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ABSTRACT. A bounded linear operator T on a Hilbert space is said to be homogeneous if ¢(T')
is unitarily equivalent to T for all ¢ in the group M&b of bi-holomorphic automorphisms of the
unit disc. A projective unitary representation o of Mob is said to be associated with an operator
T if o(T) = o(p)*To(p) for all ¢ in Madb.

In this paper, we develop a Mobius equivariant version of the Sz.-Nagy—Foias model theory
for completely non-unitary (cnu) contractions. As an application, we prove that if T is a
cnu contraction with associated (projective unitary) representation o, then there is a unique
projective unitary representation &, extending o, associated with the minimal unitary dilation
of T'. The representation ¢ is given in terms of ¢ by the formula

6=(r®Df)®od (. ®Dy),

where Df[ are the two Discrete series representations (one holomorphic and the other anti-
holomorphic) living on the Hardy space H?(D), and 7, 7, are representations of Mob living on
the two defect spaces of T and defined explicitly in terms of ¢ and T

Moreover, a cnu contraction 7' has an associated representation if and only if its Sz.-Nagy—
Foias characteristic function @7 has the product form 67 (z) = 7. (p2)*07(0)7(¢-), z € D, where
. is the involution in M&éb mapping z to 0. We obtain a concrete realization of this product
formula for a large subclass of homogeneous cnu contractions from the Cowen-Douglas class.

1. INTRODUCTION

All Hilbert spaces in this paper are complex and separable. All operators are linear and
bounded operators between Hilbert spaces. For any two Hilbert spaces H and K, B(H,K)
denotes the Banach space of all operators from H to K. We shall abbreviate B(H,H) to B(H).
The (Mobius) group of all bi-holomorphic self-maps of the unit disc D (in the complex plane
C) shall be denoted by M&b. As a topological group (with the topology of locally uniform
convergence) it is isomorphic to PSU(1,1) and to PSL(2,R).

Recall from [12, 5, 1] that an operator T" from a Hilbert space into itself is said to be homoge-
neous if ¢(T') is unitarily equivalent to T" for all ¢ in M6éb which are analytic in a neighbourhood
of the spectrum of T'. It was shown in [1] that the spectrum of a homogeneous operator T is
either the unit circle T or the closed unit disc D, so that, actually, ¢(T) is unitarily equivalent
to T for all ¢ in M&b. Recall that (see [11, 16, 18] for instance) a projective unitary representation
o of Méb on a Hilbert space H is a Borel function o : Méb — U(H), satisfying o(id) = I, for
which there is a function m : Méb x M6éb — T satisfying

(1.1) a(p1p2) = m(p1, p2)a(p1)o(ps), 1, p2 € Mob.
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Here U(H) is the topological group of unitary operators on the Hilbert space H. Clearly o
determines the function m by the Equation (1.1) and m is Borel. This function is called the
multiplier of o. Clearly, m(¢,id) = 1 = m(id, p). Evaluating o(¢1923) in two different ways,
one sees that the multiplier m of any projective unitary representation satisfies the identity

(1.2) m(e1, p2)m(p1e2, ¢3) = m(p1, p203)m(e2, ¢3), @1, P2, s € Mob.

__Two projective unitary representations o, of Mob living on the respective Hilbert spaces H,
H are said to be equivalent if there is a unitary U : H — H and a Borel function f : Mob — T
such that () = f(p)Uo(p)U* for all ¢ in M6b. In this paper, by the word “representation”,
we always mean a projective unitary representation of Mob.

We say that a projective unitary representation o of Mob is associated with an operator T if

p(T) = o(p)To(p)
for all ¢ in Mob. We say that an operator from a Hilbert space into itself is an associator if
there is a projective unitary representation of M6b associated with it. Clearly, all associators
are homogeneous, though the converse is not true. However in [4, Theorem 2.2] it is shown that,
conversely, each irreducible homogeneous operator is an associator (see also [13]), and — further
— its associated representation is unique up to equivalence.

A huge number of (unitarily inequivalent) examples of homogeneous operators are known.
(See the survey article [2] as well as the more recent papers [4, 9, 10].) Since the direct sum
(more generally direct integral) of homogeneous operators is again homogeneous, a natural
problem is the classification (up to unitary equivalence) of atomic homogeneous operators, that
is, those homogeneous operators which can not be written as the direct sum of two homogeneous
operators. In this generality, this problem remains unsolved. A beginning in this direction
was made in [4] where we classified the homogeneous scalar weighted shifts. Moreover, all
the homogeneous operators in the Cowen-Douglas class have been described modulo unitary
equivalence in the paper [10]. Clearly, irreducible homogeneous operators are atomic. In this
connection, it is amusing to note that we know of only two examples of atomic homogeneous
operators which are not irreducible. These are the multiplication operators — by the respective
co-ordinate functions — on the Hilbert spaces L?(T) and L?(ID). Both of these examples happen
to be normal operators. We do not know if all atomic homogeneous operators are associators.

Recall that an operator 7' is said to be a contraction if || T'|| < 1. The objective of this paper is
to set up a theoretical framework for the eventual classification of all cnu contractive associators.
This is achieved by an application of the Sz.-Nagy—Foias theory [14] of cnu (completely non-
unitary) contractions. A contraction is said to be cnu if it has no unitary part (that is, if it
cannot be written as the direct sum of two operators one of which is unitary). A contraction 7' is
said to be pure if ||Tz|| < ||z|| for all non-zero vectors x. The afore-mentioned theory attaches to
any cnu contraction 7" a pure contraction valued analytic function on D, called the characteristic
function of T'. Two cnu contractions are unitarily equivalent iff their characteristic functions 6,
and 0y coincide (that is, if and only if there exist two unitaries v and v such that uf;(z) = 02(z)v
for all z € D). In Section 2 of this paper, we briefly review this theory, mostly following Nikolski
in [15], but with some twists of our own. With any cnu contraction, we begin by associating its
characteristic operator. It carries exactly the same information as the characteristic function; in
fact it is easy to obtain one in terms of the other. But it is the characteristic operator which
emerges most naturally from the study of minimal unitary (power) dilations. Of course, this notion
was always implicit in the theory — we find it convenient to make it explicit. Another innovation
is to emphasize the natural relationship between the Sz.-Nagy—Foias theory and the Mobius
group. This is the content of Section 3. It is surprising that the role of the Mébius group in the
Sz.-Nagy—Foias theory was never made explicit nor was it used to its full potential.

In Section 4 of this paper we exploit this relationship to prove that if 7" is a cnu contraction
with associated (projective unitary) representation o, then there is a unique projective unitary
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representation &, extending o, associated with the minimal unitary dilation W of T'. Its existence
is a theorem from [5], while its uniqueness is quite easy to establish. What is surprising is that
we are able to write an explicit and pretty formula for & in terms of o :

6=(r®@Df)®o®(m® DY),

where Dli are the two Discrete series representations (one holomorphic and the other anti-
holomorphic) living on the Hardy space H?(ID), and 7 and 7, are representations of the Mdbius
group living on the two defect spaces of T" and explicitly defined in terms of ¢ by the rather
mysterious formulae presented in Theorem 4.5. In the language of Mackey (see [11]) the triple
(W,5,T) is a system of imprimitivity of the Mobius group. The imprimitivity relationship, in
this case, is just the condition imposed by homogeniety on the operator W. Thus the study of
cnu contractive associators via their minimal unitary dilation is an equivariant version of the
model theory for contractions developed by Sz.-Nagy—Foias.

In continuation of these ideas, we obtain a characterization of cnu contractive associators
in terms of their characteristic functions. This involves a pleasant product formula for the
characteristic function 6 of any cnu contractive associator:

(1.3) 0(z) = me(p2)" Cr(pz), z€D,

where for z € D, ¢, is the unique involution in Mob which interchanges 0 and z.  Also,
T, T« are two projective representations of Mob (living on the defect spaces of T') with identical
multipliers. The operator C' is a pure contraction (from the space of m to the space of )
intertwining the restricted representations 7|x and 7|k of the maximal compact subgroup K of
Mob : K = {p €M&b : ¢(0) = 0}.

The representations m and 7, of M6b which occur in the product formula are precisely the
same representations which occur in the above description of . In view of the product formula,
we refer to the representations 7 and 7, as the (right and left) companions of the operator
with characteristic function 6. Notice that they are compatible in the sense of having identical
multipliers. (Mutual compatibility is the obvious necessary and sufficient condition on a family
of projective representations for its direct integral to define a projective representation.) As a
converse, we show that whenever 7 and 7, are two compatible projective unitary representations
of Méb and C : Hy — H,, is a pure contraction intertwining their restrictions to K, the
function 6 defined by the product formula (1.3) is a homogeneous characteristic function (that
is, the characteristic function of a cnu contractive associator) — provided, of course, that € is
analytic. Thus, within the class of cnu contractions, the associators are characterized by the
presence of such a product formula.

In the penultimate section, we find explicit product formulae for the characteristic functions
of most of the irreducible homogeneous contractions in the Cowen-Douglas class B, (D) whose
associated representation is multiplicity free. In the final section, we present a similar description
for an extremal family in this class and state a conjectural complete description for the entire
class.

In consequence of the results of this paper, the problem of classification of cnu contractive
associators boils down to the following question. For any two compatible projective unitary
representations 7 and 7, of Mob, living on the Hilbert spaces H and H., let V (7, 7,) denote the
Banach space of all bounded operators C': H — H, such that C intertwines mg and 7. g, and
the function z — m.(p,)*Cn(p,) is holomorphic on D. Determine V (7, m,) and find all pure
contractions in this space.

2. SzZ.-NAGY-Fo01AS THEORY.

In this section we provide a convenient summary of the theory of cnu contractions, their
dilations and characteristic functions. This summary largely follows the exposition in [15].
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2.1. Minimal power dilations — isometric, co-isometric and unitary. If H is a Hilbert
subspace of a Hilbert space IC, i : H — K is the inclusion map and X : K — K is an operator,
then T := *X1i : H —— H is called the compression of X to ‘H and X is called a dilation of
T. If, further, we have p(T') = i*p(X)i for all polynomials p € Clz], then T is called the power
compression of X to H and X is called a power dilation of T. A famous lemma of Sarason
(cf. [15]) says that the dilation X of T is a power dilation if and only if H is a semi-invariant
subspace (that is, the intersection of an invariant subspace with a co-invariant subspace) for X.
If the power dilation X of T' is an isometry/co-isometry/unitary then it is called an isometric/co-
isometric/unitary power dilation. If, further, there is no Hilbert space Koy with H C Ky C K such
that the compression of X to Ky is an isometric / co-isometric / unitary power dilation of 7" then
X is called a minimal isometric/ co-isometric / unitary power dilation of T'. Obviously ||| < || X]||
for any (power) dilation X of 7. Thus, for the existence of an isometric/co-isometric/unitary
power dilation of T, T must be a contraction. A basic result due to Sz.-Nagy says that any
contraction has a minimal isometric/co-isometric/ unitary power dilation, and it is essentially
unique. We proceed to elaborate. However, in anticipation of this result, we shall use the
definite article ‘the’ when talking of these minimal dilations. Also note that X is the minimal
co-isometric dilation of T if and only if X* is the minimal isometric dilation of T*. Thus, for
most purposes, it suffices to look at the minimal isometric and unitary dilations.

The following lemma clearly includes the uniqueness (though not existence!) of the minimal
unitary (or isometric, or co-isometric) dilation. We shall need the full strength of this lemma in
the next section.

Lemma 2.1. Fori = 1,2, let T; : H; —> H; be Hilbert space contractions with corresponding
minimal isometric/co-isometric/unitary power dilations ﬁ : 7:21 — 7:1\@ Let U : Hi — Ho
be a unitary such that UT1 ToU. Then there is a unique unitary U : ?/-l\l o 7/'[\2 such that
U|’H1 =U and UT1 T2U

Proof. First assume that ﬁ are isometric dilations. We begin by proving the uniqueness. To this
end, we claim that any unitary U as in the conclusion of this lemma satisfies, for n =0,1,2, ...

(2.4) U(Tlz) = T3(Uz) for all z € M.
This is easily proved by induction on n. Notice that this part of the proof does not make use of
the minimality of the dilations.

Now suppose T; are minimal isometric dilations. Then the closed linear span of the set

A; = {ﬁnx :n=0,1,2,..., 2 € H;} C H,
is invariant under :qu and contains H;. The restriction of TZA’Z to this invariant subspace is an
isometric power dilation of T;. Therefore, the minimality of the isometric dilation implies that

A; is a total set in H;. Since (2 4) gives the value of U on Ay, U is uniquely determined. To
show existence of the unitary U we verify that U defined on the total set A; by (2.4) preserves
the inner product and maps A; onto the total set As, it then extends to a well- deﬁned unitary.

