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Abstract

Let || - ||a be a norm on C™ given by the formula ||(z1, ..., zm)[|la = [[2141 4+ - - + 2mAm]lop
for some choice of an m-tuple of n x n linearly independent matrices A = (A, ..., A,).
Let Qa C C™ be the unit ball with respect to the norm || - ||a. Given p x ¢ matrices
Vi,...,Vy and a function f € O(Q4), the algebra of function holomorphic on an open set
U containing the closed unit ball Q5 define

w)lp 7 0 f(w)V;
p(f) = (1 EE ).

w € Qa. Clearly, py defines an algebra homomorphism. We study contractivity (resp.
complete contractivity) of such homomorphisms.
The homomorphism py induces a linear map Ly : (C™, | - ||4) = Mpxe(C),

Ly(w) =wVi+ -+ w, V.

The contractivity (resp. complete contractivity) of the homomorphism py determines the
contractivity (resp. complete contractivity) of the linear map Ly and vice-versa. It is
known that contractive homomorphisms of the disc and the bi-disc algebra are completely
contractive, thanks to the dilation theorems of B. Sz.-Nagy and Ando respectively. How-
ever, examples of contractive homomorphisms py of the (Euclidean) ball algebra which are
not completely contractive was given by G. Misra.

From the work of V. Paulsen and E. Ricard, it follows that if m > 3 and B is any
ball in C™ with respect to some norm, say || - ||, then there exists a contractive linear map
L:(C™ | -|3) — B(#H) which is not complete contractive. The characterization of those
balls in C? for which contractive linear maps are always completely contractive remained
open. We answer this question for balls of the form Q4 in C2.

The class of homomorphisms of the form py arise from localization of operators in
the Cowen-Douglas class of Q. The (complete) contractivity of a homomorphism in this
class naturally produces inequalities for the curvature of the corresponding Cowen-Douglas

bundle. This connection and some of its very interesting consequences are discussed.
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Chapter 1

Introduction

In 1936 von Neumann (see [29, Chapter 1, Corollary 1.2]) proved that if 7" is a bounded
linear operator on a separable complex Hilbert space H, then

[P(T) | < [[plloo,p := sup{[p(2)] = [2] < 1}

if and only if | T']| < 1. The original proof of this inequality is intricate. A couple of decades
later, Sz.-Nazy (see [29, Chapter 4 , Theorem 4.3|) proved that a bounded linear operator
T admits a unitary (power) dilation if and only there exists a unitary operator U on a
Hilbert space IC O H such that

Py p(U)p = p(T),

for all polynomials p. The existence of such a dilation may be established by actually
constructing a unitary operator U, dilating 7. This construction is due to Schaffer [33].
Clearly, the von Neumann inequality follows from the existence of a power dilation via the
spectral theorem for unitary operators.

The von Neumann inequality says that the homomorphism pr induced by 7" on the
polynomial ring P[z] by the rule pr(p) = p(T) is contractive. The homomorphism pr
therefore extends to the closure of the polynomial ring P[z] with respect to the sup norm
|p||lcop- This is the disc algebra which consists of all continuous functions on the closed
unit disc I, which are holomorphic on the open unit disc .

Over the years many questions related to the von Neumann inequality have been
studied. Typically, these questions involve replacing, the polynomial ring (P[z], || - ||con)
with some other ring of functions. For instance, the rings of rational functions Rat(2) with
poles off Q2 on some open, bounded, connected subset of C, equipped with the supremum
norm on ).

Suppose T is an operator with o(T) C Q. Set r(T) := p(T)q(T)7*, for r € Rat(Q).
Since ¢ does not vanish on  and o(T) C €, it follows that 7(T) is well-defined. It is
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natural to ask, prompted by the inequality of von Neumann, when the homomorphism pr,
defined by the rule pr(r) = r(T), is contractive on Rat(2). There is no good answer to this
question, in general. Also, in this more general setting, let us say that a homomorphism
pr : Rat(2) — B(H) admits a normal dilation if there exists a normal operator N : K — K,
H C K and o(N) C 09 such that

P’HT‘(N)|H = T‘(T)

Clearly, if there exists a normal dilation, then it would follow that ||7(N)|lop < ||7]ls.0
making the homomorphism r +— r(N) contractive. However, in most cases, the converse
fails.

In 1984, J. Agler (see [3]) proved that if  is the annulus A, then every contractive
homomorphism of the ring Rat(A) admits a normal dilation. Recently, M. Dristchell and S.
McCullough [13] have shown that for a domain of connectivity > 2 the converse statement
is false in general.

In the very fundamental work of Arveson [1,2], he studied the normal dilation in detail
and showed that the existence of a normal dilation is equivalent to complete contractivity
of the homomorphism pr :

Let R = (1)) ,7i; € Rat(2) be a matrix valued rational function. Let

B[ = sup{[| (i;(2))) llop : 2 € 2}

Define R(T') naturally to be the operator ((r;;(7"))). The homomorphism pr is said to be
completely contractive if || R(T)|| < ||R||oon for all R € Rat(Q)@M,(C),k=1,2,...,n,....

A deep theorem proved by Arveson says that 1" has a normal dilation if and only if
pr is completely contractive. Clearly, if pr is completely contractive, then it is contractive.
The dilation theorems due to Sz.-Nazy and Agler give the non-trivial converse. Thus
for the case of the disc and the annulus algebras contractive homomorphisms are always
completely contractive.

Most of these notions apply to the rings of polynomials in more than one variable,
or even to the ring of holomorphic functions, in a neighborhood of €2, where ) is some
open bounded connected subset of C™. Indeed, the theorem of Arveson remains valid in
this more general setting.

The first dilation theorem for a commuting pair of contractions was proved by Ando.
He showed that if 77,75 are a pair of commuting contractions, then there exists a pair of
commuting unitaries, which dilate 77, T, simultanously, that is,

Py (p(Uy, U2)) |y = p(Th, T3)
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(see [29, Chapter 5, Theorem 5.5]). In otherwords, every contractive homomorphisms of
the bi-disc algebra is completely contractive. The only other dilation theorem, in the multi-
variable context is due to Agler and Young which is for the Symmetrized bi-disc [4]. Soon
after, Parrott showed that there are three commuting contractions for which it is impossible
to find commuting unitaries dilating them. This naturally leads to the question, in view
of Arveson’s theorem, for which function algebras A(f2), all contractive homomorphisms
must be necessarily completely contractive. At the moment, this is known to be true of the
disc, bi-disc, Symmetrized bi-disc and the annulus algebras. Counter examples are known
for domains of connectivity > 2 and the ball algebra and any balls in C™, m > 3, as we
will explain below.

Neither Ando’s proof of the existence of a unitary dilation for a pair of commuting
contractions, nor the counter example to such an existence theorem due to Parrott involved
the notion of complete contractivity directly. However, G. Misra in the papers [23], [24]
and [25] began the study of Parrott like examples, comparing the norm and the cb-norm,
on domains ) C C™ other than the tri-disc. This was further studied in depth by V.
Paulsen [30], where he showed that the question of contractive vs completely contractive
for Parrott like homomorphisms py includes the question of contractive vs completely
contractive for linear maps Ly from some finite dimensional Banach space X to M,,(C).
The counter examples we mentioned in the previous paragraph were found by him for such
linear maps for m > 5. Such examples were found for m = 3,4 later by E. Ricard leaving
the question of what happens when m = 2 open. This is the question we answer in this
thesis. We point out that the results of Paulsen used deep ideas from geometry of finite
dimensional Banach spaces. In contrast, our results are elementary in nature, although
the computations, at times, are somewhat involved.

1.1 Preliminaries

Let €2 be a bounded domain (open connected set) in C™ and O(f2) be the algebra of
bounded functions holomorphic in some neighborhood of Q. We equip the algebra O(Q)

with the sup norm, that is,
Ifllee = sup|f(2)], f € O(%2).
FAS]

wi]p ‘/z
0 wz-]q
Q. The m-tuple T'= (T3, ...,T,,) of linear transformations on CP*9 is commuting and de-

Fori =1,...,mand any choice of V; in M,, ,(C), let T} = ( ),w: (w1, ..., wy) €
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fines a homomorphism py : O(2) = M,.,(C) given by the formula

pr(f) = F(Th, o Tp) = (JO 25 200%) f e 0(0),

where V denotes the m-tuple (Vi,...,V,,). The homomorphism py induces the linear map
Ly :C™ = M, ,(C) given by the formula

For v in C™,
Cow(v) = sup{| Y vdif (w)| : f € OQ), f(w) =0, flloo < 1}

defines a norm on C™. It is the Carathéodory norm of Q at w. We see that [|py| < 1

if and only if ||Lv ||(cm.cq )= Mp.gli-lop) < 1 (here || - [|12 denotes the operator norm from
(X, ] - |l1) to (Y, - |l2)). We can say a little more after tensoring with My. Let pgc) be

the operator py ® I, : O(Q) @ My, = (Mpiq(C) @ My, || - ||op), where for F' € O(2) ® M.
We define ||F|| = sup.cq ||(f;;(2))]], fi; € O(Q). Similarly, set L := L, @ I,. Now, we
have ||p§f)|| < 1 if and only if HLg)||(Cm@MmII~HZ)—>(Mk®Mp+q,II'Ilop) < 1 (cf. [7, Proposition
2.1] and [30, Proposition 3.5]).

Here we study homomorphisms py defined on O(Q24 ), where 24 is a bounded domain

of the form
Qa = {(z1,22,- 5 2m) |21 A1 + -+ 2 Anlop < 1}
for some choice of a linearly independent set of n x n matrices {Ay,..., A, }.
By definition, Q4 is the unit ball obtained via an isometric embedding into (M., || + [|op)-
It is therefore a unit ball in C™ with respect to some norm, say, || - ||a. It also has a nat-

ural operator space structure obtained via this embedding. However, it is possible to pick
different isometric embeddings of a (C™, || - ||a) into the operators on some Hilbert space.
Whether these different (isometric) embeddings give the same operator space structure is
an interesting question on its own right. Picking A; = (}9) and Ay = (J§) gives the em-
bedding of the Euclidean ball as the space of “row vectors”, while if we pick the transpose
of A; and A,, we would be embedding it as the space of column vectors. As is well known,
these two embeddings give rise to different operator space structures leading to an example
of a contractive homomorphism on the ball algebra which is not completely contractive.
While for any n in N, if we pick Ay = Iy,, Ay = (8 g), then they determine the same
norm (independent of n) on C? as long as || B|| = 1. However, the operator space structure
is also independent of n, which we show in Chapter 3. Following the example of the ball,

even if we pick the new pair to be A; = I, and Ay = (8 B )t, the operator space we obtain
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remains the same. The ball 4, in this case, is the set {(21,22) € C? : |z1]* + |22] < 1}.
We see that it has several distinct isometric embeddings into Ms, (C). Surprisingly, all of
these give the same operator space structure on (C?, || - ||a). Therefore, unlike the case of
the Euclidean ball, we have to find some other way of showing the existence of distinct
operator space structures on this normed space, which we do in Chapter 3.

From the work of V. Paulsen and E. Ricard (cf. [30], [28]), it follows that if m > 3
and B is any ball in C™, then there exists a contractive linear map which is not completely
contractive. It is known that contractive homomorphisms of the disc and the bi-disc
algebra are completely contractive, thanks to the dilation theorem of B. Sz.-Nagy and Ando.
However, an example of a contractive homomorphism of the (Euclidean) ball algebra which
is not completely contractive was given in [23,24]. The characterization of those balls in
C? for which “contractive linear maps are always completely contractive” remained open.
We answer this question in Chapter 5 for domains of the form Qa, A = (4, Ay) in
C? ® My(C). Along the way we obtain some interesting applications for domains of the
form Q4 in C™,m € N.

The (linear) polynomial Pa defined by the rule

Pa(z1,20, .., 2m) = 2141 + 20 A0 + - - + 2, A,

maps the ball Q4 into (M,,(C), || - |lop)1 by definition. We develop several methods to
determine when [|Ly|| < 1. We recall that ||Ly|| < 1if and only if ||py| < 1. We show that
|Ly || < [|LY(Pa)]|. Finding a V such that

Ly [l(©m,Co )~ Mpa(©) ] flop) < 1

for which ||L§7 )(PA)||OP > 1 gives an example of a contractive homomorphism on O(Q24)
which is not completely contractive. However, finding such a V' is far from obvious, as we
will see.

Furthermore, in Chapter 2, we show that for homomorphisms of our class, the prop-
erty “contractivity implies complete contractivity”, remains unaffected under bi-holomorphic
equivalence. Thus we describe some natural bi-holomorphic, actually linear, equivalence
for domains of the form 25 and work with a convenient representative from each equiva-
lence class. We give a list of such representatives for the class of domains 25 in Chapter
2.

The class of homomorphisms of the form py arise from localization of operators
in the Cowen-Douglas class of Q. The (complete) contractivity of a homomorphism in
this class naturally produces inequalities for the curvature of the corresponding Cowen-
Douglas bundle (cf. [24, Theorem5.2]). This connection and some of its very interesting

consequences are discussed in Chapter 4.
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In the paper [27], Parrott showed that if U; and U, are a pair of non-commuting
unitaries then the homomorphism py, V' = (I, Uy, Us), is contractive on the tri-disc algebra
A(D?) which is not completely contractive. Equivalently, he shows that there does not exist
commuting unitaries dilating the commuting contractions (¢ 2 ), (34) and (§42). This
shows that Ando’s theorem does not generalize to m > 2. The Parrott examples were
further studied in a series of papers [23-26, 30].

Let Q%4 be the unit ball for the dual norm || - [|%. We point out that contractive
homomomorphisms of our class are completely contractive for O(€24) if and only if it is
true for O(y) (see [26] and [30]).

Let Pa : Qa — (M,(C)); be the matrix valued polynomial on Q4 defined by
Pa(z1,29, ..., 2m) = 21A1 + 2245 + -+ + 2, Ay, where (M,,(C)); is the matrix unit ball
with respect to the operator norm. For (z, 22, ..., 2,) in Qa, the norm

[Palloc :=" sup  [[Pa(z1,- .- zm)llop
21,...,2m)€QA

is at most 1 by definition of the polynomial P5. We say that P, is a defining function
for Q4. As we have indicated earlier, we detect the failure of complete contractivity by
checking if ||py(Pa)|| < 1 or not. Often, one works with a defining function which is
assumed to be smooth. Our defining function takes values in M,,(C), it is holomorphic,

indeed, it is a linear map.

For (o, 5) € B x B, define pf’ﬁ) : QA — D to be the linear map

p%,ﬂ)(zly...,zm) = <PA(217,_,72’m)OZ,/B> :

The sup norm ||p§"6)||oo on Qa, for any pair of vectors («a, ) in B x B, is at most 1
by definition. Let pf’ﬂ ) denote the set of linear functions {pf”g ) (o, ) € B x B}.
Let V.= (Vi,...,V,n), Vi € M,,, and py : pff’ﬁ) — B(C? @ C?) = B(CP*?) be the
homomorphism defined by

(pe) pe(0) L, POV 4 0T OV ) (s c @d)
PviPa = 0 (@) () » DA PA -
Pa ( ) q

Lemma 1.1. supjq—s=1 lov ()1 < Mot (Pa)ll-
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Proof. The proof is a straightforward computation:

sup oy ) = sup 1oV OV + -+ Onp ) (0) Vi |
lall=[18]l=1 lell=[18]l=1
= sup H <A1047B>V1+”'+ <Ama75>VmH
leel|=]1B]I=1
= sup (A1, B)(Viu,v) + - - + (Ama, B) (Vinu, v)|
IIOéII 1BlI=llull=(lv]|=1
= sup (AL @Vi+- + A4, 0 Vy)a®u, Q)|
||oc|| 1BlI=]lull=lv]|=1
- sup 10\ (Pa)a @ u, B @ v)|
lel[=118]I=lull=(lv]|=1
<[ (Al (1.1)
This completes the proof. ]

Since pf,X is linear, the derivative Dpsx o0 )(0) = pff’ﬁ ). The set of vectors

{((A1e, B), ..., (Ana, B) o, B € B*} C C™
is a subset of the dual unit ball €2}, by deﬁnition We will not distinguish between this set
of vectors and the set of linear maps p A ) induced by them.
The linear map Ly, V = (V4,...,V,,), is contractive if and only if

sup IMVi4 -+ A Villep = sup sup [[AViu+ -4+ A Visulla < /(Ao Am) [[A-
(Moo A ) EQS (M, Am)€QY lull2=1

Or, equivalently,
sup sup (A (Viw, 0) + -+ A (Vipw, 0 < [(Axs - An) [

(A5 Am ) €QY [ull2=1=]|v[|2
that is, ||Ly] < 1 if and only if ((Viu,v),...,(V,u,v)) is in Qa for every pair of unit
vectors v and v. We find that

e (Vi 0), oy (Vi o)) A = (Vi 0) Ar - (Vi 0) A |15,
ulle=1=||v||2

= sup sup (O (Aje, B)Viu,v) |

lullz=1=l[v[l2 lall2=1=[8ll2 ;=

= sup  sup |ZA,Mu||2

lull2=1 llell2=1=[1Bllz ;=4

= sup sup ||LV((<A1a,ﬁ>,.‘.,<Amoz,6>)).u||§

Jull2=1 flaf|=[18]1=1
=0 Ly (e B). e ) o
(1.2)
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We have seen that {((Viu,v),..., (Vi,u,v)) @ |ulla < 1, [|v]l2 < 1} € Qa for any fixed
but arbitrary m tuple V for which Ly is contractive. However, it is not clear if there
is a collection of contractive homomorphisms which produce all of €25. Similarly, the set
{({(A10, B), ..., (A, B)) = |la]le < 1, || Bl < 1} € Q. Again, we don’t know if for some
choice of A equality occurs.

Thus we have shown that Ly is contractive if and only if it is contractive on the
set p& ) However, as we have pointed out earlier, Ly is contractive if and only if the
homomorphism py is contractive. Similarly, Ly is contractive on the set p ) it and only

(@.B)

if the restriction PV pfas®) of the homomorphism py to g, is contractive. Therefore we

have proved the followmg

Proposition 1.2. The following conditions are equivalent.

(i) llpv|l = supjy.<itllov ()|l : p € O(Qa), p(0) =0} <1
(ii) SUPHa”:”ﬁ”:l{||Pv(p53ﬁ))|| 3p5§m) € @fﬂ)} <1
(110) [1Lv @ 1) = M lop) <1

(iv) supja=ysi=1 1Lv (((Are, B), ..., (Ama, 8))) llop <

Corollary 1.3. If ||p§;L)(PA)|| < 1 then py is contractive.

Proof. 1t is enough to check the contractivity of the restriction of py to the set pff’ﬂ ). On

this set, as we have shown in Lemma 1.1, the norm of py is bounded above by || pgf )(PA) I
[

Remark 1.4. This proposition says that checking the contractivity of py on the algebra
O(Q4a) may be reduced to checking it on pf’ﬁ ). Thus this class of homomorphisms pff’ﬂ )
serves as a class of “Test functions”. Apart from this, for this class of homomorphisms py,
we have the property || pyv || < || p%f ) (Pa)||. This inequality often happens to be strict making
it possible to construct examples of contractive homomorphisms which are not completely

contractive.

Choosing A = (($93),(34)), we see that Q4 defines the Euclidean ball in C?. Choose
‘/1 = (UH U12), ‘/2 = (U21 U22). We will prove that

e lov ) < llpv (Pa)llop-

This example, of a contractive homomorphism of the ball algebra which is not completely

contractive, was found in [23,24].
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Theorem 1.5. For Qa = B2, we have

“ Hﬁt‘l‘g“ lov S < oy (Pa)lop-

Proof. By definition of py, we have
i 1 lov () = =Bl tl=ll (e, BV, ) + (A 5) (Vo )
oll= =1 all= =||ul|l=[|v||=1

= sup ‘061(1}11’&1 + 012u2) =+ a2(v21u1 + U22u2)‘2’51
ledl=l1BlI=llul=1

’ 2

= | sup |061(U11U1 + U12U2) + ag(v21u1 + 022u2)|2
all=(lul|=1

= Ssup |U11U1 + U12U2|2 + |U21U1 + U22u2|2
flull=1

'U11 'U12
- U21 '022

On the other hand, we have
lov(Pa)ll5, = IVAl* + [[Vll?

where ||[V1|? = |vi1]? + |v12]?, [|[Va]|? = |vor|> + |vao|?. Tt follows that

O

T |12, < IVl + Ivall>

Hence we have

ol lov ) < llpv (Pa)llop-

]

Remark 1.6. It is therefore natural to ask which of the domains Qa C C? has the property

sup v (i) < (1ot (Pa)]l
lle|=]18]l=1
If the answer is affirmative, then there is a possibility of producing an example of a con-
tractive homomorphism of O(€24) which is not completely contractive. However, as we

will see, unlike the case of the Euclidean ball, this requires lot more work in general.

If a normed linear space (C™, || - ||a) admits only one operator space structure, then
every contractive linear map from (C™, | - ||a) into My(C), & € N must be completely
contractive. As before, for some linearly independent set of n x n matrices {Ay, ..., A},
setting

I zm)lla = [21As+ -+ 2 Ao,
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we obtain an m-dimensional normed linear space V o. This makes the map
(Z1, .oy 2m) = 21 A1+ -+ 2 A

an isometry from V into (M, ||-||op). Therefore, V5 inherits an operator space structure

from M,,. Similarly we can think of V 5+ as an operator space via the isometric embedding
(21, .y 2m) = 21 AL + o+ 2, AL

into M,,(C), where A* = (A},..., A!)) is obtained by taking the transpose.

Let A = ((49),(84)). The norm it determines on V(= C?) is the £ norm. Note
that Pa : Vo — M;y(C) defines a linear isometric embedding. Suppose V = ((v;;)) €
M (Va), where v;; € V5. Define P( )= P, Mi(Va) = M(My(C)) by Pj&k)(\/) =
(Pa(vij)). Let vy = (vj; v3),4,7 = 1,...,k, then

PP(V) =(%'%),

where Vi = ((v;;)) and Vy = ((v;)). Similarly if we take A* = ((§0),(79)) then V4.

becomes an operator space. Therefore we have
2
PR(V) = (145)
For the record, the norm of PXQ)(V) and Pl(ft)(V) are given in the following lemma.
Lemma 1.7. ]f Vi = (UH Ulg),VQ = (Ugl U22)7 then

2
| CEE) T = 1vall? + lvall® = o] + Jvie]? + [var | + [va2]?

