RIGIDITY OF THE FLAG STRUCTURE FOR A CLASS
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ABSTRACT. The explicit description of irreducible homogeneous operators in the Cowen-Douglas
class and the localization of Hilbert modules naturally leads to the definition of a smaller class
possessing a flag structure. These operators are shown to be irreducible. It is also shown that the
flag structure is rigid, that is, the unitary equivalence class of the operator and the flag structure
determine each other. A complete set of unitary invariants, which are somewhat more tractable
than those of an arbitrary operator in the Cowen-Douglas class, are obtained.

1. INTRODUCTION

In their very influential paper [1], Cowen and Douglas initiated the study of the following
important class of operators.

Definition 1.1. For a connected open subset €2 of C and a positive integer n, let

B,(Q)= { TeL(H)|QcoaT),
ran (T —w) = H for w € Q,

\/ ker(T —w) = H,
wesd
dim ker(T —w) =n for w € Q },

where £(XH) is the algebra of all bounded linear operators on a complex separable Hilbert space
H and o(T) is the spectrum of the operator 7'

It is shown in [1, Proposition 1.12] that if 7" is in B, (£2), then it is possible to choose n eigenvec-
tors in ker(7T — w), which are holomorphic as functions of w € . Thus w > ker(T" — w) defines a
rank n holomorphic Hermitian vector bundle Er over 2. It therefore follows that the holomorphic
Hermitian vector bundle E7 is the sub-bundle of the trivial holomorphic Hermitian bundle €2 x H
defined by

Er ={(w,z) e Qx H:x € ker(T —w)}

with the natural projection map 7 : Ep — Q, w(w,x) = w (cf. [1]). Here is one of the main results
from [1].

Theorem 1.2. The operators T and T in B, () are unitarily equivalent if and only if the corre-
sponding holomorphic Hermitian vector bundles Er and Ez are equivalent.
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They also find a set of complete invariant for this equivalence consisting of the curvature of Er
and its covariant derivatives. Unfortunately, these invariants are not easy to compute except when
the rank of the bundle is 1. In this case, the curvature

~ %log || y(w) |I?
Jwow

of the line bundle Er, defined with respect to a non-zero holomorphic section v of Er, is a complete
unitary invariant of the operator 7. The definition of the curvature, in this case, is independent
of the choice of the non-vanishing section v: If g is another holomorphic (non-vanishing) section
of E, then vy = ¢y for some holomorphic function ¢ on an open subset 2y of 2, consequently
the harmonicity of log|¢| completes the verification. However, if the rank of the vector bundle is
strictly greater than 1, then only the eigenvalues of the curvature are independent of the choice
of the holomorphic frame. This limits the use of the curvature and its covariant derivative if the
rank of the bundle is not 1. It is difficult to determine, in general, when an operator 7' € B, ()
is irreducible, again except in the case n = 1. In this case, the rank of the vector bundle is 1 and
therefore it is irreducible and so is the operator T

K(w)dw A dw = dw A dw

One may therefore ask: For what class of holomorphic Hermitian vector bundles, defined on
a bounded open connected set 2 C C, of rank n, the curvature remains a complete invariant.
Refining the proof of Lemma 3.2 of [1], one may infer that the curvature is a complete invariant
for the class consisting of the n-fold direct sum of line bundles. Examples were given in [13,
Example 2.1] to show that the class of the curvature alone does not determine the class of the
vector bundle except in the case of a line bundle. The splitting of a holomorphic Hermitian vector
bundle into a direct sum is determined by the vanishing of the second fundamental form (see
[10, Proposition 6.14]). In this paper, we isolate those irreducible holomorphic Hermitian vector
bundles, namely, the ones possessing a flag structure, for which the curvature together with the
second fundamental form is a complete set of invariants. Among these, we study in detail the
ones that correspond to irreducible operators in the Cowen-Douglas class B2(€2). All irreducible
homogeneous operators in By(D) are in this class. We obtain, using the methods developed in this
paper, a description of all these operators. This classification was given earlier by D. Wilkins [14]
using a sophisticated mix of Riemannian geometry and operator theory. We also investigate the
case of n > 2, where together with the curvature and the second fundamental form, we find a set
@ + 1 invariants, which are easy to compute. Finally, we show that these are a complete set
of unitary invariants.

We discuss this new class of operators in By (2) separately and then provide the details for the
case of n > 2. One important reason for separating out the case of n = 2 is that the proofs that
appear in this case are often necessary to begin an inductive proof in the case of an arbitrary
n € N.

In a forthcoming paper, we construct similarity invariants for the operators in this new class.
A generalization to the case of commuting tuples of operators is apparent which we intend to
consider in future work.

The results of this paper were announced in [7] and was the topic of a talk presented by the
last author in the Workshop “Hilbert Modules and Complex Geometry” held during Apr 20 - 26,
2014 at Oberwolfach.
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2. A NEW CLASS OF OPERATORS IN B3(12)

2.1. Definitions. If T is an operator in B3(f2), then there exists a pair of operators Ty and T} in
B1(€2) and a bounded operator S such that T = (TOO ;1 ) This is Theorem 1.49 of [8, page 48].

We show, the other way round, that two operators Ty and T from Bi(€2) combine with the aid of
an arbitrary bounded linear operator S to produce an operator in Bs(f).

To
0

Proposition 2.1. Let T be a bounded linear operator of the form ( Ts,l) Suppose that the two

operators Ty, Ty are in B1(QY). Then the operator T is in Ba(£2).

Proof. Suppose Ty and T} are defined on the Hilbert spaces Hg and Hy, respectively. Elementary
considerations from index theory of Fredholm operators shows that the operator T is Fredholm
and ind(7") = ind(7p) + ind(T7) (cf. [2, page 360]). Therefore, to complete the proof that T is
in By(Q2), all we have to do is prove that the vectors in the kernel ker(T' — w), w € 2, span the
Hilbert space H = Hy & H;.

Let 49 and ¢; be non-vanishing holomorphic sections for the two line bundles £y and F; corre-
sponding to the operators Ty and 717, respectively. For each w € €2, the operator Ty —w is surjective.
Therefore we can find a vector a(w) in Hy such that (Tp — w)a(w) = —S(t1(w)), w € Q. Setting
a(w) = a(w) + ti1(w), we see that

(T = w)a(w) = 0 = (T = w)yo(w).

Thus {vo(w),a(w)} C ker (T'— w) for w in Q. If x is any vector orthogonal to ker(T — w), w € £,
then in particular it is orthogonal to the vectors vo(w) and a(w), w € Q, forcing it to be the zero
vector. U

We impose one additional condition on these operators, namely, 195 = S7; and assume that
the operator S is non-zero. With this seemingly innocuous hypothesis, we show that (i) it is
irreducible, (i) and that any intertwining unitary operator between two of these operators must
be diagonal and (74) the curvature of Ep, together with the second fundamental form of the
inclusion E7, € Er form a complete set of unitary invariants for the operator T It is therefore
natural to isolate this class of operators.

Definition 2.2. We let FBy(2) denote the set of all bounded linear operators T' of the form

T = 7(;0 7‘?1 , where the two operators Ty, T} are assumed to be in the Cowen-Douglas class B;(12)

and the operator S is assumed to be a non-zero intertwiner between them, that is, 795 = T3 .S.

Specifically, if the operator T;, i = 0,1, is defined on the separable complex Hilbert space H;,
then S is assumed to be a non-zero bounded linear operator from H; to Hg such that TS = T1.5.
The operator T is defined on the Hilbert space H := Hg ® H;.

Each of the operators in FBs(2) is also in the Cowen-Douglas class By(£2) by virtue of Propo-
sition 2.1. Thus FB2(Q2) C Ba(9).

Although, in the definition of the class FBy(2) given above, we have only assumed that S is
non-zero, its range must be dense as is shown below.

Proposition 2.3. Suppose Ty and T; are two operators in B1(S2), and S is a bounded operator
intertwining Ty and T1, that is, ToS = ST1. Then S is non zero if and only if range of S is dense
if and only if S* is injective.

Proof. Let v be a holomorphic frame of E7,. Assume that S is a non zero operator. The inter-
twining relationship 7pS = S7T7 implies that S o+ is a section of Ep,. Clearly, there exists an open
set Qo contained in 2 such that S o is not zero on €y, otherwise S has to be zero. Since S(v)
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is a holomorphic frame of E7, on (2, it follows that the closure of the linear span of the vectors
{S(v(w)) : w € Qo} must equal Hy. Hence the range of the operator S is dense. O

The following Proposition provides several equivalent characterizations of operators in the class
FBy(Q).

