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Let Q be a bounded open connected set in C™ and M be a Hilbert module
over the function algebra A(f2) (see [6]). The study of the natural class B, (),
discussed below, was initiated in [1, 2]. A different approach was given in [3]. Let
Dpr: M — M&--- & M be the operator f — (Tlf,‘..,Tmf), where T; is the
operator determined by the adjoint of the module action (z;, f) — z;- f, 1 < i < 'm,
f € M. Let B,,(Q2) be the set of those Hilbert modules M for which ran Dr_,, is
closed, span,,cq ker Dp_,, is dense and dim ker Dp_,, = n for all w € Q. A Hilbert
module M in B,,(2) determines a holomorphic Hermitian vector bundle on €. It
is then proved that isomorphic Hilbert modules correspond to equivalent vector
bundles and vice-versa (see [1, 2]). Also, these papers provide a model for the
Hilbert modules in B, (€2) by showing that they can be realized as a Hilbert space
consisting of holomorphic functions on 2 possessing a reproducing kernel. The
module action is then simply the pointwise multiplication. Examples are Hardy
and the Bergman modules over the ball and the poly-disc in C™. However, many
natural examples of Hilbert modules fail to be in the class B,,(2). For instance,
HZ(D?) := {f € H*(D?) : f(0) = 0} is not in B, (D?). The problem is that the
dimension of the joint kernel K(w) := ker Dr_,, is no longer a constant (cf. [4]):

1 if w# (0,0)

dim H3 (D?) ® 4p2) Co =
im O( ) A(D?) {2 if w = (0,0).

Here C,, is the one dimensional module over the algebra A(D?), where the module
action is given by the map (f,w) — f(w) for f € A(D?) and w € C. We outline an
attempt to systematically study examples like the one given above using methods
of complex analytic geometry.

For a Hilbert module M over a function algebra A(2), not necessarily in the
class B1(2), motivated by the correspondence of vector bundles with locally free
sheaf, we construct a sheaf of modules S™(£2) over O(£2) corresponding to M. We
assume that M possesses all the properties for it to be in the class B1(Q) except
that the dimension of the joint kernel K(w) need not be constant. We note that
sheaf models have occured, as a very useful tool, in the study of analytic Hilbert
modules (cf. [7]). Although, the model we describe below is somewhat different.

Let SM(Q) be the subsheaf of the sheaf of holomorphic functions O(€2) whose
stalk at w € Q is {(f1)wOw + -+ + (fa)wOuw : f1,..., fn € M}, or equivalently,

SM(U) = {Z?:l (fiy)gi: fie M,gi € O(U)} for U open in .
PROPOSITION 1. The sheaf SM(Q) is coherent.

Proof. The sheaf SM(Q) is generated by the set of functions {f : f € M}. Let

S(2) be the subsheaf generated by the set of functions J = {f1,..., fi} CM C

O(Q). Thus SH(€) is coherent. An application of Noether’s Lemma [8] then

guarantees that SM(Q) = U g i1eS7" (Q2) is coherent. O
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We note that the coherence of the sheaf implies, in particular, that the stalk
(SM),, at w € Q is generated by a finite number of elements g1, ..., g, from O(Q).

If K is the reproducing kernel for M and wqg € €2 is a fixed but arbitrary point,
then for w in a small neighborhood U of wg, we obtain the following decomposition
theorem.

THEOREM 1. Suppose g9, 1 < i < n, be a minimal set of generators for the stalk
(8M)o := (8M)w,- Then we have

K(vw) =Ky, = g(l)(w)Kq(vl) +o 92(w>K1(1;n)7
where KW - U — M, 1 < k < n, is anti-holomorphic. Moreover, the elements
Kz(,ﬁ,), 1 < p < n are linearly independent in M, they are eigenvectors for the

adjoint of the action of A(2) on the Hilbert module M at wo and are uniquely
determined by these generators.

We also point out that the Grammian G(w) = (((Kfup), Kf,,q)>))g,q:1 is invertible
in a small neighborhood of wg and is independent of the generators ¢i,..., gn.
Thus t: w — (Ki(ul), . ,K&n)) defines a holomorphic map into the Grassmannian
G(H,n) on the open set U. The pull-back Ej of the canonical bundle on G(H, n)
under this map then define a holomorphic Hermitian bundle on U. Clearly, the
decomposition of K given in our Theorem is not canonical in anyway. So, we
can’t expect the corresponding vector bundle Fy to reflect the properties of the
Hilbert module M. However, it is possible to obtain a canonical decomposition
following the construction in [3]. It then turns out that the equivalence class of
the corresponding vector bundle Ey obtained from this canonical decomposition is
an invariant for the isomorphism class of the Hilbert module M. These invariants
are by no means easy to compute. At the end of this note, we indicate, how to
construct invariants which are more easily computable.