=1 ),

Consequently, for this choice of V, the norms ||P1§2)(V)|| and ||P$)(V)H are not equal.

and

The existence of two distinct operator space structures on V5 follows from this.
However, most of the time, this trick doesn’t work, that is, the operator space struc-
tures induced by A and A' are completely isometric. In that situation, the following al-
gorithm is adopted, which involves a careful “case by case” analysis. Fix vi = (v,0), vy
(va)' Let L(Vl,v2) . (62’ H ) H?)A) — (C2> H ) ”2) be the linear map (21732) = (211}, 22w)'

(i) For 8 in C?, and v; = (v,0), vo = (0,w) as above, let
) (B) = {1 = P ATBI7 — [w[ AZB17 + lvw[* (LA BII* | A3811* — | (A1 A58, B) [*)}-

We ShOW that L, v,y @ (C ] - [|g,) = (C% ]| - ||l2) is contractive if and only if
v[2 < HA*HQ and (v, w) is in € := {(v,w) : infg 8,21 G(ww) () > 0}.
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(i) We then show that there exists vy, v, for which Ly, v,) is contractive while Lgi)l vy (PA)
is not contractive. Therefore, this contractive linear map, namely, Ly, v,) cannot be

completely contractive.
(iii) The contractivity of Ly, v,)(Pa) is shown to be equivalent to the condition

if{1 — [l ALB]° = [wl* I A8]° < [1]l2 = 1} = 0.

(iv) There exists 3 € C? such that either (A5 — pA})S =0 or (A} — vA%)S = 0 for some
i, v in C. The set

B:={0:]Bll2=1, (A5 — uA})B = 0or (A} — vA3)5 = 0for some p, v € C}
of these vectors is non-empty.

In the last chapter we show that there exists a A > 0, say Ay, such that (v, \gv) is in
& with the property:

g(v,)\ov)<5//) > g(v,/\gv)(ﬂl) > g(v,Am})(ﬁ) or g(v,/\ov)(ﬂl) > g(v,)\ov)(ﬁll) > g('u,/\o'u) (5) when-
ever ', 5" € B.

Also, we then prove that there exists a v (|v] <

14311
ity), say vp, such that (vo, Avg) is in & := {(v, w) : infg gw)(B) = 0}.

this is necessary for contractiv-

Hence there exists a vg, A\g and 3y such that
1 — [wo]*[| A1 Bol” = [Aovol*| A5BolI* + Aglwol* (14T 5ol A5 Boll* — | (A1 A360, Bo) ) = 0

which is equivalent to || Ly, v,)(Pa)|| > 1.

We now discuss the relationship of homomorphisms of the form py with m tuple
of operators T in the Cowen-Douglas class B;(€2), 2 C C™. In the papers [10] and [12],
it is shown that the operator T can be realized as the adjoint of the commuting tuple
M = (M,...M,,) of multiplication operators defined by the coordinate functions on a
reproducing kernel Hilbert space (H, K) consisting of holomorphic functions on Q* := {w :
w € Q}. Tt then follows that the joint kernel N, ker (M; — w;)" is spanned the vector
K,,. We think of w — K, as a frame for a anti-holomorphic line bundle Ly; on €2. The
Hermitian metric of this line bundle is K,,(w) on the fiber at w.

Fix an operator 7' in the Cowen-Douglas class B;(£2). This is the same as fixing a
Hilbert space H of holomorphic functions on €2 and a positive definite kernel K, which
is holomorphic in the first variable and anti-holomorphic in the second, on 2. Then the
operator T is unitarily equivalent to M*. Let N(w) = N/, ker (M; — w;)** and let N;(w)
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be the commuting tuple of finite dimensional operators obtained by restricting M to

N(w),i=1,...,m. The commuting tuple N(w) is of the form

w; Vi W Vim
((0 wJ)""’( 0 wm1>>’

it is the localization of T" at w. These pairwise commuting operators induce a homomor-
phism py except that the vq,..., v, are of size 1 x m. (It is also possible to add several
rows of zeros to each of these vectors making them m x m matrices.) It is easy to show that
the (m + 1) dimensional space N (w) is spanned by the vectors { Ky, O Ky, . . ., O Ky . It
therefore has a natural inner product, which it inherits from the Hilbert space H, namely,
(0iKy, 0;K,) = (0;0,K,)(w), 4,7 = 0,1,...,m, where 9y K,, := K,,. The curvature of the
line bundle is a (1, 1) form given by the formula » 7", #;wj log ||v(w)|[*dw; A diw;. We let
K(w) denote the matrix of the coefficients of the curvature (1,1) form.

There is a close relationship between the operators Nj(w),. .., Ny, (w) and the cur-

vature IC(w), namely,

— (e N; (w)N; (w)*) = K(w) ™"

This relationship was derived in [10] for m = 1 and in [11] for m = 2.

Suppose K is a positive definite kernel. Then for any natural number n, the ker-
nel K"(z,w), the point-wise product of the kernel K, is positive definite. This is no
longer true if we replace the natural numbers n by positive real numbers \. However, we
show that ((0;0,K ’\)(w,w)))zz.zo is positive definite for all positive real numbers A and
therefore it defines an inner product on the space N (w), the linear span of the vec-
tors {K*(-,w), K (-, w),...,0nK*(-,w)}. We conclude that the first order jet bundle
determined by these vectors possesses a non-degenerate Hermitian inner product. The
Hermitian metric induced on the jet bundle of order k by the kernel K* ( A > 0) need not
be non-degenerate in general for k£ > 1.

We define, for i = 1,...,m, the operators Ni(’\)(w) on N (w) by the rule

K -,w) ifi#0

™ () — Wil 1) (0K (-, w) = :
(V) = il @K ) = 4 0T

(2

These are pairwise commuting nilpotent operators. However, they need not be the local-
ization of some operator in By (€2) unless A is a natural number. We study the contractivity
(resp. complete contractivity) properties of the homomorphism induced by the operators
N® starting with a fixed operator T in B;(£2). The contractivity properties of the ho-
momorphism induced by the localization operators is equivalent to a curvature inequality.

We study the Bergman kernel of the matrix unit ball and some of its open subsets. This
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provides examples to show that the curvature inequality does not necessarily imply the

stronger inequality ||p(T")]] < ||pll for all polynomials p in m variables.



Chapter 2

Biholomorphic equivalence

2.1 Linear equivalence

We describe a natural class of domains in C™ which admit an isometric embedding into the
normed linear space (M, (C), || - [|op), Where || - ||op denotes the operator norm on the space
of n x n complex matrices. For any m-tuple of matrices A = (Ay,..., A4,) in C" @M, (C),
let

Qa = {(wi,wa,...;wy) : JwiAr + -+ wpAm|lop < 1}

Clearly, Qa = (C™, || - ||a)1 is the unit ball in C™ with respect to some norm. Similarly, let

Q4 be the ball in C™ defined by the m-tuple of matrices A = (Ay,..., A,,) in C"®M,,(C),
that is,
Qx = {(z1,20,...,2m) : |21A1 + -+ melmHop < 1}
Again, Qx = (C™, || - ||z)1 with respect to some norm || - || 5.
Proposition 2.1. The two domains Q25 and Q5 are bi-holomorphic via an invertible linear
map R: C™ — C™ if and only if (R® I)(A) = A.
Proof. Suppose 25 is biholomorphic to Q4. Let ey,..., e, be the standard basis for C™.
Let R : C™ — C™ be a linear map. Set w := Rz, z € C™. Since 4 is biholomorphic to
Qa, via the invertible linear map R, it follows that
(RRN(A)=(RRI)(e1 @ A1+ ...+ €, @ Ap)
= R(e1) ® A1+ ...+ R(en) ® Ay,
=(Ruer+ ...+ Ruen) A1+ ...+ (Rimer + - .. + Rumem) @ A,
=e1® (RuA1+ ...+ Rindn)+ ...+ em®@ (Rl + ... + Ry Am)
=, QA +...+e,®A,,
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where A; = > iy RijA;. This shows that (R ® I)(A) = A.

Conversely, assume that (R®I)(A) = A for some invertible linear map R : C™ — C™,
that is, A; = 3570 RijA;. Now, 3700, %Ay = 300 2 3 00y RijAy = 3000 (3000 Rijzi) Ay =
>y wiAj, where Y 7" | Rij2; = wj. Since R is invertible, it follows that Q5 is bi-holomorphic
to (2a via the linear map R. ]

This Proposition prompts the following Definition.

Definition 2.2. The m-tuple of matrices A = (Ay,...,A,,) is equivalent to another m-
tuple of matrices A = (A;,..., A,,) if there exist a invertible linear map R : C™* — C™
such that (R®I)(A) = A. Thus A and A belong to the same equivalence class if and only
if A, is in the span of {Ay,..., A} for each i.

2.1.1 Examples

Example 2.3. Let D? = {(21, 22) : max{|z1], |22]} < 1}. Then D? is of the form Qa, where
A=((60).(51))-

Pick a, b, ¢, d in C with the property that det (§ 7) # 0. Then the pair of 2 x 2 matrices
A =((29),(¢9)) defines a domain Qj in C? bi-holomorphic to Q4 via the linear map

R=(%3)-
Example 2.4. The Euclidean ball B? = {(zy, 29) : |21]* + |22|* < 1} is determined by the
pair A = ((39),(9%)), which is equivalent to A = ((§§),(%4)) for any choice of a,b, ¢

and d in C with det (25) # 0.
The biholomorphic equivalent copy of the ball B? is the ellipsoid:

Qi =1{(21,22) : [(a+b)z1)* + [(c+ d)z|* < 1}.

Example 2.5. Let Qa = {(21,22) : |21]* + 22| < 1}, where A = ((}9),(34)) . The domain
(24 is biholomorphic Q5 for any pair
A=((§8).(69), a,be,d € Cwith det (25) #0.

Corollary 2.6. A domain Qa in C? is bi-holomorphic to Q 4, where A = ( 0 do ) +q(@
Ay =7 ( ) +s(2Y) and the equivalence is implemented via the linear map R = (¥
which 1s assumed to be invertible.

Proof. Let Qa be a domain in C? determined by some pair of 2 x 2 matrices, say A =
(Ai, As). Clearly, if U,V are unitaries on C? then the pair (UA;V,UA5V) determines
the same set {2o. So, we may assume without loss of generality that A is of the form
((%1 6?2) (@ d)) The proof is completed by appealing to Proposition 2.1. [
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As a consequence of the above corollary, we will prove the following corollary.

Corollary 2.7. Let Ay be of the form ([1)(?2) or ( 0 1) and Ay be of the form (98),(L18) or
(92 with one of b or ¢ positive real. Any domain of the form Qa in C? is bi-holomorphically

equivalent to 4.

Proof. Since d; and ds are not simultaneously zero, we let p = % orp= é. If we choose
q =0, then we have A; = (§ 4,), (% 9).
Now, suppose dy # 0. Choose r = —%s then there are two possibilities.

(i) If det (G2 4) =0, then we will get Ay = (25).

(i) If det (9. 4) # 0, that is, s = then Ay = (L}).

dd daa’

Similarly, if we assume d; # 0, then we may assume Ay = (9%).
If we conjugate A, Ay by a diagonal unitary U = (eXpéie) expczl. ¢)> , then we may

assume one of b or ¢ is positive real. ]

Example 2.8. The upper triangular matrices in the unit ball of M5 corresponds to

A=((66):(50),(81)), that is, Qa = {(21,22,23)  [| (3 Z) | < 1}.
This domain is biholomorphic to €25, where A = ((“1 bl) , (“2 b2) , (“3 bs )) for any

0 c1 0 c2 0 c3
al a2 a
choice of a;,b;,¢; € C, i =1,2,3, with det <b1 by b:) # 0.

C1 €2 €3

Example 2.9. The unit ball in (M, || - ||op) corresponds to the choice:
A=((506)(56),(78),(5%))-

a1 as as aq

Pick a;, b;, c;,d;, i = 1,2,3,4, in C such that the determinant of R = (g} g; gg gj) is not
1 a2 a3 a4

zero and let

A ai b as b az b as b

A= ((01 di) ) (c; dz) ’ (cs dz) ) (Ci di)) '

Then the unit ball in (Mo, || - ||op) is biholomorphic to €4 via the linear map induced by
R on C*.

2.2 Carathéodory norm and contractive Homomor-

phisms

We recall the definition of Carathéodory norm from Jarnicki and Pflug(cf. [19]).
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Definition 2.10. For any v € C™ and 2 a domain in C™, the Carathéodory norm Cq ,,(v)
of the vector v at w € ( is defined to be the extremal quantity

sup{(/(w)v1 € Hol(, B), f(w) = 0}

Let B be the open unit ball in C™ with respect to some norm, say || - ||p in C™. Thus B
is the open set

€] s = {(21, s 2m) €C™ 2 (21 2 < 1)

Proposition 2.11. For any holomorphic function f : B — D with f(0) = 0 and a vector
v € C™, we have

|Z(aif(0))vi| < [Ivllz.

i=1
Proof. Let gy : D — B be the holomorphic function defined by
v
gv(>\) - >\—, A e D.
Ivile

The Schwartz Lemma for the unit disc now applies to the function f o g, and gives
v |/ (0)v]

| =
lvils™  lIvis

1> |(fog¢)'(0)] = £ (g+(0)) gy (0)] = |£(0)

completing the proof. O
Let €2 C C™ be an open bounded and connected set, w € ). Let
Do = {f/(w) : f € Hol(2,D), f(w) = 0} C .
The Proposition merely says that Dg is a subset of the dual unit ball (C™, || - ||5)1-
Corollary 2.12. The set Dg is the dual unit ball (C™, || - ||5)1-

Proof. Clearly, any [ € (C™, || - ||#)1 defines a holomorphic function ! : B — D with [(0) = 0
and ['(0) = 1. O

The set Dg,, is the unit ball with respect to some norm(cf. [30, Proposition 3.1] [7,
Theorem 1.1]). Except when € is the ball with respect to some norm and w = 0, describing
the set Dq,, appears to be a hard problem.

The set Dg,, is determined by calculating the Carathéodory norm for the domain €.
It is the unit ball with respect to the norm dual to the Carathéodory norm. The explicit
form of the Carathéodory norm is known, for instance, in the case of the annulus in C
(cf. [19]).

Let f: Q — Q be a holomorphic map. Define the push forward f,(v) of a vector v

under the function f to be the vector f’(w)v.
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Lemma 2.13. Cg 4, (f<(V)) < Caw(V).
Proof. The proof is straightforward:

Cov sy (£o(¥)) = sup{lg'(F(w)) £u(¥)] : g € Hol(, D), g(f(w)) = 0}

= sup{|¢'(f(w))f (w)(v)| : g € Hol(?, D), g

(f (w)
= sup{|(g o f)/(w)v| : g € Hol(Q, D), g(f (w)) = 0}
< sup{|W (w)v|: h € Hol(Q, D), h(w) = 0}.

Corollary 2.14. Suppose v € C™ with Cq.(v) < 1. Then for any holomorphic function
F:Q — (M) with F(w) =0, we have Cip,y, 0(Fi(v)) < Cow(v) < 1.
(v

If we pick v = (v1,...,v) € C™ with Cq,(v) < 1, then the commuting tuple

N(v,w) = ("0 wy )5 (6" wm )

defines a contractive homomorphism of the algebra O(2). This homomorphism is then
completely contractive. To prove this, notice that the induced homomorphism p is given
by the formula

_ [ fw) f(w)v
pv(f) = ( 0 flw) > f € O(Q)
We may assume f(w) = 0 without loss of generality (cf. [23, Lemma 3.3] [30, Lemma 4.1]).
Hence contractivity of p, amounts to

o]l = Sl}p{lf'(W)Vl 1 f € Hol(Q,D), f(w) = 0} = Cau(v) < 1.
Let F': Q — M, be a holomorphic function. Now, we have
POE) = (o (F) = (70 ).

We may again assume, without loss of generality, that F(w) = 0 (cf. [23, Lemma 3.3]).
Hence we have (by the norm decreasing property of the Carathéodory norm) that

o8 = SUP{HF'( )Vllop : £7 € Hol(2, (My)1), F(w) = 0}
= Sl;p{C(Mk)l’o(F*(V)) : F € Hol(Q2, (My)1), F(w) = 0}
S CQ,w(V).

This shows that H pv H < 1 whenever ||py|| = Cq.w(v) < 1. Here we have made essential
use of the two properties: (i) the Carathéodory norm decreases under holomorphic maps

and (i) Covy)i0 = || - llop-
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Before we proceed any further, we note that the set
DY), == {DF(w) : F € Hol(Q, (My),), F(w) = 0} C C" @ M,

is the unit ball in C™ ® M, with respect to some norm, say, || -5 (cf. [30]). Thus
contractivity of ps,k), in this case, is the same as the contractivity of the linear map

k m %
Lty (€™ @ Mi |- 1) = (M [ [lop)

given by the formula LE’\;) (©) = 1101+ - +v,0,,, where © = (04,...,0,,) € C"Q@Mj.

(v,w)
We have shown that Lgl\;zv ) is contractive for all £ > 1, without knowing anything about

the norm (C™ ® My, || - |I3), as long as we know it is contractive for k£ = 1.
What happens if we pick V = (V4,...,V,,) in C" ® M, , and consider the homomor-
phism induced by the commuting tuple of matrices:

NVow) = (705 ) o (M)

As before, the contractivity of the induced homomorphism is the requirement that
w) f(w)V
sup{l] (767750 ) 11+ £ € Hol(, D), f(w) = 0} < 1,
where f'(w)V = (01 f)(w)Vi + -+ + (O f)(w)V,,. Again we assume, without loss of gener-
ality, that f(w) = 0. Therefore the contractivity of py is equivalent to the contractivity of

the linear operator
Lywaw) : (C™,Caw)" = (Mpgs || - llop),
where Lyv.w)(0) = V10 +- - -+ V.0, for 6 € C™. For a holomorphic function F': Q — My,

we have

k w "(w
PE/)(F) = (pv(Fy)) = (F( 0)®I 5(&)@?) ;
where F'(w)V = (O F)(w) @ Vi + -+ + (O F)(w) @ V.
For one final time, assume F'(w) = 0, without loss of generality (cf. [23, Lemma 3.3]).

Hence
641 = SuUp{IlF" )V o : F € Hol(®, (Mu)s). Fluw) = 0}

This is the norm of the linear operator
k m *
Lty (€7@ M|+ 17) = (Me @ Mg, |- llop)

given by the formula Lg\];zvjw)(@) =0,0Vi+--+0,®V, for © = (04,...,0,,) €
C"™® My. Clearly Lg\lf)(v,w) = Ln(vw), Which we have already encountered. We will attempt
to determine whether || Ly, || < 1 implies that HLS\’;sz)H <1for k> 1.
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When V is in C™ ® C, this is easily done as we have seen, by using the two basic
properties of the Carathéodory norm listed above. However, in general, it is the following
question: Given that

(L@ Vit + 0, @V, <1

for 0 = (01,...,0.m) € Dq.,, does it follow that
[©1QVi+- +60,0V,| <1

for © = (O4,...,0,,) € Dy, for all k > 17

(F)

2.2.1 Invariance of LN(V’w), k > 1 under bi-holomorphic maps

Let ¢ : Q — Q be the bi-holomorphic map with ¢(w) = z. The linear map Dy(w) :
(€™, Cq5,) — (C™,Cq,) is a contraction by definition. Since ¢ is invertible, Dp~!(z) :
(€™ Cq.) — (C™Cq,,) is also a contraction. However, since Dyp~'(2) = Dp(w)™,
it follows that Dy(w) must be an isometry. The map F' — F o ¢ is a bijection from
Hol,, (€2, (My)1) onto Hol, (€, (My)1). Therefore for each w in € and a bi-holomorphic ¢

from Q to €2 such that p(w) = z we have

{DF(z): F € Hol(Q, (My)1), F(z) =0} = {DFop(w) : F € Hol(Q2, (My)1), Fop(w) = 0}.

P11 P12 - Plm

set Do) o=

Pml Pm2 - Pmm

) and DF(z) = (Ay,...,A;). By the chain rule we have

Thus Do(w) ® I, maps (C™ @ My, || - [[§,) onto (C™ @ My, || - [|5,). Since Dp(w) is
an isometry, it follows that Dy(w) ® I is an isometry with respect to the two norms
|- (16, and || - ||;*~2k Let Ly : (C™,Cq,,)" = (Myg, |l - llop) be Ehe linear map induced by
V = (V... V)", where Cg,. is the Carathéodory norm of (2 at a fixed but arbitrary

w € Q. The linear map Ly (which depends on the point w in ) is contractive if and only
if Lpyw).v is contractive, where Dp(w).V = (Do(w) @ I)(V).

Lemma 2.15.
|| Ly H(Cmacﬁw)*—’(anv”'Hop) <1
if and only iof

| Lppwyenv) ll©mca ) =My lllop) < 1
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Proof. Let ¢ : © — D be a holomorphic map with ¢(w) = 0 and llg]|lcop < 1, then Dg(w)
is in D& o Thus || Ly [[©meq )= (Mp.a.lllop) < 118 equivalent to [(Dg(w), V)| < 1. Similarly,
if p : Q — D is a holomorphic map with p(z) = 0, then Dp(z) is also in D¢, ,. Consider

the commutative diagram

Q 3% Q
Ng  p
D.

Thus g = p o 9. We therefore have Dg(w) = Dp(p(w))Dy(w). Hence, we have

ILv]f=sup  [(Dg(w), V)|
Dq(w)ED{%’w

= sup  [(Dp(e(w))De(w), V)]
Dq(w)GD(le

P11 P12 Pim
= sup |<(31p(90(w),..-ﬁmp(sO(w))(; S >7V>!

Dp(z)ED%LZ7 ©m1 ‘P'r‘n? ---So;nm

= sup  [(Dp(p(w)), (Dp(w) @ I)(V))]
Dp(2)€D}, ,

completing the proof. ]
The following corollary is a consequence of Lemma 2.15.

Corollary 2.16.
I Lv [l i 1) = (Mo gl lop) < 1
if and only iof
I Lpewenm) llem - la)y =My l-lop) < 1.

Proof. We know that Cg (v) = [[v||g and Cao(v) = [[v[|q. Using Lemma (2.15) we get the
desired result. ]

We have indicated that contractivity of py|*) is the same as contractivity of the
linear map
k m *
Lty (€@ M, ||+ 1[7) = (Me ® My, |- llop)-

We recall from [18, Theorem 2] that for Z, W in the matrix ball (M), and u € C*¥* we

have

Dyw(Z) -u= (I —-WW*3i(I - ZW*) a(l — W*2Z) (I - W*W)z.