Proposition 2.4. Suppose T' is a bounded linear operator on a Hilbert space H, which is in Ba(£2).
Then the following conditions are equivalent.

(i) There exist an orthogonal decomposition Ho @& Hy of H and operators Ty : Ho — Ho,
Ty : Hy — Hq, and S : Hy — Ho such that T = (1(;0 ;), where Ty, Th € B1(S2) and
ToS = STh, that is, T € FBs(Q).

(ii) There exists a holomorphic frame {yo, 71} of Er such that %Hfm(w)][2 = (m(w),yo(w)).

(iii) There exists a holomorphic frame {vo, 1} of Er such that vo(w) and 8%70(11)) — 7 (w) are
orthogonal for all w in €.

Proof. (i) = (i1): Pick any two non-vanishing holomorphic sections ¢¢ and ¢; for the line bundles
E7, and E7, respectively. Then

(T —w)ti(w) = (T1 —w)ti(w) + St (w))
= S(tl (’U))
Since TpS = ST, it induces a bundle map from E7, to B, so S(t1(w)) = ¢ (w)to(w) for some holo-

morphic function v defined on . Thus (T — w)t1(w) = Y (w)to(w). Setting yo(w) := Y(w)to(w)
and vy (w) = %70(10) — t1(w), we see that {vo(w),y1(w)} C ker (T — w). Now assume that

(2.1) agyo(w) + a1y (w) =0
for a pair of complex numbers oy and «y. Then

0 = (agy(w)+ aryi(w),ti(w))
= ar{mn(w),ti(w))
(2.2) = —anta(w)]*.

From equations (2.1) and (2.2), it follows that ap = ag = 0. Thus {70,71} is a holomorphic frame
of Ep. Since (t1(w),y0(w)) = 0, we see that

I?

2 vow)I? = (y1(w), vo(w)).

(79) <= (731): This equivalence is evident from the definition.

(t91) = (i): Set t1(w) = %70(10) — 71(w). Let Hp and H; be the closed linear span of
{70(w) : w € Q} and {t1(w) : w € Q}, respectively. Set Ty = Tjg(,, T1 = Py, Tjg, and S = Py T)ag;, -

We see that the closed linear span of the vectors {vo(w),t;1(w) : w € Q} is H : Suppose z in
H is orthogonal to this set of vectors. Then clearly, x Lyo(w) and xLt;(w) for all w in €. Or,
equivalently zLvp(w) and zLv;(w) for all w in . Therefore x must be the 0 vector. Next, we
show that the two operators T and 7} are in B;(12).

Clearly, (71 — w) is onto. Thus index (77 — w) = dim ker (71 — w) and 2 = index (T — w) =
index (Tp — w) + index (T — w). It follows that dim ker(7; —w) =1 or 2.

Suppose dim ker (T} —w) = 2 and {s1(w), s2(w)} be a holomorphic choice of linearly independent
vectors in ker (77 — w). Then we can find holomorphic functions ¢;, ¢2 defined on Q such that
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S(s1(w)) = ¢p1(w)yo(w) and S(s2(w)) = ¢2(w)vyo(w). Setting
Fo(w) == vo(w),

51(w) = (1 (w)o(w)) — s1(w) and

(P2(w)yo(w)) — s2(w),
we see that (T'— w)(F;(w)) =0 for 0 <i < 2. If Z?:o ai¥i(w) =0, oy € C, then

agyo(w) + 2 (11 (w) + aada(w))yo(w)) + ars1(w) + azsa(w) = 0.
It follows that aqs;(w) + aesa(w) = 0 since Hy is orthogonal to H;. Hence oy = g = 0 implying
ap = 0. Thus we have dim ker(7" — w) > 3. This contradiction proves that dimker(7Tp — w) =1
and hence T} is in B1(9).

To show that Tp is in B1(f2), pick any = € Hp, and note that there exist z € H such that
(T'—w)z = x since T'—w is onto. Let z9;, and z5¢, be the projections of z to the subspaces Hy and
H1, respectively. We have [(Ty — w)zg¢, + S(2z9¢,)] + (T1 — w)zg, = x. Therefore (T7 — w)zg¢, =0
and (Tp — w)zg¢, + S(z3¢,) = . Since dim ker (T3 — w) = 1, so zg¢, = c1t1(w), it follows that

~ ow
0
Fo(w) := 0

r = (To—w)z, + S(2x,)
= (Tp —w)zg, + S(citi(w))
= (To — w)zg¢, + c1yo(w)
= (Th — w)zse + (To — w)(c17570(w))

= ((To — w)(z3, + c1570(w)).
Thus Tp — w is onto. We have 2 = dim ker (T'—w) = dim ker (7T —w) 4+ dim ker (77 —w). Hence
dim ker (Tp — w) = 1 and we see that Tp is in B (£2).
Finally, since S(t1(w)) = vo(w), it follows that TpS = ST7. O

2.2. Models for operators in FBy(£2). An operator T € FBy(f) is also in By(f), therefore as
is well-known (cf. [1, 3]), it can be realized as the adjoint of a multiplication operator on some
reproducing kernel Hilbert space of holomorphic C2-valued functions. These functions are defined
on * := {w:w € Q}. An explicit description for operators in FBy(2) follows.

Let Ep be the holomorphic Hermitian vector bundle over ) corresponding to the operator
T. Since T is in FB(2), we may find a holomorphic frame v = {7, 71} such that yo(w) and
2 yo(w) — 71 (w) are orthogonal for all w in Q. Define I : 3 — O(Q*, C?) as follows:

D(2)(2) = ({z,%(2) (@, 1 (2))"  2€Q, zeX,

where O(Q2*, C?) is the space of holomorphic functions defined on Q* which take values in C2. Here
(-, - )% denotes the transpose of the vector (-, - ).

The map I' is injective and therefore transplanting the inner product from H on the range of
I', we make it unitary from H onto Hr := ran. Define KT to be the function on * x Q* taking
values in the 2 x 2 matrices Mz(C) :

Kr(zw) = (@) %)L,
<<70(171)770(5)>  FE@),0(2) )
%(70(15)770(5» %(%(w ,70(2)) + (t1(w), t1(2))

(2.3) _ < Ko(z,w) (%Kg(z,w)

&

=

D

S

N

m‘%

g

=

w

S

Nz

_l_

R
o o
=
=)
S

-
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where (i) = 290() — 71(), Ko(zw) = (0(@),70(2)) and K (2,w) = (t1(), £1(2)) for z,w
in Q*. Set (K71)w(-) = Kp(-,w). It is then easily verified that K has the following properties:
(1) The reproducing property: (D(@)(), (Kr)u(Inranr = (D(x)(w).m)ce, o € 9,y € C2,
w e QF.
(2) The unitary operator I' intertwines the operators T defined on H and M* defined on Hr,
namely, I'T"™* = M_T.
(3) Each w in § is an eigenvalue with eigenvector (Kr)g(-)n, n € C2, for the operator M* =
rrr.

2.3. Rigidity. Once we represent an operator T from FB3(2) in this form, the possibilities for the
change of frame are limited. The admissible ones are described in the following lemma.

Lemma 2.5. Let T' be an operator in FBa (). Suppose {70,771}, {J0,71} are two frames of the
vector bundle Er such that fyo(w)J_(%fyo(w) —m(w)) and %(w)J.(%’yg(w) —Y1(w)) for allw € Q.

If o = <z;1 z;z) is any change of frame between {vo,71} and {J0,31}, that is,
1

{:)/075/1} == {70771} (z;i z;z) )
then ¢21 =0, ¢11 = P22 and ¢12 = ¢;.

Proof. Define the unitary map I, as above, using the holomorphic frame v = {~9,v1}. The operator
T is then unitarily equivalent to the adjoint of the multiplication operator on the Hilbert space Hr
possessing a reproducing kernel K1 of the form (2.3). Let e; and e be the standard unit vectors
in C2. Clearly, (Kr),(-)e1 and (Kr),(-)es are two linearly independent eigenvectors of M* with
eigenvalue w.

Similarly, corresponding to the holomorphic frame ¥ = {7y, 71}, the operator T' is unitarily
equivalent to the adjoint of multiplication operator on the Hilbert space Hy. The reproducmg
kernel Ky is again of the form (2.3) except that Ko and K; must be replaced by Ko and K,
respectively.

For i = 0,1, set s;(w) := (Kr)(w)e;, and 5;(w) := (Kp)(w)e;. Let p(w) := <$?SEZ§ ﬁﬂgg%)

be the holomorphic function, taking values in 2 x 2 matrices, such that

(So(w), 51(w)) = (so(w), s1(w))p(w).

