

q(z1, z2) = q1(z1, z2)p(z1, z2)+ r (z1, z2)

where degree of z2 in r is less than k. Since p(T1,T2) = 0 it follows that q(T1,T2) = r (T1,T2).
We conclude that T1 is mk- polynomially cyclic. Now projective hyponomality of the pair T
implies that T1 is hyponormal. Hence, by the Berger-Shaw theorem, [T ∗

1 ,T1] is in trace-class.
Similarly, since T2 is also polynomially cyclic, one can prove [T ∗

2 ,T2] is in trace-class. Finally,
from Lemma 2.11 we conclude that for 1 ≤ i , j ≤ 2, [T ∗

j ,Ti ] is in trace-class. �

It is possible to construct a large class of commuting pairs of operators, using Theorem
2.15, where the Douglas-Yan theorem applies with the slightly weaker hypothesis of projec-
tive hyponormality.

Corollary 2.17. Let T = (T1,T2) be a projectively hyponormal commuting pair of operators on
a Hilbert space H . Assume that p(T1,T2) = 0 for some p ∈C[z1, z2]. Then dim

(
C[z1, z2]/IT

)=
1, where IT is the vanishing ideal of T .

Proof. The only possibilities for the Krull dimension of C[z1, z2]/IT are 1 or 0. But if the Krull
dimension is 0, then IT must be a maximal ideal. Since Ti , i = 1,2, is a pure hyponormal
operator, it follows that no maximal ideal can be the vanishing ideal of (T1,T2). Hence the
dimC[z1, z2]/IT = 1. �

3. DETERMINANT AND THE GENERALIZED COMMUTATOR

Let Bd := {z = (z1, . . . , zd ) ∈Cd : |z1|2+·· ·+|zd |2 < 1} be the Euclidean ball. The set of mono-
mials { (λ)|α|

α! zα1
1 · · ·zαd

d :α= (α1, . . . ,αd ) ∈Nd
0

}
,

is a linearly independent set of vectors in C[z], where for λ > 0, (λ)n := λ(λ+1) · · · (λ+n −1)
is the Pochhammer symbol. The series K (λ)(z , w ) := ∑

α(λ)|α|zαw̄α converges absolutely,
uniformly on compact subsets of Bd ×Bd . Furthermore, K (λ)(z , w ) = (1−〈z , w〉)−λ defines
positive definite kernel on Bd which is holomorphic in the first and anti-holomorphic in the
second variable. These are the weighted Bergman kernels of the Euclidean ball Bd . They
determine a Hilbert space of holomorphic functions H (λ)(Bd ), λ> 0, where K (λ) serves as a
reproducing kernel, that is,〈

f ,K (λ)(·, w )
〉= f (w ), f ∈H (λ)(Bd ), w ∈Bd .

Let Mi : H (λ)(Bd ) → H (λ)(Bd ), be the operator of multiplication by the coordinate function
zi , 1 ≤ i ≤ d . Let M (λ) denote the commuting d - tuple (M1, . . . , Md ). It is not hard to verify
that the commutators [M∗

j , Mi ], 1 ≤ i ≤ d , on the weighted Bergman spaces H (λ)(Bd ), λ≥ 1,
are in Schatten p - class if and only if p > d . A related question involving compresion of
these coordinate multiplications to the orthocomplement of an invariant subspace of the
form [I ] ⊆H (λ)(Bd ) remains unanswered. (Here [I ] denotes the closure in H (λ)(Bd ) of the
ideal I .) Indeed, the Arveson-Douglas conjecture, see [12, Conjecture 3], addressing such
questions is an active area of research.
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Conjecture 3.1 (Arveson-Douglas). Assume I is a homogeneous ideal of the polynomial ring
C[z1, . . . , zd ] and [I ] is the closure of I in H (λ)(Bd ). Then for all r > dimCZ (I ), where Z (I )
is the common zero set of I , the quotient module [I ]⊥ is r-essentially normal.

The d - tuple M (λ) is known to be hyponormal if and only if λ ≥ d , see [7, pp. 605]. It is
cyclic with cyclic vector 1. Therefore, the obvious generalization of the Berger-Shaw theorem
fails for the d - tuple M (λ). So, we look for a different set of criteria for a d - tuple T of operators
and a suitable function

D : B
(
H ⊗Cd )→B(H )

such that D
([[

T ∗,T
]])

is in the trace class. To achieve this, we introduce the determinant
operator dEt

([[
M (λ)∗, M (λ)

]])
. For the weighted Bergman spaces H (λ)(Bd ), we verify that the

operator dEt
([[

T ∗,T
]])

is in trace class. We also identify a large class BSm,ϑ(Ω) of commuting
d - tuple of operators T such that dEt

([[
T ∗,T

]])
is in trace class whenever T ∈ BSm,ϑ(Ω).

Definition 3.2. Let Bi j : H → H be a bounded linear operator on the complex separable
Hilbert space H , 1 ≤ i , j ≤ d and B := ((

Bi j
))

be the bounded linear operator from the Hilbert
space H ⊗`2(d) to itself. The determinant dEt(B ) : H → H is defined to be the operator
given by the symmetrized version of Laplace’s expansion formula:

dEt(B ) := ∑
σ,τ∈Sd

Sgn(σ)Bτ(1),σ(τ(1))Bτ(2),σ(τ(2)) . . .Bτ(d)σ(τ(d)).

For any commuting d- tuple T = (T1, . . . ,Td ), the determinant of the d ×d block operator[[
T ∗,T

]]
is obtained by setting Bi j = [T ∗

j ,Ti ].

3.1. Examples. In this subsection, we compute explicitly the determinant operator in several
examples.

Let (Mz1 , Mz2 ) be the pair of multiplication operators on the Hardy space H 2(D2) deter-
mined by the orthonormal basis {zm

1 zn
2 : m,n ≥ 0}. The space H 2(D2) is isometrically isomor-

phic to H 2(D)⊗ H 2(D) via the map L : zm
1 zn

2 7→ zm
1 ⊗ zn

2 . Extend the map L by linearity and
note that it is well-defined and isometric. It is evidently surjective, hence unitary. The uni-
tary L intertwines the pair of operators (Mz1 , Mz2 ) with the pair (M ⊗ I , I ⊗M), where M is the
operator of multiplication by the coordinate function on H 2(D). We will let M denote either
of these two pairs without causing any ambiguity since the meaning would be clear from the
context.

The usual Hardy space H 2(D2) is a module over the polynomial ring C[z1, z2] equipped
with the module multiplication mp given by the point-wise multiplication, namely, mp ( f ) =
p f , f ∈ H 2(D2), p ∈ C[z1, z2]. Obviously, there are several other possibilities for the module
multiplication. In this subsection, we consider a different module multiplication defined by
the commuting pair of operators T = (T1,T2):

T1 = M ⊗ I + I ⊗M and T2 = M ⊗M

acting on the Hardy space H 2(D2). The Hardy space equipped with the module multiplica-
tion: mp ( f ) = p(T ) f , f ∈ H 2(D2), p ∈ C([z1, z2]), is the Hardy module on the symmetrized
bidisc. We have[[

T ∗,T
]]= (

P ⊗ I I ⊗P
P ⊗M M ⊗P

)(
P ⊗ I I ⊗P

P ⊗M M ⊗P

)∗
+

(
0 0
0 P ⊗P

)
≥ 0.

