CONTRACTIVITY AND COMPLETE CONTRACTIVITY FOR FINITE
DIMENSIONAL BANACH SPACES

GADADHAR MISRA, AVIJIT PAL AND CHERIAN VARUGHESE

ABSTRACT. Choose an arbitrary but fixed set of n X n matrices A1,..., A and let Qa C C™ be
the unit ball with respect to the norm || - ||a, where [|(z1,...,2zm)||la = [|z141 + - + zmAm]|op-
It is known that if m > 3 and B is any ball in C™ with respect to some norm, say || - ||, then
there exists a contractive linear map L : (C™, || - ||[z) — M, which is not completely contractive.
The characterization of those balls in C? for which contractive linear maps are always completely
contractive thus remains open. We answer this question for balls of the form Q4 in C? and the
balls in their norm dual.

1. INTRODUCTION

In 1936 von Neumann (see [17, Corollary 1.2]) proved that if 7" is a bounded linear operator on
a separable complex Hilbert space H, then, for all complex polynomials p,

[P(D)|| < [IPlloc,p := sup{[p(2)| : |2] <1}
if and only if ||T'|| < 1. Or, equivalently, the homomorphism p7 induced by 7" on the polynomial
ring P[z] by the rule pr(p) = p(T) is contractive if and only if T is contractive.

The original proof of this inequality is intricate. A couple of decades later, Sz.-Nazy (see [17,
Theorem 4.3]) proved that a bounded linear operator 7" admits a unitary (power) dilation if and
only if there exists a unitary operator U on a Hilbert space K 2 H such that

Pycp(U)jgc = p(T),
for all polynomials p. The existence of such a dilation may be established by actually constructing
a unitary operator U dilating 7. This construction is due to Schaffer (cf. [14]). Clearly, the von
Neumann inequality follows from the existence of a power dilation via the spectral theorem for
unitary operators.
Let P = ((pi;)) be a k x k matrix valued polynomial in m variables. Let

[1Plloo.2 = sup{| (i (2)) llop : 2z € €2},

where Q@ C C™ is a bounded open and connected set. Define P(T') to be the operator (p;;(T))),
1 <4,j < k. The homomorphism pr is said to be completely contractive if

IP(D)] < [[Pllsc,2y k=1,2,....

A deep theorem due to Arveson (cf. [1]) says that T has a normal boundary dilation if and
only if pr is completely contractive. Clearly, if pr is completely contractive, then it is contractive.
The dilation theorems due to Sz.-Nazy and Ando (cf. [17]) give the non-trivial converse in the
case of the disc and the bi-disc algebras.

However, Parrott (cf. [15]) showed that there are three commuting contractions for which it is
impossible to find commuting unitaries dilating them. In view of Arveson’s theorem this naturally
leads to the question of finding other algebras O(€2) for which all contractive homomorphisms are
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necessarily completely contractive. At the moment, this is known to be true of the disc, bi-disc
(cf. [17]), symmetrized bi-disc (cf. [3]) and the annulus algebras (cf. [2]). Counter examples are
known for domains of connectivity > 2 (cf. [8]) and any ball in C™, m > 3, as we will explain
below.

Neither Ando’s proof of the existence of a unitary dilation for a pair of commuting contractions,
nor the counter example to such an existence theorem due to Parrott involved the notion of
complete contractivity directly. In the papers [10, 11, 12], it was shown that the examples of
Parrott are not even 2 — contractive. In these papers, for any bounded, connected and open set
2 € C™, the homomorphism py : O(2) — M4, induced by an m-tuple of p x ¢ matrices V =
(V1,...,Vin), modeled after the examples of Parrott, was introduced. This was further studied,
in depth, by V. Paulsen [18], where he showed that the question of “contractive vs completely
contractive” for Parrott like homomorphisms py is equivalent to the question of “contractive vs
completely contractive” for the linear maps Ly from some finite dimensional Banach space X to
M,,(C). The existence of linear maps of the form Ly which are contractive but not completely
contractive for m > 5 were found by him. A refinement (see remark at the bottom of p. 76 in
[16]) includes the case m = 3,4, leaving the question of what happens when m = 2 open. This is
Problem 1 on page 79 of [16] in the list of “Open Problems”.

For the normed linear space (C2,||-]|a), we show, except when the pair A;, A is simultaneously
diagonalizable, that there is a contractive linear map on (C2, ||-||a) taking values in p x ¢ matrices,
which is not completely contractive.

We point out that the results of Paulsen used deep ideas from geometry of finite dimensional
Banach spaces. In contrast, our results are elementary in nature, although the computations, at
times, are somewhat involved.

2. PRELIMINARIES

The norm ||z]|a = [|[z141 + -+ + zmAm]lop, 2 € C™, is obtained from the embedding of the
linear space C™ into the C* algebra of n x n matrices via the map Pa(z) := 2141 + -+ + 2 Am.
Let QA C C™ be the unit ball with respect to the norm || - ||a. Let O(Qa) denote the algebra
of functions each of which is holomorphic on some open set containing the closed unit ball Q4.
Given p x ¢ matrices Vi,...,V,, and a function f € O(QAa), define

(2.1) pv(f):= (f(lg)fp Zﬁ}?ﬁ;gj) VZ) for a fixed w € Qa.

Clearly, pv : (O(Q4), || - loo) = (Mp14(C), || - [|op) defines an algebra homomorphism.

At the outset we point out the interesting and useful fact that py is contractive on O(2a) if
and only if it is contractive on the subset of functions which vanish at w. This is the content of
the following lemma. The proof is reproduced from [18, Lemma 5.1], a direct proof appears in
[10, Lemma 3.3].

Lemma 2.1. supy s =1{llov(f)llop : f € O(Qa)} <1 if and only if supy —1{llov(9)llop : 9 €

Proof. The implication in one direction is obvious. To prove the converse, assume that ||pv(g)|| <
1 for every g such that g(w) = 0 and ||g||cc = 1.