This implies that

(2.4) So(w) = doo(w)so(w) + ¢10(w)s1(w)

and

(2.5) 1(w) = do1(w)so(w) + ¢11(w)s1(w).

From Equation (2.4), equating the first and the second coordinates separately, we have
(2.6) (K0)w(-) = ¢o0(w) (Ko)w(-) + ¢10(w) g% (Ko)uw ()

and

27 Z(Ko)w(-) = doo(w) & (Ko)uw(-) + ¢10(w) 555 (Ko)uw(-) + ¢10(w)(K1)u(-).

From these two equations, we get
00 (w) 2 (Ko)uw(+) + d10(w) 525 (Ko)u (")
d00(w) 3% (K0)w () + d10(w) 555 (Ko)u () + d10(w) (K1)u (),
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which implies that ¢19 = 0. Finally, from Equation (2.5), we have

(2.8) a1 (Ko)w () = do1(w) (Ko)w () + $11(w) 55 (Ko)w(-)
The Equations (2.5) and (2.8) together give
$o1 = dpp and oo = P11
completing the proof. O

A very important consequence of this Lemma is that the decomposition of the operators in the
class FB3(Q) is unique in the sense described in the following proposition.

Proposition 2.6. Let T,T € FBy(Q) be two operators of of the form (TO S) and (TO S) with

0T 0T
respect to the decomposition H = Ho & Hy and H="FHod Jifl, respectively. Let U = (g;i g;;)

Ho®Hy — ff{o @ 9:61 be an unitary operator such that
Un Un) (To S\ _ (To S\ (Un U
Usp Ux)\0 T 0 Ty) \Ua Ux)’

Proof. Let {y0,71} and {7o,71} be holomorphic frames of E7 and Ej respectively with the prop-
erty that 7o L (g% —71) and Jo L (70 — 31). Set t1 = (70 —m) and &1 == (F570 — 1)
Since U intertwines T" and T', it follows that {U~o, U~} is a second holomorphic frame of E; with
the property U~ L (%(U'yo) — U~v1) = U(t1). By Lemma 2.5, we have that

then U12 == U21 =0.

(2.9) U(v0) = ¢

and

(2.10) U(m) = ¢ + o9

From equations (2.9) and (2.10), we get

(2.11) Ut) = ¢t1.

From equations (2.9) and (2.11), it follows that U maps 3, to Ho and H; to Hy. Thus U is a
block diagonal from Hg @ H; onto Hy & Hy O

Remark 2.7. In summary, we note that a holomorphic change of frame for the vector bundle
Er, preserving the orthogonality relation between ~y and %'yo (w) — 11 (w), must be of the form

(‘g fgl ) Thus such a change of frame for the vector bundle E7 induces change of frame (“8 g) for

the vector bundle E (To 0) and vice-versa.
0 T

Corollary 2.8. Fori= 0,1, let T; be any two operators in B1(). Let S and S be bounded linear
operators such that TS = ST and ng = ng. IfT = (F‘GO %) and T = (7(;0 7*?1), then T is

unitarily equivalent to T if and only if S = €S for some real number 0.

Proof. Suppose that UT = TU for some unitary operator U. We have just shown that such an

operator U must be diagonal, say U = (Uél U[;Q > Hence we have

(2.12) UnTy = ToUr1, UnTy = TyUs, UpiS = SUns.
Since Uy, is unitary, the first of the equations (2.12) implies that
Ui € {To, T Y = {W € L(3,) : WTy = ToW and WTI§ = T;W}.
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Since Tj is an irreducible operator, we conclude that Uy = €i91[j}(0 for some 6; € R. Similarly,
Uyy = ew?I}fl for some 6, € R. Hence the third equation in (2.12) implies that S = eilt1=62) g

Conversely suppose that S = ¢S for some real number §. Then evidently the operator U :=

) -
(eXp (i2) 15 09 ) is unitary on H = Ho & H; and UT = TU. O
0 exp (—735)1&(1

Corollary 2.9. Fori= 0,1, let T; be two operators in B1(2). Let S be a non-zero bounded linear

operators such that TyS = STy. If T, = (7(;0 ’%f) and T = (7(;0 ‘;‘F‘f), i, it > 0, then T}, is unitarily

equivalent to Ty if and only if p = fi.

2.4. A complete set of unitary invariants. The following theorem lists a complete set of unitary
invariants for operators in FBy(f2).

Theorem 2.10. Suppose that T = (7(;0 7“31) and T = (780 75 ) are any two operators in FBy(£2).
1

Then the operators T and T are unitarily equivalent if and only if KX, = X, (or, X1, = X, ) and
ISl _ 1SE)I?

211 e
Er, and Ej , respectively.

where t; and t; are non-vanishing holomorphic sections for the vector bundles

Proof. On a small small open subset of €, we can assume that S(t;) and S (t1) are holomor-
phic frames of the bundle Eg, and Ej, respectively. First suppose that 90log 1S(t)||* =

ddlog ||S(1)]|? and ”%?”)2“2 = H%?H)QHQ. Then we claim that T and T are unitarily equivalent.

The equality of the curvatures, namely, dd1log ||S(t1)||? = ddlog ||S(1)||? implies that ||S(t1)]|> =
|6|2|S(£1)|? for some non-vanishing holomorphic function ¢ on Q. It may be that we have to
shrink, without loss of generality, to a smaller open set {y. The second of our assumptions gives
11 = 6217 12 Let yo(w) i= S(t(w)) and Go(w) = S (w)); 11(w) == A0(w) —  (w) and
1 (w) = 8%’}/0(11)) —t1(w). Tt follows that {7o,7v1} and {0,71} are holomorphic frames of E7 and
E;, respectively. Define the map ® : B — E as follows:

(1) @(v0(w)) = ¢(w)Fo(w),
(2) @(n(w)) = ¢'(w)Fo(w) + P(w)F(w).

Clearly, ® is holomorphic. Note that

(@(Y0(w)), @(71(w))) (p(w)o(w), ¢ (w)o(w) + ¢(w)1 (w))
(p(w)o(w), ¢' (w)To(w) + $(w) (F570(w) — E1 (w)))
(B(w)To(w), g (S(w)Fo(w)) — d(w)ir(w))
= grlo(w)io(w)|?
= g5lho()]”
and
(o(w), () = (ro(w), z;70(w) — tr(w))
= g5lho(w)]*.
Hence we have (®(yo(w)), ®(71(w))) = (yo(w), v1(w)). Similarly, {|®(o(w))[| = [lro(w)| and
| (1) ||~: |71]]. Thus E7 and Ejf are equivalent as holomorphic Hermitian vector bundles. Hence

T and T are unitarily equivalent by Theorem 1.2 of Cowen and Douglas.
Conversely, suppose T and T are unitarily equivalent. Let U : 3 — H be the unitary map such
that UT = TU. By proposition 2.6, U takes the form <[{)1 [?2> for some pair of unitary operators
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U and ~UQ. Hence we have U;(S(t1)) = ¢1(5’(t~1)) and Ust; = ¢ot1. The intertwining relation
U1 S = SU; implies that ¢1 = ¢2. Thus K7, = JCTO and

ISl ULSEDI* _ ||<z515’(f1)H2 _ Hg(fl)Hz_
[[£1]] [Ua2(t1)]? |2t ]| [£1]12
This verification completes the proof. O

2.5. The second fundamental form. We relate the invariants of Theorem 2.10 to the second fun-
damental form of the inclusion Fy C E. The computation of the second fundamental form is given
below following [6, page. 2244]. Here Ey, is the line bundle corresponding to the operator Tp
and E is the vector bundle of rank 2 corresponding to the operator T in FBy(2). Let {7y0,71}
be a holomorphic frame for E such that vy and t; := 09 — 71 are orthogonal. One obtains an
orthonormal frame, say, {eg, €1}, from the holomorphic frame {7p,v1} by the usual Gram-Schmidt
process — Set h = (70, 70), and observe that

Y0 {v1,7%0)
- 17 ol
e1=nh 1/2707 ey = 5
(2 — Koty

are orthogonal. The canonical hermitian connection D for the vector bundle Ep is given, in terms
of e; and es by the formula:

De; = Dl’oel + Do’lel
arrer + agiey + dey

(0411 — 8(log h))61 + ag1€2
= fhe1 + Oz1ez,

where a1, a9 are (1,0) forms to be determined. Similarly, we have
Dey = DI’OBQ + Do’leg