It follows that T is hyponormal. A simple computation gives

dEt
([[

T ∗,T
]])= 2P ⊗P −P M∗⊗MP −MP ⊗P M∗.
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We note that the vector 1⊗1 is an eigenvector of dEt
([[

T ∗,T
]])

with eigenvalue 2 while the
vector z1 ⊗ 1+ 1⊗ z2 is an eigenvector of dEt

([[
T ∗,T

]])
with eigenvalue −1. Therefore the

operator dEt
([[

T ∗,T
]])

acting on H 2(D2), is neither negative nor positive definite. However,
we show that the restriction of dEt

([[
T ∗,T

]])
to the subspace H 2

anti(D
2) consisting of those

functions in H 2(D2) that are anti-symmetric, then it is nonnegative definite.
Note that H 2

anti(D
2) is a reducing subspace for the pair (T1,T2) and therefore the restriction

of dEt
([[

T ∗,T
]])

to the subspace H 2
anti(D

2) equals dEt
([[

T ∗
|res,T |res

]])
, where T |res denotes the

restriction of T to the subspace H 2
anti(D

2).
Let [[2]] be the set of all pairs n = (n1,n2) such that n1 > n2 ≥ 0, n1,n2 ∈N0. Define

en(z) := zn1
1 ⊗ zn2

2 − zn2
1 ⊗ zn1

2p
2

.

Then {en(z) : n ∈ [[2]]} is an orthonormal basis for the subspace H 2
anti(D

2), see [15]. It is also
shown that H 2

anti(D
2) is module isomorphic to the Hardy module H 2(G2) on the symmetrized

bidisc: G2 := {(z1 + z2, z1z2) : |z1|, |z2| < 1}. In other words, the multiplication by p(T1,T2)
on the Hardy space H 2(D2) is unitarily equivalent to the multiplication by the pair of the
coordinate functions on the Hardy space H 2(G2) of the symmetrized bidisc G2. A direct and
easy computation, using the orthonormal basis {en}, shows that the operator dEt

([[
T ∗,T

]])
is nonnegative definite and is in trace class:

〈
dEt

([[
T ∗,T

]])
en ,en

〉={
1 if n = (1,0)

0 otherwise .

3.2. Generalized Commutator. Given any d- tuple of operators A, not necessarily commut-
ing, it is not clear what represents the degree of commutativity among these operators. For
two operators T1,T2, the answer is clear, namely, one might demand that the commutator
[T1,T2] is small in an appropriate sense: some possibilities are zero, finite rank, trace class,
compact. A particularly interesting special case occurs when T2 = T ∗

1 . The notion of a gen-
eralized commutator of a set of bounded operators T1, . . . ,Tn was introduced by Helton and
Howe and may be thought of as a measure of the lack of commutativity among these opera-
tors. Before giving this definition, we recall a theorem of Amitsur–Levitzki [1]. Let Sh be the
standard polynomial

Sh(x1, ..., xh) := ∑
σ∈Sh

Sgn(σ)xσ(1) · · ·xσ(h) (3.1)

in non-commuting variables x1, . . . , xh . For any set of 2n element A1, . . . , A2n in the alge-
bra of n × n matrices over a commutative ring, the Amitsur-Levitzki theorem asserts that
S2n(A1, . . . , A2n) = 0, see [17]. The Helton and Howe proposed the following notion of a gen-
eralized commutator that has proved to be quite useful, (see [13, Section A, p. 272]).

Definition 3.3 (Helton-Howe). Let A = (A1, . . . , An) be a n- tuple of bounded operators. The
generalized commutator GC(A) is defined to be Sn(A1, . . . , An).

We adapt the definition of Helton and Howe slightly to the case of a commuting d- tuple
of operators T as follows. Let T = (T1, . . . ,Td ) be a d- tuple of operators. Let A1 = T ∗

1 , A2 =
T1, . . . , A2d−1 = T ∗

d , A2d = Td . The generalized commutator GC(T ∗,T ) is defined to be the
sum

GC(T ∗,T ) := S2d (A1, A2, . . . , A2d−1, A2d ). (3.2)
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Recall, Definition 2.2 of [18] (and also [5] and [19]), that a n - normal operator T is a
bounded linear operator on a Hilbert space H which is unitarily equivalent to an operator of
the form

A[n] := ((
A(i , j )

))
: H̃ ⊗Cn → H̃ ⊗Cn ,

for some set A(i , j ), 1 ≤ i , j ≤ n, of commuting normal operators acting on, possibly some
other, Hilbert space H̃ . In an analogous manner, a commuting d - tuple T = (T1, . . . ,Td ) is
said to be n- normal for any fixed but arbitrary n ∈N, if there is a Hilbert space H̃ , a unitary
operator U : H → H̃ ⊗Cn and a set of commuting normal operators {Ak (i , j ) : 1 ≤ i , j ≤ n, 1 ≤
k ≤ d}, acting on the Hilbert space H̃ such that

U (T1, . . . ,Td )U∗ = (A1[n], . . . , Ad [n]),

where Ak [n] := ((
Ak (i , j )

))
: H̃ ⊗Cn → H̃ ⊗Cn .

If commuting d - tuple T is d- normal, then applying the Amitsur-Levitzki theorem to the
d - tuple A[d ] := (

A1[d ], . . . , Ad [d ]
)
, we conclude that GC(A[d ]∗, A[d ]) = 0. Thus

GC(T ∗,T ) =U∗(
GC(A[d ]∗, A[d ])

)
U = 0, (3.3)

where the unitary U : H → H̃ ⊗Cd , intertwining Tk and Ak [d ], is independent of k = 1, . . . ,d .
We now show that the dEt

([[
T ∗,T

]])
and GC(T ∗,T ) coincide for any commuting tuple T .

We emphasize that the equality need not hold unless T is a d - tuple of commuting opera-
tors. In this case, working with the dEt

([[
T ∗,T

]])
has some advantages over GC(T ∗,T ) since

a number of terms in GC(T ∗,T ) cancel, in case T is d - tuple of commuting operators, and it
equals the less formidable expression for dEt

([[
T ∗,T

]])
.

Theorem 3.4. For any d-tuple T of commuting operators, the determinant

dEt
([[

T ∗,T
]])= GC (T ∗,T ).

Proof. By definition, we have

dEt
([[

T ∗,T
]])= ∑

τ,σ∈Sd

Sgn(σ)
d∏

i=1
Bτ(i )σ(τ(i ))

= ∑
τ,η∈Sd

Sgn(τ)Sgn(η)
d∏

i=1
Bτ(i )η(i ),

where Bi j = [T ∗
j ,Ti ] and η=στ.

Fix a commuting tuple of operators T . Suppose one of the terms in GC(T ∗, T ) has a string
of the form PTi T j Q, where P and Q are products of operators taken from the remaining set
of (2d −2) operators: (T ∗

1 , . . . ,T ∗
d ,T1, . . . , T̂i , . . . , T̂ j , . . . ,Td ). (Here i , j are from {1,2, . . . ,d} and T̂

means that it is not included in the set.) Then there must be a second term in GC(T ∗, T ) of
the form PT j Ti Q with the opposite sign. However these have to cancel since Ti T j = T j Ti . A
similar argument applies to strings of the form RT ∗

i T ∗
j S. Thus the only terms that survive are

those in which a Ti must be followed by a T ∗
j and a T ∗

j must be followed by a Ti .
There are two sets of terms in GC(T ∗,T ), one set which begins with a T ∗ and another set

which begins with a T . Indeed, we have

GC(T ∗,T ) = ∑
τ,η∈Sd

Sgn(τ)Sgn(η)T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)Tτ(d)

+ (−1)d
∑

τ,η∈Sd

Sgn(τ)Sgn(η)Tτ(1)T
∗
η(1)Tτ(2) . . .Tτ(d)T

∗
η(d). (3.4)
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The terms starting with a T ∗, which is the first sum in GC(T ∗,T ) simplifies:∑
τ,η∈Sd

Sgn(τ)Sgn(η)T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)Tτ(d)

= ∑
τ,η∈Sd

Sgn(τ)Sgn(η)
[
T ∗
η(1),Tτ(1)

]
T ∗
η(2) . . .T ∗

η(d)Tτ(d)

+ ∑
τ,η∈Sd

Sgn(τ)Sgn(η)Tτ(1)T
∗
η(1)T

∗
η(2) . . .T ∗

η(d)Tτ(d).

