THE BERGMAN KERNEL FUNCTION
GADADHAR MISRA

ABSTRACT. In this note, we point out that a large family of n x n matrix valued kernel functions
defined on the unit disc D C C, which were constructed recently in [9], behave like the familiar
Bergman kernel function on D in several different ways. We show that a number of questions involving
the multiplication operator on the corresponding Hilbert space of holomorphic functions on D can
be answered using this likeness.

1. INTRODUCTION

Let D be a bounded open connected subset of C™ and A?(D) be the Hilbert space of square
integrable (with respect to the volume measure) holomorphic functions on D. The Bergman kernel
function (cf. [1]) Bp : D x D — C is uniquely defined by the two requirements:

(i)  Bp(-,w) € A*(D) for all w € D, and
() (f, Bo(,w)) = f(w) for all f € AX(D).

Let e,(2), n > 0, be an orthonormal basis for the Bergman space A?(D). Any f € A%(D) has the
Fourier series expansion f(z) = 7 anen(z). Assuming that the sum

B(z,w) := Z en(2)en(w),
n=0

is in A2(D) for each w € D, we see that
<f<2),B(Z,w)> == f(w), w € D.

For the Bergman space of the disc A?(ID), clearly the monomials 2™ are orthogonal with respect to

the measure 2rdrdf and ||2"| = \/nlﬁ Therefore, {v/n + 12" : n > 0} forms an orthonormal basis

in the Bergman space of the unit disc D. Hence the Bergman kernel Bp of the unit disc is given by

the formula:
(o)

Bp(z,w) =Y (n+1)2"a0" = (1 - zw) .

I= (z’l,...,im)}, where z! = zflz};{l

Similarly, it is not hard to verify that { ﬂll}lil ‘ﬂ

for z € B™, is an orthonormal basis for the Bergman space A%(B™) of the unit ball B™. It follows,
as above, that

Bgn(z,w) = Y (77X (P)fah) = (0= (zw)) ™
|1]=0 |I|=¢
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The Bergman Kernel Bp transforms naturally with respect to bi-holomorphic transformations
¢ : D — D, that is, if ¢ : D — D’ is a holomorphic map then
_ _—1
Bp(p(2), p(w)) = J(p,2) "' Bp(z,w)J(p,w) , z,w €D,

where J(¢p, z) is the determinant of the complex Jacobian of the map ¢ at z. This striking property
makes it quasi-invariant. It follows that the Bergman metric

m 2
i]zzl 52,0 log Bp(z, z) dz; \ dZ;

is a bi-holomorphic invariant for the domain D.
The quasi-invariance of B is equivalent to saying that the map U(y) : A%(D’) — A2?(D) defined
by the formula:
U@))(z) = I L 2)(fop ' )(2), f € A*(D),z€D
is an isometry.

The map J : Aut(D) x D — C satisfies the cocycle property, namely,

J(Wp,z) = J(p,¥(2))J (¥, 2), ¢, ¥ € Aut(D), z € D.

This ensures that the map U : Aut(D) — U(A%(D)), where U(A%(D)) is the group of unitary
operators on the Bergman space A%(D), is a homomorphism.

As a second consequence of the quasi invariance, we point out that if the bi-holomorphic auto-
morphism group acts transitively on the domain D, then

Bp(z,2) = J(,2) "' Bp(0,0)7(¢,0) ",

where z = ¢(0) for some ¢ € Aut(D). Thus the Bergman kernel Bp is explicitly determined from
the computation of Bp(0,0) and the Jacobian J(p,0), ¢ € Aut(D).

Often, the automorphism group Aut(D) has additional structure. For instance, if D is taken to be
a bounded symmetric domain, then Aut(D) is a Lie group and acts transitively on D. In this case,
the group Aut(D) is a topological group. The group of unitary operators on any separable complex
Hilbert space, in particular the Bergman space, inherits the strong topology from the space of all
bounded operators on it. The map U : Aut(D) — U(A%(D)), described above, is continuous. Such
a map, a continuous unitary homomorphism, is called a unitary representation. In the following, we
will assume that D is a bounded symmetric domain in C™.