= w9e] + ageg + Oeg

(h~ 5 2 _ (rem)
= 12 — h1/2 a(h 1<72771>) er 4 | g — la(H’V?H ||,i1||12 )
o 2

(el = a2 2 (el - )

= 0O12e1 + Oxe,

where a2, agg are (1,0) forms to be determined. Since we are working with an orthonormal frame,
the compatibility of the connection with the Hermitian metric gives

<D €, €j> + <€i7 D€j> = 9]'1' + éij
-0 for 1<i,j<2
For 1 <i,j < 2, equating (1,0) and (0, 1) forms separately to zero in the equation 6;; +0;; = 0, we

I 5(||,Yl||2_(’vla’Y%>)
a(h <vm§)‘>2) and gy = % ol

obtain a1 = d(logh), aje = 0, ag = hl/2 Hence

(Il =512 (=56
the second fundamental form for the inclusion Ey C E is given by the formula:
o o2 )
015 _pl/2 A(h~"(11,7%)) _ 5205 log hdz
(o) 2\1/2 1112 92 1/2°
(H’Y].H2 - W) (H,;OHQ 9207 10gh)

where t; = y)—y1. I T = (Z(;O T
1

section of the vector bundle F; corresponding to the operator 77, then we may assume, without

) is an operator in FBy(€2) and ¢; is a non-vanishing holomorphic



10 JI, JIANG, KESHARI, AND MISRA

loss of generality, that S(¢1) is a holomorphic frame of Ey. The second fundamental form 612 of
the inclusion Ey C FE, in this case, is therefore equal to

5295 108 IS5 (t1)||*dz

t1 2 a2 12"
(W‘G‘(tﬁ+mloglls(h)u2)

It follows from Theorem 2.10 that the second fundamental form of the inclusion Fy C E and the
curvature of Fy form a complete set of invariants for the operator 7. We restate Theorem 2.10
using the second fundamental form 6.

0T
Then the operators T and T' are unitarily equivalent if and only if X1, = Kg, (or K, = JCTO) and

Theorem 2.11. Suppose that T = (7;)0 751) and T = (TO S ) are any two operators in FBa(Q).

012 = b1

2.6. Application to homogeneous operators. We use the machinery developed here to list the
unitary equivalence classes of homogeneous operators in By, (D), n = 2. For n = 1 this was done
in [12] and in [14] for n = 2. The classification of homogeneous operators in B, (D) was given in
[11] for an arbitrary n. The proofs of [14] and [11] use tools from Differential geometry and the
representation theory of Lie groups respectively. While the description below is very close to the
spirit of [12].

Definition 2.12. An operator T is said to be homogeneous if ¢(7T') is unitarily equivalent to T’
for all ¢ in M6b which are analytic on the spectrum of T'.

Proposition 2.13 ([12]). An operator T in B1(D) is homogeneous if and only if
Kr(w) = =1 — [w]*)~
for some positive real number .

Remark 2.14. From the Proposition 2.13, it follows that 7" is unitarily equivalent to the adjoint
of the multiplication operator M) acting on the reproducing kernel Hilbert space (H®), K(N),

where the reproducing kernel K™ is of the form m, z,w € D.

Proposition 2.15. Let T' be an operator in FBy(D) and let t; be a non-vanishing holomorphic
section of the bundle Ey corresponding to the operator T1. For any ¢ in Mob, setty, = tiop~t. The

2 2
operator T is homogeneous if and only if Ty, T1 are homogeneous and % = |(¢_1)’\2%
N

for all ¢ in Mdb.

Proof. Using the intertwining property in the class FBa (D), we see that

o(T) = (S”(OTO) Sj{gf) |

Suppose that 7" is homogeneous, that is, 7" is unitarily equivalent to ¢(7") for ¢ in M&b. From
Theorem 2.10, it follows that Tp is unitarily equivalent to ¢(7p), 71 is unitarily equivalent to ¢(77)
and

IS¢/ (Tt @DI? _ [1S( ()2
(2.13) el = Ta@l?
Now, we have
IS¢/ (T (tLe@DI?  _ 159/ (0~ @)t p @)
e ()2 EWOIE
_ e @) PISCp@)I?
D=L
e ()2t pw)) 2
(2.14) = [ERACh] a—
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From equations (2.13) and (2.14), it follows that

ISCae@)IZ 1/ 1y 12 |SC )2
(2.15) T = @) (@)™ e

Conversely suppose that T, 17 are homogeneous operators and
ISt _ = (¢~ )( )|2||5 t1(w))|?

l[t1,6 ()2 [[£1 (w)][?
for all ¢ in Mo6b. From equations (2.14), (2.15) and Theorem 2.10, it follows that 7" is a homoge-
neous operator. O

Corollary 2.16. An operator T in FBy(D) is a homogeneous if and only if

(i) To and Ty are homogeneous operators;
(i) Kp, (w) = Kqy(w) + Kp=(w), w € D, where B is the forward Bergman shift;
(iii) S(t1(w)) = ayo(w) for some positive real number a and ||t1(w)||* = W, Il (w)

1
(I=|w[*)*

I? =

Proof. Suppose T is a homogeneous operator. Then Proposition 2.15 shows that Ty and T are
homogeneous operators. We may therefore find non-vanishing holomorphic sections 7y and #;
of Ey and Ej, respectively, such that ||yo(w)]|?> = (1 — |w|?)™* and ||t;(w)||*> = (1 — |w|?)™* for
some positive real A and p. For ¢ in Mob, set 79, = v © o~ and t1,, = t1 0 o~ 1. Clearly,
o (@)2 = 1667 )| ro(w)[? and [ty p(w)[Z = 171 (w)]#t2 (w)]|?. Let S(t1(w)) =
Y(w)yo(w) for some holomorphic function ¥ on D. We have S(t1,(w)) = S(ti(p (w))) =

D~ (w))ro(e™H(w) = (e~ (W)Yo, (w) and

.16 St = 167 )P i
Combining these we see that
A~ ot
(2.17) = [0l @)l (w) - e,
From the equations (2.16) and (2.17), we get
(2.18) [$(w) (™) (w) 27 = (o™ w)
Pick ¢ = @y, where ¢, (w) = %7 and put w = 0 in the equation (2.18). Then
(2.19) [(0)(1 — [uf) 27 = [e(w) .

If ¢(0) = 0 then equation (2.19) implies that 1)(u) = 0 for all u € D, which makes S = 0 leading
to a contradiction. Thus ¥(0) # 0. Differentiating of both sides the equation (2.19), we see that
2
(A2 = )52 log(1 — [uf?) =
Hence we conclude that = A + 2. Putting 4 = A + 2 in the equation (2.19) we find that 1) must

be a constant function. Hence there is a constant o such that S(t1(w)) = ay(w) for all w € Q.
Finally,

K, (w) = 09log|ty(w)]?
= 9dlog(1 — |w|*)~H
= 00log(1 — |w|*)™*2
= 90log(1 — |w|?)™ + ddlog(1 — |w|*) 2
= 90log ||yo(w)||* + 08 log(1 — |w[*)~?
= Kp,(w) + Kp=(w).
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Conversely, suppose that conditions (i), (i¢) and (iii) are met. We need to show that 7' is a
homogeneous operator. Condition (i7) is equivalent to u = A + 2. By Proposition 2.15, it is
sufficient to show that

1SCtgp )2 _ |/ 1y 2 IS @)
T = 1) @IS

However, we have

ISt
o = @

I

L

(V]
—~
~GI

—
~—

~
—

AM
w)|u [[t1 (w)]]2
—_ w 2
= (e (w) P Ielen)

w 2
= (™) (w) Pl

O
2.7. Irreducibility and strong irreducibility in FBy(€2). In this subsection, we show that an opera-
tor T in FBy(f?) is irreducible. Furthermore, if the intertwining operator S is invertible, then 7" is
strongly irreducible. (Recall that an operator T is said to be strongly irreducible if the commutant

{T} of the operator T' contains no idempotent operator.) We also provide a more direct proof of
proposition 2.6, which easily generalizes to the case of an arbitrary n.

Definition 2.17. Let 77 and 75 be any two bounded linear operators on the Hilbert space J.
Define o7, 1, : L(H) — L(H) to be the operator

o1, 1,(X) = TV X — XTy, X € L(H).
Let o7 : L(H) — L(H) be the operator o 7.

An operator T defined on a Hilbert space H is said to be quasi-nilpotent if lim,,_,« |77|*/™ = 0.

Lemma 2.18. Suppose T is in B1(Q2) and X is a quasi-nilpotent operator such that TX = XT.
Then X = 0.