For f € O(Qa) with [|f[|cc =1 let ¢ () be the Mobius map of the disc which maps f(w) to 0.
We let g = ¢y © f- Then g(w) = 0,]|g||cc = 1 and, from our assumption, |pv(g)|| < 1. So

lov (Dl = llov (@74 0 gl

= ||¢JZ&U) (pv(9))]l since py is a homomorphism
<1
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In the last step we use the von Neumann inequality since d);(lw) is a rational function from the
disc to itself. 0

Note: For the rest of this work, we restrict to the case where w = 0 in the definition (2.1) of pv
above.

The following lemma provides a characterization of the unit ball €} with respect to the dual
norm || - || in C™, that is Q3 = (C™, | - ||A)1-

Lemma 2.2. The dual unit ball
Qx = {(8:1£(0),02£(0),- -+, 0 f(0)) : f € Hol(Qa, D), f(0) = 0}.

Proof. Given z € C™ such that ||z|]|]a = 1 and f € Hol(2a,D), f(0) = 0, we define g, : D — Qa
by

9z(A\) = Az, A € D.
Then fog,: D — D with (f 0g,)(0) =0. Applying the Schwarz Lemma to the function (f o g,)
we get

1> |(f 0 92)"(0)] = |£"(92(0)) - g, (0)] = [£'(0) - g, (0)] = |£(0) - 2.
In the above, f/(0)-z = >"",(0;f(0))z, etc.
Hence (81 f(0),92£(0),--,0mf(0)) € Q4.
Conversely, given w € Q0 , we define fy(z) = w - z so that 0; fw(0) = w;. O

2.1. The Maps Lg;): From Lemma 2.1 above it follows that
m

(2.2) lpv|l < 1if and only if  sup || > 8if(0) Villop < 1.
Iflloo=1,f(0)=0 5

Considering Lemma 2.2 and the equivalence (2.2) above it is natural to consider the induced linear
map Ly : (C™, || - [I}) = Mp,¢(C) given by

Lv(’u}) =wVi+- -+ wnVm.
It follows from (2.2) above that
lpv|| < 1 if and only if ||Lv| < 1.

We will show now that the complete contractivity of pyv and L+ are also related similarly.
For a holomorphic function F': Qo — My with ||F|| = sup,cq, [|F(2)|/, we define

k m FO)RT 7™, (8;F(0)®V;
(2.3) A (F) = (v (Fg )Ty = (7 o).

Using a method similar to that used for py it can be shown that
1p% | < 1 if and only if sup{|l Y (8:F(0)) @ V|| : F € Hol(Qa, (M)1), F(0) = 0} < 1,
L
that is, (by repeating the argument used for pyv) we have
1530 < 1if and only if L] < 1,

where
k m *
LY (€™ @ My, || - k) = Ve @ Mg, || - [lop)

is the map

L¥(01,00, ,0m) =01 @ Vi + 0@ Vot + Oy @ Vyy, for ©,05, -+, 0, € My,
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2.2. The polynomial Ps. A very useful construct for our analysis is the matrix valued polyno-
mial Pa with Pa(Qa) € (My, || - [lop)1 defined by

PA(217227 Tt 7Zm) = ZlAl +22A2 +---+ ZmA’rTu

with the norm || Pa |looc = sup(;, ... ... )eqn 1Pa (21, -+ 2m)lop- Note that || Pa [l = 1 by definition.
The typical procedure used to show the existence of a homomorphism which is contractive but
not completely contractive is to construct a contractive homomorphism py (by a suitable choice
of V) and to then show that its evaluation on Pa, that is, p({; ) (Pa), has norm greater than 1.

2.3. Homomorphisms induced by m-vectors. We now consider the special situation when
the matrices Vi, -+, V,, are vectors in C™ realized as row m-vectors. For w = (w1,...,wy,) in
some bounded domain 2 C C™, the commuting m-tuple of (m+1) x (m+ 1) matrices of the form

(wi Vi >, 1 <i < m, induce the homomorphism py via the usual functional calculus, that is,

0 w;lm,
ov ()= 1((% 5 ) (% ulin ) f € o),

see (2.1). The localization of a commuting m - tuple T' of operators in the class B1(£2), introduced
in ([5, 6]), is also a commuting m - tuple of (m + 1) x (m + 1) matrices, which is exactly of the
form described above. The vectors Vi, ..., V,, appearing in such localizations are given explicitly
in terms of the curvature of the holomorphic Hermitian vector bundle corresponding to T as
shown in [6]. The contractivity of the homomorphism py then results in curvature inequalities
(see ]9, 11, 12, 13)).

Let V; = (vil Vg e vim), i = 1,--- ,m. The propositions below are useful to study
contractivity and complete contractivity in this special case, where, as before, we assume that
Q=04 and w = 0.

Proposition 2.3. The following are equivalent:
(i) pv is contractive,

(ii) supsom 1 02< || 3072 2 Bjll, < 1, where By = 372 vij As.

Proof. We have shown that the homomorphisms || pv [[o(@a )=, (C) 18 contractive if and only if
the linear map ”LV”((Cm,” )= (€| - [l2) is contractive (equivalently if ||L§/||((Cm7” Al2)= (€™ - 1) is
contractive).

V11 Vim
The matrix representation of Ly, is < Do > .
Uml - Umm

Hence the contractivity of L3, is given by the condition that

Vi1 ... Ulm 21
sup < Do > < : ) <L
Z‘;nzl |Zj‘2S1 Uml --- Umm Z';n A
From the definition of || - || o it follows that
m

IZY @ - a)—(cm - |a) < 1 if and only if  sup || szBngp <1
it lEP< 55

where B; = Y " v;; A;. O
In particular, if V7 = (u 0) and V5 = (0 v) , the condition (ii) above becomes

sup  ||zudy + v < 1,
25:1 |zj|2<1

which is equivalent to the following two conditions:
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(i) |uf* < e or ol* < g
(ii)

sl A1 WP IATBI? — P IASBI? + ol (JATBIPIABIP — | (A1 438, 8) ) } .