Next suppose T is a minimal co-isometric dilation of T; for ¢ = 1,2. Then T is a minimal
isometric dilation of T} and U intertwines 77} and T3. Therefore by the previous part of

this result, there is a unique unitary U which intertwines T1 and Ty 5 and extends U. Then U
intertwines 7T} 7 and T. 5. This completes the proof in the case of co-isometric dilations. Notice
that, in this case, the equation (2.4) applied to T shows that U satisfies, for n =0,1,2,...,

(2.5) U(Ty"z) = Ty™(Uz)  for all @ € Hy,

when ﬁ are co-isometric dilations. Again, minimality of the dilations is not necessary for the
validity of this equation.
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Finally, let T; be a minimal unitary dilation of T; for ¢ = 1,2. By the observation above, we
now have, for all n =0,+1,4+2,...,

(2.6) U(Ty"z) = T4 (Uz)  for all z € Hy,

Again, minimality of T, shows that the set B; := {ﬁnaj cx € Hyyn =0,+1,£2,...} is a total set
in ﬁz and U is determined on the total set Bj by the equation (2.6). This proves uniqueness.
Also, U preserves the inner product and maps B; onto Bs. Therefore it extends to a unitary on
7-A£1, proving existence. O

Notation 2.2. (a) Let H?> = H%*(D) be the usual Hilbert space of analytic functions on the open
unit disc D with square integrable boundary value (radial limit). Also, S : H?> — H? be the
standard (un-weighted) unilateral shift (given by (Sf)(z) = zf(z)).

(b) For any contraction T : H — H, let D (respectively Dy ) denote the closure of the range
of (I —T*T)'/? (respectively, of (I — TT*)'/?). Let D : H — D (respectively D, : H — D.)
be the operator given by x — (I — T*T)Y%x (respectively x — (I — TT*)Y?z). Thus, by
definition, D and D, are contractions with dense range. These are called the defect operators of
T, and their co-domains D and D, are called the defect spaces of T'. In the existing literature,
it is customary to indicate the dependence of these defect operators and spaces on the initial
contraction T by means of a suffix in their names. We have departed from this established
practice for typographical and esthetic reasons. We hope this will not cause any confusion and,
i each case, the initial contraction will be clear from the context.

(c) We shall identify the tensor product Hilbert space D ® H? with the Hilbert space of D-
valued analytic functions on D with square integrable boundary value (via the usual identification
of v® f with the function z — f(z)v). Thus I® S : D® H?> — D ® H? is the unilateral shift of
multiplicity dim(D) — it is formally given by the same formula as S, when its domain is viewed
as a space of D-valued functions. Likewise, D, ® H? is viewed as a Hilbert space of Dy-valued
analytic functions and I ®S* is to be viewed as a backward shift (with multiplicity) on this space.

(d) Finally we let i : D — D ® H? (respectively i, : Dyx — D, @ H?) be the ‘inclusion’ maps
given by the formula x +— x ® 1. (Here, of course, 1 is the constant function 1 in H?.)

The following result is, of course, well known. We include its proof for completeness and to
ease the development of related ideas.

Theorem 2.3. FEvery contraction T on a Hilbert space H has a minimal isometric (or co-
isometric) dilation. It is unique upto unitary equivalence (via a unitary which leaves the subspace
‘H invariant and restricts to the identity operator on this subspace).

Proof. The uniqueness is immediate from Lemma 2.1 with 77 = T5 =T, H1 = Ho = H and
U = I. If we prove the existence result in the isometric case then the co-isometric case follows
by applying this result to the contraction 7. Thus it suffices to prove the existence of a minimal
isometric dilation for 7. Let T be the operator on the Hilbert space K := (D ® H?) @ H given
by

(2.7) T:(I%S Z?)

We claim that 7" is the minimal isometric dilation of T'. Since S$*S = I and D*D +T*T = Iy,
and the range closure of D (viewed as an operator into D ® H?, see Notation 2.2) equals the
kernel of T ® S, it follows that T*T = Ix. Thus T is an isometry. Since T is a diagonal entry
of the upper triangular (block) matrix 7', it follows that T is a (power) dilation of 7. (Note
that H = 0 @ H is co-invariant under T.) To show that T is minimal, let Ky be the closed

linear span in IC of the set {T”x cx €H, n=0,1,2,...}. We need to show that Ky = K. Let
{en :m = 0,1,2,...} be the standard orthonormal basis of H?. (Thus e,(z) = 2", z € D.)
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Clearly it suffices to show that v ® e, € K¢ for all v € D and all n > 0. We do this by induction
on n. Trivially, this is true for n = 0 since D ® eqg is the range closure of D. This starts the
induction.

Note that, for non-commuting variables a, b, ¢, we have :

a b\" _ ([ a* Y)iatber ot
0 c -\ 0 " ’

as may be seen by induction on n.

['herefore,
~ 0 » (I@SMDT "y
Tn-‘rl < . > _ <Zh_0( 7L+13C c /Co.

Since, clearly, Koy D H, it follows that
n n
Y (IT@S"NDIT" "z => (DT""z) @ e, € Ko.
h=0 h=0

But, by induction hypothesis, -1-3 (DT""z) ® e}, € Ko. Subtracting, we get (Dz) ® e, € Ko
for all x. Since D has dense range in D, it follows that v®e,, € K for all v € D. This completes
the induction. Thus P ® H? C Kp. Since also, H C Ko, it follows that Ky = K. Thus, the
operator T defined by Equation (2.7) is indeed the unique minimal isometric dilation of T'. Since
the minimal co-isometric dilation of 7" is the adjoint of the minimal isometric dilation of T, it
follows that the unique minimal co-isometric dilation T, of T is given by the formula

25) .- (5 0.

acting on the Hilbert space H & (D, ® H?). O

Theorem 2.4. Fvery contraction T on a Hilbert space H has a minimal unitary dilation which
18 unique upto unitary equivalence. Explicitly, it s the unitary T on the Hilbert space (D® H?)®
H @ (Dy @ H?) given by the formula
I®S iD iC*
T=| 0 T (i.D)*],
0 0 I®S*

where C' : D — D, 1is the operator x — —Tx.

(Because of the well known identity 7'( — T*T)Y/? = (I = TT*)"/?>T, T maps D into D,. Thus
C indeed maps D into D, and satisfies CD = —D,T. The operators D, D, and spaces D, D,
are as in Notation 2.2.)

Proof. Again, uniqueness follows from Lemma 2.1. To prove existence, let T be a minimal
unitary dilation of T'. Clearly the compressions of T to the subspaces generated by the vectors
{Trz|n > 0,z € H} and {T"z|n < 0,z € H} are the minimal isometric and co-isometric
dilations of T'. Therefore, by the above, these compressions may be identified with the operators
T and T, (given by the formulae (2.7) and (2.8)) and consequently these two subspaces are
identified with (D® H2)®H and H® (Dy® H?). Thus, T acts on (D@ H2)®H® (D, ® H2) and
is given by the formula in the statement of the theorem, except that the (1, 3)-entry of this block
operator has an unknown entry A : D, ® H?> — D® H?. Now, since T*T =1 , equating entries of
this ‘matrix equation’, we find that A must satisfy (i) (I ® S*)A =0 (ii) (iD)*A = —(i.D.T)*,
and (iii) A*A = (I — D.D})® P. (Here P = I — SS* : H?> — H? is the orthogonal projection
Pf = f(0)1.) Now, (i) says that ker(A*) O (D ® 1)+ = D ® range(I — P) and (ii) says that
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A*(Dx ® 1) = —(D,Tx) ® 1. This determines A* on all pure tensors v ® f and hence it is
determined throughout D, @ H? :

ADz® f)=A"(Dx® (I - P)f)+ A*(Dz® Pf) = —(D\Tz) ® 1.

Thus A is determined by the requirements (i) and (ii). Since one readily verifies that i{C*i}
satisfies (i) and (ii), it follows that we must have A = iC*i}. It is now easy to see that this

choice of A satisﬁes (iii) as well, so that T given above is an isometry. Since T* is obtained from
this formula for 7' by replacing 7' by T* (and, consequently, replacing D by D, and so on) it
follows that 7 is also a co- isometry. Therefore, Tisa unitary. O

2.2. Characteristic Operators and Characteristic Functions. We continue with the set-
up introduced above. Thus T is a contraction on a Hilbert space H with defect spaces D,

*, and defect operators D, D,. The minimal unitary dilation T of T lives on the space
H:=(DoH?)oH& (D.®H 2) and is given explicitly as in Theorem 2.4. From this description,
one sees that there is a ‘visible’ copy

F=MDoH>)®0a®0

of D ® H? inside the dilation space H. It is invariant under the dilation operator f, and the
restriction of 7' to this subspace is a copy of the unilateral shift of multiplicity dim(D). It turns
out that there is also an ‘invisible’ copy Fi of D, ® H? inside H which is also invariant under 7'
and such that the restriction of T to F, is a copy of the unilateral shift of multlpllclty dim(Dy).
(The visible copy of D, ® H? inside the dilation space is co-variant under T. ) Namely, we have :

Fo=@P1"(D.®1)
n=0

Since T is a unitary, it follows that f*m(D* ®1) L D, ®1, m >0, and therefore the sum is an
orthogonal direct sum, clearly invariant under 7. If we define ¥ : D, ® H?> — F, by

W(v@en):f"(v),nzO,l,Z,...,vED*,

where e,, n =0,1,2,... is the standard orthonormal basis of H? (thus ey = 1 and e, = Se,,_1
for n > 1), then it immediately follows that ¥ is a unitary which intertwines I ® S with T'|£,.
Now, the characteristic operator © of the contraction T is defined to be the ‘part’ of T* which
goes from F to F,. That is,
0 =ji 1"},
where j: F — H and Je t Fe — H are the respective inclusion maps.
We use the unitary ¥ to identify F, with D, ® H?. After this identification, we have © :

D ® H?> — D, ® H2. Let’s calculate the characteristic operator © explicitly. We need the
following formula for the restriction of the projection ji to H :

Lemma 2.5. For x € H, we have ji(z) =Y 2, T(D, T 'z ®1).

Proof. Since j} is the orthogonal projection onto F, = @, f”(D* ®1) (orthogonal direct sum)
and = € H is orthogonal to D ®1, it follows that ji(z) =Y 7, T™(om () ®1). Here, the vectors
an(z) € D, are uniquely determined by the requirement z —T"(cv, () ®1) L T (o () ©1). So,
we need to show that o, (z) = D, T*" ' for n > 1. Clearly, it suffices to show that a;(z) = D,z
and ap41(x) = ap(T™z) for n > 1.

Now, using the explicit form of T given in Theorem 2.4, we compute :
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~ ~

(x =T (Dyx ®1), T(Dyx ®1))
= ((-C"Dyx®1)® (I — D;Dy)x, (C*"Dyx ®1 & D;D,x)
= —(C*"Dyx,C*D,x) + (I — D;D,)x, D;D,x)
= —((I-=T"T)"*T*x, (I — T*T)"?T*z) + (TT*x, (I — TT*)z)
= 0.
Here, to obtain the penultimate equality, we have used the identities D} D, = I — TT* and

C*D, = —DT*. The last equality is a result of elementary formal manipulations. Thus, we get
a1(z) = Dyx. Next, we observe :

(x — T (an(T*2) @ 1), T (an (T*2) @ 1))

= (T"(x) = T™(on(T*2) ® 1), T"(an(T*z) ® 1))
= (T*(2) = T™on(T*2) @ 1), T (an(T*z) ® 1
= 0.

Here, theAﬁrst equality is because of unitarity of T. The second equality holds since, for x € H,
we have T*(z) —T*(z) = Dyx®1 € D,®1 L T™(D,®1). The last equality is from the definition
of ap(+). Thus we get a,r1(x) = an(T*(x)). O

Now we are ready to obtain the formula for the characteristic operator :

Theorem 2.6. When its domain and co-domain are viewed as Hilbert spaces of vector-valued
analytic functions, the characteristic operator © : D@ H*> — D, ® H? of a contraction T is given
by O(f) = (2 — 0(2) f(2)), where 6 : D — B(D, D,) is the analytic function defined by :

0(2)D = D,(I — 2T*) "1 (2I - T), z € D.

Proof. A calculation using the explicit form of T from Theorem 2.4 shows that, for v = Dx € D,
T*(v®1) = (D*v)+ (Cv®1). Since D*v € H and (Cv)®1 € D, ®1 C F,, Lemma 2.5 implies
that

ODx®1) j:(CDx ®1+ D*Dx)

= (CDx®1)+ji(D*Dx)

o
= —D.Tr@1+Y T"DI" ' (I-T'T)z@1).

n=1

Therefore, using ¥ to identify the target with D, ® H?, we get :

(o)
ODz®1) = (2 -DJTx+» 2"DJT" (I -T"T)x
n=1

= 0(z)Dz,

where 6(+) is as in the statement of this theorem. Thus, the action of © on the subspace D ® 1
of D-valued constant functions is as stated. R R

We claim that © intertwines the compressions j*7j = I ® S of T on F = D ® H? and
_]If]* =I®S on F, = D,® H? (after identification via ¥). Granting this claim for the moment,
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we get, for v € D and m > 0,
Ov®ey,) = (IS5 (ve1l))
= I®9"Oho1l))
(z = en(2)0(2)v)
(z = 0(2)(em(2)v)).