The following Proposition characterizes the contractivity of p*) (cf. [23, Lemma 3.3]).
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Proposition 2.17. Hpgf)(PA)H < 1 if and only if

sup [|(I— Pa(2)Pa(2)") 2@ L) (A @Vi+- -+ A, @V, ) (I = Pa(2)"Pa(2)) 2@ 1L,)| < 1.

Z2EQA

The homomorphism pgc) is contractive if and only if pggw(w)@) (v s contractive for

all w in Q.

Proposition 2.18.
||L§52v,w)||(@m@Mkvn-Hg,k)ﬁ(Mk@Mp,quuop) <1
if and only iof
LS Douyen vy lEmemelin ) (MieMp ol lop) < 1
Proof. Let P : Q — (My(C)); be a matrix valued polynomial on  which is of the form
P(w) =w Py + - + wy, Py,. Then it is easy to see that DP(w) is in D&%,w' By Proposition

k . .
2.17 we have ||L§V2V,'LU)||(Cm@MkﬂH'”%Yk)_)(Mk(@Mp,qvH'”OP) < 1 if and only if

(I = P(w)P(w)*) 2(PL @ Vi + -+ + Pp @ Vi) (I — P(w)*P(w))~2|| < 1.

Similarly, if @ : Q@ — (M(C)); is a matrix valued polynomial on € which is of the
form Q(2) = 21Q1+" - -+ 2 Qm, then DQ(z) is in ngz. Consider the commutative diagram

QO 5 @)
NP e
(My)1.

Thus P = @ o ¢. Hence we have DP(w) = DQ(yp(w))Dy(w). Hence we have

(k)
LN (v lCmeme s )= (M Mg, -lop)

= (I = P(w)P(w)) 2(PL@Vi+ -+ Pn ® Vin)(I = P(w)"P(w)) 2

- T((‘PHQI + -+ @ml@m) 0% Vi + -+ (<P1mQ1 + -+ meQO) X Vm)s

(k)
= [ LN{(Dow)on ). €M l15 0~ Mr@ Mg Hlop)
where r = (I — Q(p(w))Q(p(w))*) "2 and s = (I — Q(¢(w))*Q(¢(w)))~2. This completes
the proof. ]
We have seen that if © and Q are bi-holomorphic then ||p§f)|| = ||p§lZ))<p(w)®I)(V)||‘

Evidently we have the following corollary.
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Corollary 2.19. Suppose ¢ : Q — Q with ©(0) = 0, is a bi-holomorphic map. Then every
contractive linear map from (C™,| - ||q) to M, (C) is completely contractive if and only if
every contractive linear map of (C™, || - |lg) to M, (C) is completely contractive.

Proof. From Lemmas 2.15 and Proposition 2.18 it follows that every contractive linear
map of (C™, || - ||,) is completely contractive if and only if every contractive linear map of
(C™, || - I5) is also completely contractive. This property does not change if we replace a
ball with the dual ball completing the proof. O

This means in finding contractive homomorphisms which are not completely contrac-
tive, we need not distinguish between balls which are bi-holomorphically equivalent ball
(with 0 as a fixed point).

Example 2.20. In Example 2.3 we have seen that D? is bi-holomorphic to £ via the linear
map R=(¢5), where A = ((29),(59)). By Corollary 2.19 we see that ag, = 1.



Chapter 3

Contractivity and complete

contractivity — some examples

3.1 Dual norm computation

We have discussed the class of domains Qa = {(z1,22) : [|2141 + 2242, < 1} in C?, where
A= (6a) or (49) and A is one of (95),(L8) or (2%) with b € RT. We have seen

01
that the contractivity of the homomorphism py is equivalent to the contractivity of the

linear map Ly : (C?, || - ||&,,) = (C?,|| - ||2)- Thus if we know the norm || - ||s,, dual to the
norm || - ||a,, then we may be able to compute the norm of Ly. However, computing the
dual norm || - ||, appears to be a hard problem. The £3° and £3 unit balls are of the form

A, and one knows the duals of these norms. Let X be the two dimensional normed linear

space with respect to the norm

yl+ Vyl* + 4=

Iz, )l =

The unit ball with respect to the norm is equal to Qa = {(x,y) : |y| + |z]* < 1}, where
A = (A, Ap) with A; = I, Ay = (3 3) . Therefore {5, (8 3)} forms a basis of X. It is also
easy to see that {115, ({ )} forms a dual basis of X. We recall the definition of annihilator
from Rudin [32]. Suppose Y is a Banach space, M is a subspace of Y and N is a subspace
of Y*. Neither M nor N are assuned to be closed.

Definition 3.1. The annihilators of M+ and + N are defined as follows:
L={§* eV (§,5") =0Vje M},

IN={jeY :(j§)=0vj €N}
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If M is assumed to be a closed subspace of }7, then the quotient Y /M is also a Banach
space, with respect to the quotient norm. The duals of M and of Y /M can be describe
using the annihilator M+ of M. The following Theorem (cf. [32, Theorem 4.9]) describes

this relation explicitly.

Theorem 3.2. Let M be a closed subspace of a Banach space Y. The Hahn-Banach theorem
ensures that each m* in M* extends to a linear functional y* € Y*. Define

om* =g+ M*.
Then o is an isometric isomorphism of M* onto EN/*/]Wl

This Theorem is used in the first computation of the dual of the normed linear space
X. We also obtain the dual norm by a direct computation.

Theorem 3.3. The dual norm of X 1is given by
|o|? 4|82 if |8] >
[(c, B)|| = W . _ lal
o] if 8] < 5 -

Proof. (First proof) Let X* be the dual of X. It is easy to verify that the annihilator of X
is spanned by the elements of the form {(§ %), (9§)}, that is, X+ = span{(}§ %), (J4)}.
The set {315, (9 3)} forms a basis of X*. We extends elements of X* to linear functional
on (Mz(C), || - |lop)- From Theorem 3.2, it follows that

I B =n | (334, ) 15

where || - ||¢; denote the trace norm. Now,

inf || (%7 5",

_ @ 2 2 2 a_2_ 2
= inf{- +2af* + pf* + || +2}4 a® — g}

2
tr

—‘f@ 24 1p2 2 @_5_2
= inf{*5- + 2lal’ + b + 8P + 2|15 - 58] — laP’]}.

To compute this infimum, we consider the two cases ’% — bﬁ‘ > |al? and |a|? > }% — bﬂ!.
In either case, we have

. Sta b
l(ilg‘H <2,6’ 2—a>

2, |o? |af?

e

2 2
= ine (25 52 42 9 gy, (3.1)



26 3. Contractivity and complete contractivity — some examples

Let

R LR L )
b|b|<|4"|“m
and
N = inf {’ of +|b|2+|6|2+2\‘ — b8}
b\b|>‘47'm

Now,

=t (e a2y

lee|?
b |b|<4l5\

= inf {la]*+(b] - [B])}. (3.2)

b,lbj< ol

If ol > 3], then we can take |b] = |3] in Equation (3.2) and the infimum is |a|?. If

loP o |3|, then the largest value |b| can take is Lf"g‘ In this case, M = (%)2. Therefore,

al? 2 . a
o= SR e =
el if 5] < 3

2
(6]
N= it (0 e )20y

b |b|>|;g|

= inf {(]b[+18])"}

b|b|>4|,3|

_ (JaP s 4P

s )2, (3.3)

If 5| < |°2“—‘, we have

a|® + 4|6

imf || (537 5% ) Il = mindlal’, (552007

and if |B] > |a| , we have

o, 2 4 2
g (517 2 s = (2 AL

Hence
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This completes the proof.
(Second proof) Let f,3: X — C be a linear functional defined by f, s(z,y) = az + By.
Now,

I fasll* = sup oz + Byf?
o2 lyl=1

= sup (loflz|+ |Bly])*
|2 4+[y|=1

= sup (|a|lz|+[8](1 - |z[*))*
]2 +[y|=1

= sup |az|* +[B*(1 — [«*)? + 2al|=]|8](1 — [=[*).
0<e[2<1

Note that the supremum has to be taken with |z|*> < 1—|yl|. Let g(|z|) = |a||z|+|8](1—|z|?).
The derivative of g with respect |z| is equal to ¢'(|z|) = |a| — 2|8||z|. Now, ¢'(|z]) = 0

is equivalent to |z| = 2%" Also ¢"(|z|) = —2|5| which is less than zero. Therefore, the

supremum of ¢ is attained at |z = 1%

2(B]
x with 0 < |z|? < 1. In fact, the derivative is positive in the range 0 < |2]?> < 1 and the

If |5] < %l, then the derivative does not vanish for

supremum is attained at |x| = 1. Therefore, we have two cases:

(a).

a2 2 . a
(e, B)Il = 55 it |5 > 5

(b).
(e, )l = o] if 5] <ol .

This completes the proof.

3.2 Contractivity and complete contractivity

Let Qa = {(z1,22) : [[2141 + 2242, < 1} in C?, where A = (A, Ay) and A, = I, Ay =
(94) . We now describe contractivity of the special class of homomorphisms py : O(Q4) —
M3(C) induced by a pair of the form (("0' .5 ) (‘0 wely ) Where v; € C* for i = 1,2.
We have seen that || pv [|o@a)—ms(c) < 1 if and only if || Ly ||(c2,. o, 0—(€ - l2) S 1 if and
only if || Li 2, o) »(c2 ) o < 1. Let Ly (C% ] - [I5,) = (C2, ] - |l2) be the linear map
induced by the pair v; and vy. The matrix representing Li, : (C% || - |l2) = (C2, ]| - |lan)
is of the form (it 0i2),V = (3}), where vi = (v17 v12) and ve = (vg1 v92). The following
theorem provides a characterization of contractivity of the homomorphism py in terms of
V.
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Theorem 3.4. ||LV ||(<C27||'||5A)—>((C27||'H2) <1 Zf and only Zf ||L*V||((C2,||'||2)—>((C2,||'||QA) <1 if
and only if

2
[[vo? [ val? [|val|?
<HV1H2+T+ ([[va][* = T)2+ [(vi,vo) 2] <4/ ([[va]]® = T)2+ [(v1, Vo) 2.

Proof. (First proof) Suppose [|Ly [|(c2 |- ) (c2|-|l,) < 1- Since the matrix representation
of L}, is of the form (3! 112). We have (72! 12) (3) € (C?, ]| - |la,)- We are interested in

the expression

(v + v12y) A1 + (V217 + v22y) Ao = (ngmy 7mﬂaﬂmy)

v112+v12y

= 2A| +yA,, (3.4)

where All = (U(1)1 v21) and A/Q = (1%2 a2 ) . Thus ||L#‘</||(C2v||'H2)—>((C27||'HQA) <1 if and only if

V11 V12

SUDP 2|24 |y[2=1 H:L‘All + yAIQH?)p < 1.

sup |lzA] +yAy)2 = sup sup (v A} + yAy)a, B)?
a2+ lyl2=1 22y =1 [afl2=[Bll2=1

= sup sup  [z(Aja, B) + y(Aya, B)]

|z[2+|y[2=1 [lall2=[|Bll2=1

= swp ([(Aa B+ [(Aya, B)). (3.5)

ledll2=IIBll2=1

Now,
(A;OG B) = vi1a1 1 + viiaefa + varanfy = vir{a, B) + varanf.

Similarly we have (Aya, ) = vigla, ) + vy Putting the value of (Aja, 3) and
(A, B) in Equation (3.5) we have

sup  ([(Aya, B + (A, B)P) = sup il Pl B)7 + [l velPlazfil?

lall2=[Bll2=1 llell2=l18][2=1
+ 2Re <V17 V2> <Oé, ,8>Oé_261,

where [[vi|> = v |? + |viz]? (vi,va) = (vi10a1 + vi2la2) and || Vo> = |021]* + |va2|?.
Choosing o/ = (o exp(if), ag exp(—if)), 8’ = (1 exp(if), fs exp(—if)) we have
sup  (|{Aya, B)* + [(Asa, B)?)
lell2=]IB]l2=1

B [l Sl\l\g\\ Ival[[{ev, 8)1* + [[val*|azBi|? + 2| (vi,v2) (@, B)asfi]
all2=||B[l2=1

iy IVilP[[{Uc, UB)* + [Vl *|(Ue)2(UB)1|* + 2| (vi,v2) (Ue, UB) (U)o (UB)1]

= IVil?[{Ue2, UB)? + [[v2|*|(Uez)2(UB):

+2[(v1, va)(Ues, UB)(Uez)2(UB) |, (3.6)

2
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where U : C* — C? is a unitary which is of the form U = (¢ %5) with |a|> + [0 = 1
and eo = (9). Let a = (a)) and = (g;) , then Ua = (‘g_g’) (as) = (ng;g%) . Hence

(Ua)y = bay + aay and (UB); = (@B — bB,). Thus we have
(Ua)2(UB)1 = abar Br + @B — b2 By — abaa s

(5 %) (3 (5)-

In particular, we have (Uey)o(UB), = a*By — abfs.

We claim that supy [(Ues)2(UB)1| = (1+\251\)‘
In order to prove the claim, it is sufficient to observe that

sup|(Ue2)2(UB)11> =  sup  [@*Bi — abBa|?
U laf2-+]p[2=1

= sup|(cost)? cosv) expi(—20 — x) — cost sint sinv expi(—0 — y + ¢)|?

sin 2t2

(sin )
— (cost)? cosp sin 2t sinvp cos(d + z + ¢ — y) (3.7)

= sup(cost)? (cos)? +

where a = costexpifl,b = sintexpig, 5 = cosy expix and Py = siny expiy. If we choose
0 + x 4+ ¢ =y, then the right hand side of (3.7) is

sin 2t

sup((cost)? cos v + sin )2,

t

Let f(t) = ((Cos t)? cost) + % sin @Z)) The derivative of f with respect to t is
f'(t) = —sin 2t cos P +cos 2t sin . If we assume 0 = f/(¢), then we have 1) — 2t = nr, where
n € Z. Also, f"(t) = —2cos2t costp — 2sin2t siny) = —2cos(¢p — 2t). If ¢ — 2t = 2nm,

then f”(t) < 0. Therefore, we conclude that the maximum value of f(t) is achieved at
A+81D

Y — 2t = 2nm and the maximum value of f(t) is equal to ~=5==. This proves the claim.

Putting supy; |(Uez2)2(UB)1] = % in Equation (3.6) we have

[

b v [?182]* + 4+ 1B1D)? + [(vi, va)l| (1 + [B1])| Bel. (3-8)

Let 81 = costexp(izz), B2 = sintexp(iz;) then the Equation (3.8) simplifies to the
2

”VZH ,c=|(v1,Va)|,y =1+ cost,z =sint

and supremum is taken over 2% + y% = 2y, that is, 22 + (y — 1)? = 1. Also, note that

equation ar? + cxry + byQ, where a = HV1HQ, b=

sup flaa® + ey + byl = swp () (50 ) (9]
22+ (y—1)2=1 22+ (y—1)2=1
_ x t [ a c/2 T
ol ) (25 Gt
= s G (W) Wi s (3.9)

2 4+w?=1
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where (y—1) = w. Let u = (), then (,51) = (§)+(9) = u+tes. Also, let T = <C?2 6{72) ,
then T is self-adjoint matrix. Since T is self-adjoint matrix, there exist a unitary matrix

U such that U='TU = D, where D = (col 002 ) . Therefore, Equation (3.9) is equivalent to

sup |[(u+ ez)trT(u +e2)]| = sup |[(u+ 62)trU_1TU(u + e2)||

flull2=1 f[ull2=1

= sup = ||[u™Du+ e¥ Du+ u"Dey + el Des|

f[ull2=1

= sup 122 + cow? + 2cow + ¢
2+w?=1

=supc; (1 — w?) + cow? + 2cow + ¢
w

= sup(ca2 — cl)w2 + 2cow + ¢ + 1. (3.10)
Suppose g(w) = sup,,(ca — ¢1)w? 4+ 2cow + 2 + ¢1. The derivative of g with respect to
w is ¢'(w) = 2(ca — c1)w + 2¢9. Now, 0 = ¢'(w) implies that w = o2y~ Also, " (w) =
2(ca —¢p) and ¢"(w) < 0 if ¢; > ¢y . Therefore, the maximum value of g(w) is achieved
at w = ﬁ and is equal to g(w) = (616_12). The eigen values of (;2 C{f) are equal to
(arsryameee) (oo
L= 5 ,Cy = 5 . Therefore, from Equation (3.10) we have

2
(a+b+\/(a—b)2+02)
4y/(a —b)? + ¢?
2
val|2 Va2
(Il 4 B2 a2 = B v v

= : . (3.11)
ay/Uval2 = 222 4 vy va) P2

g(w) =

2 2 2
(nvl|\2+%+¢<||VI||2—%>2+|<v1,v2>|2)

Hence ||Ly||* < 1 if and only if 2
/(v l2= D222 4 (v vy 2

< 1 which is equiv-

alent to

2
[v=|” [[vall? [vall?
<|!V1\!2 + o Al = =2 v v2) P | < (il = == 7=)% + (v, vap 2

(Second proof) Suppose || Ly ||z, 5 )»(c2|- o) < 1. Since the matrix representation of
A

L3, is of the form (314 +2) ) . Therefore, we have || Ly H(@,”.”;ZA)_,(@,”.||2) < 1 if and only if
SUD)|(a,))|=1 [V110 4 V21 8] + [v120 + v228]* < 1. Now,

. su);i v+ v 8] + [visa + v B2 = |(su)p [vill|af® + [|val?|B]? + 2R(v1, va)af3,
a,B)|l=1 [(a,8)]I=1

(3.12)
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Where ||V1||2 = |'l}11|2 + |U12|2 ,<V1,V2> = (1)11?721 + 012@22) and ||V2||2 = |1721|2 + |1722|2.
Choosing « and f in such a way that R(vy,vo)af = |(vi, va)af|. Hence from Equation
(3.12) we have

sup  |viia + v 17 4 (v +vpBP = sup  [[vi]Plal® + [[val28]% + 2|(v1, va)as].
[I(a,8)]I=1 l(a,B8)]I=1
(3.13)
We have seen in previous section that if || < %, then ||(a, B)|| = |a|. Therefore,

(v, B)|| = 1 implies that |3| < 1. For this case, we have

2
v
sup |via + var B + [viea + vee B2 = [|vi|]? + M + R(vq, va).

l(@.B)]=1 4

Also, if 3] > 1, then ||(o, 8)| = %. Hence ||(a, 8)|| = 1 implies that |a|* + (2|8] —

1)? = 1. Setting = = |a| and y = 2|8| — 1 we have |8 = I+, Therefore, we have

(y+1)?
4

sup  2?[[vi||* + [[v2]” + [(v1, vo)e(y + 1)

2 +y2:1

Hence from Equation (3.11) we have

2
(a0 + 252 4yl = B2+ v, vl
sup |’0116¥ + U215|2 + |’U120é + Uggﬁlz = .

l(e,B)ll=1 4\/(||v1||2 — 2lBy2 4wy vo) |2

Therefore, we have

(Wﬂkﬂ%ﬁ+¢mww—hgw+uwwmﬂ2
v 2 = 22 vy, v 2

(WN”%%E+JNWW—VfP+KWNMﬁ2

vz = 1282 vy v 2

This completes the second proof. O

2
v
I [? = ma{ il 2 g

Let Pa : Qa — (My3); be the matrix valued polynomial on Q4 defined earlier. The
contractivity of pg) is equivalent to |[A; ® vi + Ay ® vo|| < 1. Now, we will compute
A1 ® vi+ Ay @ va|.
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Theorem 3.5. ||A; ® vi + Ay @ vo|| < 1 if and only if

2[Vall* + [val* + VI vall* = dl(vi, vo) 2 < 2.

Proof. Suppose ||[A; @ vi + As @ vo|| < 1. Now,

B ‘ (v12A1 + vo2 Ag)*
= |Iv1lPA1 AT + (v1, va) AL A5 + (va, vi) A2 AT + ||[va* A2 A3 |

H \V1H2+HVzH2 (v, v1) H
V1,V2 HV1H2

R 2 2 N .
Let C' = <”V1H T [Vl <V2’V1>) . C'is a self-adjoint matrix. The norm of C' is

A1 @ vi + A @ vao||? = ||(v11A1 + vo1 Az, v19 A1 + V22 Ad)|?
(v11 41 + v91A2) > H

(vi1 A1 + v21 A2, V1241 + v22A42) (

<V17V2> ||V1||2

2[[vil® +1[val® + Vvl — 4[{ve, vo)
5 .

Hence ||A; ® vi + Ay ® va|| < 1 is equivalent to the inequality

20 [? + [[val® + VI vall* = 4 {vi, vo)? < 2.
This completes the proof. ]
As a consequence of this Theorem, we have the following corollary.

Corollary 3.6. There exists a contractive homomorphism of O(2a) which is not complete
contractive.

Proof. Let vi = (\/Li’

for this pair (v, vs). Also, we have ||p%/2)(PA)|| > 1. This completes the proof. O

0) and vy = (0, 1). Then it follows from Theorem 3.4 that |[py| <1

Let Qp = {(21,22,2’3) : ||21A1+ZQA2—|—2’3A3|| < 1} C C3, where Al = ( ) AQ (0 0)
and Az = (39). The matrix representing L, : (C?,] - [l2) = (C%]| - |la,) is of the form
v 0 0 Vi
< 0 w25 0 ) Vo= ( 3) where vi = (v11,0,0), vy = (0,v99,0) and vz = (0,0, v33).

0 0 w33

Theorem 3.7. |0} || (co,|- )= 1a) < 1 if and only if Jvy[*(1 — |vgs]?) > (Jvae|® — |vss]?).

Proof. Suppose ||p%(cs,)|- )3, - |a) < 1. Note that [|pj||(cs - .)—(c3,)-|2) < 1S equiva-
lent to

) 1—|B1?|v11 2 0 0
Hﬁlf det 0 1—|B1|?|vaz|? —B2fivaztss | > 0

0 —B2f122v3s  1—|Bav33|?
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with |vn|? < 1, Juge|? < 1, |uss)? < 1, where 327 |3;]* = 1. Now,

. 1161?11 0 0
inf det 0 1—|B1[?[v22]?® —B2B1v22033
B 0 —B2B1U22v33  1—|B2v33|?