Proposition 2.4. The following are equivalent:

() [}y (Pa)ll < 1.
(ii) The n x mn matriz (B1 Bz --- By) is contractive, where Bj = > 1" | v;; A;.

Proof. Since Pa(0) = 0, it follows from the definition (2.3) that ||p§7)(PA)|| < 1 if and only if
AL @ Vi+ ...+ A © Vi < 1.

Foer-:(vil Uim),we have
A1@Vi+...+A,Q@Vy=(B1 By -+ Bp)
Thus [|p{" (Pa)|| < 1ifand only if | (Bi By --- Bn)| <1.

In particular if Vi = (v 0) and V2 = (0 v) the condition (ii) above becomes

st {1 WP IATBI? — o431 > .

Note: For most of this paper we will restrict to the two dimensional case. That is, we consider
C? with the norm defined by a matrix pair (A1, Az). In fact, for the most part, we even restrict
to the situation where A, Ao are 2 x 2 matrices. This is adequate for our primary purpose of
constructing homomorphisms of O(£2a) which are contractive but not completely contractive.
Many of the results can be adapted to higher dimensional situation.

3. DEFINING FUNCTION AND TEST FUNCTIONS

Recall the matrix valued polynomial Pa : Qa — (Ma, || - [|op)1 defined earlier by

Pa(z1,22) = 2141 + 2242,

where (Ma, || - ||op)1 is the matrix unit ball with respect to the operator norm. For (21, 2z2) in Qa,
the norm
[Palloc == sup  [[Pa(z1, 22)[lop = 1
21,22)EQA

by definition of the polynomial Py.

Let B be the unit ball in C2. For (a, ) € B2 x B2, define p” : Q5 — D to be the lincar

map
P (21, 22) = (Pa(21,22), B) = 21({ A1, B) + 25(Asar, B).

The sup norm prf’ﬁ) lloo, for any pair of vectors (a, 3) in B? x B2, is at most 1 by definition. Let
Pa denote the collection of linear functions {pf:’ﬁ) : (o, B) € B x B?}.

The map Pa which we call the ‘Defining Function’ of the domain and the collection of functions
P a which we call a family of ‘Test Functions’ encode a significant amount of information relevant
to our purpose about the homomorphism py. For instance py is contractive if its restriction to
Pa is contractive. Also the lack of complete contractivity can often be shown by evaluating pg)
on Pa. Some of the details are outlined in the lemma below.
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Lemma 3.1. In the notation fixed in the preceding discussion, we have

() e lov@R )< 1o Pa)ll

(7i) pv is contractive if and only if  sup Hpv(pE:"B))H <1
llell=l1BI=1

Proof of (i). Since

(,p) (e, B)
pv(pgihﬂ)) _ ( 8 (alpA (0)) 1 ‘(')‘ (82PA (0)) Vo )

by definition, it follows that
v = 101957 (0) Vi + (02057 (0)) Vallop
— ||<A10(,,8> ‘/1 + <A20¢,6> Vv2||0p
= sup ‘<A1Q,5><‘/1u,'l)> + <A2a,ﬁ><V2u, U>|

[ull=llvll=1
Hence
B s v = sup o sup[(AraB)(Viwv) + (Asa B) (Vau, o)
llefl=l1811=1 ledl=lB8l=1 Jlull=[lvlI=1
= sup sup (A1 @Vi4+ A @ V)a®u, o))

ledl=[18l1=1"Jlul=llv]=1

(0¥ (Pa)a @ u, B® v)]

= sup sup |
lall=l81=1 |lull=[v|]=1
2
< Y Pa)ll
O
Proof of (ii). As indicated earlier the contractivity of py is equivalent to the contractivity of
Ly = (C - Ia) = Mpgs [ - llop)
given by the formula
Ly (w1, w2) = w1Vi + waVa.
So we identify the conditions for the contractivity of Lv :
[Lvl= — sup  [wiVi+w2Vallop
l(wi,w2)ll 4 <1
= sup sup  |wi(Viu, v) + wa(Vau, v)|.
l(w1,w2)llA <1 Jlull=(lv]|=1
Hence, since (wy,ws) lies in the dual of Q4
[Lv] £1 <= ((Viu,v), (Vau,v)) € Q4 Vu,v such that [[u] = [|v] =1
— sup |(Viu,v) A1 + (Vau, v) Asllop < 1
lull=[lv[=1
<~  sup sup  [(Aia, B)(Viu, v) + (A2a, B) (Vau,v)| < 1
lall=M81=1|lul=]v|]=1
<= sup ||pv(pE:"ﬂ))H <1 from (3.1) above.
lall=lIB8ll=1
O

As mentioned earlier, by choosing a pair (Vi, V2) such that the inequality in (¢) above is strict,
we can often construct a contractive homomorphism which is not completely contractive. We
illustrate below choices of (V1, V2) for the Euclidean ball for which the inequality is strict.
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Example 3.2. (Euclidean Ball) Choosing A = (({9),(3¢)), we see that Qa defines the Eu-
clidean ball B? in C2. Choose V; = (v11 v12), Vo = (v21 v22). We will prove that
)

sup [lov (s )| < I (Pa) op:
lall=lIBll=1
if V1 and V5 are linearly independent.

In fact we can choose (Vi,V2) such that supjq)=(s|=1 ||pv( )|| < 1 and ||pV (PA)lop >
1. This example of a contractive homomorphism of the ball algebra which is not completely
contractive was found in [10, 11].

Theorem 3.3. For QA = 132, let Vl = (UH U12) ,‘/2 = (021 U22). Then
(i) sup  [love P =11t B2 12,
lad=l18lI=1
(id) %) (Pa)lI2, = | (%28 %2) |4 (HS represents the Hilbert — Schmidt norm)

Consequently, sup|q|— /=1 Hpv(pA )|| < Hpv (Pa)llop if Vi and Vs are linearly independent.