Thus the action of © on the vectors v ®e,, is as stated. Since these vectors span D ® H?, this
proves the theorem, subject, of course, to verification of the intertwining property of © claimed
above.

To verify this claim, let p, p« : H — H be the orthogonal projections onto the subspaces
T+ (D®1) and f(D* ® 1) respectively. Since Tisa unitary and jj* and j.ji are the orthogonal
projections onto F and F, respectively, it follows that 7 § _]*)T and T (J Ji)f* are the orthogonal
projections onto T*(F) = FeT*(D®1) and T(F,) = F, © T(D, ® 1), respectively. Therefore,
T*(JJ )T =jj*+pand T( *J*)T* = j«ji — p«- Also note that F is orthogonal to both T*(D® 1)
and T(D* 1). Therefore, we get pj = 0 = p.j. Hence,

@79 GT5) = 505" + p)i = 3%,

and, ~ R
(3T5:) (2T7)) = 320405 — Pa)i = J3J-
Thus we get :
OI®S)=jj=UI®5)0.
This proves the claim. (I

The analytic function 6 obtained in this theorem is called the characteristic function of the
contraction T'. Note that, from its definition, the characteristic operator is clearly a contraction:
|I9|| < 1. In consequence, the characteristic function is a contraction-valued analytic function:
10(2)|| < 1Vz € D. From its explicit formula, it is easy to verify that € is pure contraction valued.
While 6 clearly determines © by the formula ©(f) = (z — 0(z) f(z)), specialising this formula,
we find that, conversely, © determines 6 by : 0(z)v = ©(v ® 1)(z). Thus, the characteristic
function and the characteristic operator encode the same information about the contraction T'.

If T is a contraction and U is a unitary, then 7" and T & U have the same pair of defect
operators and defect spaces. It readily follows that if, as above, T is the minimal unitary
dilation of T', then the minimal unitary dilation of T @ U is TaU. In consequence, T and T'® U
have the same characteristic operator and function. Thus, the characteristic function does not
see the unitary parts of the contraction. Therefore, in order that the characteristic function may
really characterise the contraction, it is necessary to restrict ourselves to the class of completely
non-unitary (cnu) contractions. Recall that a contraction 7' is said to be cnu if it has no unitary
part (direct summand). Every contraction can be written uniquely as the direct sum of a cnu
contraction and a unitary.

Now, let T and T be two contractions. For each of the constructs attached to T" in the
above, we shall indicate the corresponding construct for T by a tilde. For instance, D is the first
defect space of T and 6 is the characteristic function of 7. We shall say that the characteristic
operators © and © coincide (respectlvely,the characteristic functions 6 and 6 coincide) if there
are unitaries v : D — D and v, : Dy — D, such that (v, ® 1)© = O(v ® I) (respectively, such
that v,0(z) = 0(z)v for all z € D). Clearly, the characteristic operators coincide if and only if
the characteristic functions coincide (via the same pair of unitaries).

Let G and G, be the reducing subspaces for T generated by F and F, respectively. That is,
G:=@ T (D®1)and G, := P> ___ T"(D, ®1). We identify G and G, with D ® L2(T)

and D, ® LQ(’IF) in the obvious fashion. The inclusion maps j : F — H and Jet Fe — H extend
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naturally to G and G,. Since the formula for j!(z), € H, obtained in Lemma 2.5 remains valid
for the extended j,, it follows that the characteristic operator © also extends to G. Moreover,
it is given by the same formula, namely, © = j*T 4. In the proof of the following theorem, j, j.
and © denote these extensions.

Theorem 2.7. If T and T are unitarily equivalent contractions then their characteristic func-
tions 6 and 6 coincide. Conversely, if T and T' are cnu contractions whose characteristic func-
tions coincide, then T and T are unitarily equivalent.

Proof. First suppose T and T are unitarily equivalent. Say U : H — H is a unitary such that
UT = TU. Clearly U restricts to two unitaries v : D — D and uy : D, — D.,. ThenA it easy to
verify that (u® I) & U & (u, ® I) intertwines the minimal unitary dilation T and 7. (This is
an instance where the intertwiner between a pair of contractions lifting an intertwiner between
the dilations - guaranteed by Lemma 2.1, can be made explicit.) In consequence, a computation
shows that (u, ® 1) = O(u ® I). This proves the easy direct part of the theorem. (One
needs to be careful here : in the last two sentences, u, ® I refers to two distinct operators,
going between different spaces.) This part may also be proved by a direct appeal to the explicit
formula (Theorem 2.6) for the characteristic function.

For the converse, let T and T be cnu contractions such that their characteristic functions 6
and 6 coincide. Since g and G, are reducing subspaces for f the subspace M := (G + g*)
is a reducing subspace of T contained in . Therefore, M is reducing for T" and T] M= T | m
is a unitary part of T. Since T is cnu, it follows that M = {0}. Thus G + G, = H. Likewise,

defining the spaces Q and Q* corresponding to the cnu contraction T we get Q + g* = 7-[.
Let v and v, be as in the definition of coincidence. With the 1dent1ﬁcatlon of G and G, with
D®L2(T) and D, ®L2(T) respectively, we have the unitaries v®Il : G — g and v*®I g, — g*

In view of the preceding paragraph, there is at most one isometry U : H — H which restricts
to (W@ I)|g and (vs ® I)|g, on G and G, respectively. Further, if it exists, then this isometry
U is automatically a unitary. We proceed to verify the obvious consistency requirement for the
existence of such a unitary extension. For x € G and z, € G, we have,

(v@ Dz, (ve@1xy) = (U®I)Tx (Ve @ I)xy)

(v @ DT, js(ve @ I)y)
(v @ DTz, (v, ® I)a,)

(vs @ Diz, (v @ I)x)

T, Ty)

’ﬂz) ’ﬂt)

T, ja )
T, Ty)

(
(
6T

= {
i
(
(

ﬂere we have used j and j, to denote the inclusion maps from G and G, into ﬁ, and likewise for
T (we are running out of notations!). The first equality is obtained because of the intertwining

relation (v, ® I )T* =T (v ® I). The fourth equality is obtained by applying the intertwining
relation (v, ® I)© = O(v ® I), with the definitions of © and © substituted. Thus, for z € G and

T € Gy, we have (v® Iz, (v, ® I)z,) = (z,2,). Hence we have the unitary U : H — H defined
by

Ulx+x) = (0@ x4 (ve @ Iy
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forz € G andN:E* € G.. Now, it is easy to verify that this unitary intertwines T with T and
maps H onto H. Hence its restriction to H is a unitary intertwining 7" with 7. Thus 7" and T
are unitarily equivalent. Il

3. MOBIUS-EQUIVARIANCE OF SZ.-NAGY-F0IAS THEORY
We begin this section by listing some notations to be used throughout the rest of the paper.

Notation 3.1. (a) Choose and fiz a Borel square root function s: T — T, satisfying s(1) =
1. That is, for each 8 € T, s(B) is one of the two square roots of 3. Define the function
c: Méb xID — C as follows. For ¢ in Méb , ¢ can be written uniquely as p(2) = B{===,
z €D, where « € D and f € T. Then

Vi—TaP

8) 1-az
(Thus, ¢ is a function, fized throughout this paper, which is Borel in the first argument
and analytic in the second argument, such that its point-wise square is (¢, z) — ¢'(2).)
Notice that for fized ¢ € Méb , z — c(p, z) is a non-vanishing analytic function on a
neighbourhood of D. In consequence, for any contraction T, the operator c(¢,T) (ob-
tained by plugging T' into the second slot of c) is a well-defined and invertible bounded
linear operator.

(b) For ¢ € Méb, let o* € Méb be defined by p*(z) = ¢(2), z € D. Thus ¢ — p* is the
unique outer automorphism of Méb (modulo inner automorphisms). For any projective
unitary representation o of Méb, let o® denote the representation given by o®(p) = o(¢*),
@ € Méb. Note that if m is the multiplier of o, then the multiplier m* of o® is given by
the formula

c(p,z) =s , z€D.

m¥ (1, ¢2) := m(e1, ¢5), ¢1,92 € Méb.
(c) The holomorphic discrete series representation DY : Méb — U(H?) is defined by :

Df(p™")f =clp,) - (fow), feH? peMib.
The anti-holomorphic discrete series representation Dy : M6b — U(H?) is defined by

Dy () :=mo(p, o~ ) DY ().
Here mqg denotes the multiplier of Df.

Remark 3.2. (a) Ewvaluating both sides of the equation Dy (¢1p2) = mo(p1, p2) Dy (01) D] (¢2)
at the constant function 1, we get

cley 1 2)

clpa o1 (2))elpr s 2)
By the chain rule for differentiation, the square of the right hand side in this equation is
equal to 1. Hence my is =1 valued. We shall often use this observation in what follows,
without further mention.

(b) Let 1,92 € M&b be given by pi(z) = Bit—4%, i = 1,2. Let ¢ := p1p2 be given by
¢(2) = Bi=5s. Thus a1, € D and B1,52 € T. Also, o, B are explicit functions of o
and B;, i = 1,2. Then, using the defining formula for ¢ and the Equation (3.9), we get

73(@7 1+ ondnfo

s(B1)s(B2) |1+ arazfhs|

(c) Specializing Equation (3.10), we see that if ¢ € M6b is given by ¢(z) = Bi=—%5, then we
have

(3.11) mo(p, ") = s(8)s(8) = mo(¢*, " ).

(3.9) mo (1, p2) = , 1,92 € Mob, z € D.

(3.10) mo (1, p2) =
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(d) Using Equaion (3.10), it is easy to verify that mo(py ', o7) = mo(@l, 03) for ¢1, 09 in
Méb. This equation, together with Equation (4.13) below shows that the representations
Dy and Df have the common multiplier mg.

In the following, we fix a contraction 7" and a Mobius map ¢. For each of the constructs
corresponding to the (arbitrary but fixed) contraction T introduced above, the corresponding
construct for ¢(7T'), which is also a contraction, will be indicated by a ¢ in the superscript. For
instance, D¥ and DY are the defect operators for ¢(7'), and so on. The proof of the following
Lemma is a straightforward verification and is omitted.

Lemma 3.3. For any contraction T and Mobius map @, we have the identity
(D?)*(D?) = (De(e, T))" (De(p, 1)), (DZ)*(DZ) = (Dxc(ep, T)*)" (Dac(p, T)7).

In consequence, there are unitaries (obviously depending on @) u : D — D¥ and uy : Dy — DY
which are uniquely determined by the identity

D¥ = UDC((va)a Dy = U*D*C(@,T)*

Lemma 3.4. Let T be the minimal unitary dilation of a contraction T. Then for any @ in Méb,
©(T) has the 3 x 3 block decomposition p(T) = ( ;’;’))1<ij<3’ where Afj =0 fori>j and
A(fl =1®¢(9), A§2 = (p(T)’AgS =1®¢(5"),

Afy = I @ c(p, 9))iDe(p, T), Ay = c(p, T) (1. D.)" (I @ c(p, §7)).
(The explicit formula for Af3 is irrelevant for our purpose.)

Proof. Since T has a 3 x 3 upper triangular block decomposition (given by Theorem 2.4), it

~

is obvious that so has ¢(T'), and its diagonal blocks are as above. Next, we wish to find the

A~

(1,2)th entry A, of ¢(T). Take ¢(2) = B(z — a)(1 —az)~! (|B] = 1,|a] < 1). We have
(I —aT)e(T) = B(T — al). Equating the (1,2)th entries of this matrix equation, we get
(I®(I—-aS))AY, = iD(BI +ap(T))
= B —l|aP)iD(I —aT) .
Therefore, we have
A = BA-laP)I® (I -as)™)iD(I —aT)™
= (I ®c(p,9)iDc(p,T).
A similar computation shows that the (2, 3)th entry A¥, of o(T) is c(p, T) (i Dy)* (I®c(p, S%)).
O

Now we have :

Theorem 3.5. For any contraction T and Mobius map ¢, the minimal unitary dilations 4,0/(?)
and T (of o(T) and T) are related by the formula o(T)V = V(T), where the unitary operator
V i H — H?¥, depending on p, is given by

V= (mo(p. o™ u® Df () @ 1 @ (molp, ¢~ ux © Dy (9)),

where u and us are the unitaries given in Lemma 3.5.