- i%f(l — 81 Plon P){ (X = 81 Ploaal*) (1 — B2 |vss]?) — B2l |uss|*| 81 P va2]?}. (3.14)
Putting |3|*> = r in Equation (3.14) we have

Jnf {1 —r(jonl” + val” = foul*loss|*) = (1= r)vss* + r*Jonl*(Joal” = fvss]*}-

Let

f(r)= Og}gl{l —r(lona? + Jvae]? = Jvn|*vss]?) — (1= 7)|vss|* + r?vin]*(Jve|* — |vss]*)}

The derivative of f with respect r is equal to
f1r) = =(Jou [ + vaal® — Juss]® = [on[*|vss]?) + 2rfon [* (Jvas]? — |vss[?).
Now, if f'(r) = 0, then we have

(lvia [ + [vaa|* — [vss|* — Jon|?|vss]?)
w11 (Jvaz]* — [vss[?)
Also, f"(r) = |vi1|[*(Jvaz|* — vs3|?). If [vaa|* > |vss]? then f”(r) > 0. Therefore, the infimum
is equal to

o *(1 = [a]*) = (Jvaal* = [vss]?).
Hence ||p7 || (3, - |l)—=(c3,)|- o) < 1 if and only if
lon*(1 = [vza]?) > (Jvaal® — [vss]?)
This completes the proof. O

Let Pa : Qa — (My3); be the matrix valued polynomial on 4. Now we want to
estimate the norm of ||4; ® vi + Ay ® vo + A3 ® v3]|.

Theorem 3.8. ||A1 & vy + Ag X Vg + A3 X V3H < 1 Zf and OTLly Zf |U11|2 + |U22|2 < 1 and
|uss|* < 1.

Proof. Assume that [|[4; @ vi + A2 @ vo + A3 ® v3]| < 1. Now,

HAI QVvi+ Ay Q@vy+ A3 ® V3H2 = ”(1)11141,1)22142,1)33A3HZ

_ H lv11)? + |vo2|? 0 H
0 g3 |?

= max{|v11|? + |vaa|?, [vss|?}.

Therefore, ||A1 X vVq +A2 ®V2+A3®V3” S 1 1mp11es that |U11|2+‘U22|2 S 1 and |U33|2 S 1.
This completes the proof. [
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As before we will prove the following corollary.

Corollary 3.9. There exists a contractive homomorphism of O(Qa) which is not complete

contractive.

Proof. Let vi = (%, 0,0),vo = (0,1,0) and v3 = (0,0, 1). Then it follows from the Theorem
3.7 that ||py|| < 1. Also, we have ||,0E/2)(PA)|| > 1. This completes the proof. O



Chapter 4

Operator spaces

We recall the notion of an operator space. We describe two distinguished operator spaces,
namely, the MIN and MAX operator spaces. These two operator spaces have played an
important role in the development of operator theory in the recent past.

Definition 4.1. (cf. [29, Chapter 13, 14]) An abstract operator space is a linear space V
together with a family of norms || - ||, defined on My(V), k =1,2,3,..., where || - ||; is
simply a norm on the linear space V. These norms are required to satisfy the following

compatibility conditions:
L T & Sllyey = max{| 7], (1S} and
2. [|ASBllg < [Allop 15111l Bllop
for all S € M,(V), T € M,(V) and A € M,,(C), B € M,,(C).

Two such operator spaces (V, ||-||x) and (W, ||-||x) are said to be completely isometric
if there is a linear bijection T': V. — W such that T®1 : (Mg(V), ||'llx) = (Mr(W), [||lx)
is an isometry for every k € N. Here we have identified M (V) with V ® My in the usual
manner. We note that a normed linear space (V, || -||) admits an operator space structure
if and only if there is an isometric embedding of it into the algebra of operators B(H)
on some Hilbert space H. This is the well-known theorem of Ruan (cf. [14]). Here we
study “different” operator space structures on a finite dimensional normed linear space
which admit an isometric embedding onto a subspace of M,,(C). Let A = (Ay,..., A,),

where Ay,..., A, are n X n linearly independent matrices. For (z1,...,z,) in C™, set
(215 zm)la = ||z141 + - + ZmAn|lop- Let Vo be the m-dimensional normed linear
space with respect to the norm |[[(z1, -+, zmn)||a. This makes the map

(Z1, .oy 2m) = 21 A1+ -+ 2 An
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an isometry from V into (M,,, ||+ ||op). Therefore, V5 inherits an operator space structure
from M,,. Recall that Q4 is the unit ball with respect to the norm ||(z1, - -, zm)|la. Let Vac
be the normed linear space obtained by using the transpose, namely, A* := (A}, ... A ). By
definition, V o+ has an isometric embedding into M,, giving it an operator space structure.
Let Qa¢ be the unit ball with respect to the norm || - ||a:. Evidently, the two normed
linear spaces (Va,|| - ||a) and (Vat, || - ||ar) are isometric. We ask if the operator space
structures they inherit from M, (C) via the embedding involving the map induced by A
and A' are isometric. In case these operator space structures are isometric, what are other
possible operator space structures on (Va, || - ||a)? We answer this question, after recalling
the notions of MIN and MAX operator spaces and a measure of their distance, namely,
a(V) following [29, Chapter 14]).

Definition 4.2. The MIN operator structure MIN(V) on a (finite dimensional) normed
linear space is obtained by isometrically embedding V in the C* algebra C' ((V*)l), of
continuous functions on the unit ball (V*); of the dual space. Thus for ((v;)) in M(V),

we set
(i) larry = [ (@) = sup{|(f (i)l : f € (V},

where the norm of a scalar matrix ((f(v;;))) in My, is the operator norm.

For an arbitrary k& x k matrix over V, we simply write ||((vi;))||a1n(v) to denote its
norm in My (V). This is the minimal way in which we represent the normed space as an

operator space. However, it is not difficult to create a “maximal” representation. We shall
denote it by MAX (V).

Definition 4.3. The matrix normed space M AX (V) is defined by setting
1(vi)larax = sup{ I (T (wip) )|l - T V = B(H)},
and the supremum is taken over all isometries 7" and all Hilbert spaces H.

It is easy to verify that every operator space structure on a normed linear space V
lies between MIN(V) and MAX (V). To aid the understanding of the extent to which
the two operator space structures MIN (V) and M AX (V) differ, Paulsen introduced the
constant a(V) (cf. [29, Chapter 14]), which we recall below.

Definition 4.4. The constant (V) is defined by setting

a(V) = sup{|[(vij)llarax : [[(vis) sy <1, (vi3)) € Mp(V), k € N}.
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Thus a(V) = 1 if and only if the identity map is a complete isometry from MIN (V)
to MAX (V). Equivalently, we conclude that there exist a unique operator space structure
on V whenever «(V) is 1. Therefore, those normed linear spaces for which a(V) =1 are
rather special. Unfortunately, there aren’t too many of them. The known examples are
the (C,|-|) and (C, || - ||) (resp. the unit ball in C? with respect to the ¢; norm). Indeed,
Paulsen has shown that a(V) > 1 whenever dim(V) > 5. Following this, Eric Ricard
(cf. [28] [30]) has shown that a(V) > 1 for dim(V) > 3. This leaves the question open for
normed linear spaces whose dimension is 2. This is the question we address here in some
special cases.

4.1 Operator norm calculation

The operator norm of the block matrix S = (af{" jn) , where B is an m X n matrix and

a € C is not hard to compute (cf. [23, Lemma 2.1]). This computation easily extends to

ai1lm Bmxn

an operator 1" of the form T = ( 0" anl, ) , where a1 # ap are in C. Here we provide the

straightforward computation following [23, Lemma 2.1].

Lemma 4.5.

(loaf® + 1BI” + o1 *) + v/(loa? + [1B]* — [en[*)* + 4[| BI[*| s |2

ITop = :

Proof. Note that det (4 %) = det Ddet(A — XD~ *C) and

" 9 BB* azB
TT™ = |Oél| Im+n+ < )

agB* (|az|?*—|a1]?)Im

For x € C, we have

BB*—zI, @B _ . ’042|2 .
det (7 " ) = det{BB" —al, - BB det{ (o~ )}
m . a—1x)x i .

= (1 (aea@ BB+ (D130 (a2 el + o)

|Oél| +

where U is a unitary which makes BB* into a diagonal matrix D; and (Jaz|* — |a;]?) = a.
BB* azB > ,
i

Thus the maximum eigenvalue of ( ) )
g B (|az|*—|a1|*)Im

(loaf” + [IBI* — o1 *) + v/(leaf” + [ BI? — [e1]*)? + 4[| B]?|en |
5 .
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Using the spectral mapping theorem, the norm of 77 is
(loal> + I1BI? + leal?) + V/(loa* + [ B]* — Jaa[*)? + 4[| B]||cs |2

2

O

Corollary 4.6. || (o Ba’;fn”) Hop < 1 if and only if || B||*> < (1 — |a1]?)(1 — |aso|?).

Proof. From Lemma 4.5, it follows that H (C“OI’" Ba*;’fn”) H < 1 if and only if

(Jo” + I BI* + |eaf*) + v/(laa* + [ BI? = eu[*)* + 4 BIP|al® _
5 <
which is clearly equivalent to
IBII* < (1 = faa[*)(1 — |af?).
This completes the proof. O

Let A; = (0‘1 0 ) and Ay = (8 g) with 21,29 € C. The norm computation in the

0 as

preceding Corollary shows that ||z14; + 22A4s||op < 1 if and only if

|225|2 < (1 - |Z1041|2)(1 - |21042|2)-

However, we can say a little more. For By, By in M,,,.,(C) of the form B; = (0‘10['” a;)[m)
and By = (85, set ||(z1,22)|lB := ||z21B1 + 22Ba]|op. Proof of the following lemma is the

same as that of the corollary.
Lemma 4.7. ||(21, 22)||B < 1 if and only if |z)?| B||*> < (1 — |z101]?)(1 — |z100]?).

Remark 4.8. Let B be another pair (El,ég) in C? ® M,,4,(C) with B; = El and

| Bs|| = || Bo|. It then follows that || - |z = || - llz- In conclusion, we have shown that
the normed linear space (Va, || - [|a), where A = ((4' o), (0%)) has several different iso-

metric embedding into M,,,1,,(C), m,n € N. To see this simply pick any B with || B|| = |3].

However, it is not clear if any of the embedding give rise to distinct operator space.

Let Vg be the two dimensional linear space with respect to the norm ||(z1,22)|B-
Since By, By € M,,1,(C), we embed Vg into M,,,,,,(C) isometrically. Therefore we think
of Vg as an operator space. Note that Pg : Vg — M,,1,(C) defines a linear isometric
embedding into M,,,4+,(C). Suppose V' = ((v;;)) € My(Vp), where v;; € Vg. We define
Py : Ps® I : Mi(VB) = Mi(Myin(C)) by P (V) = (Ps(vij). Let vi; = (v} v3)
then

k a m
PR(V) = (@@l Voo )

where Vi = ((v};)) and V3 = ((v;)). The cb-norm of Pg is defined to be sup, I1PS)|. To

ij
compute ||P](3k)|| norm, we will need the following Lemma (cf. [9, Theorem 1.3.3]).
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Lemma 4.9. Let M = ( & &) be the block decomposition of M in My, 1,(C). Assume that
A, C are positive definite. The following properties hold:

1. M is positive-definite if and only if A — XC~1X* is positive-definite.

2. If C is positive-definite, then M is positive semi-definite if and only if A — XC~1X*
is positive semi-definite.

Recall that a closed (resp. open) subset € of C™ is the closed (resp. open) unit ball
in some norm if and only if it is bounded, balanced, convex, and absorbing . If we set

lz|| = inf{x:t 'z € Q,t >0},

then || - || is a norm on C™ and  is the closed (resp. open) unit ball with respect to
this norm (cf. [32, Theorem 1.34]). Now we will compute the norm ||P](3k)||. Let U,V be

|d1]2 0 0
unitaries that diagonalize V1 V" and BB*, that is, D, := UV, V*U* = ( Do and
0 0 |dn|?
lei]2 0« 0
Dy : VBB*V* = .
0 0 |8
Theorem 4.10. HP](;)H <1 4f and only if I, — |as|> Dy > 0,
I, — |1’ Dy — |BPUVRVS U — |awBPUVRVIU* (1, — |ao|*Dy) ' UVIVS U™ > 0,
where ||B|| = |5

Proof. Let S = (*ViP! 225 ). Note that det (4 %) = det Ddet(A — BD™'C) and

SS* _ |CM1|2V1V1*®IM+V2V2*®BB* 072V2V1*®B
CYQV1V2*®B* ‘a2|2V1V1*®Im ’

If |S|| < 1 then we have Is, 2, — SS* > 0 and conversely. Hence Iy, 9, — SS* > 0 is
equivalent to the condition that

[n®In—|oa ViV @I +VaVy @BB*  —aaVaVy' @B >0 (4.1)
Vi Vs ®B* Ly @I —|azPVi Vy 1 ' '

Let U = (U%V U(%K) . Tlrgen it is easy to see that U is an unitary. Multiply both side of the
Equation (4.1) by U and U* we have

L, @ I — |1]?D1 @ Ly + UVRV5U* ® Dy —auUVaVi*U* @ VBV* 0 (4.2)
—aUVIVFU* @ VB*V* L, ® I, — |o?D1 ® I, ’ ‘

Using Lemma 4.9 together with the Equation (4.2) we have I, — |as|?D; > 0 and
L = laa]? Dy = |BPUVRVE U™ = [aaBPUVRV U™ (I, — oo Dy) ' UVIVE U™ > 0.

The converse statement is easily verified. [
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Let A; = (‘“1 0 ) LAy = (8 ,g) and A = (A;, Ay). We can think of V5 as an operator

0 a2
space via the linear isometric embedding Py : VAo — M. Therefore, we have

ng)(v) _ (0110\/1 BV2 ) .

as Vi

Taking B to be the scalar operator § and m = n = 1, we have:
Theorem 4.11. Hpﬂ( <1 if and only if I, — |as|?Dy > 0,

I = |on*Dy = [BPUVRVEU* — |anBUVRVI U™ (I — |0a* D) " UVIVE U™ > 0
where UVIV*U* = D;.

Remark 4.12. Theorems 4.10 and 4.11 together imply that ||Pj(f)|| = ||P](3k)||, kE=1,2,....
Therefore, the operator space structure on V5 obtained via Pg is independent of B.

4.2 Domains in C2

In this section we study the class domains Qa = {(21,22) : [[2141 + 2242, < 1} in
C?, where Ay = (4 0),As = (%)) and A = (A, A;). We may assume without loss of
generality, as shown in Chapter 1 that A; = (§4,) or Ay = (% 9) and Ay = (28),(L8)
or Ay = (9%) with b € R™.

Consider the case: A; = (§4,),42 = (L}) and A = (A1, Ay). In particular, for
m = 2,n =2, we can give an operator space structure on the normed linear space V5 via
the linear isometric embedding Pa : VAo — My. For V = ((v;;)) € My(Va), we have

k
POV = (&5 i)

where vi; € Va and Vi = ((v;)), V2 = (v}})), Vs = Vi+ V5. Similarly we can think Vo« as an
operator space via the linear isometric embedding Pat : Vot — Mo, where A* = (A4, AY).
Therefore, we have

(k) _ (Vs V.
Pyl (V) = (oth davs ) -
Therefore, it is natural to ask if these two operator space structure are same. The following

theorem says, in particular, that |[PC(V)|lep # [P (V)]lep if and only if b # |¢| and
1 # |dy|, for some V in M5(V4).

Theorem 4.13. For Vi = (“§ “§?) and Vo = (%31 '32),V = (V4, V3) we have HP,(S)(V)Hop =
HP(2 (Mlop if and only if either 1 = |da| or b =|c|.
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Proof. Note that

7%

‘ V3 bV2 (Vs* cvy >

cVo daV bVQ* dgvl* op

H( VaVi4+b2Va Vs @VaVy+bdaVa Vi )
VaVi+bda ViV |c|2VaVi+|da |2 Vi V*

(4.3)

op )
Similarly we have

HP(?)( )Hg . VaV5+HcPVaVy' bV3Vy'+eda VoV
At - bV Vi +eda ViV b2Va Vi +|da|? Vi ViF

: (4.4)
op
We first assume that ||P1(f )(V)ng = ||Pft)(V)||(2)p. Therefore, the above condition is equiv-
alent to

H( VaVy+b2Va Vs eVaVy +bda Vo Vi ) (4.5)

cVy VS* +bd2 V1V |C|2V2 Vs +|CZQ|2V1 %8

. VaVi+e|2Va Vs bV V' +eda Va Vi
Vo Vi +eda ViV b2VaVy4|da| VA VyF

op
Putting vi = (v11, v12), V2 = (v21, v92) and vz = vy + vy in Equation (4.5) we have

H( [Ival2+b2|lval®  &(va,va)+bda(va,v1) ) (4.6)

c{va,va)+bda(vi,va) [c|?||va|®+|dz|?||v1]®

_ H( vall?+lcl?[[vel? b(VS,V2)+Cd2(V27V1))
b{va,va)+eda(vi,va) b2|lvel?+|da|?|v1]?

op

[vsll?+6%[lvall®  &(vs,va)+bda(va,v1) is
c{va,vs)+bda(vi,va) [c[?||[va|®+|dz2|*[v1]?

_Dh + \/p% —4q
2 )

The maximum eigenvalue of (

where py = [|v* + 0*||[va® + [e[?[[v2]l? + [da*[[va]1%, a1 = ([[vs]]* + B2[[va]?) (Je* [ va|* +
|da?[[ve][?) = 1evs, va) + bda(ve, vi) .

2 2 2 7.
Similarly the maximum eigenvalue of ( vall® +lel "l vl b<v3’v2>+6d2<vz’vl>) is

b(va,va)+eda(vi,va) b2||lva|?+|dz|?|v1]?

_ M + \/p% —4qz
2 )

where go = ([|va[* + [c[?[|[V2[?) (07| vall® + [da*|V1[[*) — [b{vs, V2) + cda(va, v1)[*. Since we
are assuming x = y, it follows that ¢; = ¢». This simplifies to the equation

(el = b){vslllvall* = [(vs, va) ) = [ (Ivall [va][* = [{v2, vi)[%)} = 0. (4.7)

Since v3 = v1 + v, we have (||vs[l[[va[* = [(vs, v2)[*) = ([IVall[[vi[* = [(v2, v1)[*). Hence
either b = |c| or 1 = |dy].

Conversely if either b = |¢| or 1 = |dy], then ¢; = ¢2. Therefore,, we have x = y,
that is, the two maximum eigenvalue are equal. Hence ||P1(x2 )(V)Hop = ||P1(ft)(V)||op. This

completes our theorem. O
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Remark 4.14. From Theorem 4.13 it follows that if b # |c| and |d2| # 1, then HPff)(V)Hop #
|PZ(V)lop for V€ My(Va) of the form ((vi;)),vi; € Va,vij = 0if i > 1. Thus P4 and
Pa+ induce different operator space structure on V. Equivalently, there is a contractive
homomorphism on O(£24), which is not completely contractive. Let A; € {41, A2} and
Ay € {Ag, A}, where Ajp = (§4,) Az = (49); 45 = (L8), A = (2%). We have
proved the theorem for A; = Ay and As = As;. The proof in the remaining cases, namely,
Ay = A and Ay = Ay A = Ap and Ay = Ay and Ay = Ap and Ay = Ay, follow

similarly.

If we consider the case A = (({ 4,), 42 =(2%)), then we have Pj(f)(V) = (5 o)
and PX?(V) = (m 452 ) - The following theorem is similar to Theorem 4.13.

Theorem 4.15. Suppose Vi = (“5 ') and Vy = (2" *2). Then |PS(V)]lop = 1P (V) lop
if and only if either 1 = |ds| or b = |c|.

Proof. Note that

HP V|2, = [val[2+02[[va]|>  &(vi,va)+bda(v2,vi)
op = ||\ efva,vi)tbdz(vi,va) lel?[|val2+da v |2 op
and
HP(2 ” _ [val?+lel?[lvall®  b{vi,va)+eda(va,vi)
At Op b(va,v1)+ecda(vi,va) b2||V2||2+|d2‘ ||V1H2 op

Let 2,y the maximum eigen value of |[PY (V M2 HPAt (V)|12, respectively. Since we are
assuming x = y, it follows that

(lel* = ) {I[valP[Ivall* = [{ve, va) [* = [da*(Ival*[[vi ]l — [(va, va) [} = 0. (4.8)
Therefore, we have either 1 = |ds| or b = |¢|. The converse is also easy to verify. O

Remark 4.16. As before we conclude that if b # |c| and 1 # |dy|, then the operator
structures induced by Pa and Pa: are not isomorphic. Let A; € {A;, Ax} and Ay =
(9%), where Ay = (§4,),412 = (49). We have proved the theorem for A; = Ay
and Ay = (9%). The proof in the remaining case, namely, A; = Ajp and Ay = (9%)
follows similarly. Equivalently, we also say that there exists a contractive linear map from
(C%] - lan) to M, (C) which is not completely contractive.

This phenomenon also occurs for the Euclidean Ball as the following example.
Example 4.17. Let A = ((39),(83)). Then Qa defines Euclidean ball. As before we
have PXC)(V) = (‘61 ‘62) and PX?(V) = (K; 8) For ‘/1 = (Ull Uu),‘/g = (U21 UQQ) and
V = (V4 V,), it is easy to verify that ||PX€)(V)||op # ||PX?(V)||OP. Hence two embedding of
(Va, | -]l2) into Ms(C) give two distinct operator space structure.



Chapter 5

Bergman kernel

We recall the definition of the well known class of operators P,(€2) which was introduced
in the foundational paper of Cowen and Douglas [10]. An alternative point of view was
discussed in the paper of Curto and Salinas [12].

Definition 5.1. The class P,(2) consists of m-tuples of commuting bounded operators
T = (11,Ts,...T,,) on a Hilbert space H satisfying the following conditions:

e the operators 13,75, ...,T,, commute,
e for w = (wy,...,wy,) € Q, the dimension of the joint kernel (;,__, ker(7} — wy,) is n,

e for w € (), the operator Dy_,, : H — H & --- & H has closed range, where the
operator Dy is defined by Dy h = &, Th, h € H,

e closed span{(,_, ker(T} — wy) : w € Q} = H.

Here we relate the contractivity of the homomorphism pr(w) naturally induced by
the localization Np(w),w € €2, of an m-tuple of operator 7" in P;(2) to that of its curvature
KC(w) corresponding to the holomorphic Hermtian bundle corresponding to the commuting
tuple T'.