Proof. By the definition of py we have
S v (P22 = et (Arar, B) Vi, v) + (Asar, B) (Vau, v) |2
af|=||8]l=1 ol|l=18|l=l|ull=|lv]|=1

B sup |041(U11U1 + U12U2) + 042(’021?“ + ,022u2)|2‘61
llell=lIBlI=[lul=1

= sup |og(vniwr + vigug) + az(varug + Uz2u2)|2
lell=]lull=1

‘ 2

= sup |vniu + 012U2|2 + |vorug + 1122uz|2
[lull=1

2
=l .,

On the other hand, we have
2 v
165 (Pa) 12, = VA1 + Vel = [l (334 522) Ifs:
If V1 and V4, are linearly independent

2
Gt o) 15, < IHCos o32) Nl

and we have

sup v () < 1105 (Pa)lop-

lledll=l18]1=1
O

Now choose V; = (1 0) and Vo = (O 1). From Lemma 3.1 and Theorem 3.3 it follows that
pv is contractive but Hpg)(PA)H = V2.

4. UNITARY EQUIVALENCE AND LINEAR EQUIVALENCE

If U and W are 2 X 2 unitary matrices and A = (UA,W, UA3W), then
1(21, z2)l|a = [l2141 + 2243[lop = |20 (UALW) + 22(U A2 W) [lop = [[(21, 22) [ & -

There are, therefore, various choices of the matrix pair (A;, A2) related as above which give rise
to the same norm. We use this freedom to ensure that A; is diagonal. Consider the invertible
linear transformation (21, Z2) — (21, z2) on C? defined as follows:
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For z = (%1, Z2) in C2, let
21 = piitq
Zo = TZ1 + SZ9,
where p,q,r,s € C. Then
(21, 22)[la = [[(21, 22)l &,
where A is related to A as follows:
A = pAi+rA
gg = qAq + sAs.
More concisely, if T is the linear transformation above on C2, then
1Tz||a = ||zl a(ror)-

In particular 7" maps 25 onto Q4.

Lemma 4.1. For k=1,2,..., the contractivity of the linear maps L(‘l,g) defined on
(C2@My, ||- H%’k) determine the contractivity of the linear maps L defined on (C2@My, || - Ak

v
and conversely, where A =A(T®I) and V= (T ®I)V.
Proof. For k=1,2,..., we have to show that
(k) (k)
I 2@t g )= 0t@Mpa o) <1 = LG llc2ante 113 0= OteMp.all lop) < 1
We prove this result for the case k = 1, that is, for the map Lv. The proof for the general case
is similar.

_Consider the bijection between the spaces {f € Hol(Qa,D), f(0) = 0} and
{f € Hol(Q23,D), f(0) = 0} defined as follows:

forf=fol, frf=FfoT
Using this bijection
L lle i) -0l lop) < 1 = sup{||Df(0) - Vl|op : f € Hol(Qz,D), f(0) =0} <1
f
= s?cp{HD(foT)(O) “Vllop : f € Hol(Q24,D), f(0) =0} <1

= Sl}p{llDf(O) T Vlop : f € Hol(2a, D), f(0) =0} <1
— Sl}p{llDf(O) (T ®I)Vop : f € Hol(Qa,D), f(0) =0} <1

= | Laenv Il 13) =060l o) <1

In the above, Df is a row vector, T" is a 2 X 2 matrix and by an expression of the form X - Y we
mean 37, X,V;. O

It follows that, in our study of the existence of contractive homomorphisms which are not
completely contractive, two sets of matrices A = (Aj, Az) and A = (A, A2) which are related
through linear combinations as above yield the same result. We can, therefore, restrict our
attention to a subcollection of matrices.

Since A; has already been chosen to be diagonal, we consider transformations as above with
r = 0 to preserve the diagonal structure of A;. By choosing the parameters p, g, s suitably we can
ensure that one diagonal entry of A; is 1 and the diagonal entries of Ay are 1 and 0. By further
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conjugating with a diagonal unitary and a permutation matrix it follows that we need to consider
only the following three families of matrices:

TABLE 1. Cases modulo unitary and linear equivalence

| A | 4 |

1 0 10
<0 d)de@ (C 0>ce<c,be]R+

)de@ (1 8>CGC,66R+

10 0 b
(O d>de(C (C 0>ceC,beR+

7N
o X
—= O

In the above, R represents the set of non-negative real numbers.

4.1. Simultaneously Diagonalizable Case. For the study of contractivity and complete con-
tractivity in this situation we consider two possibilities. The first when A; and Ay are simultane-
ously diagonalizable and the second when they are not. The simultaneously diagonalizable case
reduces to the case of the bi-disc where we know that any contractive homomorphism is completely
contractive. In all the other cases (when A; and Ay are not simultaneously diagonalizable) we
show that there exists a contractive homomorphism which is not completely contractive.

Consider first the case when A; and As are simultaneously diagonalizable. Based on the
discussion of linear equivalence above we need to study only the following possibilities:

TABLE 2. Simultaneously diagonalizable cases

| A | A
(é 2>deC (
<g(1)>de(c <

o O
N—

O =

o O
N——

O =

Applying linear transformations as before, both cases can be reduced to A = ((39),(39))
which represents the bi-disc. As mentioned earlier, it is known that any contractive homomorphism
is completely contractive in this case. We now study the situation when A; and A, are not
simultaneously diagonalizable.
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5. CONTRACTIVITY, COMPLETE CONTRACTIVITY AND OPERATOR SPACE STRUCTURES

We recall some notions about operator spaces which are relevant to our purpose.