Proof. The identities in Lemma 3.3 clearly imply that a contraction K is an isometry/co-

isometry/ unitary if and only if ¢(K) is. In consequence, ¢(7') is a minimal unitary dilation of
©(T). Therefore, we may apply Lemma 2.1 with 77 = ¢(T) = T and U = I to get a unique

unitary V : H — H? such that o(T)V = V(T) and Vlg = I. Now, (D ® H?) @ H is the
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unique subspace of H on which gp(f) restricts to a minimal isometric dilation of ¢(7") Similarly,

(D¥® H?)@H is the only subspace of H¥ on which ©(T) restricts to a minimal isometric dilation

—~ i

of ¢(T). Since the unitary V intertwines (1) with ¢(T'), it follows that V maps (D ® H?) ®H
onto (D? ® H?) @ H. Similarly, V maps H @ (D, ® H?) onto H @ (Df ® H?). Since V is a
unitary, it follows that V maps the spaces D ® H2, H and D, ® H? onto the corresponding
spaces D? ® H?, H and DY ® H?. In other words, V is a direct sum, say V = W & I & W,,
where W : DR H? - D¥ @ H? and W, : D, @ H2 — Df @ H? are unitaﬂei In the block matrix
notation, V' is a block diagonal : V' = diag(W,I, W,.). Note that, also, ¢(7") has the 3 x 3 upper
triangular form given by Theorem 2.4 (with ¢(7') in place of T") and gp(f ) has the 3 x 3 upper

triangular form given by Lemma 3.4. Thus, the intertwining relation o(7)V = Vgo(f ) may be
viewed as an equation involving 3 x 3 matrices. Therefore, equating the (1, 1)th entries in this
intertwining relation, we get

(IRSYW =Wp(lx.S).

Since D is the representation associated with S, we also have SD; () = D{ (¢)¢(S) and hence
(I®8)I ® DY (¢)) =T & Df ()¢ ® S)).

Therefore we deduce that the unitary W (I ® D{ (¢))* : D ® H? — D¥ ® H? intertwines I ® S
on D® H? with I® S on D¥ @ H?. Note that Lemma 3.3 implies that D and D¥ are isomorphic
Hilbert spaces, so that these two avatars of I ® S may be identified. Now, the commutant
of I ® S is well-known. If the Hilbert space on which I ® S lives is identified with a Hilbert
space of vector-valued functions, then this commutant consists of (multiplication by) operator-
valued bounded analytic functions on the disc. In particular, any unitary commuting with I ® .S
must be given by a unitary-valued analytic function. But, by the strong maximum modulus
principle, any unitary-valued analytic function is a constant function. Thus, reverting to the
tensor product notation, we see that any unitary commuting with I ® S must be of the form
w® I. Coming back to our particular situation, we conclude that there is a unitary w : D — D¥
such that W(I ® D{ (¢))* = w® I. That is, W = w ® D (¢). Similarly, since D; is the
representation associated with S*, comparing the (3, 3)th entry of the intertwining relation, it
follows that there is a unitary w, : D, — Df such that W, = w, ® D] (¢). Thus, we have
V = (w® Df(p)) & I ® (w, ® Dy (¢)). To conclude the proof, it now suffices to show that
w = mo(p, o Hu and wy = mo(p, o,

Now, equating the (1,2)th entries of the intertwining relation (using the new-found diagonal
formula for V), we get i*D¥ = (w ® Dy (¢)c(p, S))iDe(p,T). Evaluating both sides at an
arbitrary x € H, we obtain D?(z) ® 1 = (wDc(p,T)x) ®@ (D7 (p)c(p, S)1). But a little com-
putation shows that Di ()c(p, S)1 = c(p™',-)elp, 97 1(+) = mo(p,~")1 (by Equation (3.9)
with 1 = ¢ and 2 = ¢~ 1). So we get D¥(z) ® 1 = (mo(p, o HwDc(p, T)xr) @1 for all z € H.
Hence, we have wDc(p,T) = mo(p, 0 1) D% = mo(p, o HuDc(p, T), where the last equality
comes from the defining equation for u from Lemma 3.3. Since ¢(p,T) is invertible and D has
dense range, this forces w = mg(p, o~ 1)u.

Similarly, equating the (2,3)th entry in the intertwining relation, we obtain (if D{)*(w. ®
Dy (¢)) = c(p, T)(i+Dy)* (I @ c(p, S*)). Evaluating both sides at z, ® 1, z, € Dy, we get

(D5 (£)1)(0)(DF) w. = (e, SYV)(O)elp, T) Dl

— (clp, S1)(0)(DF) sz,
Here the last equality follows from the defining equation for w, given in Lemma 3.3. But
(D7 (9)1)(0) = mo(p, o~ e(p* ™1, 0) and, since 1 € ker S*, ¢(p, S*)(1)(0) = c(p,0). Tt is easy
to verify that c¢(p*~!,0) = ¢(p,0) # 0. Therefore we get (DY) w.zs = mo(p, 0 1) (D) *usy
for all 2, € Dy. Thus (DY)*w. = mo(p, = 1)(DI)*us. Since (Df)* has trivial kernel, it follows
that w, = mo(@, o~ 1us. O
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Theorem 3.6. Let © and 0 be the characteristic operator and characteristic function of a
contraction T. Let o € Méb . Let ©F and 0¥ be the characteristic operator and characteristic
function of the contraction p(T). Then we have :

(a) ©¥ = (u. ® D (¢))O(u @ D (¢))~t. Hence, ©F coincides with (I @ Dy (»))O(I ®
D (¢)) %

(b) 0%(2) = ux(0 0 o= 1) (2))u* for all z € D. Hence, 0% coincides with § o o~ ".

(Here u and w, are the unitaries given in Lemma 3.3.)

Proof. Recall that © (respectively ©¥) is the operator of multiplication by 6 (respectively 6¢).
Therefore, assuming (b) ( 89 = u.(6 o o~ 1)u*), we get that, for f € D ® H? and ¢ in Mob,
0%(u@ D (p)f = ©%(z—uc(p™,2)f(¢'2))
= (20 0°(2Juc(p™, 2) f(9712))
= (2= ubp™2)e(p™2) f9712))
= w.D(p)(z > 0(2) f(2))
= (. ®Dj (9)O(f),

so that ©¢(u ® Df (p)) = (ux ® Df (¢))©. Thus, (b) implies (a). Reversing this computation,
we see that (a) implies (b). So (a) and (b) are equivalent statements. So it suffices to prove (b).
To prove (b), notice the easily verifiable (and wellknown) identities

c(p, 2)e(p,w) = #(2) — p(w)
_ 11— p(2)e(w)
W lelo) = e

Now, in view of the formula for 6 (and the corresponding formula for 6¥) from Theorem 2.6,
and the identities from Lemma 3.3 defining the unitaries u and u,, we have:

ub(2)u*D¥ = wu.b(z)Dec(p,T)
= w.D,(I —2T*)" (2D — T)e(p,T)
= Dfe(p, T) NI = 2T} (o1 = T)elp, T)

= D?(I—o(2)e(T)") ()] — o(T))
— 0%(p(2))D".

(Here, for the penultimate equality, we have used the two identities displayed above, with 7" in
place of w.) Since D¥ has dense range, we get u.0(z)u* = 09(¢(z)). Replacing ¢(z) by z, we
obtain (b). O

Remark : While the formula in (b) above (as well as its proof) is well known and essentially
already contained in Sz-Nagy—Foias [14], the equivalent formula (a), describing the transfor-
mation property of the characteristic operator under the M&bius group, is new. So is the
obviously closely related Theorem 3.5 describing the transformation property of the minimal
unitary dilation itself under this group. We believe that, although the characteristic function
is a computationally useful tool (as we hope to display further in the planned sequel to this
paper), the characteristic operator is theoretically more basic. Accordingly, there ought to be a
straightforward (and more revealing) proof of part (a) of Theorem 3.6 directly from the dilation
theory (perhaps from Theorem 3.5) without having to go through the formula in part (b), as we
have been forced to go. Unfortunately we have failed to find this direct proof. An obstacle is
that the characteristic operator does not behave nicely with respect to the intertwining unitary
V of Theorem 3.5. In particular, V' does not take the range of © to that of ©%.
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4. DILATING ASSOCIATED REPRESENTATIONS AND THE PRODUCT FORMULA

4.1. Dilation of representations. Recall from Section 1 that an associator is a Hilbert space
operator with an associated (projective) unitary representation of the group Mdob. Thus all
associators are homogeneous operators, and all irreducible homogeneous operators are associa-
tors. The following theorem is contained in [5]. However, since a projective representation is a
Borel function satisfying a transformation property, to complete the proof of this theorem it is
necessary to verify that the extension ¢ is a Borel function. This subtlety was overlooked in [5].

Theorem 4.1. Let T be a contractive associator on the Hzlbert space H. Let o be a projective
representation of Méb associated with T and let T : H — H be the minimal unitary dilation
of T. Then there is a unique projective representation & of Mob living on H such that & is
associated with T and extends o (that is, o occurs as a direct summand of & ). In consequence,
T is an associator.

Proof. Fix ¢ € Mob . Notice that for any unitary U and for ¢ € Mob , ¢(U) is a unitary.
Therefore, ¢(T') is the minimal unitary dilation of ¢(7"). Therefore, applying Lemma 2.1 to
Ty =(T), Ty =T and U = o(y), we get a unique unitary () on H extending o(y) such that

Q

5(p)e(T) =T ().

This defines a function 6 : Mob — U (7—7) To complete the proof, it suffices to show that it
is indeed a projective representation of Mob.

Firstly, since o : Mob — U(#H) is a Borel map, the set {(¢,U) : Ul = o(y), Up(T) = TU}
is clearly a Borel subset of Mob x U (ﬁ) But, because of the strong uniqueness of the map &
discussed above, this set is simply the graph of &. Thus, ¢ is a map between two standard Borel
spaces with a Borel graph. Therefore ¢ is a Borel function (cf. Theorem 4.5.2 in [17]) .

Let m be the multiplier of the projective representation o. Now, 6(¢1)6 (2) extends o(p1)o(p2)
and intertwines (p1¢2) (T )andT Therefore, m (1, p2)d(v1)d(p2) extends m(p1, p2)o(p1)o(p2) =
o(p1p2) and intertwines (p1¢2)(T) with 7. Since 6(¢p1¢2) does the same thing, the uniqueness
statement in Lemma 2.1 implies that

o (p1p2) = m(p1,92)0 (1) (p2)

for all 1, w9 € M6b . This proves that & is a projective representation. [l

Clearly, a similar argument shows that the minimal isometric dilation T of a contractive
associator T is again an associator, and any given (projective) representation o associated with
T extends uniquely to a representation & associated with 7. But we can do even better. We find
explicit formulae for ¢ and 6 in terms of o. This is the content of the next few results. What is
even more surprising is that these formulae involve the natural discrete series (holomorphic and
anti-holomorphic) projective representations Df of Méb living on H?. (Recall Notation 3.1.)

Theorem 4.2. Let T be a contractive associator on a Hilbert space H with associated projective
representation o. Let T be the minimal isometric dilation of T on the Hilbert space (DQ H?)®H
as given by Formula (2.7). Then the unique projective representation & associated with T and
having o as a direct summand is given by & = (1 @ D) @ o, where m : Méb — U(D) is the
projective representation of Mdb given by the formula

T(p)D = mo(p, 0~ ") Da(p)e(p, T)™, ¢ € Méb.
Proof. Using Equation (2.7) and arguing as in the proof of Lemma 3.4, we get

o(T) = (S"Ugﬁ S) (@l %i)Dc@T)) |
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Now, let ¢ be the projective representation of Méb living in D @ H 2 such that 6 = o9 ® 0.
Thus, oo(p) ® o(p) intertwines T and (7). That is,

(4 L) 2( L)

Substituting the formulae for 7' and ¢(T) and equating the (1,1)th entry in the resulting
matrix equation, and arguing as in the proof of Theorem 3.5, we see that there is a unique
unitary 7(¢) on D such that ao(¢) = m(¢) @ D} (), that is, 6(p) = (7(¢) ® D} () ® 0. This
defines a Borel function 7 : Méb — U(D). Since Dy, o and & are projective representations of
Mob and 6 = (7 ® Df) @ o, it follows that 7 is a projective representation of Mob. It remains
to determine the formula for 7.

Substituting in Equation (4.12) m(p) ® D () in place of 0¢(p) and equating the (1,2)th
entry and noting that D7 (p)c(p,-) = DJ(p)Df (¢™)1 = mo(p, o 1)1, we get 7(p)D =
mo(p, o~ 1) Da(p)e(e, T)~L. Since D has dense range in D, this formula determines 7 uniquely.

O

Theorem 4.3. If o is an associated representation of a contractive associator T then the unique
projective representation o, extending o and associated with the minimal co-isometric dilation
T* of T is given by 6, = 0@ (7« ® D7), where m, : M6b — B(D.) is the projective representation
of Méb given by the formula

T.()Ds = mo(p, ¢ ) Duo()c(p, T) ™", p € Méb .