If d ≥ 1 the second sum on the right is zero since there are two terms containing the string
T ∗
η(1)T

∗
η(2) with opposite signs. Repeating this process (note that the vanishing argument does

not apply at the last stage), we get∑
τ,η∈Sd

Sgn(τ)Sgn(η)T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)Tτ(d)

= ∑
τ,η∈Sd

Sgn(τ)Sgn(η)
[
T ∗
η(1),Tτ(1)

][
T ∗
η(2),Tτ(2)

]
. . .

[
T ∗
η(d),Tτ(d)

]
+ ∑
τ,η∈Sd

Sgn(τ)Sgn(η)
[
T ∗
η(1),Tτ(1)

][
T ∗
η(2),Tτ(2)

]
. . .

[
T ∗
η(d−1),Tτ(d−1)

]
Tτ(d)T

∗
η(d). (3.5)

The terms starting with a T , which is the second sum in GC(T ∗,T ), using the equality

Tτ(i )T
∗
η(i ) =−[T ∗

η(i ),Tτ(i )]+T ∗
η(i )Tτ(i ),

simplifies: ∑
τ,η∈Sd

Sgn(τ)Sgn(η)Tτ(1)T
∗
η(1)Tτ(2) . . .Tτ(d)T

∗
η(d)

=− ∑
τ,η∈Sd

Sgn(τ)Sgn(η)
[
T ∗
η(1),Tτ(1)

]
Tτ(2) . . .Tτ(d)T

∗
η(d)

+ ∑
τ,η∈Sd

Sgn(τ)Sgn(η)T ∗
η(1)Tτ(1)Tτ(2) . . .Tτ(d)T

∗
η(d).

If d ≥ 1 the second sum on the right is zero since there is a string with Tτ(1)Tτ(2). Repeating
this process d −1 times, we get

(−1)d
∑

τ,η∈Sd

Sgn(τ)Sgn(η)Tτ(1)T
∗
η(1)Tτ(2) . . .Tτ(d)T

∗
η(d)

= (−1)d (−1)d−1
∑

τ,η∈Sd

Sgn(τ)Sgn(η)
[
T ∗
η(1),Tτ(1)

][
T ∗
η(2),Tτ(2)

]
. . .

[
T ∗
η(d−1),Tτ(d−1)

]
Tτ(d)T

∗
η(d).

(3.6)

Adding the two sums on the right hand side of the equation (3.5) and the one on the right
hand side of the equation (3.6), we get

GC(T ∗,T ) = ∑
τ,η∈Sd

Sgn(τ)Sgn(η)[T ∗
η(1),Tτ(1)][T

∗
η(2),Tτ(2)] . . . [T ∗

η(d),Tτ(d)]

= ∑
τ,η∈Sd

Sgn(τ)Sgn(η)Bτ(1)η(1)Bτ(2)η(2) . . .Bτ(d)η(d)

= dEt
([[

T ∗,T
]])

completing the verification that GC (T ∗,T ) = dEt
([[

T ∗,T
]])

for a commuting tuple T . �
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Corollary 3.5. Let N = (N1, N2) be a commuting pair of normal operators and A = (A1, A2)
be a pair of 2 × 2 scalar matrices. If N ⊗ A := (N1 ⊗ A1, N2 ⊗ A2) is a 2 - normal pair, then
dEt

([[
(N ⊗ A)∗, N ⊗ A

]])= 0.

Proof. We have dEt
([[

(N ⊗A)∗, N ⊗A
]])= N1N2N∗

1 N∗
2 ⊗dEt

([[
A∗, A

]])
. As N ⊗A is commuting

and 2 - normal, we also have [N1 ⊗ A1, N2 ⊗ A2] = 0 implying either N1N2 = 0 or [A1, A2] = 0.
If N1N2 = 0, then there is nothing to prove. If [A1, A2] = 0, then dEt

([[
A∗, A

]])= GC(A∗, A) by
Thorem 3.4 and the Amitsur-Levitzki theorem shows that GC(A∗, A) = 0. �

This corollary is easily strengthened using the full force of the Amitsur-Levitzki theorem
together with the equality GC (T ∗,T ) = dEt

([[
(T ∗,T

]])
.

Corollary 3.6. If a commuting d- tuple T is d- normal, then dEt
([[

T ∗,T
]])= 0.

Proof. First, note that GC(T ∗,T ) = 0 for any d- tuple of d- normal operators, see Equation
(3.3). Combining this with Theorem 3.4 asserting the equality of GC(T ∗,T ) and dEt

([[
T ∗,T

]])
,

we have the desired conclusion. �

For any pair N1, N2 of commuting normal operators acting on a Hilbert space H , consider

the operators Ti : H ⊗C2 →H ⊗C2 of the form: Ti =
(

Ni λi I
0 Ni

)
, i = 1,2. The following properties

of the pair T := (T1,T2) are easily verified.

• The pair T is commuting and 2 - normal.
• The pair T is not hyponormal, in general. For instance, take λ1 = 1 =λ2.
• dEt

([[
T ∗,T

]])= 0.

This shows that even if dEt
([[

T ∗,T
]]) = 0, the pair of commuting operators (T1,T2) need not

be hyponormal.

4. TRACE ESTIMATE OF THE DETERMINANT OPERATOR IN THE CLASS BSm,ϑ(Ω)

LetΩ⊂Cd be a bounded domain. In this section, we define a class BSm,ϑ(Ω) consisting of
commuting d- tuple of operators acting on a Hilbert space H . Our main result is an estimate
for the trace of dEt

([[
T ∗,T

]])
for d- tuples of operators T in BSm,ϑ(Ω). The proof is mod-

eled after the first part of Voiculescu’s proof of the Berger-Shaw theorem in [22]. The finite
dimensional subspaces of H defined below play a significant role in our computation of the
trace.

Definition 4.1. For a m- cyclic d- tuple T , let

HN :=∨{
T i1

1 T i2
2 . . .T id

d v | v ∈ ξ[m] and 0 ≤ i1 + i2 + . . . id ≤ N
}

and PN be the orthogonal projection onto HN .

We list below some of the basic properties of the projection PN that will be used in the
proof of the main theorem.

Lemma 4.2. For a m-cyclic d-tuple of operators T , we have PN increasing strongly to I and
rank (P⊥

N T j PN ) ≤ m
(N+d−1

d−1

)
, j = 1, . . . ,d.

Proof. Evidently, HN ⊆HN+1 and hence the projections {PN } are increasing. By hypothesis,
T is m-cyclic, therefore by definition, the linear span of {HN : N ∈ N0} is dense in H . The
number of vectors from HN that are pushed out of it by the operator T j provides a reason-
able upper bound on the rank of the operator P⊥

N T j PN . Such vectors can only be a subset of
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the subspace HN ªHN−1. Clearly, the dimension of this subspace is the same as the dimen-
sion of the space of homogeneous polynomials of degree N in d-variables tensored with Cm ,
which is m

(N+d−1
d−1

)
. Therefore, rank(P⊥

N T j PN ) ≤ m
(N+d−1

d−1

)
. �

We recall a well-known inequality between the trace norm and the operator norm of a
finite rank bounded operator.

Lemma 4.3. If F ∈B(H ) is of finite rank, then ‖F‖1 ≤ (rankF )‖F‖.

Proof. Since F is a finite rank operator, choosing an arbitrary but fixed {ϕ1, . . . ,ϕn} orthonor-
mal basis for the range of F , we have

F x =
n∑

k=1
〈x, vk〉ϕk , x ∈H (4.1)

for some set of n vectors {v1, . . . , vn} in H . This representation of the operator F shows that
F∗y = (∑n

k=1〈ϕk , y〉vk
)
, y ∈H . Consequenly,

F∗F x =
n∑

j=1
〈x, v j 〉v j , x ∈H .