For an m-tuple of operators 7" in P, (€2), Cowen and Douglas establish the existence
of a non-zero holomorphic map 7 : Qy — H with v(w) in (;_, ker(Ty —wy), w in some open
subset €2y of 2. We fix such an open set and call it 2. The map ~ defines a holomorphic
Hermitian vector bundle, say Er, on ). They show that the equivalence class of the vector
bundle Er determines the equivalence class (with respect to unitary equivalence) of the
operator T" and conversely. The determination of the equivalence class of the operator T’
in P;(€2) then is particularly simple since the curvature of the line bundle Er

RUES

3,j=1

0? )
dw; 0w, log ||’Y<w)||2dwi A di,
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is a complete invariant. We reproduce the well-known proof of this fact for the sake of
completeness.

Suppose that E is a holomorphic Hermitian line bundle over a bounded domain
2 C C™. Pick a holomorphic frame v for the line bundle E and let I'(w) = (Y, Yw) be
the Hermitian metric. The curvature (1,1) form K(w) = 0 on an open subset Qy C 2
if and only if logI' is harmonic on €y. Let F' be a second line bundle over the same
domain €2 with the metric A with respect to a holomorphic frame 7. Suppose that the two
curvatures Kg and Kp are equal on the open subset €. It then follows that u = log(I'/A)
is harmonic on this open subset. Thus there exists a harmonic conjugate v of u on €2,
which we assume without loss of generality to be simply connected. For w € €y, define
N = e(W+w)/2y  Then clearly, 7, is a new holomorphic frame for F. Consequently,
we have the metric A(w) = (7, ) for F and we see that

This calculation shows that the map U : n,, + 7, defines an isometric holomorphic bundle
map between E and F. The map, as shown in (cf. [11, Theorem 1]),

U( 3 a,(éfn)<wo)) =3 ar(0")(wo), ar € C, (5.1)

[]<n [|<n

where wy is a fixed point in {2 and [ is a multi-index of length n, is well-defined, extends to
a unitary operator on the Hilbert space spanned by the vectors (0'n)(wg) and intertwines
the two m-tuples of operators in P;(€2) corresponding to the vector bundles E and F.

It is natural to ask what other properties of T are directly reflected in the curvature
K. One such property that we explore here is the contractivity and complete contractivity
of the homomorphism induced by the m-tuple T' via the map pr : f — f(T), f € O(Q),
where O() is the set of all holomorphic function in the neighborhood of Q.

It will be useful for us to work with the matrix of the co-efficient of the (1,1) - form

defining the curvature K, namely,

S ()

ij=1

We recall the curvature inequality from Misra and Sastry cf. [24, Theorem 5.2] and
produce a large family of examples to show that the “curvature inequality” does not imply

contractivity of the homomorphism pr.
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5.1 Localization of Cowen-Douglas operators

For T in Py(2), we define N (w) to be the subspace (}_, ker ((Tj — w;)(Ty — wy,)) of H.
The localization N(w) of T at w is the m-tuple N(w) = (Ny(w), Nao(w), ..., Ny (w)), where
Ni(w) = Ty, — wi|ar(w)- The subspace N (w) is easily seen to be spanned by the vectors

{v(w), dry(w), ..., Oy(w)}.

The localization N (w) of T at w then has the matrix representation (recall (T; —w;)vy(w) =
0 and (T} — w;)(0;7)(w) = dyy(w) for 1 < 4,5 <m) Ne(w) = (§%), k=1,...,m. Here
{ex}ir, is the standard basis of C™. Representing Ny (w) with respect to an orthonormal
basis in N (w), it is possible to read off the curvature of T at w using the relationship:

—(Kw)) ™ = (tr(Ne(w)N;(w) ) )" = A(w) Aw), (5.2)

kj=1

where the k'-column of A(w) is the vector a; (depending on w) which appears in the
matrix representation of Nj(w) with respect to any choice of an orthonormal basis in
N (w).

This formula is established for a pair of operators in P;(€2) (cf. [11, Theorem 7]).
However, it is easy to verify it for an m-tuple T" in P;(€2).

Fix wg in . We may assume without loss of generality that ||y(wp)|| = 1. The
function (y(w),~y(wp)) is invertible in some neighborhood of wy. Then setting 4(w) :=

<7(w)a’7(wo)>717(w), we see that

(O (wo), v(wp)) =0, k=1,2,...,m.

Thus 4 is another holomorphic section of E. The norms of the two sections v and 4 differ

by the absolute square of a holomorphic function, that is, H:’/EZ;” = |(y(w), y(wo))|. Hence

the curvature is independent of the choice of the holomorphic section. Therefore, without
loss of generality, we will prove the claim assuming: for a fixed but arbitrary wq in €2,

(i) lv(wo)| =1,
(i1) ~v(wp) is orthogonal to (k) (wo), k= 1,2,...,m.

Let G be the Grammian corresponding to the m + 1 dimensional space spanned by

the vectors
{~(wo), (O17)(wo), . . -, (Omy)(wo)}-

This is just the space N (wp). Let v, w be any two vectors in N (wg). Find ¢ = (cg, ..., ), d =
(do, - .., dy) in C™*' such that v = 31" ¢;0;y(wo) and w = 37" d;0y(w). Here (0py)(wo) =
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7(wp). We have

Ms

U’UJG_

C; ﬁ U)() Zd 837 wO

1=0
<Gt(w0)c d>(Cm+1
= ((G")2 (wo)e, (G*)2 (wo)d) s
Let {e;}™, be the standard orthonormal basis for C™.  Also, let (G')~2(wp)e; =

a;(wp), where o;(j)(wo) = aji(wo), ¢ = 0,1,...,m. We see that the vectors ¢; :=
Z;”:O a;ji(05v)(wo), i = 0,1,...,m, form an orthonormal basis in N (wp):

m
61751 < E OQJ ]7 'LU[) ) § Oélpap7 'LU[)
p_

<<Gt> 2y, (G2 (wo) ) (wo)
= di,

where 4§, is the Kornecker delta. Since N ((0;7)(wo) ) = v(wp) for j = k and 0 otherwise,

we have Ni(g;) = (g 062 ) Hence

tr (N (wo) N} (wo) ) = au;(wo) e (wo)
= ((GY) "2 (wo)es)" ((G*) 72 (wo)ey)
= (G2 (w)es, G2 ej(wp)) = (GY) ™ (wo)yy.

Since the curvature, computed with respect to the holomorphic section v satisfying the
conditions (i) and (i), is of the form

2

0
K(wo)is = - u 1og [|7(w) [z,

( 8w18w])(w) - (;Ji)(w)(aa_%) (w)>

[y (w)]*

(8w, ) ( )1]7

we have verified the claim (5.2).

The following theorem was proved for m = 2 in (cf. [11, Theorem 7]). However, for
any natural number m, the proof is evident from the preceding discussion.

Theorem 5.2. Two m-tuples of operators T and T in P1(Q) are unitarily equivalent if and

only if Ny(w) and Nk(w) are simultaneously unitarily equivalent for w in some open subset

of Q1.
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Proof. Let us fix an arbitrary point w in €2. In what follows, the dependence on this w is
implicit. Suppose that there exists a unitary operator U : N — N such that U N; = N; U,
1=1,...,m. For 1 <1,57 < m, we have

tr(N;N; ") = tr((UNU*) (UN;U)")
= tr(UN;N;U¥)

= tr(N;N;U*U)

= tr(N;N).

Thus the curvature of the operators T and 71" coincide making them unitarily equivalent
proving the Theorem in one direction. In the other direction, we simply have to observe
that if the operators 7' and T' are unitarily equivalent then the unitary U given in (5.1)
evidently maps N to N. Thus the restriction of U to the subspace A intertwines N and
N, simultaneously for k =1,--- ,m. ]

As is well-known (cf. [12] and [10]), the m-tuple 7" in P;(€2) can be represented as the
adjoint of the m-tuple of multiplications M by the co-ordinate functions on a Hilbert space
‘H of holomorphic functions defined on Q* = {w € C™ : w € Q} possessing a reproducing
kernel K : Q* x 2* — C which is holomorphic in the first variable and anti-holomorphic
in the second.

In this representation, if we set v(w) = K(-,w), w € 2, then we obtain a natural
non-vanishing “holomorphic” map into the Hilbert space H defined on ).

The localization N(w) obtained from the commuting tuple of operators 7" defines a
a homomorphism pr on the algebra O(£2) of functions, holomorphic in some neighborhood
of the closed set €2, by the rule

pr(f) = (1) V") L f e 0@, (5.3)

We recall from (cf. [24, Theorem5.2]) that the contractivity of the homomorphism implies
the curvature inequality || (K(w)t)flﬂ < 1. Here K(w) is thought of as a linear transfor-
mation from the normed linear space (C™,Cq,,)* to the normed linear space (C™,Cq,y).
The operator norm is computed accordingly with respect to these norms.

5.1.1 Infinite divisibility

Let K be a positive definite kernel defined on the domain 2 and let A > 0 be arbitrary.
Since K* is a real analytic function defined on 2, it admits a power series representation
of the form

ZCLIJ (w — w) mj
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in a small neighborhood of a fixed but arbitrary wy € Q. The polarization K*(z,w) is the
function represented by the power series

KN (zw) = 3 ars(A)(z — wo) (w —wp), wo € .
1J

It follows that the polarization K*(z,w) of the function K (w,w)* defines a Hermitian ker-
nel, that is, K*(z,w) = K (w, z)*. Schur’s Lemma (cf. [9]) ensures the positive definiteness
of K* whenever ) is a natural number. However, it is not necessary that K* must be
positive definite for all real A > 0. Indeed a positive definite kernel K with the property
that K* is positive definite for all A > 0 is called infinitely divisible and plays an important
role in studying curvature inequalities (cf. [6, Theorem 3.3]).

Although, K* need not be positive definite for all A > 0, in general, a related question
raised here is relevant to the study of localization of the Cowen-Douglas operators.

Let wy in €2 be fixed but arbitrary. Also, fix a A > 0. Define the mutual inner product
of the vectors

{(@" KN (- wo) : T = (i, .. im)},
by the formula

(87 KM (- wp), (8" KX (-, wo)) = (8787 K™) (wp, w).

Now, if K* were positive definite, for the A we have picked, then this formula would extend
to an inner product on the linear span of these vectors. The completion of this inner
product space is then a Hilbert space, which we denote by H®. The reproducing kernel
for the Hilbert space H™ is easily verified to be the original kernel K*. The Hilbert space
H® is independent of the choice of wy.

Now, even if K* is not necessarily positive definite, we may ask whether this formula
defines an inner product on the (m+ 1) dimensional space N'™ (w) spanned by the vectors

{K*-,w), (0K (-, w), ..., (On KM (-, w)}.

An affirmative answer to this question is equivalent to the positive definiteness of the

matrix

((2:0; K™ (w, w)))j;‘.zo.

Let éfn = (1, oi,. .. ,8m> and 8,, be its conjugate transpose. Now,

(08, KN (w, w) = ((9;0,K7) (w, w))"

iimpr WE Qccm.

Lemma 5.3. For a fized but arbitrary w in Q, the (m+1)x (m~+1) matriz (8m8t KM (w,w)

m

1s positive definite.
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Proof. The proof is by induction on m. For m = 1 and any positive A, a direct verification,
which follows, shows that

O

o K™ (w,w) 8101 K> (w,w)

is positive.
Since K*(w,w) > 0 for any A > 0, the verification that (315;1()‘) (w,w) is positive
definite amounts to showing that det (81 éiK ’\) (w,w) > 0. An easy computation gives

det (BléiK)‘) (w,w) = AK? 7 (w, w){ K (w, w)(010, K)(w, w) — |01 K (w, w)]*}
L w) PO E) C w)|? = [(K (- w), (1K) (-, w) )]
(5 w) | ’

= AP (w,w)

which is clearly positive since K(-,w) and (0;K)(-,w) are linearly independent.
Now assume that (Bm,li_?:nflK M (w, w) is positive definite. We note that

—t Y - <8m715:n,1K/\)(w,w) (8m3:n,1K/\)(w,w)
(880, ) (w0, w) = ( (Bm-10mE ) (waw) (OO KN (ww) )

Since (Bm,léin_l[( )‘) (w,w) is positive definite by the induction hypothesis and for A > 0,

we have

(OmOn K™ (w,w) = AK (w, w)* *{ K (w, w) (05 0nm K )w, w) + (A — 1)|(0, K) (w,w)[*} > 0,
it follows that (BmatﬂKA) (w,w) is positive definite if and only if det ((3m5:nK’\) (w,w)) >
0 (cf. [6]). To verify this claim, we note

(amgan/\) (w’ w) _ <K)‘(w,w) B(w,w) ) ’

B(w,w)* D(w,w)

where D = (((@@KA)(w,w)))?

iy and B = (K (w,w),...,0,K*(w,w)). Recall that
(cf. [17])

B*(w,w)B(w,w)
KX w, w)

det (3m X

W K) (0, w) = det <D(w, w) — > det K (w, w).

Now, following (cf. [6, proposition 2.1(second proof)]), we see that

m

ij=1’

B*(w,w)B(w, w)

D(w,w) — K, w)

= A2 (w,w) (K2 (w, w)(9; 9, log K) (w, w))

B*(w,w) B(w,w)
KA (w,w)
matrix and hence its determinant is positive. O

which was shown to be a Grammian. Thus D(w,w) — is a positive definite
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5.2 Explicit formulae

For any bounded open connected subset (2 of C™, let B denote the Bergman kernel of €).
This is the reproducing kernel of the Bergman space A?({2) consisting of square integrable
holomorphic functions on €2 with respect to the volume measure. Consequently, it has a

w) =) er(2)pr(w), (5.4)

where {1 }32, is any orthonormal basis of A*(Q2). This series is uniformly convergent on

representation of the form

compact subsets of 2 x €.

We now exclusively study the case of the Bergman kernel on the unit ball D (with
respect to the usual operator norm) in the linear space of all r x s matrices M,.s(C). The
unit ball D may be also described as

D={ZeM(C):I-22" >0}

The Bergman Kernel for the domain D is Bp(Z,Z) = det(I — ZZ*)™P, where p = r + s.
In what follows we give a simple proof of this.
As an immediate consequence of the change of variable formula for integration, we

have the transformation rule for the Bergman kernel. We provide the straightforward proof.

Lemma 5.4. Let Q and Q be two domains in C™ and p:Q— Q be a bi-holomorphic map.
Then

Bo(z,w) = Jep(2) Jep(w)Bg(p(2), p(w))

for all z,w € Q, where Jop(w) is the determinant of the derivative Dp(w).

Proof. Suppose {¢,} be an orthonormal basis for A%(2). By change of variable formula, it
follows easily that ¢, = {Jow(w)d, o ¢}, form an orthonormal basis for A%(Q). Hence,

Z% )fu(w) ZJCSO )(@n 0 9)(2) Jep(w)(dn 0 ) (w)

o0

(p(w))

_ chp(w)JCgO(w)Bﬁ(‘P(z)> p(w))

= Jep(w

completing our proof. O

If Q is a domain in C™ and the bi-holomorphic automorphism group, Aut(2) is

transitive, then we can determine the Bergman kernel as well as its curvature from its
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value at 0! A domain with this property is called homogeneous. For instance, the unit ball
D in the linear space of r X s matrices are homogeneous. If €2 is homogeneous, then for any
w € €, there exists an bi-holomorphic automorphism ¢,, with the property ¢, (w) = 0.
The following Corollary is an immediate consequence of Lemma 5.4.

Corollary 5.5. For any homogeneous domain €2 in C™, we have
Bg(w,w) = Jepw(w)Jepw(w)Bg(0,0), w € Q.

We recall from (cf. [18, Theorem 2| ) that for Z, W in the matrix ball D (of size r x s)
and u € C"™* we have

Dow(Z) - u= (I -WW*2(I - ZW*) a(l - W*2Z) ' (I - W*'W)z.

In particular, Doy (W) -u = (I — WW*)~2u(l — W*W)~2. Thus Doy (W) = (I —
WW*)"2 @ (I — W*W)~2. We therefore (cf. [16, exercise 8] [15]) have

N |—=

det Dy (W) = (det(Z — WIW*)~3)° (det(I — W*I)~3)"

It then follows that
Jeow W) Jepw (W) = det(I — WW*)~0+9) W € D.

With a suitable normalization of the volume measure, we may assume that Bq(0,0) = 1.
With this normalization, we have

Bp(W,W) = det(I — WW*)~0+9) W e D. (5.5)

The Bergman kernel Bg, where Q = {(z1,29) : |22 < (1 — |2|*)} € C? is known
(cf. [19, Example 6.1.6]):

3(]. - lel)z + 299

Bq(z,w) = {(1 = z1w01)? = 20w2 }*

z,w € €. (5.6)

The domain €2 is not homogeneous. However, it is a Reinhadt domain. Consequently, an
orthonormal basis consisting of monomials exists in the Bergman space of this domain.
We give a very similar example below to show that computing the Bergman kernel in a
closed form may not be easy even for very simple Reinhadt domains. We take €2 to be the
domain

{(21,22,23) : |2* < (1= [a1])(1 = [28]*), 1 — |23]* > 0} C C°.
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Lemma 5.6. The Bergman kernel Bq(z,w) for the domain  is given by the formula

f: mil (z101)" (22wW2)™ (z3wW3)",
X AL D Lm )

where 5(m,n) is the Beta function.

Proof. Let {(21)"(22)™ (23)" }om.p—1 b€ the orthonormal basis for the Bergman space A%(Q).
Now,

27 1 " 1 (1-r?)(1-73) .
11(21)"(22)™ (23)||2 = /0 d6,dOydbs /0 2 gy /0 P g /0 ) gy

1 " 1 1 — p2)(m+1) (1 _ ,2)(m+1)
_ 8773/ T%z H)drl/ T§2p+1)d7“3( r1) ; (1—r73)
0 0 m + 2

3

1 1
= m—|—1/0 sT(1— 81)(m+1)d81/0 sh(1— $9) (M) dgy (5.7)

where r? = s; and r2 = sy. Since 3(n,m) = fol r(=D(1 — 7)m=Vdyr, therefore equation
(5.7)is equal to

3

[(z)" ()" ()P = =

From equation (5.7), it follows that ||1]|?>738(1,2)5(1,2) = =. We normalize the volume
measure in an appropriate manner to ensure

Bn+1,m+2)(p+1,m+2).

1) o) oI = —5 B+ L + 230+ L +2).

Having computed an orthonormal basis for the Bergman space, we can complete the the
computation of the Bergman kernel using the infinite expansion (5.4). ]

The Proposition following the Lemma (a change of variable formula from (cf. [31, The
chain rule 1.3.3]) given below provides the transformation rule for the Bergman metric
(cf. [20, proposition 1.4.12]).

Lemma 5.7. Suppose Q is in C™, F = (f1,..., fn) maps Q into C", g maps the range of
F into C, and fi,..., fn, g are of class C*. If

h:gOF:g(flaafn)

then, for 1 <i,5 <m and z € (),

n n

(D;D;h)(z) = Z (DiDyh)(w)D; D, fi(2)Difi(2),

k=1 =1

where D, fy = D; fi(2).
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Proposition 5.8. Let Q and Q be two domain in C™ and p:Q— Q is bi-holomorphic
map. Then

K, (w) = (D) (w) K (o(w)) (D) (w)
for all w € €.

Proof. For any holomorphic function ¢ defined on €, we have -—2— log |Jeo(w)|? = 0.

8107;8127]'
Combining this with Lemma 5.4, we get

2 2
~ _ —2
Ow; 0w, log Bg(p(w), p(w)) w0, log | Jep(w)|*Bg(w, w)
o2 ) 2
= ~ Pwdn, log | Jep(w)]” + G, Bg(w,w)
82
_ 8wzau_}] BQ(U}, w)
Also by Lemma 5.7 with g(2) = log Bg(2,2) and F = f we have,
o . ¢ 0? dy
Tundo, log Bg(p(w), p(w)) = k; 90, ) gz 108 Balz 2)(90(W),90(w))8—%(w)~

Hence
(5w, e Batetw o))

- ((52w)) (5255 1 Bater et o(w) ) ) (52w)) U
= (Dp)(w) K, (p(w))(Dg) (w).

Therefore we have the desired transformation rule for the Bergman metric, namely,

Ko (w) = (D) (w) K, (p(w)) (D) (w), w € 0.

[

As a consequence of this transformation rule, a formula for the Bergman metric at
an arbitrary w in €2 is obtained from its value at 0. The proof follows from the transitivity
of the automorphism group.

Corollary 5.9. For a homogeneous domain €2, pick a a bi-holomorphic automorphism @,
of Q with p,(w) =0, w € Q, we have

Kgo(w) = (D (w)) Kpy (0) Dy (w)

for all w € €.
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For the matrix ball D, as is well-known, B2, is not necessarily positive definite for
all A > 0. However, as we have pointed out the space N’ (w) has a natural inner product
induced by B%. Thus we explore properties of B% for all A > 0. In what follows, we will
repeatedly use the transformation rule for Bg\z which is an immediate consequence of the

transformation rule for Bg, namely,
Kgy(w) = Mg (w) = ADpy(w) Ko (0) Dy (w) (5.8)

for w € Q and A > 0.

To compute the Bergman metric, we begin with a Lemma on the Taylor expansion

A

of the determinant. To facilitate its proof, for Z in M,4(C), we write Z = ( : ) , with
Zn

Zi = (zi1,...,2is), i =1,...,r. In this notation,

1=[|Z1)* —(Z1,Z2) - —(Z1,2r)
I —-Z7" = : : : : ,

—(2r,21) —(Zr,Z2) - 1= 20|

where || Zi||* = Y27, [25%, (Zi, Z3) = D5y znZjn- Set Xij = (Zy, Z;),1 < i, j <.

The curvature Kp,(0) of the Bergman kernel, which is often called the Bergman
metric, is easily seen to be p times the rs x rs identity as a consequence of the following
Lemma. The value of the curvature g, (W) at an arbitrary point W is then easy to write
down using the homogeneity of the unit ball D.

Lemma 5.10. The determinant det(I — ZZ*) =1 -7, [|Z:i|]* + P(X), where P(X) =
X=X X X X

rr

Proof. The proof is by induction on r. For r = 1 we have det(I — ZZ*) = 1 — || Z|*.