Proof. Arguing as in the proof of Theorem 4.2, we see that 6, = 0 @ (7, ® Dy ), where m,
is a projective representation of Méb living on D,. To find the formula for m,, note that
T* is the minimal isometric dilation of the contractive associator T* and o# is an associated
representation of T*. Thus ¢ — &7 () = 0% (p) ® (77 (p) ® mo(e, ¢ 1)D{ (¢)) is the unique
representation associated with T: and extending o7 . Therefore, by Theorem 4.2 applied to T*,

we see that 77 (p) D, = Do (p)c(p, T*)~L. That is,
() Dy = 7F (¢*)Dic = Dyo()e(e™, T*) 7.

But it is easy to see from Equation (3.11) that c¢(¢*, 2) = mo(p, p~)c(yp, 2). Hence c(p*, T*) =
mo(p, p~1)e(p, T)*. Thus we get the above formula for m,. O

Since the minimal unitary dilation T of a contraction T is built by gluing together its (minimal)
isometric and co-isometric dilations as described in Theorem 2.4, it follows that :

Theorem 4.4. If T is a contractive associator with associated representation o then the unique
projective representation ¢ extending o and associated with the minimal unitary dilation T of T
s given by the formula

6=(r@Df)®oc® (m®Dy),
where m and T, are the projective representations of Mdb living on D and D, given by Theorems
4.2 and 4.5.

The appearance of the representations m and 7, in these two theorems is rather mysterious.
We give below a direct verification that these are indeed projective representations of the group
Mob.

Theorem 4.5. Let T be a contractive associator with associated representation o. Then the
functions m: Méb — U(D) and 7. : Mob — U(Dy) given by the formula

(@)D = mo(p, 9~ ) Do (p)e(, T) ™, mlp) De = mo(ip, ™) Ducr ()i, T)
are projective representations of Mob. If m is the multiplier of o then the common multiplier of
7 and m, is m - mo (pointwise product).
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Proof. Clearly m and 7, are Borel functions. For ¢1, 9o in M6b  we get from Equation 3.9
m(e1)(2)D = molp2, 95" )m(p1)Da(pa)c(p2, T) ™

= mo(e1, 7 )mo(e2, 05 ) Da(pr)c(er, T) o (pa)c(pe, T) ™

= mo(e1, 1 )mo(p2, 05 VDo (e1)a(p2)e(e1, 02(T))  'elps, T) "

m(p1, e2)mo(e1, €7 )mo(e2, €3 mo(ey ', o1 ) Do(pipa)c(prp2, T) !

= m(p1,p2)mo(e1, 01 molpa, 03 moley ' o1 mo(e1pa, w3 o1 )T (p102) D.

Applying Equation (1.2) with p3 = ¢35 gol 1 we get
mo (1, p2)mo(p192, 03 o1 ) = mole1, o1 Hmo(wa, 03 e h).
Applying Equation (1.2) to my after the substitutions 1 — @2, @2 g02_1, 3 — gol_l, we get
mo(2, 03 ") = mo(pa, 3 o1 mo(ws L o1 ).
Thus
mo (1, pa)mo(p12, 03 o1 mo(er, o1 ') = mo(w2, 3 1) = mo(w2, 03 mo(ey ' 1 ).

Hence we get
(4.13) mo (1,1 Imo(2, 03 Imo(pre2, 03 o1 moley ' er ) = mo(er, @2).

Thus, 7(p192) = (Mm-mg)(e1, p2)m(p1)m(p2). It is clear from the formula for 7 that 7(id) = I
Therefore, to show that 7 is a (projective unitary) representation with multiplier m - my, it only
remains to establish that 7(¢) is unitary for all ¢ in Méb. In view of the ‘quasi-homomorphism’
property of 7 already verified, it suffices to show that 7(p) is an isometry. Now, to verify that
7(p) is an isometry, one observes:

(m(¢)Dz,7(p)Dy) = (Do(p)c(p,T) "z, Do(p)c(e,T) y)
o(¢)*D*Do(p)c(p, )z, c(p, T) 'y)
(D¥)*D¥c(,T) ', c(p,T) " y)

1

(
(
(
(clp, T)" D" Dz, c(p, T) " y)
(
(

D*Dx,y)
Dz, Dy)

for z,y € H. Here to get the fourth equality, we have used Lemma 3.3. This proves that «
is indeed a projective unitary representation with multiplier m - mg. An analogous calculation
shows that m, is also a projective unitary representation with multiplier m - my. U

4.2. The Product Formula. In this subsection we present the product formula for homoge-
neous characteristic functions. An existential proof of the direct part of this result was given in
[2] for the class of irreducible homogeneous contractions. The theorem presented here is con-
structive and works in the greater generality of contractive associators. (Recall from [4, Theorem
2.2] that all irreducible homogeneous operators are associators; but the converse is not true.)
Moreover, the converse part of the following Theorem is entirely new.

Let A(D) be the Banach space of all continuous functions on D which are holomorphic on D,
with sup norm. Clearly, M6b may be viewed as a subset of A(D).

Lemma 4.6. Mdb is a total set in A(D).

Proof. 1t suffices to show that if 1 is a bounded linear functional on A(ID) such that n(¢) = 0 for
all ¢ € Méb,then nn = 0. Note that A(D) may be viewed as a closed subspace of C(T), the space
of continuous functions on T. Therefore, by Hahn-Banach Theorem and the Riesz representation
Theorem, there is a complex Borel measure p on T such that n(f) = [ fdu, f € A(D). For
n >0, let e, in A(ID) be the function z — z". By Mergelyan’s Theorem, the set {e, : n > 0} is
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a total set in A(D). Therefore, to complete the proof, it suffices to show that [ du = 0 for all
¢ in Mob implies [ endp = 0 for all n > 0. Take ¢(z) = £=2, where o € D is arbitrary. Note
that we have the representation (Taylor expansion)

oo
v =—aeg+ Z(l —aa)a" e,

where the series converges in the norm of A(ID). Therefore, integrating with respect to u, we get

—Oz/egd,u + Z(l —aa)a"! / endp =0

n=1
for all @ € D. Hence [ e,dp =0 for all n > 0. O
Notation 4.7. a) For z € D, @, is the unique involution (element of order 2) in Médb

which interchanges 0 and z. Euxplicitly, we have ¢.(w) = {f== for w € D. Also,
K={pe Méb : p(0) =0} ={z+ Bz:p € T} is the standard maximal compact
subgroup of Méb.

b) Let 7, . be two compatible projective unitary representation of Mdéb (i.e., m,m, have a
common multiplier). Say m, 7. live on the Hilbert spaces D, D, respectively. Then we

define the Banach subspace V (mw,m) of B(D,Ds) by
V(m,m) ={C e B(D,D,): Cr(k) = m(k)C for all k € K
and the function z — m,(p.)*C7(p-) is holomorphic on D}.
Theorem 4.8. Let T be a cnu contraction with characteristic function 0. Then T is an asso-

ciator if and only if there are compatible projective unitary representations mw,m, of Mob and a
pure contraction C € V(w,m,) such that 0(z) = m.(p,)*Cr(p,) for all z € D.

Proof. Let T be a cnu contraction with associated representation o and characteristic function
6. Define C by C' = 6(0). Thus by Theorem 2.6 C' : D — D, is given by = +— —Tx. Let m and
7. be given by Theorem 4.5. By Theorem 4.5, 7 and 7, are compatible.
Using the formulae for m(¢)D and m.(¢)Ds from Theorem 4.5 and the easy identity CD =
—D, T, we get, when T is a cnu contractive associator and ¢ € Mob,
T (@) Cr(p)D = mo(p, ¢~ )mi(p) CDa(p)c(p, T) ™"
= —mo(p, ¢ )m(p)* DuTa(p)e(p, T) 7
= —Duc(p,T)0(¢) To(p)c(p,T) ™"
= —Dic(p, T)"p(T)ec(e, )7
Thus
(4.14) () Cr(p) D = =Dic(p, T)"p(T)e(p, T) ™", ¢ € Mb.
Taking ¢ = k € K in Equation (4.14), we get m.(k)*Cn(k)D = —D,T = CD, k € K. Since D
has dense range, this shows that
Cr(k) =7 (k)C, k € K.
Thus C intertwines 7|x and 7,|K.
Taking ¢ = ¢,, z € D, in Equation (4.14) and noting that
(02, T) 0 (T)e(p., T) F = (I — 2T%) YT — 2I),
we get me(p,)*Cm(p,)D = Dy(I — 2T*)"Y(21 — T) = 6(2)D (by Theorem 2.6). Since D has
dense range, it follows that 6(z) = m.(p,)*Cn(¢p,) for all z € D. Since € is holomorphic, this
shows that C' is a pure contraction belonging to V (7, 7).
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For the converse, let w and 7, be compatible representations of Méb and C be a pure con-
traction in V(m, 7). Thus 6(2) := m.(p,)*Cn(p,) is a holomorphic function on D. Since C
is a pure contraction and 6(z) is obtained from C' by pre- and post-multiplying by unitaries,
it follows that 6 is pure contraction valued. Hence by [14], € is the characteristic function of
a cnu contraction T' : H — H. Since ¢y € K, C intertwines 7(pg) with m.(¢g). Therefore
C = m(0)*Cm(pp) = 0(0). Since 6 is given in terms of T by Theorem 2.6, it follows that the
domain and codomain of C are the defect spaces D, D, of T. For ¢ € Méb and w € D, write
Ywp = ko, where k € K and z = (,¢) 1(0) = ¢~ }(w). Then we have

T (@) O(w)m(p) = mu(@) m(pw) C(puw)m ()
= Tu(Pwp) C(Puwp)

)" (B)" Cm(k)m ()
) Cm(ep:)
(

(Here, for the second and fourth equality we have used the assumption that 7, and 7 are pro-
jective representations with a common multiplier. For the penultimate equality, the assumption
that C intertwines 7| and m.|g has been used.) Now, part (b) of Theorem 3.6 implies that
the characteristic function 6% of ¢(T') is related to 6 by the equation

0% (w) = ux (@) () "0 (w) (u()m(0)")",

where u(p), u«(p) are the unitaries given by Lemma 3.3. Thus, ¥ coincides with 6. Therefore,
following the proof of Theorem 2.7 (with T = (T) and v() = u(p)T(©)*, v4(¢) = ux(P) T (0)*)
we get a unitary U(p) : H — H? such that U(p) maps H onto H and o(T) = U(p)TU(p)*. Let
o(p) : H — H be the unitary obtained by restricting mg (¢, 0~ 1)U(p)* to H. Since T and o(T)
are the compressions of 7' and ¢(T) (respectively) to %, it follows that ¢(T) = o(¢)*Ta(y),
¢ € Mob. Therefore, to complete the proof, it suffices to show that ¢ — o(p) is a projective
unitary representation of Mob. We shall do so by finding an explicit formula for o(¢). Indeed
we shall find a total subset Z of H on which o(¢) acts as a signed permutation.

Explicitly, for n > 0, let e, € A(D) be as in the proof of Lemma 4.6. Then the proof of
Theorem 2.7 (converse part) shows that

X = {en(f)(:z®1):n20,$ eDUD,} U{en(T)(z®1):n > 0,z € DUD,}

is a total set in H, and U(y) is given on this total set by the formulae (for n > 0, x € D,z € D)

U@)(en(D)(@©1)) = en(@(D))(u(e)n(0)'z@1)
U@) (D) (@®1)) = en(o(T)) (u(@)r(0)'z @ 1)
U@)(en(T) (@ ©1)) = en(@(T)(ua() () z. © 1)

U@)(en(T (@ ©1)) = en(@(D) (ualp)ma(0) 70 @ 1).

Since, by the spectral theorem, f — f (f) is a contractive linear transformation from A(D) to
B(H) and since the set X above is total in H, Lemma 4.6 implies that the set

Y = {(T)(z®1): ¢ € Mdb,z € DUD,} U{y(T)* (x®1) : 1 € Méb,z € DUD,}
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is also a total set in 7, and U () is given on this total set by the formulae (for ) € Mob, z € D,
xx € Dy)

U(@)@T)(®1) = (@) (up)r(e)zo1)
Ue)@(D)*(x ®1)) = w«om)*(u( )m(p) @ 1)
U@)@()(a©1) = $(@(T))(ualp)m(0) 2, ® 1)
U@)(T) (@ ©1) = $(@(T)) (ualp)m(9) 2, ® 1),

For ¢ in Mob, x € D, z, € D,, define the vectors v[i), z], v.[t), z,] in H by
U[%ZJ’:U] = C(¢7T)*D*$7 U*[ﬂ),l‘*} = C(¢7 )D*$*

Let p be the orthogonal projection from H onto H. It follows from Lemma 3.4 that, for z € D,
Ty € Dy,

p(W(T)(x®1)) =0 = p(p(T)*(z. @1)),
and, in terms of the notation in Lemma 3.4,

(4.15) {p(m( r®1)) = (Ah) (x® 1) = e, 0)vfw, ],
p(P(T) (. ®1)) = Ay (2. @ 1) = (), 0)va[t), 7).