2. BEREZIN-WALLACH SET

One easily exploits the quasi-invariance of the Bergman kernel to construct new unitary repre-
sentations of the automorphism group Aut(D). Assuming that B(z,w) is non-zero and D is simply
connected, we define B()‘)(z,w) = (B(z,w)))‘, z,w € D, A > 0, taking a continuous branch of the
logarithm. Now, as before,

BV(p(2), p(w)) = J(p,2) BV (z,w) (g, w) ", ¢ € Aut(D), z,w € D,

where for a fixed ¢ € Aut(D), the function J(g,z)~? is defined on D using a continuous branch of
the logarithm. However, for A > 0, to ensure continuity of the multiplier JWV := J* : G x D — C,

in the first variable, it is necessary to work with the universal covering group G := Aut(D) of the
automorphism group G := Aut(D) [4, 3, 9]. Let m : G — G be the quotient map. It then follows
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that JN (@, 2) := (J(Tr(gé),z))/\, ¢ € G, z € D is well-defined on G x D. It satisfies the co-cycle
property. Thus the map
UW : G — End(Hol(D))

given by the formula

(UN()f)(2) = (@™ 2 (Foe™")(2), 9 € G, f € Hol(D)
is a homomorphism.
It is natural to ask if there exists a Hilbert space H C Hol(D) such that

{UN(@): ¢ € G} CUM),

where U(H) is the group of unitary operators on the Hilbert space H. An affirmative answer will
ensure the existence of a unitary representation U () of the group G. Fortunately, there are two
different ways in which we can obtain an answer to this question.

Let Q : D — M, be a real analytic and assume that Q(z) > 0 for z € D. For the map UM (y),
v € G, to be isometric on the Hilbert space

A%(D,QdV) = {f:D — C": f holomorphic and /D<f(z),Q(z)f(z)>dV(z) < oo},

we must have

/D T2 T2, 2) Q) (9, 2 F(p(2))dV (2)
- / F)Q(w) f(w)dV (w)
D
- /D T [ (2] (9, 2)2dV (2), | € AXD,QaV).

This amounts to the transformation rule
—

Qp(2)) = I (g, 2) Q2)T (9, )M (0, 2)| 2
for the weight function Q.

EXAMPLE 2.1. In the case of the unit disc D = D, the automorphism group is transitive, picking a
¢ := ¢, such that ¢.(0) = 2, we see that Q(2) = (1 — |z|>)?*2.

However, the Hilbert space
AYD, (1 — |22V (2))
1

is non-zero if and only if 2\ — 2 > —1. Thus we must have A\ > 5. The Hardy space with its

reproducing kernel S(z,w) = (1 — zw)~! takes care of the case A = 1. However, if A < 1, then

there exists no measure inducing such an inner product. Never the less, since BY = (1-— zw)_%
is a positive definite kernel on the disc D, there is a Hilbert space A consisting of holomorphic
functions defined on the disc D with the following properties:

i)  BY(,w)e AMD) for all w € D, and
i) (f,BY(,w)) = f(w) for all f € AM(D).

These two properties determine B® uniquely. The function B™ is called the reproducing kernel
for the Hilbert space AM (D).
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If we assume @ > 0 is a scalar valued function and that the Hilbert space A%(D, QdV') # {0}, then
polarizing (), we see that the corresponding reproducing kernel B(’\)(z, z) must be, up to a positive
constant, of the form Q(z,2)™'|J (2, 2)|2 = |J (¢, 2)| 7% for some A > 0. Here, ¢, is any element of
G with ¢,(z) = 0. For a bounded symmetric domain D, it can be seen that AN (D) := A%(D, QdV)
is non-zero for some A > )\g. But what about an arbitrary A > 07 It is possible that B®) is positive
definite for some 0 < A < Ag. For such a )\, there is a recipe to construct a Hilbert space AM (D)
whose reproducing kernel is BY. The Hilbert space A®) (D) is the completion of the linear span of
all vectors in the set S = {BMN (-, w), w € D}, where the inner product between two of the vectors
from § is defined by

(BY(,u), BN (- w)) = BN (w,u), for u,w € D.