Definition 5.1. (cf. [17, Chapter 13, 14]) An abstract operator space is a linear space X together
with a family of norms || - || defined on My (X), £ =1,2,3,..., where || - ||; is simply a norm on
the linear space X. These norms are required to satisfy the following compatibility conditions:

(D) [T ® Sllptq = max{[|T]p, [[Slg} and
(2) [[ASBllp < [[AlloplISTlql|Bllop

for all § € My(X), T € M,y(X) and A € M, 4(C), B € M, (C).

Two such operator spaces (X, | - ||x) and (Y, || - ||x) are said to be completely isometric if there
is a linear bijection 7" : X — Y such that T® Iy, : (Mg (X), || |x) = Mr(Y), ]| - ||%) is an isometry
for every k € N. Here we have identified My (X) with X ® M}, in the usual manner. We note
that a normed linear space (X, || -||) admits an operator space structure if and only if there is an
isometric embedding of it into the algebra of operators B(H) on some Hilbert space H. This is
the well-known theorem of Ruan (cf. [16]).

We recall here the notions of MIN and MAX operator spaces and a measure of their distance,
a(X), following [17, Chapter 14].

Definition 5.2. The MIN operator structure MIN(X) on a (finite dimensional) normed linear
space X is obtained by isometrically embedding X in the C* algebra C' ((X *)1), of continuous
functions on the unit ball (X*); of the dual space. Thus for ((v;;)) in My(X), we set

ICvighllarrn = [[(@i) | = sup{|(f (i) D = £ € (X},

where the norm of a scalar matrix ((f(vi;))) in My, is the operator norm.

For an arbitrary k x k matrix over X, we simply write ||(vij))|larnv(x) to denote its norm in
Mg (X). This is the minimal way in which we represent the normed space as an operator space.
There is also a ‘maximal’ representation which is denoted M AX (X).

Definition 5.3. The operator space M AX (X) is defined by setting
[(ighllarax = sup{[[(T(vig))I| : T = X — B(H)},

and the supremum is taken over all isometries T" and all Hilbert spaces H.

Every operator space structure on a normed linear space X ‘lies between’ MIN(X) and
MAX(X). The extent to which the two operator space structures MIN(X) and MAX(X)
differ is characterized by the constant a(X) introduced by Paulsen (cf.[17, Chapter 14]), which
we recall below.

Definition 5.4. The constant a(X) is defined as
a(X) = sup{||(vig)lmrax = [(vig)llarrn < 1, (vig)) € Mi(X), k € N

Thus a(X) = 1 if and only if the identity map is a complete isometry from MIN(X) to
MAX(X). Equivalently, we conclude that there exists a unique operator space structure on X
whenever a(X) is 1. Therefore, those normed linear spaces for which a(X) = 1 are rather
special. Unfortunately, there aren’t too many of them! The familiar examples are (C2, || - ||oo),
and consequently C? with the ¢; norm. It is pointed out in [16, pp. 76]) that a(X) > 1 for
dim(X) > 3, refining an earlier result of Paulsen that a(X) > 1 whenever dim(X) > 5. This
leaves the question open for normed linear spaces whose dimension is 2.

Returning to the space (C%, | - ||a) with [|(21,22)]|a = [|2141 + 22A2]/op, We show below that
a(Qa) > 1in alarge number of cases. From [18, Theorem 4.2], it therefore follows that, in all these
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cases, there must exist a contractive homomorphism of O(€24) into the algebra B(J) which is
not completely contractive. In the remaining cases, the existence of a contractive homomorphism
which is not completely contractive is established by a careful study of certain extremal problems.

The norm ||(z1, 22)||la = ||2141 + 22A42]|op defines a natural isometric embedding into My (C)

given by (z1,22) — 2141 + z2A2. However, note that
(21, 22) & = llz1A1 + 2242 ]lop = [|214T + 2245 |op = [[(21, 22) | At
We, therefore, get another isometric embedding into My(C) given by (21, 29) > 21 A% + 29 AS.

In a variety of cases the operator spaces determined by these two embeddings are distinct and
the parameter « > 1 in these cases. Therefore, the existence of contractive homomorphisms which
are not completely contractive is established in these cases. We present the details below.

Recall the map Pa defined earlier by Pa(z1,22) = 2141 + 22A2. Let Pj(f) = P ® I5. For the
three families of matrices A = (Aj, Ag) characterized in Table 1 we show that A and A' define
distinct operator space structures unless |d| =1 or b = |¢|.

Theorem 5.5. Let Zy = (}9) and Zy = (83). If|d| # 1 and b # |c| then | PP (21, Zo)|lop #
2

1P5 (21, Z2) op-

Proof. We illustrate the proof for the case A; = ((1) 2) , Ao = (i 8). The other cases can be proved

similarly.
For this case

(2) 2 _ || (z1+22) bz (Z1+22)* ez
HPA (21,22)Hop - ‘( 10222 dzf) ( bZ3 le*Q op
(5.1) _ ‘((zl+zz)(zl+zg)*+b22225 a(Zl+Zg)Z2*+bJZQZ;)
’ - cZo(Z1+2Z2)*+bdZ1 Z} |c|2Z225+d|?Z1 Z5 op
Similarly we have
(2) 2 (Z1+Z2)(Z1+Z2)* +|c|? 2225 b(Z1+Z2) Z5+cdZ2ZF
(52) HPAt (ZI; ZQ)Hop - ‘ ( ng(Zl—i-Zg)*-i—EleZg 2 b222Z5+|(21|2Z1Zi* ! ) op .
Assume HPE)(Zl, Zo)|I2, = HPj(ft)(Zl, Z5)||3,- Using the form of (Z1, Z) this is equivalent to
62 )L O o)
e lelP+d? Jlop b b2d? )l
ie. (b —|c¢|*)(1 —|d]?) = 0 (note that the matrices on the left and right have the same trace),
from which the result follows. O

Since a(Q2a) = 1 if and only if the two operator spaces MIN (2 ) and MAX(€Q 4 ) are completely
isometric, it follows from the Theorem we have just proved that if |d| # 1 and b # |c|, then
a(X) > 1. Consequently, there exists a contractive homomorphism of O(€2a) into B(H), which is
not completely contractive.