Proof. Let v be a non-vanishing holomorphic section for Ep. Since TX = XT, we see that X ()
is also a holomorphic section of E7. Hence X (y(w)) = ¢(w)vy(w) for some holomorphic function ¢
defined on €. Clearly, X" (v(w)) = ¢(w)"y(w). Now, we have

[p(w)[" [y ()l = l[¢(w)"y(w)]]

= X" (v(w))ll

< X[y (w)]
Thus, for n € N and w € Q, we have |¢p(w)| < || X"||"/" implying ¢(w) = 0, w € Q. Hence
X =0. U

The following theorem from [9] is the key to an alternative proof of the proposition 2.6 and its
generalization in the following section.

Theorem 2.19. Let P,T be two bounded linear operators. If P € ranor N kerorp, then P is a
quasi-nilpotent.

A second Proof of Proposition 2.6

Proof. Suppose T is unitarily equivalent to T' via the unitary U, namely, UT = TU. Then
(2.20) UnS+UpTy = TiUs
(2.21) UnTy = TiUs.
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Equivalently, we also have TU* = U *T', which gives an additional relationship:
(2.22) U, = UhTy.
Using these equations, we compute
Up1SUHS = (ThUsy — UsoTh)U;,S
= TUpnU;jyS — UpTiUiyS
T1UpUiyS — UsoUiy ToS

= T UxpU;yS — UsU;, ST,

= o, (UnUp5),
and

(Ut SURS)Ty = UaSUTHS

= UnSTU;,S

= UnTySULS
= T1(U2SU},S).

Thus Uz SU;,S € ran oj Nkeroz . From Lemma 2.18 and Theorem 2.19, it follows that

U21SUTQS - 0

Since S has dense range, we have U SUF, = 0. Let us consider the two possibilities for U,
namely, either U, = 0 or U, # 0. If U, # 0, then from equation (2.22), U, must have dense
range. Since S also has dense range, we have Us; = 0. To complete the proof, we consider two
cases.

Case 1: Suppose U1 = 0. In this case, we have to prove that Uiz = 0. From U*U = I, we get
Uf U1 =1 and U;,Uy; = 0. From UT = TU, we get U111y = ToUi1, so Uyy has dense rang. Since
U1 is an isometry and has dense range, it follows that Uyq is onto. Hence Ujp is unitary. Since
Ui1 is unitary and Ui,U;; = 0, it follows that Ui = 0.

Case 2: Suppose Uiz = 0. In this case, we have to prove that Us; = 0. We have U1 Uy} = I and
U21U7; = 0. The intertwining relation TU* = U*T gives ToU{, = Uy,Tov. So Uy, has dense range.
Since U} is an isometry and it has dense range, we must conclude that U7, is onto. Hence Uy is
unitary and we have U U], = 0 forcing Us; to be the 0 operator. O
Proposition 2.20. Any operator T in FB(Q) is irreducible. Also, if T = (7(;0 7{())’ then it is

strongly irreducible.

Proof. Let P = (P;;j)2x2 be a projection in the commutant {T'}" of the operator T, that is,

Py P\ (To S\ _(To S\ (Pu Pn
Py1 Py 0 Ty 0 Ti) \Po1 P/’
This equality implies that P;17y = To P11 + SPy, P11S + P11 = ToPio + SPao, Po1Ty = T1 Py
and P15 + PoyTy = T1 Pys. Now
(Png)Tl = Pgl(STl) = P21(T()S) = (Pngo)S = Tl(P21S).
Thus P S € ker o,. Also note that
PyS = TiPy— PyTi = op (Pa2).

Hence P»1S € ran op, Nker o,. Thus from Lemma 2.18 and Theorem 2.19, it follows that P S = 0.
The operator P»; must be 0 since S has dense range.
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To prove the first statement, we may assume that the operator P is self adjoint and conclude Pjo
is 0 as well. Since both the operators Ty and T are irreducible and the projection P is diagonal,
it follows that T" must be irreducible.

For the proof of the second statement, note that if P is an idempotent of the form (P o %z >,

both Pi; and P2 must be idempotents. By our hypothesis, P;; and Py must also commute with
Ty, which is strongly irreducible, hence P;; = 0 or I and P, = 0 orI. By using Theorem 2.19,

we see that if P = (é Pg?> or P = (8 P}2>, then P does not commute with (760 7{0> Thus

P = (é P}2> or P = <8 PéQ). Now, using the equation P? = P, we conclude that Pj, must be
zero. Thus P =1 or P = 0.

g

We now give a sufficient condition for an operator 7' in FB(2) to be strongly irreducible.

1(;() 5) be an operator in FBo(Q2). If the operator S is invertible,
1

then the operator T is strongly irreducible.

Proposition 2.21. Let T = (

Proof. By our hypothesis, the operator X = <é g) is invertible. Now

I o\ /T, S\ /I o\ '
o0 s)\o 7/)\o s
(T I
_OSTlS‘l

Ty 1
0 Tv)°

Thus T is similar to a strongly irreducible operator and consequently it is strongly irreducible. [

XTX !

We conclude this section with a characterization of strong irreducibility in FBa(12).

o S

Proposition 2.22. An operator T =
0 Ty

> in FBy(R2) is strongly irreducible if and only if
S & ran oy 1, -

Proof. Let P be an idempotent in the commutant {T'}" of the operator T. The proof of the

P11 Pris

Proposition 2.20 shows that P must be upper triangular: < 0 P
22

PT =TP gives us P11T0 = TOP11, P22T1 = T1P22 and
(2.23) PHS — SPQQ = T0P12 — P12T1.

Since Pjy1i41 € {T;} for 0 < i < 1, it follows that P;; can be either I or 0. If either P;; = I and
Py; =0 or Py =0 and Pep = I, then S is in ran o7, 1, contradicting our assumption. Thus P is

). The commutation relation

of the form <é Pf) or <8 Péz> . Since P is an idempotent operator, we must have Pjs = 0.

Hence T is strongly irreducible.

Assume that the operator S is in ran o, 7,. In this case, we show that 7" cannot be strongly
irreducible completing the proof. Since S € ran o, 1,, we can find an operator P such that

S = o (P2)
(224) = TyPio — P91,
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The operator P = (é Péz) is an idempotent operator. We have

I Py To S B To S+ P14
(2.25) <0 0)(0 Tv) \O 0
and

To S\ (I P2\ _ (To ToPr2
(2.26) <0 T1> <0 0/ \0 0 ’
From these equations, we have PT =T P proving that the operator T is not strongly irreducible.
O

3. RIGIDITY OF THE FLAG STRUCTURE

We begin by describing, what one may think of as, the natural generalization of the class FBy()
to operators in B, () for an arbitrary n € N.

Definition 3.1. We let FB,,(2) be the set of all bounded linear operators 7' defined on some
complex separable Hilbert space H = Hy @ - - - & H,,_1, which are of the form

To Soi So2 - So,n—1

0 T Si2 - S1n-1
T=|: - -~ - : ;

0 e 0 T2 Sn—Q,n—l

0 - ... 0 T, 1

where the operator T; : H; — H;, defined on the complex separable Hilbert space H;, 0 < i < n—1,
is assumed to be in B;(Q) and S; ;41 : Hip1 — F;, is assumed to be a non-zero intertwining
operator, namely, 7;5; ;+1 = Siiv1Ti+1, 0 <@ <n — 2.

Even without mandating the intertwining condition, the set of operators described above belong
to the Cowen-Douglas class B,,(€2). An inductive proof presents no difficulty starting with the base
case of n = 2, which was proved in the previous section. Therefore, in particular, B, () C B, ().
We begin with a preparatory Lemma for proving the rigidity theorem.

Lemma 3.2. An invertible X that intertwines two operators in FB,(Q). Let Y = XL If X =
((Xivj))nm’ Y = (Y;’j))nxn are the block decompositions of the two operators X and Y, respectively,
then X;, 1, =0,0<j<n—-2,and¥,_1,;=0,0<j<n-2.

Proof. Consider the three possibilities:

(1) Xp—1,;,=0,0<j<n—-2but ¥, 1, #0 for some 0 <j<n-—2.

(2) Yn_Lj:0,0San—Z, Xn_17j7é0forsom60§j§n—2.