For now, the following Corollary to the decomposition theorem is immediate.

COROLLARY 1. The dimension of the joint kernel K(w) is greater or equal to the
number of minimal generators of the stalk (S™),, at w € Q.

Now is the appropriate time to raise a basic question. Let m,, C A(€2) be the
maximal ideal of functions vanishing at w. Since we have assumed m,, M is closed,
it follows that the dimension of the joint kernel K(w) equals the dimension of the
quotient module M /(m,,M). However it is not clear if one may impose natural
hypothesis on M to ensure

dim M /(m,M) = dimK(w) = dim(S™),, /(m(Ow)(S™)w),

where m(O,,) is the maximal ideal in O,,, as well.

More generally, suppose p1,...,p, generate M. Then dimK(w) < n for all
w € Q. If the common zero set V' of these is {0} then (p1)o, ..., (Pn)o need not
be a minimal set of generators for (S™)y. However, we show that they do if we
assume p1, ..., p, are homogeneous of degree k, say. Further more, basis for K(0)
is the set of vectors:

{pl(é)}K('aw)hu:Oa s 7pn(5)}K('aw)|w=O}a
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where 8 = (01, ..., 0m).

Going back to the example of H3(ID?), we see that it has two generators, namely
z1 and zp. Clearly, the joint kernel K(w) := ker D(nrx—, My —w,) at w = (w1, w2)
is spanned by {z1 @ 42) 1w, 22 ® a02) Lw} = {w1Kp2(p2) (2, w), we K2 (p2) (2, w) }
which consists of two vectors that are linearly dependent except when w = (0, 0).
We also easily verify that

(SHg(DQ)) ~ Ow w 75 (0,0)

v~ \m(Oy) w=(0,0).

Since the reproducing kernel

2’1’@1 + ZQ’LZIQ - 2’12’2’@1’@2

K = K —1=

Hg(ﬂ)2)(zaw) HQ(]D)Q)(Zaw) (1 _lel)(l _22,@2)
we find there are several choices for Kq(ul) and K&2)7 w € U. However, all of these
choices disappear if we set w16, = ws for wy # 0, and take the limit:

K 2y(z, w
lim I{g(mli)() = Kél)(z) + GlKéQ)(z) =21+ 0129
(w1, w2)—0 w1
because Kél) and K((,z) are uniquely deteremined by Theorem 1. Similarly, for
waby = wy for wy # 0, we have

lim KHg(]D)Q)(va) .

K(2)z +6 K(l)z = 29 + 0327.
(o Bo 0 (2) + 02Ky (2) = 22 + 0221

Thus we have a Hermitian line bundle on the complex projective space P! given
by the frame 61 — zy + 60129 and 05 — z5 +05z1. The curvature of this line bundle
is then an invariant for the Hilbert module HZ(ID?) as shown in [5]. This curvature
is easily calculated and is given by the formula K(8) = (1 + |9]?)~2.

The decomposition theorem yields similar results in many other examples.

REFERENCES

[1] M. J. Cowen and R. G. Douglas, Complex geometry and Operator theory, Acta Math. 141
(1978), 187 — 261.

, On operators possessing an open set of eigenvalues, Memorial Conf. for Féjer-Riesz,
Collog. Math. Soc. J. Bolyai, 1980, pp. 323 — 341.

[3] R. E. Curto and N. Salinas, Generalized Bergman kernels and the Cowen-Douglas theory,
Amer. J. Math. 106 (1984), 447 — 488.

[4] R. G. Douglas, Invariants for Hilbert modules, Proc. Sympos. Pure Math., 51, Part 1, Amer.
Math. Soc., Providence, RI, 1990, 179-196.

[5] R. G. Douglas, G. Misra and C. Varughese, Some geometric invariants from resolutions
of Hilbert modules, Systems, approximation, singular integral operators, and related topics
(Bordeaux,2000) Oper. Theory Adv. Appl. 129, Birkhauser, Basel, 2001, 241-270.

[6] R. G. Douglas and V. I. Paulsen, Hilbert modules over function algebra, Longman Research
Notes, 217, 1989.

[7] J. Eschmeier and M. Putinar, Spectral decompositions and analytic sheaves, London Math-
ematical Society Monographs. New Series, 10, Oxford University Press, New York, 1996.

[8] H. Grauert and R. Remmert, Coherent analytic sheaves, Springer-Verlag, Berlin, 265, 1984.

3

2]