Therefore in this case , P = 0 and we are done. For r = 2, we have

det(I — ZZ*) = det < 1121 —<zl7z2>> _

—(22,21) 1-| 22|

For 7 = 2, a direct verification shows that the det(I — ZZ*) is equal to 1 — 2, || Zi||* +
P(X), where P(X) = X1; X5 — | X12/*. The decomposition

1 - ”Z1H2 _<ZhZZ> _<Zlazr71> _<Zth>
1 —-7Z7"=

_<Zr71721> _<Z7“71>Z2> 1_HZ1”71H2 _<erlazr>
_<Zrazl> _<ZT’Z2> _<ZT>ZT—1>‘ 1_||ZT||2
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is crucial to our induction argument. Let A;;, 7,7 = 1,2, denote the blocks in this decom-

position. By induction hypothesis, we have
det All =1- Z HZl”z + Q(X),
=2
where Q(X) = 3559 g X*. Since det(Agy — Ay Aj' App) is a scalar, it follows that
det(I — ZZ*) = (A — AnAj'Ap) det Ay

= AQQ det AH — A21 ( det AH)Al_llAlg
= Agppdet Ay — Ay (Adj (An))Au,

where, as usual, Adj(A;;1) denotes the transpose of the matrix of co-factors of A;;. Clearly,
Aoy (Adj(AH))Alg is a sum of (r — 1)? terms. Each of these is of the form Xjja;,Xy;,
where a;, denotes the (j, k) entry of Adj(A;;). It follows that any one term in the sum
Ay (Adj(All))Alg is some constant multiple of X¢ with |[¢| > 2. Furthermore,

r r—1
Appdet Ay = 1= N ZIP+1Z1° Y 127 + QX)X — |1 Z,]*).
i=1 i=1
Putting these together, we see that
det(I — Z2Z*)=1-Y ||Z|* + P(X),
i=1

where P(X) = X, Y1-} Xii+Q(X)(1—X,,) — Ag1 (Adj(A11) Ar2 completing the proof. [

Let Kp,(Z) be the curvature (some times also called the Bergman metric) of the
Bergman Kernel Bp(Z, Z). Set wy = 211, ..., Ws = Z1gy -+« s Wys—s41 = Zply -« Wrs = Zpg-

The formula for the Bergman metric given below is due to Koranyi (cf. [21]).
Theorem 5.11. Kp,(0) = pI, where I is the rs X rs identity matriz.

Proof. Lemma 5.10 says that
log Bp(Z) = —plog (1> || Z;||* + P(X)).
i=1

It now follows that ((?w(?—;i log Bp)(0) =0, i # j. On the other hand, (aw‘?—;w log Bp)(0) =
p,i=1,...,rs. O
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In consequence, for the matrix ball D, which is a homogeneous domain in C"™**, we
record separately, the transformation rule:

where p =r + s.

5.3 Curvature inequalities

5.3.1 The Euclidean Ball

Let Q be a homogeneous domain and 6, : 2 — €2 be a bi-holomorphic automorphism of
Q2 with 6, (w) = 0. The linear map D@, (w) : (C™,Cq.) — (C™,Cqyp) is a contraction by
definition. Since 6,, is invertible, DE,'(0) : (C™,Cqo) — (C™,Cq.) is also a contraction.
However, since D6,,'(0) = D@, (w)™!, it follows that D@, (w) must be an isometry. We
paraphrase the Theorem from (cf. [24, Theorem 5.2]) slightly.

Lemma 5.12. If Q is a homogeneous domain and 60, is a bi-holomorphic automorphism
with Oy, (w) = 0, then [|A(w)"||eoe,,, < 1 if and only if | A0)"|| e, < 1.

Proof. As before, let D, := {Df(w) : f € Hol,(2,D)}. The map ¢ — ¢ o 0,(w) is
injective from Holy(€2, D) onto Hol,, (€2, D). Therefore,

D, Q= {D(f00,)(w): f € Holp(2, D)}
={Df(0)DO,(w) : f € Holp(Q2, D)}
={u- DO, (w):u e Dy}

This is another way of saying that D6, (w) is an isometry.

sup_[[A(w)'v] = sup [ A(w)' Do (w)u

veED,, ueDg

= sup [l A(0)"ul,

ue D

where we have set A(0)" := A(w)"'Dé,,(w). Thus we have shown

{Aw)"  |A(w) e, < 1} = {A0) Db, (w) ™"+ [A(0) lezsc,, }
= {A(0)'D0,,"(0) : | A(0) [l escq,, }-

The proof is now complete since D, (w) is an isometry. [



5.3. Curvature inequalities o7

We note that if || A(w) |z, < 1, then
—1 [
I(K(w)*) " lles,, +ca. = 1Aw) A(w)lle; , o

< [|A(w)"[lz=scq., A (W) lle
1

— JA@) Py, <

(5.10)

which is the curvature inequality of (cf. [24, Theorem 5.2]). For a homogeneous domain €2,
using the transformation rules in Corollary 5.9 and the equation (5.9), for the curvature K

of the Bergman kernel B, we have

1)) e, o = [[ (D8 (w)K(0) DO (w)"
= || D (w) = (K(0) t>71Wt Coy—Carru
= || DOu(w) ™ A0) AO) DO () T ey, cp
< (| DO (w) A I, = [[AO) e, (5:11)

CHhwCaw

since DO,(w)~! is an isometry. For the Euclidean ball B := B", the inequality for the
curvature is more explicit. In the following, we set B(w,w) := (BB(w,w))_%“. Thus
polarizing B, we have B(z,w) = (1 —(z,w))™!, z,w € B. The inequality appearing below
(cf. [24]) is a point-wise inequality with respect to the usual ordering of Hermitian matrices.

Theorem 5.13. Let 0, is a bi-holomorphic automorphism of B such that 6,,(w) = 0. If p
is contractive homomorphism of O(B) induced by the localization N(w), T € P1(B), then

K(w) < —DOy(w) Dby(w) = Ks(w), w € B

Proof. The equation (5.10) combined with the equality Cgo = || - ||,z and the contractivity
of pr implies that || DO, (w)A(w)*||s,—e, < 1. Hence

Since — (IC(w)t)_1 and (DG (w)tDQw(w))_1 are positive definite matrices, it follows (cf. [8])
that KC(w) < —DB,(w) )DG (w) = K (w). O

This inequality generalizes the curvature inequality obtained in (cf. [22]) for the unit

disc. However, assuming that Cg-1(w) is a non-negative Kernel defined on the ball B
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implies (B(w)) 'K (w) is a non-negative kernel on B (cf. [6, Theorem 4.1]), indeed, it
must be infinitely divisible. This stronger assumption on the curvature amounts to the
factorization of the kernel K (z,w) = B(z,w)K (z,w) for some positive definite kernel K
on the ball B with the property: (%B(z, w)K (z, w))/\ is non-negative definite for all A > 0.

For A > 0, the polarization of the function B(w,w)” defines a positive definite kernel
B*(z,w) on the ball B (cf. [5, Proposition 5.5]). We note that ICgx (w) < Ky (w) if and only
if Kpr(0) < Kg(0) = —1. Since Kgx(0) = —A(n+ 1)1, it follows that Kgi(w) < Ky (w) if

1
T
for BA(w, w). However, since the operator of multiplication by the co-ordinate functions

and only if A > n%l Thus whenever \ > we have the point-wise curvature inequality
on the Hilbert space corresponding to the kernel B*(w, w), is not even a contraction for
#1 < A < 5, the induced homomorphism can’t be contractive. We therefore conclude
that the curvature inequality does not imply the contractivity of pr whenever n > 1. For
n = 1, an example illustrating this (for the unit disc) was given in (cf. [6, page2]). Thus the
contractivity of the homomorphism induced by the commuting tuple of the local operators
N(W), for T € P;(B) does not imply the contractivity of the homomorphism induced by

the commuting tuple of operators T

5.3.2 The matrix ball

We recall that the positive function B%, A > 0, defines an inner product on the finite
dimensional space N'™ (w) for all A > 0 irrespective of whether B?, is positive definite on
the matrix ball D or not. In this section, we exclusively study the curvature inequality and
contrativity of the homomorphism pg\’[\()k)(w) (w) induced by the commuting tuples N (w)
on the finite dimensional Hilbert subspace N’ (w), A > 0. We set K™ (w) := K (w),

w € D. If the homomorphism pg\)[‘()k) w) (w) is contractive for some A > 0, then for this A,

we have:|| (IC(’\)t)fl(O)H < 1. Like the Euclidian Ball, we study several implications of the
curvature inequality in this case.

Theorem 5.14. For A > 0, we have H(IC()‘)t)_l(O)HC;«D v—Cpo = /\ip, p=r+s.

Proof. We have shown that (lCt)_l(O) = %[TS' Since Cp is the operator norm on (M),
and consequently Cr, , is the trace norm, it follows that || I|lcx ,—cp, < 1. This completes
the proof. [

The following Theorem provides a necessary condition for the contractivity of the

homomorphism induced by the commuting tuple of the local operators N™ (w).

N

Theorem 5.15. If the homomorphism PN (w)

1 contractive, then v > 1, where v = Ap.



5.3. Curvature inequalities 59

Proof. The matrix unit ball D is homogenous. Let 6,(w) be the bi-holomorphic au-
tomorphism of D with 6, (w) = 0. We have seen that A(w)* = A(0)*DE,(0). Since
(0

DO71(0) is an isometry, therefore the contractivity of p ~ A) ) 1mphes that contractivity

of pg\’[\()k) () (w), w € Q, see Lemma 5.12. The contractivity of pNBA) (w)(w) is equivalent to

|A(0)"]|;2ep,, < 1. Therefore the contractivity of pg‘gx)( )(w), for some w € D, implies

(kK™Y 2 (0)

Ch —+Cp.0 < 1. Theorem 5.14 shows that v > 1.

]

If A > 0 is picked such that B2 is positive definite, then Arazy and Zhang (cf.
[5, Proposition 5.5]) prove that the homomorphism induced by the commuting tuple of
multiplication operators on the twisted Bergman space A (D) is bounded (k-spectral) if
and only if v > s.

It follows that if 1 < v < s, then the homomorphism induced by the commuting
tuple of multiplication operators is not contractive on twisted Bergman space AM (D).
While the homomorphism pg\%) w) (w), w € €, is contractive on the finite dimensional
Hilbert space AN (w). This is equivalent to the curvature inequality for v > 1. However,
for 1 < v < s, the rs-tuple of multiplication operators on twisted Bergman space A (D)
is not contractive .

The localization of N (w) of any commuting tuple of operators 7' in P;(D) in-

duces a homomorphism pg\’f\gM () (w) : A(D) — L(Ct1) as described in the equation (5.3).

Therefore p( Lo (W) @ Ly : A(D) @ Myy — LN (w)) ® M, is given by the formula

N (w)
N . [ P(w)®Irs DP(w)-N(w)
pN A)(w)( ) ® [rs(P) T < 0 P(w)®Irs > )

where
DP(w) - N(w) = 01 P(w) @ Ny(w) + ...+ dgP(w) & Nys(w). (5.12)

The contractivity of px()k)(w) (w) ® I,.5, as shown in (cf. [25, Theorem 1.7], [30, Theorm 4.2])
is equivalent to the contractivity of the operator

101P(w) @ Ny(w) + ... + 0P (w) @ Nps(w)lop < 1.

Let Pa be the matrix valued polynomial in rs variables:
T S
=22 =iEy
i=1 j=1
where E;; be the r X s matrices whose (¢, 7) entries are 1 and other entries are 0. Let

V= (V... V) be the rs X rs matrix, where

» TS

Vi:(UH,O,...,OST),...,V;T: (0,...,07...,1)87«).
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We compute the norm of pg\’f\gww) (w) @ Is(Pa).

Theorem 5.16. For pg\)f‘()n(w)(w) ® I.s as above, we have

HpN(/\)(w ( ) ® [rs(PA)||2 = max{z |U1i|2a R Z |Um"2}-

i=1 i=1
Proof. We have
[(P0 (@) @ L) PP = Vi@ B+ + Vi ®Els+vs+1®Em+...+vrs®Em||2

-GN IG)

where W, = (Vis_s+1, el V;S). It is easy to see that W,W; =0 for ¢ # j. Furthermore,
WiW; = 37"_, lvy[*. Hence we have

A
1650 0y () @ Lo (Pa) [ = masc{ D~ ol Y [ori]}
=1 =1

completing the proof of the theorem. ]

Even for the small class of the form discussed here, homomorphisms finding the cb
w (0PI <1

This gives a necessary condition for the complete contractivity of p ~ M( )(w).

norm of pg\’[\()A) (w) is not easy. However, we determine when pr()M

Theorem 5.17. If Hpg\’xw(w)(w) ® Ls(Pa)||* <1, then v > s.

Proof. By Theorem 5.16 we have
1950y () @ Lns(Pa)|* = maX{Z [oul?s - ) ol
i=1

Since [v[? = 1,1 <i <71 <j <s it is immediate that [|p}Q),) ) (w) ® Ls(Pa)|* < 1

implies v > s completing the proof of the theorem. [

As a consequence, it follows that if 1 < v < s, then the homomorphism induced by

the commuting tuple of the local operators N™ (w) is not completely contractive.
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5.3.3 More examples

We have discussed the Bergman kernel Bg(w,w) for the domain Q = {(z1,22) : |22] <
(1—|2z1|*)} € C% The curvature K, (w) = Z?,j:l T (w)dw; A dw; of the Bergman Kernel
Bg(w,w) is (cf. [19, Example 6.2.1]):

Ti) = (7 ~ B

1
+ 12’UJ1|2|UJ2|2(C2 w +

Tio(w) = T21(w) = 6w wa(1 — ’w1|2)(021w> + DQ(w))’

1 1
) " D)
where C(w) = (1 — |w1]?)? — |wz|* and D(w) = 3(1 — |wy|*)* + |we|?. We have seen
that the polarization Bg(z,w) of the function Bg(w,w)* defines a Hermitian structure for
N®(w). Specializing to w = 0, since —(IC(O)t)_1 — A(0)'A(0), we have a},(0) = —=

T11(0)
A
and a,(0) = Tl ok where (A4*(0))t = <a“(0) N ) :

Toa(w) = 3(1 — |w1]?)*(

22(0 0 a,(0)

Theorem 5.18. The contractivity of the homomorphism pg\’;()M(O) implies 16\ > 5.

Proof. We have a?,(0) = ﬁ,ai\Q(O) = 0,0a3,(0) = \/%7,\ Contractivity of homomorphism

pg\/]\()k)(o) is equivalent to [|(A*(0))"|l2e,, < 1. This is equivalent to (2(ay;(0))* — 1)* <
(1 — (a3,(0))?). Hence 16\ > 5 completing our proof. O

The bi-holomorphic automorphism group of € is not transitive. So the contractivity

g\)[‘() » (0) does not necessarily imply the contractivity of the homomor-
)

(w), w € Q. Determining which of the homomorphism pzéw(w) is contractive,

of the homomorphism p
)
N
appears to be a hard problem.

Let Pa : 2 — (Mj); be the matrix valued polynomial on @ defined by Pa(z) =
21 A1+ 22 Ay where Ay = I and Ay = (). It is natural to ask when pﬁ% (w) is completely
contractive. As before, we only obtain a necessary condition using the polynomial Pj.

phism p

Theorem 5.19. Hp% (0)(Pa)|| <1 if and only if A > .

Proof. Suppose that Hpﬁ%A) (0)(Pa)|| < 1. Then we have (a3,(0))? + (a3,(0))? < 1. Hence
A > %—é. The converse verification is also equally easy. ]

)

oy (0) is contractive but not

e 5 11 :
We conclude that if 3 < A < 55, the homomorphism p

completely contractive. An explicit description of the set

{0 Lol (w)(Pa)llop < 1w € 0}
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would certainly provide greater insight. However, it appears to be quite intractable, at
least for now.

The formula for the Bergman kernel for the domain
Q.= {(21722,23) . ’22’2 < (1 — |Zl‘2>(1 — |23‘2>, 1-— ’23|2 > O} C Cg.

is given in Lemma 5.6. From Lemma 5.6 we have Bg(z,0) = 1 and 9;By(z,0) = 0 for
1 =1,2,3. Hence the desired curvature matrix is of the form

(( (aiéj log Bé)(oa O)))Z‘:r

Let T;;(0) = 0;0;log B}(0,0), that is, Kp,(0) = Z?,j:l T;;(0)dw; A dw;. An easy com-
putation shows that 77,(0) = 3\ = T33(0),752(0) = % and T;;(0) = 0 for i # j. As
before, we have a},(0) = —=2—,a,(0) = ——=— and a3;(0) = —= where A(0)" =

T11(0 T22(0 \/T33(0)’
a(0) 0 0
( 0 a3(0) 0 )
0 0 a35(0)

Theorem 5.20. The contractivity of the homomorphism pg\’[\()k)(()) implies A >

=
=

=

Proof. From Lemma (5.13) we have a?,(0) = \/%, a15(0) = a33(0) = 0, a3,(0) = %, a3(0) =
0 and a3;(0) = \/ng\ The contractivity of the homomorphism px‘()k)(w)(w)(O) is equivalent
0 [ A0)112 e, . < 1. This is equivalent o |y (0)12(1 — ady (0)2) > (|} (0)? — lady(0)).

Hence we have \ > }l. O]

For our final example, let P : 2 — (M3); be also the matrix valued polynomial on
Q) defined by Pa(z) = 21 A1 + 20As + 2343 where Ay = (§9), 42 =(8%),43=(879).

Theorem 5.21. |02, (0)(Pa)|| <1 if and only if A > 5.
Proof. Suppose that ||P§32x> (0)(Pa)|| < 1. Then we have
max{(ay; (0))* + (a5,(0))?, (az3(0))*} < 1.

Hence )\ > g. The converse statement is easily verified. O

N

oy (0) is contractive but not completely

Thus if % <A< g, the homomorphism p
contractive.



Chapter 6

Contractivity vs. complete
contractivity

6.1 Homomorphisms induced by m vectors

We now assume that v; = (v;1,...,0im),1 < i < m, is a vector in C™. The commuting
tuple

NVow) = ("0 w1, )5 (6" wmdn ) s
w = (wy,...,wy) € Qa, defines a homomorphism py : O(Qa) — M,,,1 which is given by

the formula

ov(F) = (7§ TIWY )L f e O@Qa),
where V f(w)V = 0, f(w)vi+- -+ 0 f(w)v,,. We derive a criterion for contractivity of the
homomorphism py,. We also compute Hng)(PA)H, where Pa(z1, ..., 2m) = 2141 + -+ + 2 A,
If f:Qa +— D is a holomorphic function with f(0) = 0 and || f||cop < 1, then the vector
(01£(0),...,0mf(0)) is in the dual unit ball (C™, || - ||, )1(see Corollary 2.12). Now,

sup{|lpv (f)Il : | flloo,p < 1} = sup{llpv (/) : [fllocp < 1, f(0) = 0}
= sup{[| O1f(0)vi+ -+ O fO)Vm | : |fllep <1, f(0) = 0}
=sup{[| Avi 4+ AV [ 2 (Aas 5 Am) € (C -l )1}

Let Ly : (C™, || - |,) — (C™, || - ||l2) be the linear map induced by the matrix (vi,...,v},).

m

The matrix representing Ly also gives a matrix representation of the adjoint
Ly - (C™ ] - l2) = (C7 ] - llea)-

Clearly, || Lv [l -1z, )»(@m -2y < 1 if and only if [[L3 [[cm | j2)@m - flo,) < 1iE
and only if || pv ||o@a)—m@m+1) < 1. In characterizing the contractivity of py, we will often
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determine if ||L*V||(Cm’H.||2)_)(Cm’H.||QA) < 1. The following proposition gives a criterion for
the contractivity of py.

Proposition 6.1. The following conditions are equivalent:
(i) py is contractive,
(i) supym poop<y |1 2270 @ Byl|* < 1, where By = 377 vy Ay,

(iii)
1—(B1B{B,8) —(B1B3B,8) ... —(BiB}B,8)
—(B2Bip,8) 1—(B2B38,8) ... —(B2B,3,8)
B(g,5) = | R B B (61)
—(BunBiA,8) —(BnBjB.8) ... 1~(BuBinb.5)
where Y ¢ |Bi]? = 1.

Proof. First we will prove that (i) and (ii) are equivalent. We have earlier seen that
HL;}H((CM’H.||2)_)((Cm’H.||QA) < 1if and only if || py |o@a)—m(cm+1) < 1. The matrix represen-

V11 ... Vlm
tation of Ly, is of the form | : : ) . Since Lj maps (C™, | - ||2) into (C™, || - ||la,), we

YUml --- Umm

V11 Vim xr1
haVG( S ) ( ) €€ o) Thus [LLg[[em - o) @m ) -1, < 1if and only if

Um1l --- Umm

Tm
SUPy |, 12<1 5755 2 Bi[|* < 1, where By = 3" v;; A;. Hence (i) and (i4) are equivalent.
To see that (i) and (7ii) are equivalent note that SUpsm |, 2<1 1570 B> < 1if
and only if

I, — i ’xj‘QBjB; — i i ‘Z'Zf]BZB;< — i i fszBZB; >0

j=1 i=1 ji<j j=14,j<i
which is clearly equivalent to
m m m m m
> il ((In = BB )a,ay = Y 0wy (BiBja,a) = Y Y #wi (BiBja,a) > 0.
j=1 i=1 ji<j j=1 i,j<i

Or, equivalently,

<(In—BlBT)a,a> —<B1B§a,a> . —(B1Bi o) 1 T
—(B2BTa,« In—B2B})a,a) ... —(B2Bj,a,«a :

< (PaBice) (= Babile) o —(Pabpese) N >20. (6.2)
7<Bm].3fo¢,a> 7<Bm].3§o¢,a> <([nme'B,’§1)o¢,a) Tm Tm

Putting 5 = Hz_ll in Equation (6.2) we verify Equation (6.1). This completes the proof of
the proposition. [
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In particular, if By = v11 A1 + v21As and By = v19 A1 + v92 A5, then we have

sup |lzBi +yBs|* <1,
]2 4+[y|2<1

which is equivalent to one of 1 — (BB, 3) > 0 or 1 — (B B33, ) > 0 and
i%f{l — (B1B{B, B) — (B2B3 3, B) + (B1B; 8, 8) (B2 B33, 8) — | (B1 B33, 8) |’} 20, (6.3)

for all 5 € C? with ||3]|s = 1. Hence || pv [|o@a)—sm(csy < 1if and only if 1— (B Bi 3, 5) > 0
and

i%f{l — (B1BiB, ) — (B2B3, ) + (B1BiB, B) (B2B3 5, 8) — | (B1B3B, B) [P} 2 0. (6.4)

The following proposition gives a criterion for the contractivity of p&}l )(PA).
Proposition 6.2. The following conditions are equivalent:

(i) I\ (Pa) < 1,

(i) |(By, ..., Bm)| <1, where By = 377 vijAj,
(i) 1= >0, > (BiB;B3,8) > 0, where 8 = (B, ..., Bn) € C™ and 3, 1Bi]? = 1.