(3) Xp—1,; #0 for some 0 <j<n—2andY,_;;#0 for some 0 <k <n-—2.
In each of these cases, we arrive at a contradiction proving the Lemma.
Case 1: Choose [ to be the smallest index such that Y,,_1; # 0, that is, ¥;,_1; =0for 0 <¢<[—-1
but Y;,_1; # 0. For this index [, the intertwining relation 7Y = YT implies T, 1Y,,_1; = Yn—l,lﬁ-
Since Y;,_1; # 0, it follows from Proposition 2.3 that Y,,_;; has dense range. From XY = I, we get
Xn-1n-1Yp—1;=0and X,,_1,,-1Y,_1,n—1 = I. Since Y,,_1; has dense range and X, 1, 1Y,—1; =
0, we conclude that X,,_1,—1 = 0. This contradicts the identity: X, _1,-1Yn—1n—1 = 1I.
Case 2: The contradiction in this case is arrived at exactly in the same manner as in the first case
after interchanging the roles of X and Y.
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Case 3: Pick j, [ to be the smallest index such that X,,_1; # 0 and Y,,_1; # 0. We have that
XT =TX. Consequently,

(3.1) Xo1T) = Tn1Xn-14, Xn-1;Sji11 + Xn-1j41Tj+1 = Tn1Xn_1j11-

Since T3Sk k+1 = Sk p+1Tk+1 for K =0,1,2,---n — 1, multiplying the second equation in (3.1)
by Sjt1j4+2Sn—2n-1, and replacing T 1154142 Sp—2,n—1 With Sji1 40+ Sp2n-1Th-1,
we have

Xn-1,jSj 41 Sn—2n-1+ Xn-1,+15+1,j42 " - Sn—2n-1Tn—1

(3.2) = Tn-1Xn-1,+15j+1,j4+2 " * Sn—2.n-1.

We also have TY = YT, which gives us
(33) Tn—lyn—l,l = Yn—l,l,fl-

Now, multiply both sides of the equation (3.2) by Y;,_1, using the commutation Tn Y1, =
Y1 lTl, then again multiplying both sides of the resultmg equation by Sl AR Sn 2.n—1 and
finally using the commutation relations TkSk bl = Sk k+1Tk+1, 0<k<n-—1, we have

Xn-1;Sj+1" " Sn—2.n-1Yn-1190141 "+ Sn—2.n-1
+ Xn—1,j+15 41 Sn—20-1Yn—1,5141 " - Sn—2,n-1Th—1
(3.4) = Th1Xn-1415j+1542  Sn—2n-1Yn-1,50141 " - Sn—2n—1.
Therefore, we see that
Xn-1,jSj 415541542 Sn—2m-1Yn—1,5141 " Sn—2n-1

is in the range of the operator oF - Indeed it is also in the kernel of of |, asis evident from the
following string of equalities:

Xn—1,5j 41541542 - Sn—2n-1Yn-1,5141 " - Sn—2,n-1Th—1

= Xp-1;5415+1,542  Sn2n-1Yn-1,T1S141 * + Sn—2.n—1
= Xn-1;Sj+15j+1 542 Sn—2n-1Tn-1Yn-115141 " Sn—2.n-1
Xn-1,;T5S; 5415541 +2 * Sn—2n-1Yn-115141 "+ Sn—2.n-1
= Tp1Xn-1;Sj 41541442 Sn-2-1Yn_1151141 - Sn-2n-1.
Thus
Xn_17j5j7j+15j+1’j+2 s Sn—Q,n—IYnfl,lSl,lJrl s S’n_Q’n_l S ker U'fn71 Nran UTn71
Consequently, using Lemma 2.18 and Theorem 2.19, we conclude that

Xn—1,5j 41541542 - Sn—2n-1Yn-1,51141 - - Sn—2,n—1 = 0.

By hypothesis, all the operators Sk7k+1,§k7k+1,k = 0,1,---n — 2 have dense range. Since
Y,—1; # 0, then equation (3.3) and Proposition 2.3 ensure that Y,,_;; has dense range. Hence
Xn—1,; = 0. This contradicts the assumption X,_1; # 0. ]

The following proposition is the first step in the proof of the rigidity theorem.

Proposition 3.3. If X is an invertible operator intertwining two operators T and T from FB, (),
then X and X~ are upper triangular.
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Proof. The proof is by induction on n. The validity of the case n = 2, is immediate from Lemma
3.2. Let us write the two operators T, T in the form of 2 x 2 block matrix:

T_ Th-ixn-1 Th-1x1 7 Th—1xn—1 fn—lxl
0 Tn—l,n—l ’ 0 Tn—l,n—l ’

Using Lemma 3.2, the operators X, Y can be written in the form of 2 x 2 block matrix:
KXn—1xn-1  Xn-1x1 Yo-1xn-1  Yn-1x1
X — n n n 7Y —
< 0 anl,nfl 0 Ynfl,nfl

n—2

without loss of generality. Here X, _1xn—1 and Y,,_1xn_1 are the operators ((Xivj))ij:(] and

((YU))?;:QO respectively and

To So,1 So,2 -+ Somn-2 To So1 So2 = Son-2

0 T1 Si2 - S1,n—2 0 T1 Si2 - S1,n—2
Tnflxnfl = 7Tn71><n71 = : . . . :

0 0 Tn73 Sn73,n72 0 0 Tn73 Sn73,n72

e R 0 e 0 T

_ From the relations X7 = TX, TY = YT and XY =YX = I, we get Xp_1xn-1Tn—1xn-1 =
Tnflxnlenflxnfla Tr—1xn—1Yn—1xn-1 = Yn—1xn—1Th—1xn—1 and

Xn—lxn—IYn—lxn—l = Yn—lxn—an—lxn—l =1.

Now, to complete the proof by induction, we assume that any invertible operator X and its inverse
X! intertwining two operators 7, T in FBy(Q2) are upper triangular for all k& < n. Thus the in-
duction hypothesis guarantees that X,,_1x,—1 and Y,,_1x,—1 must be upper triangular completing
the proof. O

Employing these techniques, we show that any operator X, not necessarily invertible, in the
commutant of 7' € FB,, (), must be upper triangular.

Proposition 3.4. Suppose T is in FB,(Q) and X is a bounded linear operator in the commutant
of T. Then X is upper triangular.

Proof. The proof is is by induction n. To begin the induction, for n = 2, following the method
of the proof in Proposition 2.20. we see that an operator commute with an operator in FBy(f2)
must be upper triangular. Now, assume that any operator commute with an operator in FBy ()
is upper triangular for all k£ < n.

Step 1: We claim that X,,_1; = 0 for 0 <4 <n — 2. Suppose on contrary this is not true. Then
let I, 0 <1 < n —2, be the smallest index such that X,,_;; # 0. For this index [, the commuting
relation XT = TX implies that

!
(3.5) X111 = Th—1Xp—1, and ZXn—l,kSk,l—l—l + Xo—1,i+1T141 = Tn—1 Xp—1,041-
k=0

From equation (3.5), we have
Xn-1,514151,2 .- Sn—2n-1 € kerog,_,,
Xn—1159141512 - - - Sn—2.n-1 = 07, _ 1 (Xn—1,1415141,1425 - - - Sn—2,n-1)-

Therefore X,,_1157 1415141142 --- Sn—2,n—1 is in ranor,_, Nkeror, ;. Combining Proposition 2.3
with Lemma 2.18 and Theorem 2.19, we conclude that X,,_; ; = 0. This contradicts the assumption
anl,l 7& 0.
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Step 2: Write

Xn—1xn—1 Xp—1x1
X — n n n
( 0 Xn—l,n—l)

and

T— Th—1xn—1 Th—1x1
0 Th-1n-1)’

where meaning of X,,_1x,—1 and T},_1x,—1 are same as in Proposition 3.3. It follows from the
commuting relation X7 = T'X that

Xn—lxn—lTn—lxn—l = Tn—lxn—an—lxn—l-

Now, the induction hypothesis guarantees that X,,_1«,—1 must be upper triangular completing
the proof. O

3.1. Rigidity. Finally, we prove a rigidity theorem for the operators in FB,,(2). In other words, we
show that any intertwining unitary between two operators in the class B, (£2) must be diagonal.
We refer to this phenomenon as “rigidity.”

Theorem 3.5 (Rigidity). Any two operators T and T in FB,(Q) are unitarily equivalent if and
only if there exists unitary operators U;, 0 < i < n — 1, such that U;T; = T;U; and U;S; j = S; ;U;;,
i < j.

Proof. Clearly, it is enough to prove the necessary part of this statement. Let U be an unitary
operator such that UT = TU. By Proposition 3.3, both U and U* = U~! must be upper triangular,
that is,

(a) U= (Uy)! Ui; = 0 whenever i > j;

i,j=1’
(b) U* = ((U;i))?jzl, U;; = 0 whenever i > j.
It follows that the operator U must be diagonal. U

We use the rigidity theorem just proved to extract a complete set of unitary invariants for
operators in the class FB,(€2).