Therefore, setting V to be the linear span of the vectors {v1, . . . , vn}, we conclude that F∗F =
(F∗F )|V ⊕0. Since V is finite dimensional, it follows that

‖F‖1 =
∥∥(F∗F )1/2

∥∥
1 ≤ (rankF )‖F‖

completing the proof of the lemma. �

We next define a class BSm,ϑ(Ω) of d - tuples of commuting operators. The rest of this sec-
tion is devoted to showing that if T is in BSm,ϑ(Ω), then trace

(
dEt

([[
T ∗,T

]]))
is finite. More-

over, if T is in BSm,ϑ(Ω), then

trace
(
dEt

([[
T ∗,T

]]))≤ mϑd !
d∏

i=1
‖Ti‖2.

Definition 4.4. Fix a bounded domainΩ⊂Cd such thatΩ is polynomially convex. A m-cyclic
commuting d - tuple of operators with σ(T ) =Ω is said to be in the class BSm,ϑ(Ω), if

(i) PN T j P⊥
N = 0, j = 1, . . . ,d .

(ii) dEt
([[

T ∗,T
]])

is non-negative definite.
(iii) For a fixed but arbitrary τ in the permutation group Sd of d symbols, there exists

ϑ ∈N, independent of N , such that

∥∥PN
( ∑
η∈Sd

Sgn(η)T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)

)
P⊥

N Tτ(d)PN
∥∥≤ϑ

(
N +d −1

d −1

)−1 d∏
i=1

∥∥Ti
∥∥2.

Remark 4.5.
(a) For a single operator T on a Hilbert space H , condition (iii) of Definition 4.4 reduces

to

‖PN T ∗P⊥
N T PN‖ ≤ϑ‖T ‖2,

which is true withϑ= 1. It follows that a m-cyclic hyponormal operator T withσ(T ) =
Ω is in the class BSm,1(Ω), if PN T P⊥

N = 0.
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(b) If for each τ ∈Sd , there exists a unitary operator Uτ on the Hilbert space such that

UτTτ(i )U
∗
τ = Ti , 1 ≤ i ≤ d ,

then it is enough to check condition (iii) for identity permutation, that is,

‖PN
( ∑
η∈Sd

Sgn(η)T ∗
η(1)T1T ∗

η(2) . . .Td−1T ∗
η(d)

)
P⊥

N Td PN‖ ≤ϑ
(

N +d −1

d −1

)−1 d∏
i=1

‖Ti‖2

implies all the other inequalities, one for each τ of (iii) in Definition 4.4.
To see this, pick τ0 ∈Sd such that η= τ ·τ0. With this choice of τ0, we have Sgnη=

SgnτSgnτ0. It now follows that

PN
( ∑
η∈Sd

Sgn(η)T ∗
η(1)Tτ(1)T

∗
η(2) . . .Tτ(d−1)T

∗
η(d)

)
P⊥

N Tτ(d)PN

= PNUτ

(
Sgn(τ)

∑
η̂∈Sd

Sgn(η̂)T ∗
η̂(1)T1T ∗

η̂(2) . . .Td−1T ∗
η̂(d)

)
U∗
τ P⊥

NUτTdU∗
τ PN

= Sgn(τ)UτPN
( ∑
η̂∈Sd

Sgn(η̂)T ∗
η̂(1)T1T ∗

η̂(2) . . .Td−1T ∗
η̂(d)

)
P⊥

N Td PNU∗
τ .

(c) There exists unitary representation U of the symmetric group Sd and commuting d -
tuples of operators T in BS1,1(Bd ) with the property

UτTτ(i )U
∗
τ = Ti , τ ∈Sn , 1 ≤ i ≤ d .

Explicit examples are given in the following section. We begin by proving a lemma, which
is the main ingredient in the proof of the trace inequality of Theorem 4.7.

Lemma 4.6. Assume that the d -tuple T is m- cyclic and that PN T j P⊥
N = 0, 1 ≤ j ≤ d. Then∣∣trace

(
PN dEt

([[
T ∗,T

]])
PN

)∣∣
≤ m

(N+d−1
d−1

)( ∑
τ∈Sd

∥∥( ∑
η∈Sd

Sgn(η)PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN

)∥∥)
.

Proof. For a d-tuple of commuting operators T , by Proposition 3.4 and using Equation (3.4),
we infer that the determinant

dEt
([[

T ∗,T
]])= ∑

τ,η∈Sd

Sgn(τ)Sgn(η)T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)Tτ(d)+

(−1)d
∑

τ,η∈Sd

Sgn(τ)Sgn(η)Tτ(1)T
∗
η(1)Tτ(2) . . .Tτ(d)T

∗
η(d)

= ∑
τ,η∈Sd

Sgn(τ)Sgn(η)T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)Tτ(d)+

− ∑
τ,η∈Sd

Sgn(τ)Sgn(η)Tτ(d)T
∗
η(1)Tτ(1) . . .Tτ(d−1)T

∗
η(d) (4.2)

= ∑
τ,η∈Sd

Sgn(τ)Sgn(η)
[
T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d),Tτ(d)
]
.

The second equality in Equation (4.2) is obtained by replacing the permutation τ in the sec-
ond sum by the permutation τ′ = τ◦(1, . . . ,d), where (1, . . . ,d) is the permutation taking 1 → 2,
. . . , (d −1) → d and d → 1. Since the sums are over all permutations, this does not change it.
But the sign of τ′ differs from that of τ by (−1)d−1. Therefore, it follows that

PN dEt
([[

T ∗,T
]])

PN = ∑
τ,η∈Sd

Sgn(τ)Sgn(η)PN
[
T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d),Tτ(d)
]
PN .
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Also, for τ ∈Sd ,

PN
[
T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d),Tτ(d)
]
PN

= PN
(
T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)Tτ(d) −Tτ(d)T
∗
η(1)Tτ(1) . . .Tτ(d−1)Tη(d)

)
PN

= PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)(PN +P⊥
N )Tτ(d)PN −PN Tτ(d)(PN +P⊥

N )T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)PN

= PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN + [

PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)PN ,PN Tτ(d)PN
]

−PN Tτ(d)P
⊥
N T ∗

η(1)Tτ(1)T
∗
η(2) . . .T ∗

η(d)PN

= PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN + [

PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)PN ,PN Tτ(d)PN
]
,

where, the validity of the last equality follows from the assumption that PN T j P⊥
N = 0, j =

1,2, . . . ,d . If A,B are any two operators with one in trace class and the other bounded, then
trace(AB) = trace(B A). A bounded operator of finite rank is trace class. Therefore, the com-
mutator of any two bounded operators of finite rank must be 0. Hence

trace
([

PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)PN ,PN Tτ(d)PN
])= 0.

Putting these together we obtain the equality below

trace(PN dEt
([[

T ∗,T
]])

PN )

= ∑
τ∈Sd

Sgn(τ)trace
( ∑
η∈Sd

Sgn(η)PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN

)
.

We also have the inequalities:

rank
(( ∑
η∈Sd

Sgn(η)PN T ∗
η(1)Tτ(1)T

∗
η(2)T

∗
η(d)P

⊥
N

)(
P⊥

N Tτ(d)PN
))

≤ rank(P⊥
N Tτ(d)PN ) ≤ m

(N+d−1
d−1

)
. (4.3)

This implies∣∣trace(PN dEt
([[

T ∗,T
]])

PN )
∣∣

≤ ∑
τ∈Sd

∣∣trace
( ∑
η∈Sd

Sgn(η)PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN

)∣∣
≤ ∑
τ∈Sd

{∥∥( ∑
η∈Sd

Sgn(η)PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN

)∥∥
rank

( ∑
η∈Sd

Sgn(η)PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN

)}
≤ ∑
τ∈Sd

∥∥( ∑
η∈Sd

Sgn(η)PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN

)∥∥rank
(
P⊥

N Tτ(d)PN
)

≤ m
(N+d−1

d−1

)( ∑
τ∈Sd

∥∥( ∑
η∈Sd

Sgn(η)PN T ∗
η(1)Tτ(1)T

∗
η(2) . . .T ∗

η(d)P
⊥
N Tτ(d)PN

)∥∥)
.