Proof. First we will prove that (i) and (i) are equivalent. Since Pa(0) = 0, it follows from
Proposition 2.17 that Hng)(PA)H < 1if and only if

For v; = (v;1, ..., vim), we have
Ai®@vi+ ...+ A, vV, = (B1,...,Bn).

Thus pg}z)(PA) is contractive if and only if ||(By, . .., By)|| < 1. Hence (i) is equivalent
to (it).

Now, we will prove that (i7) implies (¢i¢). Let T = (By,. .., By,). The contractivity
of T is equivalent to the positivity of I — T'T*, which is equivalent to ((I — TT*)a, ) > 0
for all «.. In particular, putting 5 = Hz_ll’ we have (i1). Clearly, (iii) implies (i) completing
the proof. [

Example 6.3. If A; = I, and A, = (J}), then the homomorphism py is contractive if and
only if [v[* <1 and
inf{1 — o = [w 81 * + [vw[*[ B [*} > 0.
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Also, ||Pa(T1,T5)|| <1 if and only if

inf{1 = [of? = w5} > 0.

If vi = (\%,0) and vy = (0,1), then it is easy to see that the homomorphism py is
contractive. But for this choice of vy, vy we have ||Pa(71,72)|| > 1. Hence this contractive

homomorphism py is not completely contractive.

Let Qa = {(21,22) 1 2141 + 2242]|,, < 1} be a domain in C?, where A; = (64y) or
(49) and Ay = (98),(L%) or (2%) with b € RT. Let Pa : Qs — (M3); be the matrix
valued polynomial of the form Pa(z) = z1A; 4+ 22As. In particular, if By = v11A; + v Ay

and By = v19 A1 + v92 A5, then Hpg)(PA)H < 1 if and only if

i%f{l — (B1B1 B, 8) — (B2B3f3, B)} = 0, (6.5)

where |5l = 1. Finding a V such that || Ly ||z, )»(c2 -y < 1 for which 102 (Pa)lop > 1
produces an example of a contractive homomorphism of O({24) which is not completely
contractive. Thus it is enough to find v; and vy for which inequality (6.4) is valid
while inequalities (6.5) fails. Luckily for us, to find such an example, it is enough to
choose vi = (v,0) and v = (0,w). In this case, the inequality (6.4) is equivalent to
infg{1 — [v[*|A]3]*} = 0 and

mf{1 - 0P| ATBI* — |w | A3B1I* + low * (| ATBIP I AZBIP — | (A1 A58, B) %)} = 0. (6.6)
and the inequality (6.5) is equivalent to
nf{1 - 02|77 — [wl?[| 43617} > 0. (6.7)
Define g, : OB? — RU {0} by
) (B) = 1 =[0I ABI? — w | A3B1* + low (| ATBIP | AZBI — | (A1 A58, B) %),

where B? is the closed unit ball in C? with respect to the £2 norm. Since ¢ is continuous
and OB is compact, it follows that infg g, (8) exists. Hence ||py| < 1 is equivalent to
|U|2 S W and lnfﬁ g(v,w)(ﬁ) Z 0.

Theorem 6.4. If A, and As are not simultaneously diagonalizable, then there exists a

contractive linear map from (C?)|| - |las) to My(C) which is not completely contractive.

Proof. Fix vi = (v,0),vy = (0,w). Let Ly, v,y : (C, || - [I5,) = (C?, || - [|2) be the linear
map (z1,22) — (210, zw). The contractivity of Ly, v,) : (C*, | - [5,) = (C* || - |l2) is
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equivalent to |v|?

< IIAEIIIZ and (v,w) € £ = {(v,w) : infg8),=1 9ww)(F) > 0} and the

() ,)(Pa) is shown to be equivalent to the condition

contractivity of L(V1 v

inf{1 — 0P| ATBI* — [w[*| A38]1* < |Bll2 = 1} > 0.

Pick (v, w) such that w = Av, A > 0. There exists 3 in C? such that either (43 —pA;)8 =0
or (A7 — vA3) B = 0 for some p, v € C. The set

B:={8:|Bll2=1, (A5 — pA})p = 0or (A} — vA3)3 = Ofor some u, v € C}

of these vectors is non-empty. The proof of the theorem involves two steps:

Claim 1: We show that there exists a A > 0, say Ao, such that (v, A\gv) is in € with
the property:

9wr0)(B") > gwr00) (B) > Gwr00) (8) O Gwron) () > G.p00) (6”) > gw,aov) (5) when-
ever ', 5" € B.

Claim 2: We then prove that there exists a v (|v] < ‘

*H this is necessary for con-
1

tractivity), say v, such that infg g, ague)(8) = 0, that is,
inf{1 = fool* 4781 — [Aovol*[[ A58 + Agleo*(IATBIPIAZBI” — | (41435, 5) [*)} =
Hence there exists a 3y such that

L= [vol*[[A7Boll* = [Aovol*[| 4380 l1* + Aglvol* (Il A7 Boll*[| A3 ol[* — | (A1 A3 B0, Bo) [*) = 0

which is equivalent to HL (v1.vo)(Pa)[l > 1. This completes the proof subject to the verifi-
cation of Claims 1 and 2. O

In the remaining part of this chapter, we will carry out this verification on a case by
case basis. This involves four cases, namely, (1) b # |c| and |dy| = 1, (i1) b = |c¢| and |dy] # 1,
(13i) b = |c| and |d2| = 1 and (iv) b # |c| and |dy| # 1. For case (iv) we have shown in Chap-
ter 3 that there exists a contractive linear map from (C?, || - ||o,) to M, (C) which is not
completely contractive. We will prove Theorem 6.4 for the remaining cases. The existence
of a A > 0, say Ao, such that (v, \gv) is in € with the property:

Iwron)(B") > Gwron)(BY) > 9wre)(B) OF Gwron)(B) > Gwren)(B”) > Gewae0) (B) When-
ever ', 5" € B follows from Theorems 6.5 and 6.6.

Theorem 6.5. Let Ay be of the form (§ 3,) or (49) and Ay be of the form (L5) or (27)

0
and assume that they are not simultaneously diagonalizable. Then there exists (v, A\gv) in

& such that neither g, ,\Ov)(ﬂl) nor g(u,on)(ﬁl’) is equal to infg ge, Agw) (8).
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Proof. Suppose A; = ((1) 6?2) , Ao = (L1?%). The homomorphism py is contractive, that is,

lpv| < 1 if and only if ||L(V17V2)||(C2’H'H;)A)_)(C2’H'”2) < 1if and only if |v]? < HA%{\F and

(v,w) € €. Now,

mf 9w, xe) (B) = inf{l— [0 = 2|0 (1 + 0% }Bul? + {1 = [vf*|daf* — X*[o]?[c|*}] Bel?

—O02[02Ref By + A2l bA” — dafa(Bi + )| (6.8)

The proof of the theorem involves three distinct cases as indicated above. For each case
we will follow the following steps:

Step 1: First we show there exists a A > 0 say Ao, such that either g, rju(8") >
9,200 (B') 0T G, 200) (B") < G, 200 (B')-

Step 2: IF o apu) (8) > G20 (#) (105D, o0y (B) > G rowy (")), then we show
that there exists a 8 such that g, xo0)(8") > 9w, x00)(B) (T€SD. G(v, 200)(B”) > 9w, 200)(B))-

Case (i): Here b # |c| and |ds| = 1, that is, A; = (g expisy) and Ap = (L§) with
b#|c|. Let U = ((1) exp(o_ig)) . Then U is a unitary and the pair (A;U, A2U) determines the
same set {2a. So, we may assume without loss of generality that A is of the form (I, (1))
with b, ¢ € C, |b|] # |c|. Let W be a unitary such that WA, W* = ({ 1), where a, § are the
eigenvalue of Ay with |a|? > |§|%. Therefore, without loss of generality we may also assume
that A; = I and Ay = (§7) with |a]*> > |6|*>. Then Equation (6.8) is equivalent to the
condition |v|* <1 and

i%fg(v,m)(ﬁ) = i%f{l — o = X (la]® + |72 HB1 2 + {1 — [v]* = A2|v[?[6]*}Ba
— 20|V PR B1 B26 + N |v|*|B1(vB1 + 652) — BaaS|?. (6.9)

The roots of det(A; — pA;) = 0 are u1 = @, o = §. The vectors 3/, 3" satisfying (A3 —
pA7)B =0 and (A5 — paA7)B" =0 are

g = ( |0 — alexp(if) —Yexpi(d — ¢) )
VIo=aP+ 2 V1o —al + 2/

B" = (0,exp(iv))) respectively, where 6 —a = |§ — a|exp(i¢). From Equation (6.9) it is
easy to see that

Gy (B) = {1= P =202 (|a+ [y B +{1—[v]* = X2 [v]?[8]2} By |* — 2X% [u[*R 81 B30
and g(, a0y (8”) =1 — |[v]* — A?|[v]?|6]?, where 5" = (8, 3). Note that

w30 (B") = 9,30y (87) = Nl (Jal* + [y[* = [6]) |87 + 2% v [R5 81 B30
= No*(Jaf* - |0]). (6.10)
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(a) We assume that |a|* > [6]*. Since |a|* > |§]?, from Equation (6.10) we have g(,, x»)(8”) >
9w, x)(B'). Hence we conclude that infg g, x)(8) # 9w, a0)(B")-
In order to prove Step 2, it is sufficient to observe that
9w x0)(8)) = 9w, 20y (1,0)) = N2[u2 (| + [y = [8°)1851* — 222 [v[*Ry 51 856 — A?[v[*|y[?

2
= (ol + P - 8P) ]

—aP + P
2P PRI =)
+ Y
= R~ of?) (6.11)

The Equation (6.11) shows that for all |v| € [0, 1), for all A, there exists a § = (1,0)
such that g, x)(8") > g, a0)((1,0)). We therefore conclude that neither g, xv)(5’)
NOT g(v, \ov) (") 1 equal to infg g, agw)(B) for any v with |v| < 1.

(b) Suppose |a|*> = |§]*>. Then from Equation (6.10) we have g x)(8”) = (o, 20)(5)-
From Equation (6.11) we see that g, ) (8) — g a0 ((1,0) = X{o|?|7]2(1 — [v]?).
Therefore it follows that for all [v| € [0,1) and for all A, there exists a § = (1,0) such
that g, xo)(8) > gv, ) ((1,0)). Hence we see that neither g, xv)(8') DOT g(o, xov) (8”)
is equal to infg ge, xov)(B) for any v with |v] < 1.

\|'—‘

The roots of det(vA; — Af) = 0 are v; = =, v, = +. The vectors ', 8 satisfying (14 A5 —
AN =0 and (A5 — A7)5" =0 are

B,:( |0 — afexp(if) —vexpi(G—cb))
VI —aP+ 1P V06— ol + 1P/

B" = (0, exp(ir))) respectively, where § — a = |6 — a| exp(i¢). Proceeding the same way, as
above, we also find that neither g, x0)(8") DOT (v, 300)(B”) is equal to infg g, Agw (B) for
any v with |v| < 1.
Case (ii): In this case, Ay = (§ 4, ), A2 = (11¢) with |da| # 1. The roots of det(A3 —
wAy) =0 are
Vi +dy +4le  Vd— /Ay 4 e
e N 2/ds

The vectors ', 8" satisfying (A5 — u1 A7)f = 0 and (A5 — po A7) 3" = 0 are

g = ( |c| exp(ifh) —paexpi(fr — cbl))
Vi + 1P /lueP + el

e ( clexp(ify) —p1expi(fy — ¢1)>
VI + 1P m]? + c]?

and
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respectively, where ¢ = |c| exp(i¢). Substituting 5 = " and § = 8” in Equation (6.8) we
have

Iy (B) = {1 =[of = NP1+ [c) B+ {1 = [0P|da]® = N[v?[c]*} By]* — 2X%[v]*ReB] By
and

Iy (B = {1 =] = XL+ [ HBTP + {1 = [v]d2]* — X Jo|*|c[*}B5 1 — 20%[v*ReB] By,
where 3 = (8], 85) and " = (B/, 44) . Now,

9w 30 (B) = o (B") = {1 = ol* = N1+ )} (181 = 187])
+ {1 = [olPlda|* = N*[o*[e*} (182" — 187 17) — 2X%[v[*r, (6.12)

where 7 = Rc(54 85 — 3/34), depends only on A;, A,.

Since A; and A, are not simultaneously diagonalizable by hypothesis; it follows that
¢ # 0, or equivalently, 3] # 0. Similarly we show that ) # 0. Without loss of generality
we can assume that |3;]* > |37]?. This splits into two cases, namely, (a)|8;|? > |57|?, which
is equivalent to r # 0. and (b)|8;|*> = |B7|* which is equivalent to r = 0. We now consider

these two cases separately.

(a) Suppose |B1|*> > |B/]* which is equivalent to r # 0. Since |3]|*> > |B/]* we have
1811 — |87]? = 61 > 0. Also, from above relation it follows that (|85|? — |85]?) = —d;.
Substituting (|51]> — |3/]?) = §; in Equation (6.12) we have

9w ) (8) = g (B") = {0 (1d2f* = 1) = NJo)}o1 — 2X%[of*r. (6.13)
Now, we have several possibilities which are listed below.

e 1 < ‘d2|, —1+2§Rﬂ1 >0,r>0:
From Equation (6.13) we observe that ge, x)(8) > g, a)(8”) if A2 < %—;}fﬁ

. 2—
Hence infg g(v, x)(B3) # 9w, 20)(B') for all A, N < %.

Evaluating g, ) at (0,1), we have
9eww) ((0,1)) = {1 = [v?|da]* = N[o]*[e*} + N?|v[*|cda|?
which gives

9(v, M) (5”) - g(v,)\v)((Ov 1))
_ |c[?[v]? dol2 — 1) — A2 & 202R 1 — A2[wl2|do |2 2 2 14
= (|M1!2+\Cl2){(| 2" = 1) + 2N RA1 — A |v[[d|"([pa]” +[¢]7)}.(6.14)
Since |dy| > 1, from Equation (6.14), we have g, xo)(8”) > (v, 3)((0,1)) for all

2« _ —142%
A and for all v, |v]* < |d2‘2(‘u1‘2+|10|2).
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Also, from Equation (6.14), we obtain g, xv)(8”) > g, x)((0,1)) for all A,

2 (Idof* = 1)
1 —2Rfy + [v]2]da|2(Jp ]2 + |c?)

5 1420
and for all v, [v]* > Fmrrms

all \,

. Thus we have g, x)(8") > g, r0)((0,1)) for

(Id2|* = 1)

A2 < —
L= 2Ry + [v]2[d2]*(|pa]? + [c]?)

)

for all v,v > 0.

We therefore conclude that neither g, xp) (') DI g, r0)(8") is equal to inf 5 g, a0y (5)
for any v with |v| in (0, m] and for any \ with

do* — 1 ds]* — 1)0
P oemn{_AGPD (P = by
1 =2R[ + o |d2([pa]* + [c[?) " (61 + 2r)
o 1 <|dy], =14+ 2R <0, 7> 0:
From Equation (6.13) we observe that g, x)(8) > g, ) (87) if A2 < (del*~1)d

(51+2r)
i do[2-1)5
Hence infg g, x)(8) # (o, a0 (') for all X, A2 < —(|(§|1+21T)) L

Since |dy| > 1, from Equation (6.14), we have gy, x)(8") > g, r0)((0, 1)) for all
A,

(Ida* = 1)
1 =2Rp + (] + |cf?)

A2 <

and for all v, |v| in (0, m]
Thus we conclude that neither g, xy) (') nOr gv, xoy (") is equal to infg gy, xe) ()
for any v with |v| in (0, m] and for any A with

(Id2f* — 1) (Ida|* — 1)51}

A < mi ,
i { 1= 2Rjis + (pal? + |c?)’ (01 +2r)

o |dy] >1,1—2Riuy >0,7<0,2r+9, <0:
From Equation (6.13) we have gy, x)(8”) < g, x0)(8") for all X\. Hence we have
infs gw, a0) (B) # Gw, a0 (B') for all A.
Since |da| > 1, from Equation (6.14) we have g, x)(8”) > (v, x)((0,1)) for all
A and for all v, |v]? < %.
Also, from Equation (6.14) we obtain g, x)(8”) > g, ) ((0,1)) for all A,

(Ida* = 1)

2\ < -
1 — 2Ry + [v|?[d2]2 (1] + [c]?)
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and for all v, |v|* >

all A,

4R
|d2‘2(|1;‘2i1|c|2)- Thus we have g(v,)\v)(ﬂﬂ) > g(v,M)((O, 1)) for

(Ida* — 1)

2\ < —
1 — 2Ry + [v[?[da]2(|pa [* + [c]?)

and for all v,v > 0.

We therefore conclude that neither g, av)(5') DO g(v, xoy (8”) is equal to inf s g, xe) (B)

for any v with |v| in (0, | and for any A with

T
(Ida* = 1)

A2 < ,
1 — 2Ry + |do|?[v[2(|pa]? + |e[?)

|da] > 1,1 —2Ruy < 0,7 <0, 2r+9; <0:

From Equation (6.13) we have g, a)(8”) < g, ) (8) for all A. Hence we con-
clude that infg g, xo)(8) 7 (v, 20y (B’) for all A.

Since |dy| > 1, from Equation (6.14), we have gy, x)(8") > g, r0)((0,1)) for all

A with
(|do]* = 1)

1 =287 + ([m]? + [¢f?)

and for all v with [v] in (0, =]

A2 <

Hence if A is chosen with
(Ido* = 1)
1= 2Ry + (|pa > + |cf?)’

A2 <

then it follows that neither g, x,)(8") nor g, »(8”) is equal to infg g, xe) ()
for any v with |v| in (0, m]
1
|dol > 1,1 —2Ra > 0,7 <0, 2r + 0, > 0:
From Equation (6.13), we have g, xo)(8”) < g, a0)(8) if A < (204 o ce

(51+2r)
W ve 1 do|?—1)6
e ha lnfﬁ g(v,)\v) (6) 7& g(v,)\v) (ﬁ/) for all )\, )\2 < —(|((25|1 2171)) L

From Equation (6.14) we have g, ) (8”) > (v, a0 ((0,1)) for all A and for all v,

2 —1+Rp;
e < .
‘ ‘ — |d22(Jp1 [P +]cl?)

Also, from Equation (6.14) we obtain g, x)(8”) > g, a)((0,1)) for all A,
(Ida* = 1)
1= 2R + v |daf* (| |* + [c]?)

A<
2 —14+RA
and for all v, |v|* > —|d2|2(|u1l2+1lcl2)'
Thus we have 9(v, M) (BH) > g(v,/\v)((oa 1)) for all /\7

(Ida* = 1)

2\ < -
1 — 2Ry + |v[?[da]?(|pa [* + |c]?)
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and for all v, v > 0.
If X is chosen with

(|do]* — 1) (|da|* — 1)51}
1= 2Ry + [v[da*([pa]? + [c]?)” (61 +2r) 17

then neither g, a0)(8") DOT gu, 30y (") is equal to infg g, a(F) for any v with

N < min{

|v| in (O, IIA_ITII]
o |do| >1,1—2Ru; <0,7<0,2r+3d >0:
From Equation (6.13), we have g(, xo)(8”) < g, ) (8') if A < %. Hence
we have infs gy, a0 (8) 7 g a(8) for all A, X2 < UEE-
From Equation (6.14), we also have g, xv)(8”) > g(v,x)((0,1)) for all A,

2 (Id2|* — 1)
1=2Rp + (| * +[ef?)

and for all v, |v| in (0, | L]

[A7]]
If )\ is chosen with

(Jdof* — 1) (do|* — 1)51}
1 =200y + (a2 + |e?)” (01 +2r) V'

then neither g, av)(8') nor g, x)(8”) is equal to infgz g, xv)(B) for any v with

A2 < min{

lv] in (0, m]
o |dy| <1, |p2f® + 2[c[*Ritz > 0, 7 > O

From Equation (6.13), it is easy to see that g, x)(8”) > (v, (f') for all A.

Hence inf5 gox0)(8) 7 9030 (8”) for all A
Also, note that

2
w1 (B) = 9o e ((1,0)) = v 1—ldoI2 2 1 A2y, 2
9(v, X )(6) 9(v, X )(( )) (‘MZ‘Q + ‘0‘2){( | 2| )|,U,2| |:u2|
+ 20 Rin — Mo (Ju2l” + |e)[el?}. (6.5

From Equation (6.15), We have g, x0)(8") > (v, 2 ((1,0)) for all A and for all

2 o (2420 *Ri)
vs |0 < S gare

Also, from Equation (6.15), we obtain g, xu)(8") > g, a0 ((1,0)) for all A,

(1 — |dof?)|pa?
[v2[c2(|pa]? + |e]?) — |p2]?* — 2|c[*Rio

2 62 i
%. Thus we have g, x)(8') > g, ) ((1,0)) for
(1 — |daf*) |2l
[012|el*([ual? + [e]?) = lpal? = 2[Rz

A2 <

and for all v, |v|*> >
all

A2 <
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and for all v, v > 0.

We therefore conclude that neither g, ry)(5') nOr g(v, oy (8”) is equal to infz g, 3oy (B)
for any v with |v| in (0, m] and for any A with
1

(1 — [da|*) | o]

A< .
[ [2[e2(|pa|? + |e]?) = [pa]?* = 2[c[* Rz

|da| < 1, |p2]? + 2|c|*Rii < 0, r > 0:
From Equation (6.13), it is easy to see that g, rv)(8”) > g, x)(8') for all A.
Hence infg g, ao)(8) 7 9o, 20) (") for all A.
If A is chosen with
(1 — |da|*)|p2]?
el (|pal? + [e?) — lp2l? = 2[cRiz’
then from Equation (6.15), we have g, x)(8") > g, a0)((1,0)) for any v with
|v| in (0, 1].
Thus we conclude that neither g(,, xv)(8") DO gv, 30y (8") is equal to infz g, 3y (B)

A2 <

for any v with |v| in (0, 1] and for any A with

(1 — |do]?)|p2]?