Theorem 3.6. Suppose T is an operator in FB,(Q) and t,—1 is a non-vanishing holomorphic
section of E, . Then

(i) the curvature Kz, .,

(11) “Trt:\l\”’ where t;_1 = Sifl,i(t’i)a 1<1<n—-1

(iif) %,ﬂ)rogiqgn—z with j —i > 2

are a complete set of unitary invariants for the operator T.

Proof. Suppose T, T are in FB,(2) and that there is an unitary U such that UT = TU. Such an
intertwining unitary must be diagonal, that is, U = Uy & - - - @ U, _1, for some choice of n unitary
operators Up,...,Up_1.

Since U;T; = T;U;,0 < i <n— 1, and U;S; ;11 = Sii+1Ui+1,0 < i <n — 2, we have
(3.6) Us(ti(w)) = ¢(w)ti(w), 0 <i <n—1,

where ¢ is some non zero holomorphic function. Thus

ti t;
X, =%  and il _ HfH’
e tioall ]|

1<:<n—-1.
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For0<i<j<mn-—2withj—14>2and w € ), we have

(Sij(tj(w)), ti(w)) _ (UilSi({t;(w))), Ui(ti(w)))

i (w)l[? Uit (w)) 12
(85 (U; (t; (w))), Uiti(w)))

1Tt (w)) 2
_ (8i(0(w)t;(w)), ¢(w)ti(w))

l¢(w)ti(w)]>

(835 (E; (w)), i (w))

[Es(w)l>

Conversely assume that T and T are operators in FB, () for which these invariants are the
same. Equality of the two curvature Xp, , = X . together with the equality of the second
=
function ¢ defined on Q (if necessary, one may choose a domain Q¢ C € such that ¢ is non zero
on §2y) such that

fundamental forms < i < n —1 implies that there exist a non-zero holomorphic

i)l = () ()], 0<i<n—1.
For 0 <i <n—1, define U; : H; — H; by the formula
Us(ti(w)) = ¢(w)t;(w), w € Q.
and extend to the linear span of these vectors. For 0 <i<n — 1,
[Uiti(w)|| = [lp(w)ts(w)]
= |p(w)|[[E:(w)]
= [[ti(w)]|.
Thus U; extend to an isometry from H; to GN{z Since U; is isometric and U;T; = TJNJM it follows,

using Proposition 2.3, that each U; is unitary. It is easy to see that U;S;i+1 = Sii+1Uiy1 for
0<i<n-—2also. For 0<i<j<n—2with j—i>2and w € Q,
(Ui(Si;(tj(w))), Us(ti(w))) = (Si;(tj(w)), ti(w))
— ti(w)
= ||2< Z,j( ](w)), z(w
i(

)
(w)[*(Sy5(F(w)), Ei(w)
i(

w

2 %

& i
(p(w) S
(Sij(o(w)

= (Si3(U;(t;(w))),
Polarizing the real analytic functions (U;(S; ;(t;(w))), Ui(ti(w))) and (S; (Uj(tj(w))),Ui(ti(w)»

to functions which are holomorphic in the ﬁrst and anti-holomorphic in the second variable, we
obtain the equality:

(Ui(84,(t;())), Us(ti(w))) = (Si5(U;(t(2))), Uilts(w))), z,w € Q.
Hence for win Q and 0 <i < j <n —2 with j —¢ > 2, we have

Ui(Si,j(t(w))) = Si (U (t;(w)))

j(w)
tj(w)
)

which implies that B

UiSij = Si,3Uj-
Now, setting U = Uy®- - -® Uy _1, we see that U is unitary and UT = TU completing the proof. [
Proposition 3.7. If an operator T is in FB,(2), then it is irreducible.
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Proof. Let P be a projection in the commutant {T'}' of the operator T. The operator P must
therefore be upper triangular by Proposition 3.4. It is also a Hermitian idempotent and therefore
must be diagonal with projections P;;,0 < ¢ < n — 1, on the diagonal. We are assuming that
PT = TP, which gives

P;iSiiv1 = Siiv1Piy1iv1, 0<i <n—2.
None of the operators S; ;11, 0 <4 < n — 2, are zero by hypothesis. It follows that P; = 0, if and
only if P;y1;41 = 0. Thus, for any projections P;; € {T;}’, we have only two possibilities:

Po=Pn=Pp=--=PFPn1=1, or Ppo=Pn=Pp=-=PFP_1n1=0.

Hence T is irreducible. O

4. AN APPLICATION TO MODULE TENSOR PRODUCTS

The localization of a module at a point of the spectrum is obtained by tensoring with the one
dimensional module of evaluation at that point. The localization technique has played a prominent
role in the structure theory of modules. More recently, they have found their way into the study
of Hilbert modules (cf. [4]). An initial attempt was made in [5] to see if higher order localizations
would be of some use in obtaining invariants for quotient Hilbert modules. Here we give an explicit
description of the module tensor products over the polynomial ring in one variable.

There are several different ways in which one may define the action of the polynomial ring on C*.
The following lemma singles out the possibilities for the module action which evaluates a function
at w along with a finite number of its derivatives, say k — 1, at w. Let f be a polynomial in one
variable. Set

TRV

9 o 0

3u(1)(z) = ““a(” ””fz o
Mk,l%f(z) Mk—l,l%f(z) e ek f(2)

where pu = ((,um-)) is a lower triangular matrix of complex numbers with p;; =1, 1 <i < k.

Lemma 4.1. The following are equivalent.

(1) Bu(fg) Z.H”(f)ﬂu(g) ’
(2) P+1—=J—=Dipt1—j1 = Bpt1—jar1 s, 1STSp—2,1<j<p-—1+1
(3) ppi pi = (D ppi, 1<p, i<k, i<I<p

Proof. All the implications of the Lemma are easy to verify except for one, which we verify here.
For 1 <i,5 <k and ¢ < j, note that

I ! i
,jJrl /’L]*‘rl,j 8827, J] lf( ))(%g(z))

MQ

(@ ()(2)3u(9)(2))ig

T
SO

= (x‘] D (222 F () (g (2))

0

= umz ) (EE () (Erg(2)

= /%’JW(JCQ)(Z)
= (Ju(f9)(2))i;

~

For i > 7,

(@u(N)(2)3u(9)(2))ij = (u(f9)(2))i; = 0.
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Hence we have

gu(fg) = Hu(f)gu(g)-

For x in C*, and f in the polynomial ring P[z], define the module action as follows:
fox=3u(f)(w)x.

Suppose Ty : M — M is an operator in B(2). Assume that the operator T' has been realized
as the adjoint of a multiplication operator acting on a Hilbert space of functions possessing a
reproducing kernel K. Then the polynomial ring acts on the Hilbert space M naturally by point-
wise multiplication making it a module. We construct a module of k - jets by setting

sz{gg;h@@em;hem},

where €;,1, 0 < i < k — 1, are the standard basis vectors in C*. There is a natural module action
on JM, namely,

el
|
-
el
-

<f, gih>n—>3(f)( gih®ei+1>,f6P[z],heM,

-~
I
o
-~
i
o

where
i—1\ aj—7 e .
)OI if i > g,
I(f)ij = (]_1) ! ~ ].
0 otherwise.