The two penultimate inequalities follow from the inequality 4.3. �

The following Theorem shows that the operator dEt
([[

T ∗,T
]])

is in trace class whenever T
is in BSm,ϑ(Ω).
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Theorem 4.7. Let T = (T1, . . . ,Td ) be a commuting tuple of operators on a Hilbert space H .
Assume that T is in the class BSm,ϑ(Ω). Then the determinant operator dEt

([[
T ∗,T

]])
is in

trace-class and

trace
(
dEt

([[
T ∗,T

]]))≤ mϑd !
d∏

i=1
‖Ti‖2.

Proof. By hypothesis,∥∥PN
( ∑
η∈Sd

Sgn(η)T ∗
η(1)Tτ(1)T

∗
η(2) . . .Tτ(d−1)T

∗
η(d)

)
P⊥

N Tτ(d)PN
∥∥≤ ϑ(N+d−1

d−1

) d∏
i=1

∥∥Ti
∥∥2.

Thus combining this inequality with the one from Lemma 4.6, we have∣∣trace
(
PN dEt

([[
T ∗,T

]])
PN

)∣∣≤ mϑd !
d∏

i=1

∥∥Ti
∥∥2.

Since dEt
([[

T ∗,T
]])

is non-negative definite by assumption and the projections PN increase
to I in the strong operator topology, we obtain the inequality

trace
(
dEt

([[
T ∗,T

]]))≤ mϑd !
d∏

i=1

∥∥Ti
∥∥2

completing the proof. �

4.1. The tensor product model. For i = 1,2, let T (i ) = (T (i )
1 , . . . ,T (i )

di
) be a di - tuple of com-

muting bounded operators. Set

(T (1) #T (2)) := (T (1) ⊗ I , I ⊗T (2))

= (T (1)
1 ⊗ I , . . . ,T (1)

d1
⊗ I , I ⊗T (2)

1 , . . . I⊗,T (2)
d2

)

This definition clearly extends to di - tuples of commuting operators, i = 1, . . . ,n.

Lemma 4.8. The spectrum σ
(
T (1) #T (2)

)
of the operator T (1) #T (2) is σ

(
T (1)

)×σ(
T (2)

)
. More-

over, if the di - tuples T (i ), i = 1,2, are mi - cyclic, then the operator T (1) #T (2) is m- cyclic, where
m ≤ m1m2.

Proof. The joint spectrum of T (1) #T (2) is explicitly given in [6, Theorem 2.2]. If ξT (i ) [mi ],
i = 1,2, is the cyclic set for the di - tuple T (i ), then the cyclic set of the operator T (1) #T (2) is
clearly contained in the set of vectors{

x ⊗ y | x ∈ ξT (1) [m1] and y ∈ ξT (2) [m2]
}
.

Thus the claim that m ≤ m1m2 is verified. �

We now obtain a trace inequality for the operator dEt
([[

(T (1) #T (2))∗, (T (1) #T (2))
]])

. A simi-
lar inequality can be proved for T (1)# · · ·#T (n).

Theorem 4.9. Assume that T (i ) is in the class BSmi ,1(Ωi ), i = 1,2. Then the determinant oper-
ator

dEt
([[

(T (1) #T (2))∗, (T (1) #T (2))
]])

is non-negative definite and

trace
(
dEt

([[
(T (1) #T (2))∗, (T (1) #T (2))

]]))≤ 2d1!d2!m1m2

d1∏
i=1

∥∥T (1)
i

∥∥2
d2∏

i=1

∥∥T (2)
i

∥∥2.
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Proof. It is easy to see that

[[
(T (1) #T (2))∗, (T (1) #T (2))

]]=

[[

(T (1))∗,T (1)
]]⊗ I 0

0 I ⊗ [[
(T (2))∗,T (2)

]]
 .

Thus

dEt
([[

(T (1) #T (2))∗, (T (1) #T (2))
]])= 2dEt

([[
T (1)∗,T (1)]]) ⊗dEt

([[
T (2)∗,T (2)]]).

Since for i = 1,2, T (i ) is in the class BSmi ,1(Ωi ), dEt
([[

(T (i ))∗,T (i )
]])

is non-negative definite
and

trace
(
dEt

([[
(T (i ))∗,T (i )]]))≤ di !mi

di∏
j=1

∥∥T (i )
j

∥∥2.

Hence, dEt
([[

(T (1) #T (2))∗, (T (1) #T (2))
]])

is non-negative definite and

trace
(
dEt

([[
(T (1) #T (2))∗, (T (1) #T (2))

]]))
= 2trace

(
dEt

([[
(T (1))∗,T (1)]]))trace

(
dEt

([[
(T (2))∗,T (2)]]))

≤ 2d1!m1

d1∏
i=1

∥∥T (1)
i

∥∥2 ·d2!m2

d2∏
i=1

∥∥T (2)
i

∥∥2

= 2d1!d2!m1m2

d1∏
i=1

∥∥T (1)
i

∥∥2
d2∏

i=1

∥∥T (2)
i

∥∥2. �

Remark 4.10.
(1) Let T (i ), i = 1, . . . ,n be a set of n commuting di - tuple of operators. A similar proof, as

given above, shows that if T (i ) ∈ BSmi ,1(Ωi ), then

dEt
([[

(T (1) # · · ·#T (n))∗, (T (1) # · · ·#T (n))
]])

is non-negative definite and

trace
(
dEt

([[
(T (1) # · · ·#T (n))∗, (T (1) # · · ·#T (n))

]]))≤ n!d1! · · ·dn !m1 · · ·mn

n∏
i=1

‖T (i )‖2,

where ‖T (i )‖2 =∏di
j=1 ‖T (i )

j ‖2.

(2) If di = 1, i = 1, . . . ,n, then (T (1)# · · ·#T (n)) is of the form (T1 ⊗ I · · · ⊗ I , . . . I ⊗ ·· · ⊗Tn).
Now, we can apply the Berger-Shaw inequality to each of the operators Ti , 1 ≤ i ≤ n,
to conclude

trace
(
dEt

([[
(T (1) # · · ·#T (n))∗, (T (1) # · · ·#T (n))

]]))≤ n!m1 · · ·mn
ν(Ω1 ×·· ·×Ωn)

πn
.

Let M = (M1, . . . Md ) be the d- tuple of multiplication by the coordinate functions on the
Hardy space H 2(Dd ). Clearly, M = M# · · ·#M where M is the multiplication operator on
H 2(D).

Corollary 4.11. For the d- tuple M = M# · · ·#M on the Hardy space H 2(Dd ), we have that the
operator dEt

([[
M∗, M

]])
is non-negative definite and

trace
(
dEt

([[
M∗, M

]]))= trace
(
dEt

([[
(M# · · ·#M)∗, (M# · · ·#M)

]])≤ d !.
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Remark 4.12. A direct computation shows that The inequality of Corollary 4.11 is actually
an equality. Consequently, it follows that the inequality obtained in Theorem 4.9 is sharp.
Although, the d- tuple M = M# · · ·#M is not in BSm,ϑ(Ω) for any choice of m,θ, never the less,
the trace estimate of Theorem 4.7 agrees with the one obtained in Corollary 4.11.

5. EXAMPLES OF OPERATORS IN THE CLASS BSm,ϑ(Ω)

We consider two sets of examples, the first is based on the Euclidean ball Bd ⊂Cd while the
second set of examples comes from considering the ball B2,1 := {(z1, z2) : |z1|2 +|z2| < 1} ⊆C2.

5.1. The case of the Euclidean ball BS1,1(Bd ). In the following examples, we have takenΩ=
Bd . Let H (λ)(Bd ) be the weighted Bergman spaces of the unit Euclidean ball Bd discussed in
Section 3.