Since the image under p of the total subset Y of H is a total subset of H, and since c(,0) # 0,
it follows that the set

(4.16) Z = {v[p,x] : ¢ € Mob, x € D} U{v.[h,x4] : p € Mbb, z, € Dy}

is a total subset of H.
Let V(@) : H — H? be the 3 x 3 block diagonal unitary given by

V() = diag(mo(p, ¢ ulp) @ DY (9), 1, mo(, ¢~ () ® DT ().
By Theorem 3.5, we have go/(ﬁ = V(gp)g@(f)V(@)*, and hence w(go/(ﬁ) = V(@)(@Dg&)(f)V(go)*.
Therefore, letting ¢ be the orthogonal projection from H¢¥ onto H, we have
WP)T)@e1) = q@@D) W) se1)
= mo(p, ¢ ) (AYY) (m(¢)"z ® DY (¢)*1)
= mo(p, 9~ ) (c(vp, 8)* DY ()" 1) (0)v[ibp, () ).
QU 0)((T) (@ ®1) = (@) (un(@)m(9) 2, © 1)
= A (m(p) z. ® Dy (9)"1)
= mo(p, 0~ ") (c(¥p, S*)DY () 1)(0)va[thp, ma () “24].

)

Now we compute
(c(v, 8)" DY ()*1)(0) = <C(W, S)* Dy ()*1,1)
= (1, D{ (p)c(vp, S)1)
= (1,D{ (¢ ) (e, )
= (L cle™h, )e(wo, 071 ()))
=mo(p, 0~ '~ )(L, ey, )
= (¢, 0)mo(p, o971,

Here the penultimate equality is by Equation (3.9) with ¢1 = ¢, o2 = =1L
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Note that, up to scaling, c(¢*,-) is the Szego kernel at ¢=1(0). Therefore, c(p*,-) is an
eigenvector of S* with eigenvalue ¢ ~1(0). Hence c(¢*,-) is an eigenvector of c(1p, S*) with
eigenvalue c(1p, p~1(0)). Hence we get

(e(¥p, §*) DT (9)*1)(0) = mo(p, o~ ) (e, S*) Dy (97 1)1)(0)
(e, S%)e(@",))(0)
= c(yp, 71 (0))e(9", 0)
c(vp, 07 (0)e(v ™, 0)
(), 0)mo(p, ™' 971).
(Here the last equality is by (3.9) with ¢1 = ¢, w2 = ¢ '~! 2 = 0.) Therefore we have

(4.17) {QU(SOW@W @1)) = (v, 00molp, o~ mole, ¢~ ™ vl m(p)"a]

qU(p)(W(T) (2 @1)) = c(v,0)mo (0, o~ Imo(p, 10~ ou o, ma(i0) ).

Since ¢(1,0) # 0 and o(@)*p = mo(p, = 1)qU (), it follows from the equations (4.15) and
(4.17) that o()* maps v[1, 2] to mo(p, ') vlip, 7(p)*z] and vi[v), 4] to mo(p, ™' Y)
Ve[, T (0)*14]. Doing the substitutions 1 + o~ !, o+ 7(p)x, T4 — T4(@)T, we conclude
that o(¢p) is determined by its values on the total set Z of Equation (4.16) by the formula

{0(¢)(v[w,w]) = mo(, o[, m(p)al,
o () (va [t 2.]) = mo(p, v~ Dva [, mu(P)a],

for x € D, x, € Dy, ¥ € Mob.

Let M be the linear span of Z. Define o : M6b — B(M) by ¢ — o(¢)|am. It is immediate
from the formula (4.18) that the graph of og is a Borel subset of Mob x B(M). But, since
M is dense in H, B(M) may be identified with B(H) by the restriction map B(H) — B(M),
which is a homeomorphism. The graph of oy may be identified with the graph of o via this
homeomorphism. Thus the graph of ¢ is Borel. Therefore, as in the proof of Theorem 4.1
one concludes that o is a Borel map. Clearly, (4.18) shows that o(id) fixes each vector in Z.
Therefore o(id) = 1.

Let m be the common multiplier of 7 and 7. Applying Equation (1.1) to 7, 7, and applying
Equation (1.2) to myg, it is trivial to conclude from Equation (4.18) that the two unitaries
o(p1p2) and (m-mg)(e1, p2)o(p1)o(p2) agree on the total set Z. Therefore these two unitaries
are equal. Thus, o is a projective representation with multiplier m - mq (pointwise product).
Since o is associated with T, T is an associator. O

=C

(4.18)

5. CONTRACTIVE ASSOCIATORS IN THE COWEN-DOUGLAS CLASSES: THE GENERIC CASE

By Theorem 4.8, the characteristic function of any cnu contractive associator is given as a
product involving two “companion representations” 7, m, of Mob, and a “middle operator” C.
The object of this section and the next is to demonstrate that, in any concrete case, the explicit
determination of this product formula is a highly non-trivial and challenging problem.

Note that, for any operator T, T" is a cnu contraction if and only if T* is. Further, T is an
associator if and only if 7 is. Indeed, if the representation o is associated with 7', then o# is an
associated representation of T*. If # is the characteristic function of 7', then the characteristic
function 6* of T™ is given by the formula 6*(z) = 6(2)*, z € D. In consequence, if m, 7, C are
the companions and the middle operator for T', then those of T* are i , ", C* (respectively).
Thus, the explicit determination of the product formula for 7" and T™ are equivalent problems.

We shall say that an associator T' is multiplicity free if T has an associated representation o
which is multiplicity free, i.e., ¢ is a direct sum of mutually inequivalent irreducible projective
unitary representations of Mdb.
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Recall that for positive integer n, the Cowen-Douglas class of rank n, denoted B, (D), is the
class of all bounded linear operators T' such that for all w € D, T'— wl has dense range and a
kernel of dimension n. We shall denote by B} (D) the class of all operators whose adjoint is in
B, (D).

In Theorem 5.13 of this section, we determine the product formula for generic contractive
associators in B} (D) such that the associated representation is multiplicity free. All multiplicity
free irreducible associators in B} (D) were described in [9]. In [10], it was shown that up to unitary
equivalence these are all. We now describe them explicitly. However, our parametrization is
slightly different. The parameters p; here are u? in the notation of [9, 10]. We have been forced
into this re-parametrization by the contingencies of the proofs.

For positive real numbers X, let M denote the Hilbert space of holomorphic functions on I)
with reproducing kernel (z,w) — (1 — zw)~*. Let Dy denote the holomorphic Discrete series

representation of Mob living on HW) (see [2]). Tt is given by the formula
A ..
(DY (p™)N)(2) = (¢'(2))2 f(9(2)), 2 € D, p € Mob.

A
Here the branch of the function (¢, z) — (¢’'(2))2 is chosen to be Borel in the first argument
and analytic in the second. Let ”H%/\) denote the Hilbert space @?QOIH(M), where \; = A+ 27 and
n € N. Given an n - tuple of strictly positive real numbers p := (po, pi1, - - ., fin—1), let T he

the map: 14" — Hol(ID, C™) defined by:

e
(F(A’ﬁ) (f))e _ Z v Mg (j) f(Zf])
J N, .l
0=t (A + 25)¢—;
for 0 <l <n, f=@o<j<nf; € Hg{\).
Here, and in what follows, for a real number z and a non-negative integer p, the Pochammer
symbol (), is defined by the formula:

(@)= [ @+
0<i<p

Finally, let M%) be the image of T™# . The map I'™# is injective, see [9]. Therefore,

transplanting via I the inner product from H,(l)‘) makes HMY a reproducing kernel Hilbert

space. The representation
) . O PYIAN
DO . 1 H)( @ D)t) (F( ﬁ))
0<i<n

is a projective unitary representation of Mob living on HOM | The multiplication operators
MO on the Hilbert space HM are irreducible associators in B! (D) with associated repre-
sentation D These are the only irreducible associators in B (D) whose associated repre-
sentation is multiplicity free (see [10, Corollary 4.1]). Further, M) and M (1) are unitarily
equivalent if and only if A = X and p and p’ differ by a scalar multiple.

The first lemma of this section is essentially Lemma 5.1 in [8].

Lemma 5.1 (Faraut-Koranyi). Let H be a functional Hilbert space consisting of C" valued
functions on a set Q). Suppose H is the orthogonal direct sum of m non-trivial subspaces H; with
corresponding reproducing kernels K; (0 < j <m). Let aj, 0 < j < m, be real numbers. Then
the kernel ZO<j<m a; K; is non-negative definite if and only if aj > 0 for all j.

Proof. The “if” part is trivial. To prove the “only if” part, let P; : H — H; be the orthog-
onal projections. Note that the reproducing kernel of H is K := Zogj <m K and we have
PiK(-,w) = K;j(-,w)§ for w € Q, £ € C™.



A PRODUCT FORMULA 23

Take f = ny:1 by K (-, wp)&p, where b, € C, w, € Q, &, € C". We observe:

1
Z CL]||_ij||2 = Z bpl_)q< Z ajKj(wq,wp)§p7§q>Cn > 0.

0<j<m p,q=1 0<j<m

Here, the inequality holds because of our assumption that the kernel Zogj <m @K is non-
negative definite. Since the functions f as above form a dense set in H, it follows that
> 0<j<m a;|P;fl|> > 0 for all f in H. In particular, fixing an index j and taking f € H;,
f # 0, we get aj f||> > 0. Hence a; > 0. O

Lemma 5.2. Let A € R, p = (po, ..., pin—1) € R", where pg > 0. Then the kernel BYW
D x D — C*"™" defined by

IAp 2\ (p )
BOW (z,w) = (Y G) 6) aligri(1 — z@)_(/\"'?j)))
’ = A 25)e— (A + 2)p- 0<t,p<n

is non-negative definite if and only if X >0 and p > 0 (entrywise). If X >0, p > 0, then BO
is the reproducing kernel of HO

(Here 0 and O denote partial differentiation with respect to z and w, respectively.)

Proof. Suppose B g g non-negative definite kernel. Then each diagonal entry in the matrix
defining BAH) g a scalar valued non-negative definite kernel on ID. In particular, the kernel
(z,w) — po(1 — zw) ™, being the top left corner entry of B | is non-negative definite. Since
po > 0, this forces A > 0.

Let e = > g<jcpn€j, Where {e; : 0 < j < n} is the standard basis of R". Then, by the
construction of the functional Hilbert space H(M9), this space is the orthogonal direct sum of
n subspaces with reproducing kernels BM) 0 < j < n. Since BMY = Zo<j<n ,ujB()"QJ') is
assumed to be non-negative definite, it therefore follows from Lemma 5.1 that E > 0.

For the converse, note that when A > 0, > 0, [9] shows that BWH) ig the reproducing kernel

of HM | and hence it is non-negative definite. O

For integers k& > 0 and real ' > X\ + 2k, A > 0, let 9%+ HN s 1) denote the bounded
operator of k times differentiation. The exact domain and co-domain of any occurrence of this
operator should be clear from the context.

Lemma 5.3. For 0 < j <1, define the operator a;; : HOAH2) 5 420y

{M(/\-l-Qi) if 4 = j,
G5 = (G+1)i—y i—j—1 g .
(>‘+2j)2i72]j71 " iti>j.

Let A : 7—[7(1)\) — 7—[51)\) be the operator (FO"E))* MOWTNY - Then A admits a block decompo-

sition of the form A = ((Aij))?j_:lo, where A;j; =0 fori < j and A;j = ,/%aij fori>j.

Proof. We verify the equality WA = M (’\’H)F()"E), where A is the block operator given
in this lemma. Note that, for 0 < ¢ < n and f = EB?;Olfi € ’Hg{\), the fth component of
(F()‘yﬁ)A — M()‘vﬁ)I‘()"H))f is Z?;é aj\//ij;Z_]_l), where «; is the difference between the two
sides of (5.19) below. Therefore to complete the proof it suffices to show that:
l . -\ (L
Z (j+1)i—j(§) _ (Z—J)(j) 0<j<l
(A+27)2i—2j—1(A+20)—; (A +2))i—;” '

(5.19)
i=j+1
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Note that it is enough to prove the identity (5.19) for j = 0. The general identity then follows
from this special case after the substitutions A+— A+ 25, i+—i—j and £ — £ — j.
Now using the trivial identity

1 1 -k -1

_ = , 1< k<,
Nerr NarprA+2k+2)0p-1 (Mgt
it is easy to prove by finite induction on k that
k .
3 il (%) _ L (—kn
(M2i-1(A+20)e—i (M) (A etk

i=1
for 1 <k < /. The j = 0 case of the identity (5.19) is just the k = £ case of the last identity. O

Lemma 5.4. For0 < j <1, define the operator b;; : HOA2) 5 g O+2i41) g bij = %8"_]‘.
i—2j

Let B : Hg’\) — H;AH) be the operator (F(/\H’H/))*il“()"ﬁ), where i 1 HOW — HOFLE) 4o ype
inclusion map. Then B admits a block decomposition of the form B = ((B”))?;:lo where B;; =0
fori < j, and B;j = , /%bij fori>j.