Example 5.6. (Euclidean Ball) The Euclidean ball B? is characterized by A1 = (§9), A2 = (§}).
So, in Theorem 5.5, we have |d| # 1 and b # |c|. Hence A and A" give rise to distinct operator space
structures and, consequently, there exists a contractive homomorphism which is not completely
contractive.

6. CASES NOT AMENABLE TO THE OPERATOR SPACE METHOD

Theorem 5.5 shows that there is a contractive homomorphism which is not completely con-
tractive for all the choices of (Aj, As) listed in Table 1 except when |d| = 1 or b = |c¢|. We are,
therefore, left with the following families of (A, A2) to be considered:



12 GADADHAR MISRA, AVIJIT PAL AND CHERIAN VARUGHESE

TABLE 3. Cases not covered by the operator space approach

] A | Az |
. 1 0 10

(i) (0 eiQ)HER <C 0>c€C,beR+
" 1 0 0o

(ii) <0 ei(,)eeR (C O>ceC,beR+
e? 0 1 b

(iii) 01 feR c 0 ceCbeRy
(iv) ((1) 2>de<c <i |8|>cec

(v) <(1) ?Z)dec (2 ’8|>ce(c
(vi) (‘Oi ?)de@ (i ’g|>ce<c

These six families are not disjoint and have been classified as such on the basis of the method
of proof used.

6.1. Dual norm method. We first consider a special case of type (ii) in Table 3 with A; =
(39),42 = (9}). Although this case is covered by the more general method to be outlined later
we present an alternate, interesting procedure for this example since it is possible to explicitly
calculate the dual norm || - ||, in this case. Equipped with the information about the dual norm

we can directly construct a pair V = (V, V) such that ||Lv| <1 and ||L$)(PA)|| > 1.

Note that in this case
_ |22 + /] 22|? + 4|21

1(21, 22) || a
and the unit ball
Qa = {(21,29) : |21]* + |22 < 1}
Lemma 6.1. Let Ay = (§9), 42 = (33). If (wi,w2) € (C%|| - |Iy) then the dual norm

|w1[2+4|wa |?

j lws].
lwneli _{ P el
jr| if wn] < 5L,

Proof. Let f., w, be the linear functional on (C2, || - |a) defined by

fw17w2 (217 ZQ) = w121 + W222.
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Then
[[(w1,w2)[|a = sup |fw1,w2(21722)‘

(z1,22)EQA

= sup  |wi21 + wozs
|22 <1—|z1

= sup (jwil[z1] + |wa|z2])
|l22|<1—|z1|?

_ 2

= sup (Jwillz] + Jw2|(1 = |21])).
lz1|<1

If jwo| > |le| the expression on the right attains its maximum at |z1| = 2||°:J12|| < 1 and the

|1 ]2 +4|w2|?

maximum value is
4fwo|

If |wo| < % the expression on the right is monotonic in |z1| and the maximum is attained at
|z1] = 1. The maximum value in this case is |w;|.

O
TMmﬂn&ZLdApﬂéﬁgbzﬂ%)md%:(% @J@:m 1). Then

@) vl - @) =1
" 2 3

(i) [ LG (Pa)ll = 1/ 5-

Consequently pvy, for this choice of V.= (V1,Va), is contractive on O(a) but not completely
contractive.

Proof of (i).

IZvliee sz = S0P Vi +walals
() =1

2

w

= sup (‘ 21’ —|—|w2\2).
[l[(w1,w2)ll3=1

We now consider two cases:

Case (a): |wa| > % and 1 = [[(wi,w2)||a = % from Lemma 6.1.

These two constraints together can be seen to be equivalent to the constraints % < we] <1
and |w1|? = 4fwa|(1 — |wa|).
Hence the supremum above for this range of (wy,ws) is given by

sup  Jws|(2 — |wo|) = 1.
5 <|wa|<1

Case (b): |wa| < %l and 1= ||(w,ws)|[3 = |w1| from Lemma 6.1.
The supremum for this range of (w1, ws2) is given by

1
sup (4 fusl)
|wa| <3

_3
=2

Taking the larger of the supremums in Case (a) and Case (b) we get that ||Lv| = 1. O
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Proof of (ii).
ILD (Pa)|? = |41 ® Vi + Az ® Va2

[ )
[ (5]
4

)

using the form of Ay, Ao

0
1
2

g

6.2. General cases not amenable to the operator space method. The various families
of (A1, Ag) listed in Table 3 require a case by case analysis to show that there is a contractive
homomorpism which is not completely contractive. We first present a general outline of the
method used.

We choose the pair V. = (V1,V3) to be of the form V; = (u 0) , Vo = (0 U), u,v € Ry.
Ly : (C2,|| - I4) — (C2,|| - l2) then becomes the linear map (21, 22) — (21u, 22v).
We show, in each case, that by a suitable choice of © and v we can ensure that Lv is contractive
while [|L{’ (Pa)| > 1 although [|[Pa|| = 1 by definition.
We list the contractivity conditions (see Propositions 2.3 and 2.4 for details).
(a) Lv is contractive if and only if the following two conditions are satisfied:
(i) ugmorvgmand
(i)

6.1 inf 1— QA* 2 QA* 2 2.2 A* QA* 2 A * 7 2 > 0.
61, nt {1l = A3+t (1A4TBIPIASSI | (41456,5)17) } >

(b) |ILY (Pa)|| < 1 if and only if

. 2 * 012 2 * 02
(6:2) O e e R o

Note that the term in parenthesis in (6.1) is non-negative by the Schwarz inequality and that
the expression (6.2) is the same as the first three terms in (6.1).