Let U (d) be the group of unitary linear transformations on Cd , let T be a commuting d-
tuple of bounded linear operators on H and finally, let U (H ) be the group of unitary linear
transformations on H . Clearly, the group U (d) acts on any commuting d-tuple of operators
T , namely,

U ·T :=
( d∑

j=1
U1 j T j , . . . ,

d∑
j=1

Ud j T j

)
, U = ((

Ui j
)) ∈U (d). (5.1)

The d-tuple T is said to be spherical if there is a map Γ : U (d) →U (H ) such that

ΓU TΓ∗U := (ΓU T1Γ
∗
U , . . . ,ΓU TdΓ

∗
U ) =U ·T for all U ∈U (d). (5.2)

The set of vectors

eα(z) =
√

(d)|α|
α! zα1

1 · · ·zαd
d , α ∈Nd

0 ,α! =α1! · · ·αd !

is an orthonormal basis of H 2(Bd ). The d- tuple S of multiplication operators by the co-
ordinate functions and its adjoint S∗ on the Hardy space H 2(Bd ) are commuting tuples of
weighted shift operators:

Si eα =
√

αi+1
|α|+d eα+εi , S∗

i eα =
{√

αi
|α|+d−1 eα−εi if αi > 0,

0 otherwise.

Note that the operator S is the same as the commuting tuple M (d). However, it is convenient
to use a different notation for this particular d-tuple as will be apparent soon. The basic
properties of commuting tuples of weighted shifts, also called joint weighted shifts, are in
[14].

Theorem 5.1. For the d - tuple S of multiplication by the coordinate functions on the Hardy
space H 2(Bd ), the operator dEt

([[
S∗,S

]])
is non-negative definite and trace

(
dEt

([[
S∗,S

]]))= 1.

Proof. The constant function 1 is a cyclic vector for the d- tuple S. Also, σ(S) =Bd , see [7]. To
show that dEt

([[
S∗,S

]])
is non-negative definite, we claim that( ∑

η∈Sd

sgn(η)S∗
η(1)Sτ(1) . . .Sτ(d−1)S

∗
η(d)

)
eα

= sgn(τ)

√
ατ(d)

|α|+d −1
(|α|+d −1)−(d−1)eα−ετ(d) , (5.3)

for each fixed τ in Sd . Here we have assumed ατ(d) > 0 without loss of generality.
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For any fixed but arbitrary τ ∈Sk and an arbitrary k- tuple (i1, . . . , ik ), k ≤ d , with 1 ≤ i1 <
i2 < ·· · < ik ≤ d , let “Pτ(i1, . . . , ik )” be the induction hypothesis, namely, the statement( ∑

η∈Sd−1

sgn(η)S∗
iη(1)

Siτ(1) . . .Siτ(k−1) S
∗
iη(k)

)
eα

= sgn(τ)

√
αiτ(k)

|α|+d −1
(|α|+d −1)−(k−1)eα−εiτ(k)

. (5.4)

We see that the equality of Equation (5.3) is the same as the equality asserted in the statement
Pτ(i1, . . . , id ) with k = d and τ= id, the identity permutation on d elements.

Thus, a proof of the equality (5.3) follows from showing that the validity of all the equalities
in Pτ(i1, . . . , ik ), τ ∈ Sk , k < d , implies the validity of all the equalities in Pτ(i1, . . . , ik+1) τ ∈
Sk+1.

To establish this, first note that if k = 1, then Pτ(i1), τ ∈ S1 is the equalty (αi > 0): S∗
i1

eα =√
αi1

|α|+d−1 eα−εi1
, which is clearly valid. Now if k = 2, we note that

( ∑
η∈S2

sgn(η)S∗
iη(1)

Siτ(1) S
∗
iη(2)

)
eα = sgn(τ)

√
αiτ(2)

|α|+d −1
(|α|+d −1)−1eα−εiτ(2)

for any pair i1, i2 with 1 ≤ i1 < i2 ≤ d and any fixed but arbitrary τ ∈S2. This establishes the
validity of Pτ(i1, i2), τ ∈S2.

More generally, assume that the equalities in Pτ(i1, . . . , ik−1) are valid for every (i1, . . . , ik−1)
with 1 ≤ i1 < i2 · · · < ik−1 ≤ d , and any fixed but arbitrary τ ∈Sk−1. To show that the equality
in Pτ(i1, . . . , ik ) is valid for each fixed but arbitrary (i1, . . . , ik ) and τ ∈Sk , it is enough to verify
it with τ = i d . For this, we split the left hand side of Pi d (i1, . . . , ik ) into several sums fixing
η(k) = j , j = 1, . . . ,k, in each one of these sums, that is,( ∑

η∈Sk

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
iη(k)

)
eα =( ∑

η∈Sk ,η(k)=k

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
ik

)
eα

+ ( ∑
η∈Sk ,η(k)=k−1

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
ik−1

)
eα

+ ( ∑
η∈Sk ,η(k)=k−2

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
ik−2

)
eα

+ . . .+ ( ∑
η∈Sk ,η(k)=1

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
i1

)
eα. (5.5)

Pick a fixed but arbitrary sum in Pi d (i1, . . . , ik ) with η(k) = j , j = 1, . . . ,k − 2. We claim that
these sums vanish. Each one of these sums is of the form∑

η∈Sk ,η(k)= j

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .Si j−1 S∗
iη( j )

Si j S∗
iη( j+1)

Si j+1 S∗
iη( j+2)

. . .S∗
iη(k−1)

Sik−1 S∗
i j

. (5.6)

For a fixed η ∈Sk , let ησ ∈Sk be the permutation:

ησ(i ) =


η(i ) i 6∈ { j , j +1},

η( j +1) if i = j ,

η( j ) if i = j +1.
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The sign of ησ is opposite of the sign of η and these occur in pairs. Also, S∗
i Sl S∗

p = S∗
p Sl S∗

i
for any choice of ((i , l , p) with i 6= l 6= p. Clearly, η( j ) 6= j 6= η( j +1) by choice. Putting these
observations together, we conclude that the sum (5.6) vanishes.

Now, we examine the two nonzero sums that remain on the right hand side of (5.5). The
first of these two sums is( ∑

η∈Sk

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
ik

)
eα

=( ∑
σ∈Sk−1

sgn(σ)S∗
iσ(1)

Si1 S∗
iσ(2)

. . .S∗
iσ(k−1)

)
Sik−1 S∗

ik
eα.

Applying the equality in Pi d (i1, . . . , ik−1) to the vector Sik−1 S∗
ik

eα, we have

( ∑
η∈Sk

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
ik

)
eα =

√
αik

|α|+d −1

αik−1 +1

(|α|+d −1)(k−1)
eα−εik

. (5.7)

The second sum ( ∑
η∈Sk

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
ik−1

)
eα

=− ( ∑
σ∈Sk−1

sgn(σ)S∗
iσ(1)

Si1 S∗
iσ(2)

. . .S∗
iσ(k)

)
Sik−1 S∗

ik−1
eα.

The verification of this equality is an immediate consequence of the following observations.

(1) Each permutation η ∈ Ŝk := {η ∈ Sk : η(k) = k − 1} is obtained by extending some
bijection σ̂ : {1, . . . ,k −1} → {1, . . . ,k −2,k} to a bijection of the set {1, . . . ,k}.

(2) The bijections σ̂ are in one to one correspondence with the group of permutations on
a set of k −1 elements. For convenience, we take this set to be Ek−1 := {1, . . . ,k −2,k}.

(3) Since η ∈ Ŝk is an extension of a permutation σ̂ on Ek−1 obtained by setting η= σ̂ on
Ek−1 ( η(k) = k −1), it follows that sgn(η) =−sgn(σ̂).

(4) The group of permutations on the set Ek−1 is isomorphic to Ŝk−1 via the map σ̂→ η.