Proof. We verify the equality rO+Le) B — 4P | where B is the block operator given above.
Note that, for 0 S {<nand f= @?;&fj € ’H,({\), the fth component of (F(/\H’HI)B—?T()"H))f is
Z?:o Bj/1 f]@_] ), where f3; is the difference between the two sides in (5.20) below. Therefore,
to complete the proof, it suffices to show that:

l

(J+1)iy (i) B (l) .
(5:20) Z (A +25)2i—2j(A+2i + 1) (A+ ;j)lff 0=g=t

i=j

Note that to prove the identity (5.20), it is enough to verify it for the case j = 0. The general

case follows from its special case j = 0 on substituting i — ¢ — j, £ +— £ — j and A — A + 27.
Using the trivial identity

1 1 k-1

_ = , 0< k<,
(Mererr Naka2((A+2k+3)emk—1 (Moo
it is easy to prove by finite induction on k that , for 0 < k < 4,
k .

3 it(;) I S I

= (N2i(A+2i+ D (Mo (MNesrt
The j = 0 case of (5.20) is just the case k = ¢ of this last identity. O
Remark 5.5. Note that Lemma 5.4 shows that for all X > 0 and all p, H/ € R, the Hilbert

)"H’ﬁ/), and the corresponding inclusion map is bounded. Since the

A+Lp')

space HO s contained in H'
polynomials are dense in all these spaces, it follows that HM s densely contained in H(

Lemma 5.6. The operator MW s q contraction if and only if A > 1 and “Z:l > ()\+2,(€k_+1§2§\+2k)
for0<k<n-—2.

Proof. Put A = X\ — 1 and define p' = (uf), ... py,_1) by

(k+1)*ux

<k —1.
N+ 2h— D2k SRS

(5.21) B0 = HO, [y = Hiet1 — (
Then a computation shows that

(5.22) (1 — 20) B (z,w) = BN ) (2, w).
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It is well known that if H is a Hilbert space of holomorphic functions on D with reproducing
kernel K, then the multiplication operator M on H is a contraction if and only if the kernel
(z,w) — (1 — zw) K (2, w) is non-negative definite. Therefore, Lemma 5.2 implies that MM s
a contraction if and only if A" > 0, " > 0. O

Lemma 5.6 prompts the following definition.

Definition 5.7. The operator MM s said to be a generic contraction if A > 1 and % >

k+1)2
mﬁrogkgn—z

Lemma 5.8. Let M%) pe g generic contraction. Let D and D be the first defect operator and
the first defect space (respectively) of M M) Then there exists p € R and a unitary operator

U:D — HMY) such that UD is the inclusion map from H()"E) to HOATL),

Proof. Let us write M for MO# and 4 : HO® — HO+HLE) 1e the inclusion map. Since
i has a dense range, it suffices to show that the map U : Dh — ih (h € HMY) preserves
inner product (and hence is well defined) for suitable choice of y/. That is, we must show
i*i = D*D(= I — M*M). In view of Lemma 5.3 and Lemma 5.4, it suffices to show that
B*B =1 — A*A. Fix indices 0 < j < k < n. Equating the (7, k)th blocks of the two sides, we

see that we must prove:
> BBy =6l — Y AjA
i i

Substituting the formulae for these blocks from Lemma 5.3 and 5.4, we are reduced to proving
6 .
Z #%bfjbik = #J—:I — Z ia;kjaik, 0<j<k<n.
k<i<n k<i<n

Because of the genericity assumption on M, we may choose p’ € R} given by

2
A+2k—1 1 _ ( k41 1 B
(5.23) i/ — M2k g <>\+21g> Thil’ 0<k<n—2,
A+2k—1 1
Hi 1r+2k ) k=n-1.

Substituting these values of H, in the last equation, we see that, in order to show that this choice
of H/ works, we need to prove:

LN 2% — A+2i—1 i )
Av2k -1, ( bbi—i_b’-‘_vbi,)
TR ’“”k;n i Vit (o) tiebioie

= uik(éjkl— aZjakk‘) — Z iafjaik.
k<i<n
Note that both sides of this equation are linear combinations of - o , k < i < n, with operator
valued coefficients. Therefore, equating corresponding coefﬁments, we find that in order to
complete the proof we must show that the operators a;j, b;; defined in Lemma 5.3 and 5.4
satisfy:

. A+ 2k -1
ApQkk = I— kakbklﬁ k > 0

) A+2%k—1 . ‘
Uk =~ o byjbkk, 0 < j <k,

N ~ 2 4 A+20—1 , . )
Q;;Qik = (m) i—17jbi71,k - Wbijbika 0<j<k<i
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For integers p > 0, let h, € HA+2K) be the function defined by hy : z — 2ZP. Since, up to
suitable scalar factors, these vectors form an orthonormal basis of H(A+2%) | to verify the operator
identities given above it suffices to note that both sides map each fixed h, into the same vector.

We omit the elementary details of this verification. O

Lemma 5.9. Let M9 pe g generic contraction. Let D, and D, denote the second defect
operator and the second defect space (respectively) of MW - Then there is a w e R} and a
unitary operator V. : D, — HALE) such that VD, is the adjoint of the inclusion map from
HOLL 4o 3O,

Proof. In view of the genericity assumption, A —1 > 0 and there exists ! > 0,0 <i <n—1,
given by (5.21). We claim that this choice of p/ works.

The sets X := {B(’\’ﬁ)(-,w)g cweD, (e (C”} and Y := {B(’\_l’ﬁ”)(-,w)g cweD, (e (C"}
are total in KM and HO~ 1) respectively. Since by definition, D, has dense range, it follows
that D,(X) is total in D,. The equation (5.22) implies that the map from D,(X) onto Y, given
b,

’ D*B(Aﬂ)('?w)c = B()\_lﬂﬁ)('ﬂw)Cu
preserves inner product. Therefore it extends to a unitary V from D, onto HAL1)  We have
(VD,)*BA MO (- w)¢ = DIV (B (-, w)()
= DD (BM (-, w)()
_ B(A—Lg”)(.’w)

C.
Here the last equality follows again by Equation (5.22). Thus, (V D,)* agrees on the total subset
Y of HO~L) with the inclusion map from HOLL) to M) | Therefore, VD, is the adjoint
of this inclusion. O

Remark 5.10. Lemma 5.8 implies that the defect operator D has trivial kernel. In other words,
the generic contractions MM gre pure contractions. In consequence, they are cnu contractions.
Therefore, the theory developed in the previous sections applies to them. Since HALE) g
densely contained in ’H()"ﬁ), Lemma 5.9 implies that D, also has trivial kernel. Therefore, the
adjoint of the generic contraction MM s also a pure contraction. In consequence, for a generic
contraction M = M | the operators (I — M*M)Y? and (I — MM*)'/2 have trivial kernels.
Since these operators are self adjoint, it follows that they have dense range. Hence, the defect
spaces of this generic contraction are D = HM =D,

Lemma 5.11. Let 7w, m, be the representations of Mob occurring in the product formula for the
characteristic function of the generic contraction MO, Also, let i, p', U, V, be as in Lemma

5.8 and Lemma 5.9. Then Urn(@)U* = DMV (0) and Vi, (@) V* = D(’\_l’ﬁ”)(cp), © € Mob.

Proof. Let it : HOM — HOFLE) and 5= HO-L” 5 94O be the respective inclusion maps.
Thus, it =UD, i~ = D:V*.
We recall from [9] that, for A > 0, € R"}, there is a function JXN) : Mob x D — C*™ ™ guch
that
(DO (o)) (2) = TV (0, 2) f (02)
for f e HM 2 € D, o € Mob. The explicit formula for J®) (available in [9]) does not concern
us here. It suffices to note that J depends only on A and n (and not on ), and it satisfies

JOD(p,2) = e, 2) TN (i, 2), A >0,
TV (p,2) = (g, 2) TNV (p,2), A> 1.
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Using the formula for 7 from Theorem 4.5 (with o = DM T = M(/\’ﬁ))7 we get, for f € HM,
(Un(p)U") (" f) = Un(p)Df
=mo(p, o~ YUDDM () (e(p, M) 71 f)
= mo(p, ¢~ )it D () (e(p, M)~ )
= DL (o) (i f).
Since it has dense range (see Remark 5.5), this shows that Ur(p)U* = DAL (). (Here, for
the last equality in the above string, we have used the identity c(p, ¢~ 12)) ™! = mo(p, o )e(p ™!, 2)
from Equation (3.9) and the relation between J®) and J* 1) noted above.)
Next, the formula for 7, from Theorem 4.5 (with o = DX T = ()"ﬁ)) may be manipulated
to yield m,(¢)* Dy = mo(p, o~ 1) Dyc(p, MO)* D (0)*  Hence, taking adjoints, we get
Dim(p) = mo(, 0~ ) D () e, M) Dy
Hence we have for g € HO-LeD) , e D,
(V. (9)V79)(2) = (i Vm(9)V79)(2)
= (Dim(@)V79)(2)
= mo(p, ™) (DM (p)c(p, M) DIV g) (2)
= mo(p, ™) (DM (p)e(p, M) g) (2)
= (DX (p)g)(2).

Thus V7, (p)V* = DA~14) (0). (Here again, for the last equality in the above string, we have
used the identity c(p, 0 12) = mo(p, o Ne(p™t, 2)~ and the formula for JA~Y in terms of
JN) O

Lemma 5.12. Let MM pe g generic contraction. Let C’ H(AH) — ”H()‘ Y be the operator
defined by C = —I O~ 1’ VMO TOLE) yhere W, ', U andV are as in Lemma 5.8 and
5.9. Then C = ((xjk(akfjﬂ)*))ogﬁkn where the real matmx (%jk) o< j pen is given by

0 ifj>k+1,

(k1) pg T S

Tjk = +\/#§c#2+1(/\+2k—1) tJ +h
/S T A

Vi (A2 —=1) ok 2541

Proof. Let it : HO ’H(’\H’ﬁ,), im s HOT) 5 1A be the inclusion maps. Define
A =T AW rOw - p+ = pOFLE) 41w and B= = TOW —TA-14)  Note that, by
Remark 5.10, HMY s the co-domain of both the defect operators of M (A’H), hence it is the
domain of both U, V. This is why the product defining C' makes sense. Since U, V, T':) are
unitaries, using the formulae i™ = UD, i~ = DV*, MM pD* = DIM(A’H), we routinely derive
the equation

(5.24) B~C =—-AB*".

Note that the n x n block decompositions of the operators A, BT are given by Lemma 5.3
and Lemma 5.4. Since i~ has trivial kernel, so has B_. Therefore, the operator C' is uniquely
determined by Equation (5.24). Therefore, to complete the proof, it suffices to verify that the
block operator C' given in the statement of this lemma is a solution to Equation (5.24).
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For 0 < j <1, let a;; be the operator from Lemma 5.3, let b;-; be the operator which we called
bi; in Lemma 5.4 and let bi_j be the operator obtained from b;; by the substitution A — A — 1 in
its description. For 0 < j <k + 1, let ¢j, : HO2H1) 5 2¢(A+21—1) be the operator defined by:

{»Eiﬁ if j =k + 1,
Cjk =

(F+Dk—; keitlys g s
o @) i<kt

Thus the blocks of the n x n block operators A, B*, C are given by

1 0 if j > 1,
Yo Hag if j <.
B+ 0 if j >k,
ki ﬁﬁ% if j < k.
3 0 if j >4,
B = u;’»b, i<
w0 1Ly se

0 if j>k+1,

ko i j=k+1,

Cjr = Vit ok -
%qk if j <k+1.