The module tensor product JM ®4(q) CF is easily identified with the quotient module N, where
N C M is the sub-module spanned by the vectors

k
{D (U mee—h®(@u(f)(w) a):h eIMeeCk fe P}
=1

Following the proof of the lemma 4.2 in [5, Lemma 4.1], we can prove:

Lemma 4.2. The module tensor product JM®py.] CE is spanned by the vector ep(w) in JM®@4q)
(Ck

s Where

p
ep(w) =Y by JK(w)epip1 @ e, 1<p<k
=1

and for a fized p, "
—j+1,0 .
bps = %bp7p_j+]_, l+j<p+1.
()

The set of vectors {ep(w) : w € %, 1 < p < k} define a natural holomorphic frame for a
vector bundle, say Jjoc(€). This vector bundle also inherits a Hermitian structure from that of
IM @ 4(0) (Cfu, which furthermore defines a positive definite kernel on € x ) :

JlocK<zv w) = ((<€p<w)7 eq(z)>))

k
= Z D(l)Jp—131 K (z,w)D(1),
=1

where J,. K (z,w) = <08:Zkr jTOIk((;X;)> and D(l) is diagonal. Moreover, D(1)m m = bmi—1.
T -r I

and
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K(z,w) QK(Z w) 881;7;11[((2710)
o) 32
jTK(Z,w) = &K(.Z’w) %‘K:(sz) : W'I((Zﬂu)
. 2r—2
LK (zw) 572 1awK(z w) G K (z,w)

The two Hilbert spaces M and M ® C* may be identified via the map Jj_;41, which is given by

the formula
k—1

J—141(h) = Z bpri—11 25 h ® €p.
p=0
Since Ji_;41 is injective, we may choose an inner product on J,_;41M making it unitary.
Proposition 4.3. [5, Proposition 4.2] The Hilbert module Jjoc(M) admits a direct sum decompo-
sition of the form @leJk_lHM, and the corresponding reproducing kernel is the sum

k
> D) Jy—i11K (z,w)D(1).
=1

Let 49 be a non-vanishing holomorphic section for the line bundle E corresponding to the
operator Tpy. Put by 1tg(w) = yo(w) and for 1 <1 <k —1, let

(1) ti(w) = 350 By ngl[((-,w) @ €141-+is
(2) (w) = Y b ggrers tio (w):
Now, {v0,71, - ,Vk—1} are eigenvectors of the operator M7 —w acting on the Hilbert space Mjqc.
Since (M} — w)vy1(w) = 0, it follows that (M} — w)t;(w) = —In—lto( ), which is equivalent to
(M7 —w)t1(w) = —p2,1to(w).
Suppose (M} — w)t)(w) = —p41,t—1(w) for 1 <1 < r. Again, since (M} — w)y,41(w) = 0, it
follows that
(M7 — @)trq1(w)
— bT+21,r+2 {(=(r + 1)bpy2,10"to(w))
r+1

— Z brgoi(—pii—10" P o (w) + (r+2 =)0 g (w)) }
i—2

= { Z T +2 - z 7“+2 it br+2 i+1Mi+1 1)8 = ltz 1( ) - br+2,r+1tr(w)}

r+2 r4+2

_ bryorgn
- b:+2,:+2t7'(w)

= #r+2,r+1tr(w)

Let I':= Jp ® Jp_1 D ... D Jq, be the unitary from M= Mo @ -+ - My_1 to Mjoe, where each of
the summands My, ..., My_; is equal to M. Let K;(-,w) := J;_tj(w) = K(-,w),0 <1 <k —1.
Now, we describe the operator T := I'* M*I", where M is the multiplication operator on M;,.. For
1 <1 <k—1,set T} := Py, T}y, and note that
T(Ki(w)) = ("MT)K(-, w)

= "Mt (w)
= I"(wty(w) + pr1,0ti-1(w))
= wK(-,w)+ 110, w).
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Now,
Ti(Ki(w)) = Py T, (K (-, w))
Py, T(Ki(+,w))
= Py (0K(-,w) + 11 K- (-, w))
wKi (-, w).
Let Si—1; : M; — M;_; be the bounded linear operator defined by the rule S;_; ;(K;(-,w)) =

pi1 K1 (,w), 1 <1< k—1. Since M; = M;—1 =M, it follows that S;_;; = p41,1. Hence the
operator 1" has the form:

TO ,u271[ 0 ce 0 0
0 T() ,LL372[ ce 0 0
T — 0 0 To ’
: : : pr—1,k—21 0
0 0 o - To Pk g—11
0 0 0 cee 0 To

Thus T is in FBE(2) and defines, up to unitary equivalence via the unitary I', the module action
in Mjee. In consequence, setting CF [u] to be the Hilbert module with the module action induced
by du.(f)(w), we have the following theorem as a direct application of Theorem 3.6.

Theorem 4.4. The Hilbert modules corresponding to the localizations JM @py.] CElm], i =1,2,
are in FBy(Q2) and they are isomorphic if and only if p, = po.

APPENDIX: FRAMES

As in Remark 2.7, we attempt to relate the frame of the holomorphic vector bundle Ep, T in
FB,(92), to that of the direct sum of the line bundles Eqyy & -+ @ T,,—1. Let t = {to,t1,...,th—1}
be a set of non-vanishing holomorphic sections for the line bundles Er,,..., E7, ,, respectively.
Suppose that a suitable linear combination of these non-vanishing sections t;, ¢ = 0,...,n — 1,
and their derivatives produces a holomorphic frame v := {~g,...,vn—1} for the vector bundle Er,
that is,

v = 15 4 pnat? Y et b

for some choice of non-zero constants p1,..., 114, 0 < ¢ < k — 1. The existence of such an
orthogonal frame is not guaranteed except when n = 2.. Assuming that it exists, the relationship
between these vector bundles can be very mysterious as shown below. This justifies, to some
extent, the choice of the smaller class of operators in the next section. If ¢ is another set of non-
vanishing sections for the line bundles Er,,..., Eq, ,, then the linear combination of these with
exactly the same constants p;; is a second holomorphic frame, say 7 of the vector bundle E7. Let
®;, be a change of frame between the two sets of non-vanishing orthogonal frames ¢ and ¢, and
U, be a change of frame between v and 4. We now describe the relationship between ®; and ¥y,
explicitly:

(1) ®4(4,7) := ¢ij = s j := ¥i(i,5) =0, i > j, that is, ®;, and ¥}, are upper-triangular.
(2) For 0 <i <k —1, we have ¢;; = ¢;; = ¢0,0, and for i < k — 1, we have

- k—1—i ; k—1—j—i
Vik—1 = Cli;—1¢é,o T "‘*Ci—1—jﬂj,k—1¢((),j T 1k 1 Po ko1,
where CJ' stands for the binomial coefficient (7).
(3) In particular, for 1 <1i < k—1, if we choose ¢g;, then 9; 1 = ,i,@gfo_l_z)- In this case,

we have
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(a)
¥ ¢(1) 1/,(2) ... ¢(k—2) w(k—l)
v o 20 o) k=3 ol p(h2)
Uy = v - : ;
¥ Cl=2y )
(0
(k—2)(k—1) (k—1)k

(b) and there are 5 equations in *~5-= variables, namely, p1;;, 1 <14 < j, j < k—1.
Thus these coefficients are determined as soon we make an arbitrary choice of the
coefficients fi1 p—1,..., fk—2.k—1-

We prove the statements (1) and (2) by induction on k. These statements are valid for k = 2
as was noted in Remark 2.7. To prove their validity for an arbitrary k& € N, assume them to
be valid for £ — 1. Let ®} and ¥} denote the ith row of ® and W, respectively. Suppose that

(%7;17 e 7Zk) = (tO)t17 T 7tk)(bk and (?0)?17 T 7%k) = (70)’)/17 e 7’Yk‘)‘llk Then we have
= (to,t1, - s teo1)®h_ |+ titbrjd < k.
For any i < k, we have
Yi = (07 1)V ek
; k E—1 k—i
= (071 )W+ O Y bt )
and
~ ; i—1 1 ~
T =8+t o e B+ B i< b
From these equations, it follows that

; k k—1 k—i
(Yo, 715 s Me=1) Vg + (t(() )+ ul,kt§ NS Mi,ktl( Dyt )Yk i

. - 1 _
= tol) + Ml,i%(ll U Mi—l,igg_)l + .
We Note that ,uivkwmtl(k_i) appears only once in this equation to conclude 1; = 0, i < k.

Comparing the coefficients of #; on both sides of the equation, we also conclude that iy ; =
¢k,i, @ < k completing the induction step for the first statement of our claim.

Our assumption that (fo, 1, -, tx) = (to,t1, -, tx) @ and (Fo, 71, -, k) = (Yo, 71, - » ) Vi
gives

k

k
: -1 1 )
> (th+ paatt ™ e it ), = > pig(todoi + -+ tigoo) Vi < k.
=0 i=0

A comparison of the coefficients of tg) leads to
i (k—i ; k—j—i .
ik = Chols? + o+ Oy pd ™ 4o s popini < k

completing the proof of the second statement. For the third statement, from the equations

N
—_

; i—1 1
(to + m,itﬁl U /Lz‘—l,z‘tg_)l + ti)Vi k-1

i
[e=]

T

H

Wi k—1(todo; + -+ + ti¢070)(k_1_i),i <k-1,

<.
Il
o
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setting ¢o; = 0, and comparing the coefficients of ¢;, ¢ > 0, we have that ¢; 1 = Ci,k—1¢gfo_l_i)
for some ¢; .—1 € C. Putting this back in the equation given above, we obtain W equations

involving @ coefficients. This completes the proof of the third statement.
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