Now, as before, applying the equality in Pi d (i1, . . . , ik−2, ik ) to the vector Sik−1 S∗
ik−1

eα, we have

( ∑
η∈Sk

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
ik−1

)
eα =−

√
αik

|α|+d −1

αik−1

(|α|+d −1)(k−1)
eα−εik

. (5.8)

Combining (5.7) and (5.8), we obtain

( ∑
η∈Sk

sgn(η)S∗
iη(1)

Si1 S∗
iη(2)

. . .S∗
iη(k−1)

Sik−1 S∗
iη(k)

)
eα =

√
αik

|α|+d −1
(|α|+d −1)−(k−1)eα−εik

,

which verifies Pτ(i1, . . . ik ) for τ= i d . The verification of (5.3) for an arbitrary choice of τ ∈Sk

is similar. Recall the expression of determinant operator in (4.2)

dEt
([[

S∗,S
]])= ∑

τ,η∈Sd

sgn(τ)Sg n(η)S∗
η(1)Sτ(1)S

∗
η(2) . . .S∗

η(d)Sτ(d)+

− ∑
τ,η∈Sd

sgn(τ)sgn(η)Sτ(d)S
∗
η(1)Sτ(1) . . .Sτ(d−1)S

∗
η(d).

Now using the equality in (5.3) we get,∑
τ,η∈Sd

sgn(τ)sgn(η)S∗
η(1)Sτ(1)S

∗
η(2) . . .S∗

η(d)Sτ(d)eα = (d −1)!

(|α|+d)(d−1)
eα,
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and ∑
τ,η∈Sd

sgn(τ)sgn(η)Sτ(d)S
∗
η(1)Sτ(1) . . .Sτ(d−1)S

∗
η(d)eα = (d −1)!|α|

(|α|+d −1)d
eα.

Thus combining the above equalities we get

dEt
([[

S∗,S
]])

eα = ( (d −1)!

(|α|+d)(d−1)
− (d −1)!|α|

(|α|+d −1)d

)
eα.

It is easy to see dEt
([[

S∗,S
]])

is non-negative definite since

1

(|α|+d)(d−1)
− |α|

(|α|+d −1)d
≥ 0.

Now,

trace
(
dEt

([[
S∗,S

]]))= ∑
α∈Nd

0

〈
dEt

([[
S∗,S

]])
eα,eα

〉
= ∑
α∈Nd

0

(d −1)!
( 1

(|α|+d)(d−1)
− |α|

(|α|+d −1)d

)
=

∞∑
k=0

∑
α1,...,αd
|α|=k

(d −1)!
( 1

(|α|+d)(d−1)
− |α|

(|α|+d −1)d

)

=
∞∑

k=0

( (k +d −1)(k +d −2) . . . (k +1)

(k +d)(d−1)
− (k +d −2) . . . (k +1)k

(k +d −1)d−1

)
=1.

This completes the proof. �

For a ∈Cd and r > 0, let B[a,r ] be the ball {z ∈Cd : ‖z −a‖2 < r }. We let B[r ] denote the ball
of radius r centred at 0. Finally, Bd is the unit ball in Cd .

Theorem 5.2. Let T be a d- tuple of spherical joint weighted shift operators and Tδ be the one
variable weighted shift corresponding to T . If Tδ is hyponormal, then T is in BS1,1(B[r ]), where
B[r ] = {z ∈Cd : ‖z‖2 < r }, r > 0.

Proof. As in the case of two variables, the d- tuple T is 1- cyclic, PN T j P⊥
N = 0, 1 ≤ j ≤ d , and

its spectrum is of the form B[r ] for some r > 0 depending on {δ|α|}.
A calculation similar to the one in the proof of Theorem 5.1 given above shows that

dEt
([[

T ∗,T
]])

xα = ( (d −1)!δ2d
|α|

(|α|+d)(d−1)
−

(d −1)!|α|δ2d
|α|−1

(|α|+d −1)d

)
xα. (5.9)

Since δ|α| is an increasing sequence, it follows

( (d −1)!δ2d
|α|

(|α|+d)(d−1)
−

(d −1)!|α|δ2d
|α|−1

(|α|+d −1)d

)≥ (d −1)!δ2d
|α|−1

( 1

(|α|+d)(d−1)
− |α|

(|α|+d −1)d

)≥ 0.

Hence dEt
([[

T ∗,T
]])

is non-negative definite.
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To complete the proof, we need to verify the norm estimate (iii) of Definition 4.4. For this,
taking τ to be the identity permutation in (5.3), we obtain the equality( ∑

η∈Sd

sgn(η)T ∗
η(1)T1T ∗

η(2) . . .Td−1T ∗
η(d)

)
xα

= δ2d−1
|α|

√
αd

|α|+d −1
(|α|+d −1)−(d−1)xα−εd . (5.10)

Clearly, we have

‖PN
( ∑
η∈Sd

sgn(η)T ∗
η(1)T1T ∗

η(2) . . .Td−1T ∗
η(d)

)
P⊥

N‖

≤
(

N +d −1

d −1

)−1 ∏
{i : i 6=d}

‖Ti‖2‖Td‖. (5.11)

Consequently,

‖PN
( ∑
η∈Sd

sgn(η)T ∗
η(1)T1T ∗

η(2) . . .Td−1T ∗
η(d)

)
P⊥

N Td PN‖ ≤
(

N +d −1

d −1

)−1 d∏
i=1

‖Ti‖2. (5.12)

It follows from Remark 4.5(b) that the inequality in Equation (5.12) remains unchanged when
we replace the identity permutation by any other permutation from Sd . Therefore, the d-
tuple T is in the class BS1,1(B[r ]) and the proof is complete. �

Corollary 5.3. Suppose δn ↑ 1 then trace
(
dEt (

[[
T ∗,T

]]
)
)= 1.

Proof. The string of equalities

trace
(
dEt

([[
T ∗,T

]]))= ∑
α∈Nd

〈
dEt

([[
T ∗,T

]])
xα, xα

〉
= ∑
α∈Nd

0

(d −1)!
( δ2d

|α|
(|α|+d)(d−1)

−
δ2d
|α|−1|α|

(|α|+d −1)d

)

=
∞∑

k=0

∑
α1,...,αd
|α|=k

(d −1)!
( δ2d

|α|
(|α|+d)(d−1)

−
δ2d
|α|−1|α|

(|α|+d −1)d

)

=
∞∑

k=0

(
δ2d

k

(k +d −1)(k +d −2) . . . (k +1)

(k +d)(d−1)
−δ2d

k−1

(k +d −2) . . . (k +1)k

(k +d −1)d−1

)
= lim

k→∞
δ2d

k

(k +d −1)(k +d −2) . . . (k +1)

(k +d)(d−1)
= 1.

where second equality follows from Equation (5.9), verifies the claim. �

5.2. The case of an ellipsoid BS1,2(B2,1). For p, q ∈ N, let Bp,q = {
z ∈ C2 : |z1|p + |z2|q < 1

}
.

These are examples of pseudo convex Reinhardt domains in C2. The usual Euclidean ball B2

is obtained by taking p = q = 2, i.e., B2,2 =B2.
The pair (z1, z2) ∈C2 is in B2,1 if and only if r 2

1 +r2 < 1, where rk := |zk |, k = 1,2. The volume
measure ν restricted toB2,1 is of the form dν(z) = r1r2dr1dr2dθ1dθ2, zk = rk exp(iθk ), k = 1,2
and set

dµλ(z) := (1− r 2
1 − r2)λ−4r1r2dr1dr2dθ1dθ2. (5.13)
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The measure dµλ defines an inner product on the space C[z] of polynomials in two variables
by integration over B2,1:

〈p, q〉λ :=
∫
B2,1

pqdµλ.