Fix indices 0 < i,k < n. To prove the equation (5.24), it suffices to equate the (i,k)th blocks of
its two sides. That is, we must show that »; B;;Cj, = — 3 _; AijB,:rj*. In view of the preceding
formulae, this reduces to:
- — *
10>k, j g Cht 1k + Z pibijcin = — Z “J'aijsz :
0<j<ink 0<j<ink

1if 7 >k,

Here we have used the following variation of the Kronecker delta, ;> := . Sub-

0ifi <k
stituting the formulae for u! from Equation (5.21), this in turn reduces to (with £ :=1i A k)
- - _ (j+1)° - 4
W(bwcfk+5i>kbi,k+1ck+17k)+ Z My (bijcjk_()\+ 2/ — 1)\ + Qj)bi,j+1cj+17k) = Z :“jaijbkj .
0<y<t 0<y<t

Note that both sides here are linear combinations of u;, 0 < j < iAk, with operator coefficients.
Equating corresponding coeflicients, we see that, to complete the proof, we need to verify the
following operator identities:

aub:z* = _bi_icikv 0 S ) S k.
aikbz_k* = _bi_kckk - bi_,k-f—lck‘f'l,k’ 0<k<i.
: 2
+* (j+1) - - .
aijbkj “0r2 DO 2j>bi,j+1cj+1,k — bijcjk, 0<j<iAk.
This verification may be done as in the proof of Lemma 5.8. We omit the details. O

For A > 0, let M be the operator of multiplication by the coordinate function on the Hilbert
space HN with reproducing kernel K*(z,w) = (1 — zw)~* defined on D x D. The operator
M® is an associator in the class Bj(D). Its associated representation is D;\r, the holomorphic
Discrete series representation of Méb on the Hilbert space H. These are all the unitarily
inequivalent associators in B} (D) (cf. [12]).
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It was shown in [3, Theorem 3.1] that the characteristic function of the homogeneous con-

traction MM, X > 1, coincides with the purely contractive holomorphic function 6 : D —»
B(HMD HA=D) where
1

(5.25) Ox(z) = mD;\tl(@z)*a*Di_ﬂ(@z)-

Here 9 : HA1) — HA+D g the derivation: df = f'.

Theorem 5.13. Let M™% pe q generic contraction. Then the characteristic function of MO
coincides with the function 6% : D — B( Do<k<n ”H()‘”HU,@o§j<n7-l()‘+2j71)) given by the
formulae

O (2)

( @ D;\_+2j—1(90z)*>0( @ DL%H(%))

0<j<n 0<k<n
= ((ejk(z)))ogj,kKn’ z €D,

where C' is the block operator given by Lemma 5.12 and

0 ifj>k+1,

Oik(2) = Yy [ Orioe(z) ifj<k+1
J<l<k

with yjx = Tje/ (A +2j — Dog—njr2, j < k+1.

(Here the constants x;;, are as in Lemma 5.12, and the factors in the second formula are given
by Equation (5.25). As usual, the empty product (which occurs when j = k + 1) denotes the
identity.)

Proof. In view of Remark 5.10, the product formula for the characteristic function 6 of M (Aop)
takes the form 0(z) = —m,(p.)* M7 (p,). Define 6 by

M (z) = TOH V() U T, 2 € D.

Since I'(), U, V are unitaries, it follows that @ coincides with M) The first formula for M4
(in this theorem) is now immediate from Lemmas 5.11 and 5.12. Doing this block multiplication,
we obtain 0 () = (6;,6(2)), where 04(z) =0 when j > k + 1 and, when j < k+1,

0jk(2) = z; kD/J\r+2j—1(%)*(ak7j+1)*Dj\r+2k+1(‘Pz)'
But we have, for j < k+1,

D,J\r+2j_1(<Pz)*(8k_j+1)*D,J\r+2k+1(<Pz): H (D,J\r+2£—1(‘Pz)*a*D,J\r+2e+1(‘Pz))

j<t<k

= [I (VO+20(3+20=1)brs20(2))
<tk

— \/()\ + 2§ — 1)ok—2j+2 H Ox+20(2)-

j<O<k

This completes the proof. [l
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6. CONTRACTIVE ASSOCIATORS IN THE COWEN-DOUGLAS CLASSES: AN EXTREMAL CASE

In Theorem 5.13 of the last section, we obtained the explicit product formula for the generic
irreducible multiplicity free contractive associators in B} (D). In this section, we do the same
in the extreme opposite case, namely, we look at the irreducible multiplicity free contractive
associators in B} (D), which are the most non-generic, in a definite sense. Thus we introduce:

Notation 6.1. For positive integers n, and real numbers X\ > 1, let M) ,, denote the operator
MM e B*(D), where u € RY is given by py, = %, 0<k<n.

(k+1)2 s, for
(A+2k—1)(A\+2k)
0 <k <n—1. Thus by Lemma 5.6, M), is a contraction. But M) ,, are the only multiplicity

free irreducible contractive associators in B} (D) which violate all the requirements (except the
inequality A > 1) in the definition of genericity. The main result of this section is:

In other words, M) ,, is the operator MM with A > 1, po =1 and pg4q1 =

Theorem 6.2. For real numbers X > 1, integers n > 1, My, is a cnu contraction, and its
characteristic function coincides with the function 0y, : D — B(H(A””_l),?{(/\_l)) given by
1

Oan(2) = WD;\_—I(@Z) (0")* Dy g1 (#2)
- 2n
H Orr2k(2), 2 € D.
0<k<n

(Here, again, the factors in the second formula are given by Equation (5.25).)

The rest of this section is devoted to a proof of this theorem. For A > 0, we identify the
Hilbert space XM @ H? with a Hilbert space of holomorphic functions on the bidisc D? via the
map

fogm ((zw) = g(2) f(w), feHN, ge H.
For p > 0, let Hom(p) denote the vector space of all homogeneous polynomials of degree p in
two complex variables z,w. Note that we have the orthogonal decomposition

NeH? = @ Hom(p
p=>0
Let A :={(z, 2) : z € D}, the disc diagonally embedded in the bidisc. For A > 0, k > 0, let V}, »

denote the maximal subspace of H) ® H? which is orthogonal to all h € KM @ H? such that h
vanishes to order > k on A. Define Vj, z(p) := Hom(p) NV}, x. Note that we have the filtration

(6.26) {0} = Voalp) S Vialp) € C Vppaa(p) = Hom(p)
as well as the orthogonal decomposition
(6.27) Vir = P Vin(p)

p>0

For 0 < j < p, define the polynomial h>‘ € Hom(p) by

A\ . i\(p—t+A-1\,
hip(z,w) = Z (]) ( b )z wP™,
J<isp

Lemma 6.3. For 0 <k <p+1, the set {h>-‘ :0 < j <k} is a basis for Vi A(p).

Proof. Consider the (p+1) x k matrix D = (((J))) o<i<p - As usual, we view D as a linear operator

0<j<k
from C* into CP*!, with the standard inner products. A straightforward calculation shows that
a polynomial ZO<i<p a;z'wP™" € Hom(p) is orthogonal to V},  if and only if the vector a belongs
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to the kernel of D*. Therefore, a polynomial » 5, biz'wP~" € Hom(p) is in Vj, if and only
if it is orthogonal in HN @ H? to ZOSZ’SP a;z'wP~" for all a in ker D*, i.e., if and only if,

Z %20, Va € ker D*.
OSiSp( p—i )

That is, Zogigp biz'wP~" is in Vi, if and only if the vector ((piii’\1)>0<i<p
P—i -

ker D* in CP*!, i.e., if and only if this vector belongs to I'm D. Since the k columns of D form
a basis of Im D, the result follows. O

is orthogonal to

For A > 1, let ©y : H*tD @ H2 — #A~1 @ H? be the characteristic operator corresponding
to the characteristic function of M. The following formula for the action of O3 is from [3]:

A_lf(zaw)_f(waw)

19
= oo Y VS w0

w € D,

(6.28) (©3f) (2, w)

for f € HAD @ H?,

Lemma 6.4. For A > 1, n > 1, the operator © maps V, x—1 into Vi,_1 41 and an)\fl mnto
1

anl,)\%»l‘

Proof. Using the formula (6.28), it is easy to see that f € VnLA_1 implies ©} f € VnL_1 agp1- Thus
©3 maps anA_l into VnL_ IBVEE In view of the decomposition (6.27), in order to prove that ©%
maps V,, y—1 into V;,_1 x11, it suffices to show that it maps V;, x_1(p) into V,—1 x41(p — 1) for all
p. Since Vy,_1 x41(p —1) = Hom(p — 1) for p < n, and since it is clear from equation (6.28) that
©3 maps Hom(p) into Hom(p — 1), it is enough to fix p > n and show that ©} maps V;, x—1(p)
into V;,—1 x41(p—1) for this p. In view of Lemma 6.3 and the filtration (6.26), it suffices to show
that

(6.29) 05(h3,") € Viaplp— 1), 0< 5 <p.

Using equation (6.28) it is not hard to prove that @j(h(};}) = 0 (and hence (6.29) is true for
j =0), and

1 1 T
)\il(z_w)gi(hizl) _ <)\ +p )Z()wp_ Z (; } 1> <>\+p ? >Zzwp—’L’ 1 S] ép

P 1<i<p p—

Using this formula, it is easy to verify that, for 0 < j < p, there is a real number ¢ (depending
on j,p, A) such that

_ A+p—1 _ Ap—1

A—1 A—1 _ A+1

o301, (00T 1) —esemy (M) = enit,

(Namely, to verify this, multiply both sides by z — w and use the previous equation.) Using
Lemma 6.3 and the filtration (6.26), it is now trivial to prove (6.29) by finite induction on j. [

Now, for A > 1, n > 1, let 6, , be as in Theorem 6.2:

Orn(2) == H Orrok(2), z € D.
0<k<n
Since 0, is a finite pointwise product of pure contraction valued holomorphic functions, it
follows that 6y, is a pure contraction valued holomorphic function on D. Therefore, it is a
characteristic function. Let ©),, : HA2=1) & ;2 5 /(01 @ H? be the characteristic operator
corresponding to 0y ,,.
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Lemma 6.5. For A > 1, n > 1, the kernel of @im is Vi a—1-

Proof. By [3, Theorem 3.2], ker © = Vi y_1 . Since 6y ; = 6, this proves the result for n = 1.
Now, let n > 1. Then 0y, = 0\0x12,—1 (pointwise product) and hence ©), = 0Oy 1.
Therefore, ker( jn) = @j_l(ker(@mrgm_l)) for n > 1. Hence, to complete the proof by
induction on n, it suffices to show that @jfl(Vn_L,\H) = Vo—1.

Let f € @j_l(Vn_L,\H). That is, ©3f € Vi—1x41. Write f = g+ h, where g € V,, \_1,
h € Vn%)\_l. By Lemma 6.4, ©3h € VnJ_—l,)\—l—l and ©1g € V,,_1 41, so that OJh = Oy f — O3g €
anl,)\+1- So @;(h) S anly)ri»l N VnJ_—l,)\—I—l = {0} Thus h € ker@j = Vl,)\fl - Vn,)\fl-
Hence h € V,x-1 N ank_l = {0}. Thus h = 0, and hence f = g € Vj, x_1. This proves that

A\ € Vacips1 = f €V, 1. Conversely, by Lemma 6.4, f € V,, .1 = O3 f € V_141-
So, @i_l(vn—l7/\+1) = Vn,)\—l- O

Proof of Theorem 5.2. The formula (5.25) implies that that two definitions of ) ,, are equivalent.
Since, by [3], 0 is an inner function for each A > 1, the second formula for 6, ,, shows that ) ,,
is a pointwise product of finitely many inner functions. Therefore, 6, , is an inner function.
Hence the description of the Nagy-Foias model [14] for the cnu contractive operator T with
characteristic function 6} ,, simplifies as follows.

Let T be the compression of I ® S : HAD @ H? — HAD @ H? (where, as before, S is
the multiplication operator on H?) to the subspace ker ©% =V, \_1 (Lemma 6.5). Then the
characteristic function of T"is 0 ,. 7

Let us identify A with D via the map z +— (2,2), 2 € D. Define the map J : V, x_1 —
Hol(D, C™) by
1 of

T = <()\ ~ 1, 02 ocie ] € Vorr
Let H be the image of J. It is immediate from the definition of V;, \_; that J is a bijection
between V,, 1 and H. Use this bijection to transfer the inner product from V,, y_1 to H. This
converts H into a Hilbert space, and J : V;, \_1 — H is a unitary. Following the argument in [6],
it is easy to see that (a) H is a functional Hilbert space with reproducing kernel K : DxD — C"™*"
given by

K (2, w) = (1 - 20) ' BO9) (z,w), ¢y = (1,0,...,0) € R,

and (b) J intertwines T with the multiplication operator M on H. This is a minor variation of
the jet construction discussed in [6].
Now, if p4 is the special parameter described in Notation 5.1, then, in the notation of (5.21),

we have u' = ¢y. Therefore, by Equation (5.22), we have (1 — 20) B (2, w) = BO~1) (2, w).
Hence K = B()"ﬁ), and therefore H = H()"ﬁ), M = M, . Thus M), is unitarily equivalent to
T via J. Therefore, M) , is a cnu contraction and the characteristic function of M) ,, coincides
with the characteristic function 6y ,, of T'. O

Theorem 5.2 prompts us to pose:

Conjecture 6.6. The characteristic function of any multiplicity free cnu contractive associa-
tor in B} (D) is the pointwise product of the characteristic functions of finitely many generic
multiplicity free contractive associators from Ui<m<n B, (D).
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