The positive definiteness of the Kernel B guarantees that the natural extension, of the formula
given above, to the linear span S° of the set S defines an inner product. It is then apparent that
BW has the reproducing property on S°. The Hilbert space AM (D) is the completeion of S°.

The Berezin-Wallach set
Wp:={A>0: BW ig positive definite},

first appeared in the work of Berizin [5, 6]. It is clear that A € Wp if and only if there is a Hilbert space
AW(D) of holomorphic functions on D whose reproducing kernel is BM. Then the map U™ defines
a unitary representation of the group G. An extensive discussion these representations appears in
[12]. An explicit description of the Berezin-Wallach set for bounded symmetric domains is given in
[8]. Some of the operator theoretic properties of the commuting tuple of multiplication operators
(M, ..., M,,) on AN (D) appears in [2]. Here the multiplication operator M; : AM (D) — AN (D),
1 <i < m, is given by the formula (M;f)(z) = zf(z) for f € AM(D) and z € D.

In the case of the unit ball B, the Wallach set Wpm = Ry and A\g = miﬂ
of the Hilbert spaces AW for A < A\ = miﬂ cannot be written as an integral against a measure
with support inside the closed unit ball. This is a restatement of the following operator theoretic

The inner product

phenomenon. The commuting tuple of multiplication operators M) = (Ml()‘), cel Ml(’\)) with MZ-(’\) :
AN (B™) — AM(B™) is subnormal if and only if A > Ao = 47 as was pointed out in [2].

3. VECTOR VALUED FUNCTIONS

What about constructing unitary representations of the group G on some Hilbert space of holo-
morphic functions on D taking values in C™. To this end, first, we must answer the following
question.

QUESTION 3.1. Does there exist a positive definite kernel function
B:DxD—C"™"
possessing the quasi-invariance property of the Bergman kernel function
B(p(2), p(w)) = J (¢, 2) "' B(z,w)(J(p,w)*) "},

for some cocycle J : Aut(D) x D — C"*"?
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If there is a positive definite kernel function B as above, then the existence of a Hilbert space H
of holomorphic functions on D taking values in C™ with the property:

By,(-)(eH forallweDand (e C”
(f(w), Q) = (f(-),Bu(-)¢)  forall feH and ¢ €C"

follows from a slight generalization of the construction we have outlined (cf. [10]). As before, the
transformation rule of B ensures that the natural map

U : Aut(D) — End(Hol(D,C"))
given by
U@ () =T 2)(fee™)(2)
is also unitray, that is, U(y) is unitary on H for ¢ in Aut(D). Since J is assumed to be a cocycle, the

map ¢ — U(p) is a homomorphism of G also. We now investigate the possibility of the existence of
the kernel function B, in detail, in the case of D = D.

3.1. The unit disc. The automorphism group of the unit disc D is easily described:
Aut(D) = {pgq : 0 <6 <27, a €D},

where ¢p4(2) = (2 — a)(1 — az)~!. As a topological group Mob is T x D. More interesting is the
two fold covering group SU(1,1)

SU(1,1) = {(Cb‘ 2) Jal® = b2 = 1}

which acts on the unit disc D according to the rule g-z = (az+b)(bz+a)~t, g € SU(1,1). For A > 0,

—_~

let j(¢,-) : D — C be the holomorphic multiplier of the universal covering group SU(1,1) = SU(1,1)
defined by

3(8.2) = (gf(z))k — (o4 )

for € SU(1,1) with o = (@) = (2°) € SU(1,1).
Let ¢ be an irreducible representation of Aut(D) on C™*!. Then

—~—

Jo(@:2) = () (2)e(®), ¢ € Aut(D), 7(¢) = ¢, z €D
is a multiplier on the group Aut(D). Here is an explicit formula for J,:
~ _m 1 1
Jo(#,2) = (¢')7 2 (2) D()% exp(cpSm) D() 7,

where S, is the forward shift with weights {1,2,...,m} and D(y) is a diagonal matrix whose
diagonal sequence is {(¢)"(2), (¢')™ ' (2),...,1}.