We show that, in each case, we can choose (u,v) such that the infimum in (6.1) is exactly 0.
Also that this infimum is attained at 8 = [y such that the term in parenthesis in (6.1) is positive
(that is, the Schwarz inequality referred to above is a strict inequality at fGy). It then follows
that the expression in braces in (6.2) is negative when 5 = 5y and, consequently, the infimum
in (6.2) is negative. Taken together it follows that Ly (and consequently py) is contractive but
||L(3)(PA)|| > 1 and, as a result, p(\z) is not contractive.

Let 7, i = 1,2, be the vectors such that A’{n(i) and Agn(i) are linearly dependent. That is,
the term in parenthesis in (6.1) vanishes when § = 5.
We now provide the details of the argument which proceeds in two steps.

Step 1: Show that there are certain ranges of the parameters (u,v) such that the infimum in
(6.1) is not attained at n™ or n(® for those values of (u,v).
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Let

gun(B) = 1= W ATBI% = v?| A38]7 + u? (| AT B2 ASBI° — | (41438, 8) ).

We need to show that there exists § such that

guﬂ)(ﬁ) < QU,v(n(Z))7 1= 1727

when (u,v) take values in a range of interest. That is, we need to find  such that

(6'3) gu,v(n(i)) - gu,v(ﬁ) = ai(ﬂ)UQ + bl(ﬁ)UQ - C(/B)UQUQ > 0.
Here
(6.4) ai(8) = |IA1B]* - HATU(Z:)HQ

bi(B) = [ A5BI° — [ Asn@|?

c(B) = [IAIBIPIIAZBI* — | (A1 438, 8) [> > 0.

Consider the functions

filu, v, B) = a;(B)u® + bi(B)v? — ¢(B)u*v? with ¢(B) >0, i =1,2.

The following result is evident from the nature of the functions f;(u,v, ).

Lemma 6.3. (i) Assume a;(8) > 0 for some fized § and i = 1,2. Then, given any uy > 0, there
exists vg > 0 (depending on wy) such that fi(u,v,) > 0 in the region u < ug,v < Z—gu, that is,

inside the triangle with vertices (0,0), (uo,0) and (ug, vo).

(ii) Assume b;i(8) > 0 for some fized 8 and i = 1,2. Then, given any vy > 0, there exists
ug > 0 (depending on vg) such that fi(u,v,B) > 0 in the region v < vy, u < Z—gv , that is,
inside the triangle with vertices (0,0), (0,v9) and (ug, vo).

(iii) If fi(uo,vo,B) > 0 then fi(tuo,tvy,5) >0 for 0 <t < 1.

We will show below that, in each of the six cases in Table 3, it is possible to ensure the positivity
of a;(8), i = 1,2 or b;(B), i = 1,2 for some choice of 5. Consequently, it will follow that the
inequality (6.2) will be true for that vector 5 with (u,v) in the region characterized in Lemma
6.3 above. Hence, for (u,v) in this range, the infimum is not attained at n®,i=1,2.

Consider first the cases (i), (ii) and (iii).

L A A |
. 1 0 1 b
(1) <0 ei(,)HeR (C O>ceC,beR+
. 1 0 0 b
(ii) (0 6i9>06R (C O)ceC,beR+
i0
(iif) (eo ?)9@]& (i 8>c€(C,b€R+

We use the unitary equivalence described in Section 4. In cases (i) and (ii) multiply A; and A

1 0
0 6—i9

on the left by the unitary matrix (

) so that A; becomes the identity matrix. In case (iii)
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multiply A; and Ay on the left by the unitary matrix (GBZH (13) so that A; becomes the identity
matrix.

Now conjugate A; and Ay by the unitary which makes Ay upper triangular so that cases (i),(ii)
and (iii) reduce to the situation

Ay=(}9) and g = (4) with [ > |v],0 # 0

In this case a;(3) = 0 for all 8 but it is possible to choose § such that b;(3) > 0.

n) satisfies the equation (A3 — \;A7)n® = 0. So in this case 7(¥) is a (unit) eigenvector of A%
with eigenvalue );. Since the eigenvalues of A3 are fi and 7 it follows that ||A5n®||2 = |u|? or |v|2.
Hence we can take 3 = (}) so that b;(8) > |o|> > 0.

Now consider cases (iv) and (v).

L A1 |

(iv) <é 2>deQM¢1

10
0 d

In cases (iv) and (v) we have, in Equation (6.4),

ai(B)

(v) )decmﬂ#l

= 1B + [dP1Ba)? — 0?2 — |dPInS" 2
(18112 = 177 2) + [dP2(18a]? = |95 %)

(1 —[d)(1nS" 2 — 1B2]?).

If \ng)| = 0 or 1 then ¢ = 0 and it reduces to the simultaneously diagonalizable case. If ]ng)| #0,1

we can choose ( such that |SB2| < \ngi)| (resp. |Ba] > |ng’)|) if |[d| < 1 (resp. |d| > 1) to ensure that
a;(B) >0fori=1,2.

The methods used in cases (iv) and (v) can be adapted to the last case (vi):

L 4 | A |
(vi) <g ?)decmﬂ#l <i‘§)cec

Step 2: Show that, in each case, there is a choice of (u, v) in the region characterized in Lemma
6.3 for which the infimum in (6.1) is, in fact, zero.

We choose 3 to ensure that ai(B) or bZ(B) is positive as described in Step 1.

Note that g, ,(3) vanishes at the two points (u,v) = (

along a curve joining these two points.

We now consider two cases:

~

Case (i): a;(8) >0

1/\
AT

1
= — 1
0), (u,v) = (0, HAE(ﬁ)H) and also

Choose (ug,vp) such that 0 < vy < m, fi(uo,vo,ﬁ) > 0 and guO’UO(B) = 0. This is possible

~

using Lemma 6.3 and the above note about the vanishing of gy, ().
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Let
w0 = inf{uw s inf gu xgu(5) < 0} where Ao = 9.
uop

Note that a3 > Also, from Lemma 6.3, it is clear that f;(zo, Aozo, ﬁ) > 0.