Let A(λ)(B2,1) denote the Hilbert space obtained by taking the completion of the inner prod-
uct space

(
C[z],〈·, ·〉λ

)
. The Hilbert space A(λ)(B2,1) is non-zero if and only if λ > 3. This

follows from the norm computation below. For any multi-index α= (α1,α2) ∈N2
0, we have

‖zα‖2
λ =

∫
Ω2,1

|zα|2dµλ

=(2π)2
∫ 1

r1=0

∫ 1−r 2
1

r2=0
r 2α1+1

1 r 2α2+1
2 (1− r 2

1 − r2)λ−4dr1dr2

=2(π)2B(2α2 +2,λ−3)B(α1 +1,2α2 +λ−1)

=2(π)2Γ(λ−3)
Γ(α1 +1)Γ(2α2 +2)

Γ(2α2 +α1 +λ)
.

Integrating first, with respect to the measure dθ1dθ2, we see that {zα |α ∈N2
0} is an orthogo-

nal set of vectors relative to the inner product 〈·, ·〉µ and hence the set of vectors
{
φα := zα

‖zα‖λ :

α ∈ N2
0

}
is a complete orthonormal set in the Hilbert space A(λ)(B2,1). Now, it is easy to see

that the multiplication operators Mzi , i = 1,2 on the Hilbert space A(λ)(B2,1) are weighted
shifts relative to this orthonormal basis, that is, Mzi (φα) = w (i )

α φα+εi , where the weights are
given explicitly by the formulae:

w (1)
α =

√
αi +1

α1 +2α2 +λ
and w (2)

α =
√

(2α2 +2)(2α2 +3)

(α1 +2α2 +λ)(α1 +2α2 +λ+1)
.

Since Sup{w (i )
α = 1}, it follows that ‖Mzi ‖ = 1, i = 1,2. Many more details and the spectral

picture of this pair of operators is given in [9, Example 5.2]

Theorem 5.4. Let M = (Mz1 , Mz2 ) be the pair of multiplication operators on A(λ)(B2,1) by the
co-ordinate functions. If λ≥ 4, then M is in BS1,2(B2,1).

Proof. Since M is a pair of joint weighted shifts, by definition, PN M j P⊥
N = 0, i = 1,2. The com-

muting pair M is 1-cyclic and the Taylor joint spectrum σ(M) = B2,1, see [9]. The following
computation verifies the estimate (iii) of the Definition 4.4.(

M∗
z1

Mz1 M∗
z2
−M∗

z2
Mz1 M∗

z1

)
φα

=
( (2α1 +2α2 +λ−1)

(α1 +2α2 +λ−2)(α1 +2α2 +λ−1)

√
(2α2)(2α2 +1)

(α1 +2α2 +λ−2)(α1 +2α2 +λ−1)

)
φα−ε2 .

Thus ‖PN
(
M∗

z1
Mz1 M∗

z2
−M∗

z2
Mz1 M∗

z1
)P⊥

N‖ ≤ 2
N+1‖Mz1‖2‖Mz2‖ and therefore

‖PN
(
M∗

z1
Mz1 M∗

z2
−M∗

z2
Mz1 M∗

z1
)P⊥

N Mz2 PN‖ ≤ 2

N +1
‖Mz1‖2‖Mz2‖2.
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M∗

z2
Mz2 M∗

z1
−M∗

z1
Mz2 M∗

z2

)
φα

=
(

(2α2 +1)(α1 +λ−2)+2(α2 +1)(α1 +2α2 +λ−2)

(α1 +2α2 +λ−2)(α1 +2α2 +λ)

2

(α1 +2α2 +λ−1)

√
α1

α1 +2α2 +λ−1

)
φα−ε1 .

Consequently, we have∥∥PN
(
M∗

z2
Mz2 M∗

z1
−M∗

z1
Mz2 M∗

z2
)P⊥

N

∥∥≤ 2

N +1
‖Mz2‖2‖Mz1‖

and ∥∥PN
(
M∗

z2
Mz2 M∗

z1
−M∗

z1
Mz2 M∗

z2
)P⊥

N Mz1 PN
∥∥≤ 2

N +1
‖Mz2‖2‖Mz1‖2.

To complete the proof, we only need to verify that the operator dEt
([[

M∗, M
]])

is non-
negative definite. Evaluating on the orthonormal basis {φα}, we see that dEt

([[
M∗, M

]])
φα =

χαφα, where

χα =− 2α2(2α2 +1)(2α1 +2α2 +λ−1)

(α1 +2α2 +λ−2)2(α1 +2α2 +λ−1)2
+ (2α2 +2)(2α2 +3)(2α1 +2α2 +λ+1)

(α1 +2α2 +λ)2(α1 +2α2 +λ+1)2

+ 2(α1 +1)((2α2 +1)(α1 +λ−1)+2(α2 +1)(α1 +2α2 +λ−1))

(α1 +2α2 +λ−1)(α1 +2α2 +λ)2(α1 +2α2 +λ+1)

− 2α1((2α2 +1)(α1 +λ−2)+2(α2 +1)(α1 +2α2 +λ−2))

(α1 +2α2 +λ−2)(α1 +2α2 +λ−1)2(α1 +2α2 +λ)
.

Gathering these terms over a common denominator and simplifying we find that χα is a frac-
tion with a positive denominator and the numerator is 4 times the expression given below:

α4
1(4α2λ−10α2 +3λ−9)+2α1

(
8α3

2

(
12λ2 −30λ+1

)+α2
2

(
48λ3 −96λ2 −84λ+98

))
+ 2α3

1

(
8α2

2(2λ−5)+2α2
(
4λ2 −6λ−7

)+3
(
2λ2 −7λ+6

))+α2
1

(
4α2

2

(
24λ2 −54λ−5

))
+ α2

1

(
48α3

2(2λ−5)+4α2
(
6λ3 −3λ2 −35λ+32

)+18λ3 −72λ2 +93λ−33
)

+ 2α1
(
32α4

2(2λ−5)+α2
(
8λ4 +4λ3 −98λ2 +128λ−39

)+3
(
2λ4 −9λ3 +13λ2 −5λ−2

))+
+ 16α4

2

(
8λ2 −21λ+2

)+16α3
2

(
6λ3 −15λ2 −4λ+9

)+4α2
2

(
8λ4 −14λ3 −37λ2 +61λ−14

)
+ 32α5

2(2λ−5)+2α2
(
2λ5 +3λ4 −42λ3 +64λ2 −14λ−13

)+3(λ+1)
(
λ2 −3λ+2

)2
.

It is then not hard to verify that the the constant term and the coefficients of αi
1, 1 ≤ i ≤ 4

together with that of α j
2, 1 ≤ j ≤ 5, are all positive if λ≥ 4 completing the proof. �

Remark 5.5. Although, unlike the case of the Euclidean ball B2, we are not able to explicitly
compute the trace of the operator dEt

([[
T ∗,T

]])
for the weighted Bergman spaces A(λ)(B2,1),

extensive numerical computations show that it is approximately equal to 2
3 , which is the 2

π2

times the volume of the ellipsoid B2,1.

From Theorems 7.1 and 7.2 of [13], it follows that the trace of the generalized commutator
GC(T ∗,T ) of a class of analytic Toeplitz operators is bounded above by 1. In particular, the
explicit formula given in Theorem 7.2 (a) of [13] shows that equality is achieved for the tuple
of multiplication by the coordinate functions. Of course, the same is true of the determinant
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operator dEt
([[

T ∗,T
]])

. In the example of weighted Bergman spaces over the Euclidean ball
Bd , from Corollary 5.3, it follows that

trace
(
dEt

([[
T ∗,T

]]))= md !

πd
ν(Bd ).

Also, for the ellipsoid B2,1, we have numerical evidence for such an equality. Taking all of this
into account, we make the following conjecture.

Conjecture 5.6. Suppose that the commuting d- tuple of operators T = (T1, . . . ,Td ) is in the
class BSm,ϑ(Ω). Then

trace
(
dEt

([[
T ∗,T

]]))≤ md !

πd
ν(Ω),

where ν is the Lebesgue measure.

We have made some progress towards finding a solution to this conjecture.
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