We construct the Hilbert space H*® of square integrable holomorphic functions on the unit disc
with respect to the measure Q(z)dV (z) with

Q(2) = J(2,0)"Q(0)J (=, 0)|¢' ()|,
where ¢,(0) = z. For the Hilbert space H»@ to be non-zero, it is necessary and sufficient that
A > mbL
Consequently, the reproducing kernel BX9 for the Hilbert space HM9) is obtained by polarizing

the identity
BM(z,2) = J(1:,0) " BM(0,0)(J (10, 0)7) 7.
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Or, equivalently,
BM)(z,w) = (1—z0)”" P D(z, @) exp(0S,,) BN (0,0) exp(255) D(z, w),

m=1 .. 1} on its diagonal.

where D(z,w) is a diagonal matrix with {(1 — zw)™, (1 — zw)
The possible values for the positive diagonal matrix B(/\’Q)(O,O) are completely determined by
Q(0). Also, BM9) is a positive definite kernel for each choice of Q(0). It is very easy to enlarge this

family of quasi-invariant kernels. One sees that

BX0 = BEAm) 4 (Q(0) BG4 g (Q(0)) BEAMM),

(2A—m+-25)

where £11(Q(0)), ..., um(Q(0)) are some positive real numbers and B is a positive definite

matrix which can be computed explicitly:

0 0

0 ((3@5szA—m+2j (2, “’)))Zlk_:jo

However, which positive numbers 11 (Q(0)), ..., um(Q(0)) appear in the decomposition of B ig
not easy to determine.

Now, for any A : A > & and an arbitrary m-tuple ju1, ..., u;, of positive numbers, the Hilbert

space Hﬁ“g) corresponding to the (m + 1) x (m + 1) matrix valued kernel function

BELA,Q) — p@-m) 4 ulB(”*m”) bt MmB(2/\+m)

is non-trivial. Also, since B(M9 is quasi-invariant by construction, it follows that the kernel function

A . .. .
BE,, ) s a quasi-invariant on D as well.

It is natural to investigate the properties of the multiplication operator M (At on the Hilbert

)

space HEZ\’@ . Several properties of these operators have been already established in [9].

THEOREM 1. The multiplication operators MK for \ > 5oand pi,. .., iy > 0, are bounded, irre-
ducible and belong to the Cowen-Douglas class Bp+1(D). They are mutually unitarily inequivalent.

It is proved however, in [11], that these operators are similar unless A\ # X'. For m = 1, it is easy
m. Also, if the operator

MO is not contractive, it either fails to be power bounded or it is similar to a contractive operator.

to see that the operator MO s a contraction if A > 1 and ,u% >

This verifies the Halmos’ conjecture for homogeneous operators in the Cowen - Douglas class. The
arguments given above provide an alternative proof of the homogeneity of these operators.

THEOREM 2. For A > 3 and i1, ..., pim > 0, the multiplication operator M) s homogeneous.

The choice of arbitrary p1, ..., ttym > 0 has made it possible for us to unitarize a much larger class of
representations than what would have been possible if we were to insist on the existence of an integral
inner product for our Hilbert space. Although, we note that the natural unitary representations that
we construct here are all equivalent unless A # ). Never the less, the homogeneous holomorphic
Hermitian vector bundle corresponding to each one of these representations is irreducible. As we
had pointed out earlier, the existence of an integral inner product implies that the operator M *#)
is subnormal and isolating these is often very important. Along with A. Koranyi, we have shown,
for m = 1, that the homogeneous operator M**) is subnormal if and only if s> m
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