A2 < —.
|c[2(|p2]? + [c[?) — |p2|? — 2|c|*Ris

|d2| < 1, |,u2|2 —+ 2|C|2§Rﬂ2 > 0, r < 0, 2r + 51 < 0:
From Equation (6.13), we have g, xo)(8”) > g, ) (8) if A2 < A1) o ce

—(61+2r)
. _ 2
infs g, ) (8) 7# Gio, a(8”) for all A, A2 < Ujd2b)e

From Equation (6.15), we have g, x)(8") > g, a0)((1,0)) for all X and for all v,
|2 < |2 |> +2|c|*Rii
= (Ip2lP+lel?)lef?

Also, from Equation (6.15), we obtain g, xu)(5) > g, ) ((1,0)) for all A,

(1 — ldaf*) |2
[0 (lp2l? + [el?)]el? = |pal* = 2|c[*Ra

2 o w2l +2lc*Ris
and for all v, "U' > (2Pl "
A,

A<

Thus we have g, x0)(5) > (v, 2 ((1,0)) for all

(1 — ldaf*) |2

A2 < —
[ [2([p2]? + [c]?)[c]?* — [pa]? — 2|c[* Ry

and for all v, v > 0.

We therefore conclude that neither g, ry)(5') nOr g(v, xo)(8”) is equal to infz g, 3oy (B)
for any v with |v| in (0, m] and for any A with
1

(1 — [da*)| o] (1- \d2|2)51}
[0 (2l + [e)le? = |pal* = 2lcPRpe” —(2r +61) J°

A2 < min{
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o |do| <1, |pal® 4+ 2|c|*Rizz < 0, 7 <0, 2r + §; < 0:
From Equation (6.13), we have g, x)(8") > g(vg\v)(ﬁ’) if A2 < %. Hence
inf g g re) (B) # Gl (B”) for all X, A2 < %
From Equation (6.15), we have g, x)(8") > g, 0)((1,0)) for all A,

(1 — da*) o]

A2 < —
([p2? + |c[?)]e]? = [pa]?® — 2[c[* Ry

: 1
for all v, |v| in (0, m].

We therefore conclude that neither g, xp)(8') DT g, a0y (8") is equal to inf 5 g, ) (5)

1
ATl

for any v, with |v| in (0, | and for any A\ with

P minf UG (-t
(Il + el = [pal? = 2[c[Rpz" —(2r + 01)
o |do| < 1, |pal® + 2|c|*Rizz > 0, 7 <0, 2r + §; > 0:

From Equation (6.13) it is easy to see that g, x)(8”) > g, a(8) for all A.
Hence infg g, a)(8) 7 9w, a0) (") for all A.

From Equation (6.15) we have g, x)(8) > g, a0)((1,0)) for all A and for all v,
|2 < (p2>+2|c[*Riiz)
= lelP(p2l?+lel?)

From Equation (6.15) we obtain g, xu) (') > g, ) ((1,0)) for all A,

(1 — [da*)| o]

)\2< 2|2 2 2 2 29317
o[ ((p2f? + [ef?) = [pi2]? — 2] R

(2" +21cPRi2) o we have 9w, 20)(B) > 9w, a0 ((1,0)) for

and for all v, [vf* > L5 =F 05

all \,
(1 — |daf?)|pal?

)\2< 2|2 2 2 2 29317
o[ ((p2f? + [ef?) = [pi2]? = 2| R

and for all v, v > 0.

We therefore conclude that neither g, xp)(8') DT g, A0y (8") is equal to inf 5 g, ) (3)
for any v with |v| in (0, m] and for any A with
1

(1 — lda|*) | o]

A2 < .
[ [2[e2(|pa|? + |ef?) = [pa]? = 2|c[* Rz

° |d2| < ]_, |,LL2|2 —|—2|C|2%ﬂ2 < 0, r < 0, 27"—|—(§1 > 0:

From Equation (6.13) it is easy to see that g, x)(8”) > g, a(8) for all A.
Hence infg g, a)(8) 7 9w, 20) (") for all A.
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If X\ is chosen with

(1 — |daf?)|pa]?

A2 < —,
|c[2([p2]? + |ef?) — [u2]? — 2|c|* Ry

then from Equation (6.15), we have g, x)(8") > g, a0)((1,0)) for any v with
|v| in (0, 1].

Thus we conclude that neither g, xv)(8") DO gv, 30y (8") is equal to infz gy, 3oy (B)
for any v with |v| in (0, 1] and for any A with

(1 — |do]?)|p2]?

A2 < —.
|c[2(|p2]? + [c?) — |p2|? — 2|c|* R

(b) If |B1)> = |B7)?, then |u1]|* = |uz|?. Thus r = 0. Therefore, from Equation (6.13) we
have ge, a0)(8”) = G, ) (B’). Here we have two possibilities, namely, |d2| > 1 and
|d2| < 1.

o |do| >1,7r=0:
Since r = 0, we have 1 — Rji; = 0. From Equation (6.14) we can easily see that
Gw ) (B”) > 9o 2 ((0,1)) for any X with A? < % and for any v with |v]
in (0, HAIW]
Hence we conclude that neither g(,, xv)(8") nor ge, x0)(8”) is equal to infg g, Ay (5)

and for any \ with \2 < ((|d2|2—1)

fOI' any v with |’U’ n (0 m

;]
AT
o |do] < 1,7 =0, |ua® + 2|c|* Rz > 0:
From Equation (6.15)we also see that neither g, ) (8') nor ge, a)(8”) is equal
to infz g(v, ae)(B) for any v with |v| in (0, ”A—l*”] and for any A with
1

(1 — ldaf*) |2

A2 < —.
[ [2[el2(|pal® + |e]?) = [ual? — 2[c[*Riz

o |do < 1,7 =0, |pu2|?+2|c|*Riiz < 0:
From Equation (6.15)we also see that neither g, ) (8') nor ge, a)(8”) is equal
to infz g(v, ae)(B) for any v with |v| in (0, ||A_1;‘||] and for any A with

(1 — ldaf*) |2
e[ (p2l® + [el?) = |p2l? — 2[c[* Ry

A2 <

We note that v; = i and vy = t are the roots of det(vAj — A3) = 0. The vectors f', 5"
satisfying (A5 — pu1 A7) = 0 and (A5 — uA7)5" =0 are

g = ( lc|exp(ify) —pgexpi(fy — gbl))
Vp2? + e’ |112]? + |c|?
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and

" _ < |C| eXp(Zﬂ?) —H1 eXpi(92 - le))
VImP e ml? + el

respectively, where ¢ = |c|exp(i¢;). Proceeding as above, we prove that neither ge, xov)(5’)
NOT (v, Aew) (") 1s equal to infg ge, xov)(B) for any v with |v] € (0, M]

Case (iii): Here we assume that b = |c| and |dy| = 1. The proof is similar to Case (i)
and we skip the details.

Let Ay € {Ay1, Ax} and Ay € {Agy, A}, where Ay = ((1)6?2) J A = (%1 (1)) : Aoy =
(LB), Ay = (2%). We have proved the theorem for A; = Aj; and Ay = Ay. The proof
in the remaining cases, namely, A; = A;; and Ay = Ag; Ay = Ajp and Ay = Asy and
A; = Ay and Ay = Ay, follow similarly. O

Theorem 6.6. Let A; be of the form (§4,) or (49) and Ay be of the form (9}) and

assume that they are not simultaneously diagonalizable. Then there exists (vg, Agvg) in &

such that neither gy, xov0)(B) 10T Guo, rgve) (B”) @5 equal to infz gruy, rgvo) (5)-

Proof. Suppose A; = (§ 4,) and Ay = (98). As above we have seen that the homomor-

phism py is contractive if and only if |v|?* < ||A1*||2 and infg |g),=1 9(, 3)(B) > 0. Observe
1

that

inf 9o a0 (8) = inf{L = [of* = ob2 B[+ {1 = o |daf* — W2[of[cl*}|Baf?
Ho[*A% (b1 ]2 — |eda|Ba[?) . (6.16)

To complete the proof, we follow exactly the same steps as in Theorem 6.5 except the
Case (iii). This is because when |dy| = 1 and |b| = |¢|, as before without loss of generality,
we can take Ay = I and Ay = (2%) with b, c € C, |b| = |¢|. Since |b| = |¢|, we can see that
As is normal. Therefore, conjugating As by a unitary U we can assume A, is a diagonal
matrix. This contradicts the fact that A; and A, are not simultaneously diagonalizable.
Hence the proof of the theorem involves two cases.

Case (i): Here b # |c| and |ds| = 1, that is, A; = (g expisy) and Ap = (28) with
b#|c|. Let U = ((1) exp(o,w)) . Then U is a unitary and the pair (A;U, AyU) determines the
same set {24. So, we may assume without loss of generality that A is of the form (15, (%))
with b,c € C, |b] # ||

(a) Suppose ¢ = 0. The roots of det(A; — uA;) = 0 are py = ps = 0. The vectors /', 5
satisfying (A3 — mA7)B = 0 and (A3 — paA7)B" = 0 are f' = p” = (0,exp(iv))).
Note that

900, 20) ((0,€xp(i89))) = 9o 2y (B) = A 0P[B]?|B1* (1 — [v]*|51]?). (6.17)
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From Equation (6.17) we have for all v, |[v| < 1, for all A, there exists a § with
8] < 1 such that g, r0)((0,exp(i)))) > gu, rv) (). We therefore conclude that neither
9w, x0)(B") DOT g(v, x) (B") is equal to infg gy, Ay (B) for any A and for any v with |v] < 1.

Also, we observe that det(vA5 — A}) # 0. Thus there is no vector v with ||v]| = 1
satisfying (v A5 — A7)y = 0. We therefore conclude that there exists no vector -y such
that g, ) (7) is equal to infg g, a)(B) for any A and for any v with |v| < 1. We

arrive at the same conclusion whenever b = 0.

Suppose b, ¢ are not simultaneously zero. If we consider det(Aj — pAj) = 0, then we
see that iy = Vbe, pto = be are the roots of det( A — pA;) = 0. The vectors 3, 5
satisfying (A5 — ,ulAl)ﬁ’ =0 and (A5 — p2A7)B" =0 are

g = (\/_exp (1653) bexp i(03 — ¢2))
Y R IYEEaT
and
B ( f exp zeg bexpz<63 - ¢2>)

respectively, where b = |b| expi(gbg). Substituting B = B’ and 8 = (" in Equation
(6.16) we have

9(v, \v) (5”) = 9(v, \v) (/8/)
= {1 [ = X[ol? o} 117 + {1 — [vf* = N*[o]?|c*}| 857,

where 5" = (b1, 83), 8" = (B, B3). Now,

(v, 2v) (6”) — 9(v, W) (/8)
= {L— |l = N[l (87 1? = [B17) + {1 — [vl* = N*[o*e*}(83]% — |B2)
oA (bl[B1 1 = [el|Bal?)” (6.18)

. Assume that |b|* > |c[%. Since b, ¢ are not simultaneously zero, it follows that
" 240, or equivalently |8”| # 1. Since |5, | # 1, we can choose 3, such that

(|51|2 |81|>) = —6d2, where §; > 0. Then (|BQ|2 |32]%) = d2. Hence from
Equation (6.18) we have

9w, 20) (B") = 9wae) (B) = {2 P ([0 — [e]*)}82 — [o*N*(b] + [¢])*63. (6.19)

If we choose 6y < ((‘|1117‘|24:\|cc\|)2)’ then we have g, x0)(8”) > g, »)(8) for all A and

for all v, [v|* < 1. We therefore conclude that neither g, x»)(5’) nor ge, x)(8”)
is equal to infg g, »»)(B) for any A and for any v with |v| < 1.
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e Suppose |b|?> < |¢|?. We can also choose 8, such that (|3, |> —|51|%) = ds, 65 > 0.
Therefore from Equation ( 6.18) we have

9w, 20)(B") = 9w ) (B) = AN (|ef” — [b1*)}d5 — [0 *A?([b] + |c])*35. (6.20)

From Equation (6.20) we have g(, xo)(8”) > g(v, a0)(53) for all A, for all v, |v]* < 1
and for all 03, 03 < ((‘ch‘|2+_l|cb\|)22) Therefore we conclude that neither g, r)(/3’) nor
9w, x)(B") is equal to infg g, A (B) for any A and for any v with |v| < 1.

The roots of det(vA; — A}) = 0 are vy = ;%1’ vy = ;Tlg The vectors 3/, 8" satisfying (v A5 —
AD)B =0 and (A5 — A})5" =0 are

5= <\/_exp (i63) Vbexpi(fs — ¢2)>
Vel +[b Vel +[b

and

" _ ( Vel exp( z03 Vbexpi(fs — (bg))
Vid+pl oVl + b
respectively, where b = |b| exp i(¢s). Proceeding as above, we also find that neither g(,, zv)(5')
NOT G(v, Aow) (") 1s equal to infg gey, rov)(B) for any v with |v]| < 1.
Case (ii): In this case, A1 = (§4,), A2 = (°d) with |do] # 1. The roots of
det(A;—pA7) =0, are uy = |C|C , o = w/‘—dc-lf. The vectors 3, 8" satisfying (A3 —u A) S =
0 and (A5 — e A7)B"” =0 are

5 <\/_expz«94 \/7€XP2(94—¢3)>

] + 4] | + |41

and

. ( |c| eXp(294) \/'Clzlexpi(@ —¢3)>

Vel + 14| ] + |1
|c]

respectively, where o= |11_| expi(¢ps).

e Suppose 1 < |dy|. From Equation (6.18) we have

9w, 20)(B") = 9w, 20)((0,1)) = (|d2f* = 1)IBY” — [0 A?|cde/?
ol {(|da] = 1) = [0[PX%]c]?|da}. (6.21)
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From Equation (6.21) it follows the g(, xv)(8”) > (v, 2 ((0,1)) for all v, |v| in (0, ]

A7l
and for all \, \2 < W. -
We therefore conclude that neither g(u,,\v)(ﬁ’ ) nor 9o, )\v)( (") is equal to infg 9, /\v)( 3)

(|d2|_1)‘d2|

for any A with \? < “= 7 and for any v with [v] in (0, m]
1

e Let 1 > |ds|. From Equation (6.18) we have

g(v,)\v)(/B//) _g(v,)\v)((LO)) = (1 - ‘d2’ )’/6//‘2 ‘ ’2)‘2|C’2
= (1~ |d2]) = [X*|e]*. (6.22)

From Equation (6.22) it is also easy to see that g, x)(8") > g, r)((0,1)) for all A,

A< % and for all v, |v| in (0, m]

We therefore conclude that neither g, xv)(8) nor g, Ay (8”) is equal to infg g, xe) (3)
|d2| 1

for any \ with \? < T ) and for any v with |v| in (0, IIfiTII]'

The roots of det(vA5 — Af) = 0, are v, = i,yg = M—12 The vectors (', 3" satisfying

(A5 — A7)B =0 and (1nA; — A7)5" =0 are

g = (MGXP(Z\%) \/%eXPi(94 - ¢3)>
411l + 1]

and
1 = (VI eli0y) \/%expz‘(94—¢3>)
el g
respectively, where % = “d ‘ expi(¢s). Proceeding as above, we also find that neither

Giw, x0) (B') 10T g(u ae) (B”) 1s equal to infg g, re) (B) for any v with |v] in (0, ”Al ”].

Let A) € {A1,Ap} and Ay = (93), where Ay = (Odz) Ay = (dl 0) We have
proved the theorem for A; = A;; and Ay = (9%). The proof in the remaining case, namely,
A; = Ap and Ay = (98) follows similarly. N

=%

The following theorem gives the existence of a v say vy, such that (vg, Agvg) is in &.

Theorem 6.7. If A; is either (§4,) or (%9) and Ay is one of (15),(2%) or (28)
( Ay and As are not simultaneously diagonalizable), then there exist a vy such that Ly :

(C% - 16,) = (C2|| - |l2) defines a contractive linear map which is not completely con-

. o vg O
tractive, where V = ( 0 Aovo



6.1. Homomorphisms induced by m vectors 81

Proof. As we have seen in Theorems 6.5 and Theorem 6.6, for all v, |v| in (0, ”Al*”) there
1

exists a A > 0, say Ao, such that (v, A\gv) is in € with the property:

g(v)\ov)(ﬂﬁ) > g(v,kov)<ﬁ/) > g(UAoU)(ﬂ) or g(v,on)(ﬁ’) > g(i})x(ﬂf)(ﬂﬂ) > G(v,\ov) (ﬁ) when-
ever 3, 6" € B.

Let B denote the set {|v|* : infg g, re)(8) < 0}. This set is bounded below by

W. Therefore the infimum of B is positive. Let
1 0 2

o= iﬁl‘f{IUIZ : i%fg(v,on)<6) < 0}.

Hence there exists a vy such that |vg|* = a.

We claim that gy, ague)(8) = 0 for all g with ||3][; = 1.

Assume there exists a 3 such that 9(wo, ,\OUO)(B) < 0. Then there exists a neighborhood
U of vy such that g(UV,\OU)(ﬁA) < 0 for all v € U. For any v € U, infg g(s, 50)(8) < 0, since
the function g, ) is negative at j for all v € U. Hence |v|? is in B for every v € U. Since
U is a neighborhood of vy there exists a v € U such that |v|* < |v|%. By the previous
2

assertion, this smaller value of |v|* also lies in B, which is a contradiction. Also, we have

inf 5 g(uy, Aowo) (B) < 0. Hence infg g(uy, aguo) (B) = 0.
From all possible choice for Ay, in accordance with Theorem 6.5 and Theorem 6.6, we
further restrict it to satisfy A\g < WIA*”' This will make Ly contractive. The choice of Ay, v
2

ensure that the infimum of i, e (3) 18 equal to neither g, rgw)(8') DOT Gy reue) (B

Thus Ly is not completely contractive. [

Remark 6.8. In chapter 3, we have shown the existence of two distinct operator space on

Va, where A is of the form ((55),(c9)), ((61),(8%)),((56),(25)) or ((§%),(88))- In
this case, det(A3—pA}) = 0 and det(vA;— A7) = 0, therefore | AT 5)|%]| A36|1* = | (A1 4358, B) |?
for all 3 in C2%. Consequently, we have ||py || = Hpg)(PA)H. To obtain a counter example in
this case, following methods of this chapter, one simply use Pa+ instead of Ph.

Example 6.9. If A; = I, and A = (J{), then the homomorphism py is contractive if and
only if [v|> <1 and

mf{1 = Jol* = NJo|5:* + MJol[8:]} = 0.
Also, ||Pa(T1,T5)|| < 1 implies that
inf{1 - [v[* = N[v]?81]*} > 0.

The roots of det(A5 — pAf) = 0 are 3 = p = 0. The vectors ', 3" satisfying (A5 —
A B =0 and (A5 — s A7)B" =0 are 5/ = 8" = (0, exp(it))) respectively. Note that

g(v,Av)(ﬂ”> - g(v,Av)(ﬁ) - )‘2|U|2|/B|2(1 - |U|2|B|2) (623)
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From Equation (6.23) we have for all v, |[v| < 1, for all A, there exists a 8 with |3] < 1
such that g, x)((0,exp(i1)))) > gu, x) (). Hence there exists (v, Agv) in £ such that neither
G(w, 2ov) (B") OT g(u, 200y (B”) s equal to infg g, rgw) (5)-

Also, we observe that det(r A5 — A}) # 0. Thus there is no vector 7 satisfying (v A5 —
A7)y = 0. We therefore conclude that there exists no vector vy such that g, ) (7) is equal
to infz g(u, aey(B) for any choice of A and v with |v| < 1.

Now, infg g, ree)(8) < 0 is equivalent to 4[v[* — 4 + A\* > 0 with 2[v]* > 1. If
A? = 1,|v]* = 3, then infg g, re)(3) = 0. Also, we have ||Pa(Ty,T»)|| > 1. Hence this
contractive homomorphism py is not completely contractive.

In chapter 1, we have seen that if A; and A, are simultaneously diagonalizable, then
every contractive linear map from (C?,]| - ||o,) to M, (C) is completely contractive. We
have also seen that the particular matrix valued polynomial P plays an important role
for constructing a contractive homomorphisms which is not complete contractive. The
following theorem says that if A; and Ay are simultaneously diagonalizable, then ||py| <1
if and only if Hpg)(PA)H <1

Theorem 6.10. If A; = (¢ 6?2) and Ay = (89), then there exists a (v, \v) in € such that
the infimum is attained at either 3" or 5".

Proof. As above we have seen that the homomorphism py is contractive if and only if

|U|2 S m and inf57||5||2:1 g(m)\v)(ﬁ) Z 0. Observe that

i%fg(v,/\v)(ﬁ) = i%f(l — |d1[*[o]* = |al*A?|v[?)[B1]* + (1 — |dov|® — |d|*A*|v]?)[ B2
+ [v[*N2|ad) — dda|*|51 B2 (6.24)
where |y + |6af” = 1. ,
d

The roots of det(A5 — pA3) = 0 are pu; = %,m = £, The vectors ', 8" satisfying

d2
(A — AD)B = 0, (1A — A7) = 0 are § = (1,0), 5" = (0,1) respectively. In this

case, §' = p',5" = [, where 5/, are orthogonal to 5", ' respectively. Substituting
"= (1,0) and 5" = (0,1) in Equation (6.24) we have

o) (B) = (1= |di[*Jo]* — [al*A?[v]?)

and
I ) (B7) = (1 = |dov|* — [d]*X?[v]?).

Without loss generality we can assume that g, x)(8") < g, a0)(8”). Note that

g(v,)\v)(ﬁl) - g(v,)\v)(ﬁ) = (g(v,)\v)(ﬁl) - g(v,)\v)(ﬂﬁ))‘BQP - ‘1}’4)\2‘CLEZ1 - da2|2‘51/82’2' (625)
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Since g(v, x0)(B") < G, ) (8"), from Equation (6.25) we observe that g, ) (8') <
9w, x)(B) for all . Hence we conclude that the infimum is attained at 4. Similarly we also
prove that the infimum is attained at 3”.

The roots of det(vA3—Aj) = 0 are i, le The vectors ', 8" satisfying (11 A5— A7) 5 =

0 and (1nA5 — A})B” = 0 are f’ = (1,0) and " = (0,1) respectively. We also therefore
conclude that infimum is attained at either 5 or ”. This completes the proof. ]

The following Corollary is an immediate consequence of Theorem 6.10 and Corollary
1.3.

Corollary 6.11. Suppose Ay and Ay are simultaneously diagonalizable. Then ||py| < 1 if
and only if ||\’ (Pa)]| < 1.
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