IIAIH2+1>\(2)HASH2‘

We now show that infg gz, xgzo (8) = 0.

To prove this we first show that (o zgz)(8) > 0 for all 5 (with [|3][2 = 1) as follows. Assume
there exists 3 = p such that g(, rox0) (1) < 0. Then there exists a neighborhood U of zg such that
Gurou(p) < 0 for all u € U. For any u € U, infg gy x,u(8) < 0, since gy r,u(p) < 0 for all u € U.
Since U is a neighborhood of xg there exists a u € U such that u < zg. By the previous assertion,
inf g gy agu(B) < 0 for this smaller value of w, which is a contradiction.

Since infg gz Agzo (B) < 0 by the definition of g it follows that infg gz, rgzo (8) = 0.

Case (ii): bi(5) > 0

The arguments in this case are similar to Case (i). This time choose (ug,vp) such that 0 <
Uy < m, fi(ug,vg,B) > 0 and guo’vo(ﬁ) =0.

Let
U

yo = inf{v : i%f Irov,w(B) < 0} where g = —.
Vo

A~

WM and (from Lemma 6.3) that f;(Aoyo,yo,5) > 0.

Using a procedure similar to that used in Case (i) it follows that infg gxgy,,y (5) = 0.

As in Case (i) we can see that y3 >

We have therefore shown that for all the cases in Table 3 which were not covered by the
operator space approach it is possible to choose (u,v) such that the infimum in (6.1) is zero and
this infimum is attained at a vector 3 not equal to 77(1) or n(2), so that the last term in parenthesis
in (6.1) is positive at j.

It follows that, in each of these cases, there exists a contractive homomorphism which is not
completely contractive.

From [10, Theorem 4.1], it follows that, except in the case where A is simultaneously diago-
nalizable, there must exist a contractive linear map on the dual space ((C2, Il A)* which is not
completely contractive. Thus we have proved the following theorem.

Theorem 6.4. Suppose that A = (A1, A2) and the matrices Ay, As are not simultaneously di-
agonalizable. Then there exists a contractive linear map on ((C2, || - ”A) which is not completely
contractive. Also, there exists a contractive linear map on the dual space (C2,| - ||a)" which is
not completely contractive.

7. AN INTERESTING OPERATOR SPACE COMPUTATION

In Section 5 the existence of contractive homomorphisms which are not completely contractive
was shown in many cases by studying different isometric embeddings of the space (C2%,| - ||a)
into (Mo, || - ||op) which led to distinct operator space structures. The two embeddings considered
there were (21,22) — 2141 + 2042 and (21,22) — 21 4% + 20 A%, In this section we show that we
can, for some choices of (A1, A2), construct large collections of isometric embeddings of the space
(C2%|| - |la) into various matrix spaces. Although the embeddings are into very distinct matrix
spaces, we show that the operator space structures thus obtained are equivalent.

A result which is very useful in this context is the following proposition due to Douglas, Muhly
and Pearcy (cf. [7, Prop. 2.2]).

Proposition 7.1. For ¢ = 1,2, let T; be a contraction on a Hilbert space H; and let X be an
operator mapping Ho into Hy. A necessary and sufficient condition that the operator on Hi ® Ho
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defined by the matrix (761 7)52) be a contraction is that there exist a contraction C mapping Ho
into Hy such that

X =13, —TVT} C /13, — T3 To.

The operator norm of the block matrix (aé’" al?n) , where B is an m X n matrix and a € C, is

not hard to compute (cf. [10, Lemma 2.1]). The result can be easily extended to a matrix of the

form <a10[m aﬁﬂ) , for arbitrary aq, as € C.

Lemma 7.2. If B is an m X n matriz and a1, as € C then

15 o) =10 2D

Proof. Consider the following two sets

St ={((ar,a2B) : | (g 5 ) | < 1}
and
S = {((an,02):B) < || (3 121) || < 1}

To prove the lemma, it is sufficient to show that these unit balls are the same.
From Proposition 7.1 the condition for the contractivity of the elements of S; and Sy is the
same, that is,
2 o 2
IBII> < (1 = Jaa]?)(1 = |ag|?)

g

The important observation from the lemma above is that, for fixed ai,as, the norm of the
a1lm

matrix ( 0 ag[ ) depends only on || B].
Now consider the pair A = (A, Ag) with A; = (0‘1 0 ) ,Ag = (8 g) Given any m X n matrix

0 as

B with || B|| = |B| we have the following isometric embedding of (C%, |- [|a) into (Mum-tn, || - llop)

ZlOéllm ZQB
(21722) = < 0 Zlagln) )

For various choices of the dimensions m,n and the matrix B, this represents a large collection of
isometric embeddings.

For fixed a1, a9, we let Xp represent the above embedding of (C2, |- ||a) into (Myin, || - [lop)-
We now show that the operator space structures determined by these embeddings depend only
on ||B||. If V4 is the space (C%,| - ||a), then (Xp ® I}) gives the embedding of My(Va) into
Mg (M40 (C)). An element of Mg (Va) is defined by a pair of k x k matrices Z;, Z,, and the
corresponding embedding into My (M4, (C)) has the form

a1 @Iy, Zy®B
0 a1 ® I,

It now remains to show that the operator norm of this matrix depends only on ||B||. Using
Proposition 7.1 it can be shown that
O£1Z1 ZQHBH
0 OéQZl

a1 ®@1Im  Z2®B
0 aZ1 ® Iy

Hence it follows that these two norms are in fact equal. We have therefore proved the following

theorem.

< 1 if and only if <1.
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Theorem 7.3. For all m x n matrices B with the same (operator) norm, the operator space
structures on, C™T", determined by the different embeddings

arly, 0 0 B
(M 0 a8 B ). manec

are completely isometric irrespective of the particular choice of B. Moreover all of them are com-
pletely isometric to the MIN space.
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