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The symmetrization map

The elementary symmetric function ¢; of degree (> 0) is the sum

of all products of 7 distinct variables z; so that ¢y =1 and

wi(z1,. .., 2n) = Z Zhy t 2y

1<k <ko<...<k;<n

For n>1, let s:C" — C" be the function of symmetrization
given by the formula

S(21,---,2n) = ((pl(zl,...,zn),...,gpn(zl,...,zn)).

The image G,, := s(ID") under the map s of the polydisc

D" :={z e C":|z|« < 1} is the symmetrized polydisc. The
restriction map sj..sp. : D" — G, is known to be a proper
holomorphic map. @



Bergman kernel

The Bergman space A?(Q)) on any bounded domain 2 C C" is the
Hilbert space of square integrable holomorphic functions on (. The
Bergman kernel of the domain () is the reproducing kernel function
of the Bergman space A?(()).
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be computed explicitly using the formula available for the polydisc
along with the transformation rule for the Bergman kernel under a
proper holomorphic mapping. Here is an alternative approach:



Bergman kernel

The Bergman space A?((2) on any bounded domain ) C C" is the
Hilbert space of square integrable holomorphic functions on (. The
Bergman kernel of the domain () is the reproducing kernel function
of the Bergman space A?(()).

For the symmetrized polydisc &,,, the Bergman kernel function can
be computed explicitly using the formula available for the polydisc
along with the transformation rule for the Bergman kernel under a
proper holomorphic mapping. Here is an alternative approach:

Realize the Bergman space A%(G,,) of the symmetrized polydisc as a
subspace of the Bergman space A?(ID") on the polydisc using the
symmetrization map s.

Find a natural orthonormal basis for this subspace.

Compute the kernel function for the subspace (in closed form) as an m

.=l 4

infinite sum.



the embedding

The map I': A?(G,) — A?(D") defined by the formula

(Cf)(z) = (fos)(2)Js(2), z € D",

where .J; is the complex Jacobian of the map s, is an isometry.
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anti-symmetric functions:

ranT := {f: f(z,) = sgn(0)f(2), 0 € B, , f € A*(D")},

where 2, is the symmetric group on 7 symbols.



the embedding

The map I': A%(G,,) — A?(D") defined by the formula

(Cf)(z) = (fos)(2)Js(2), z € D",

where .J; is the complex Jacobian of the map s, is an isometry. Let
A2 .(D") C A%2(D™) be the image ranT C A%(D"). It consists of

“Hanti \

anti-symmetric functions:

ranT := {f: f(z,) = sgn(0)f(2), 0 € B, , f € A*(D")},

where >, is the symmetric group on 7 symbols. An orthonormal
basis of AZ .(D") may then be transformed in to an orthonormal

basis of the A?(G,,) via the unitary map ['*. Evaluating the sum
> er(z)er(w), z,w € Gy,
k>0

for some choice of an orthonormal basis in A%(G,,), we obtain the @

.=l 4

Bergman kernel for G,,.



weighted Bergman spaces

This scheme works equally well for a class of weighted Bergman
spaces A (D"), A\ > 1, determined by the kernel function
n
B]%m)(z,w) = H(l—ziwi)_)‘, z=(21,...,2n), w=(wy,...,w,) €D"
i=1
defined on the polydisc and the corresponding weighted Bergman
spaces AM(G") on the symmetrized polydisc.

The limiting case of A\ = 1, as is well-known, is the Hardy space on
the polydisc. We show that the Szeegt kernel for the symmetrized
polydisc is of the form

n

SG)(s(2),s(w)) = [ (1 - zw;)", z,w € D™

n

ij=1

This shows that the Hardy kernel is not a power of the Bergman @

kernel unlike the case of bounded symmetric domains.



the weighted volume measure

For A>1, let dV W) .= (@)”(H:;l(l —r2)A 21‘,(']7‘,('/(),) be a

measure on the polydisc. Let d ‘_;M)

be the measure on the
symmetrized polydisc (&, obtained by the change of variable

formula:

/ deSW:/ (fos)|Js2dVN, A >1
Gn, Dn

where Js(2) = [[,<;;<, (2 —2;) is the complex jacobian
determinant of the symmetrization map s.
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the weighted volume measure

For A>1, let dV) := (%)”(H'ﬁ (1—7r2) 21',(']7‘,('/(/,) be a

1=1
measure on the polydisc. Let d V.Y be the measure on the
symmetrized polydisc (&, obtained by the change of variable

formula:

/ deSW:/ (fos)|Js2dVN, A >1

where Js(2) = [[,<;;<, (2 —2;) is the complex jacobian
dct()rmlndnt of the symmotnzation map s.

The weighted Bergman space A (G,,), A > 1, on the symmetrized
polydisc G,, is the subspace of the Hilbert space L~ (G, ]\;‘M)
consisting of holomorphic functions.

Here dV." is the measure and ||J.|[, denotes the
norm of the function J, in the Hllbert space L?(D", «]Y”'W).

el



the weighted volume measure

For A> 1, let V) := (221)"(T[i, (1 = 1) 2ridridt;) bea

measure on the polydisc. Let d V.Y be the measure on the
symmetrized polydisc (&, obtained by the change of variable

formula:

/ deSW:/ (fos)|Js2dVN, A >1
Gn, w

where Js(2) = [[,<;;<, (2 —2;) is the complex jacobian

d(,t(/rmlndnt of the symme tI‘lZdti()n map s.

The weighted Bergman space A (G,,), A > 1, on the bymmetrized
polydisc G,, is the subspace of the Hilbert space L*(G,,, dVa )
consisting of holomorphic functions.

Here dV." is the measure ||/, \;2(1\/'5”) and ||Js||x denotes the
norm of the function J, in the Hilbert space (D", dV ")), The
norm of f € AM(G,) is given by |f]|*= [ |F2aViY. m

D



natural unitary map

Let I': AYN(G,) — AY(D") be the operator defined by the rule:

(T)(=) = |65 Is(2)(f o 8)(2), [ e AN (Gn), z D™

The operator I' is an isometry.
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natural unitary map

Let I': AM(G,) — AXN(D") be the operator defined by the rule:

(T)(=) = |65 Is(2)(f o 8)(2), [ e AN (Gn), z D™

The operator I' is an isometry.

Since Js(z,) = sgn(o)Js(z), 0 € ¥, , the image of AN (G,,) under
the isometry ' in AW(D") is a subspace of A”m(E“) which is

the space of anti-symmetric functions.

e A”‘“(F”)' Take /= J;'g on the open set
{(z1,...,2n) €D™ : 2; # 2, i # j}. It follows that g = Js(fos) for
some function [ defined on G,,.

Therefore, the range of the isometry ' coincides with the subspace
A\\(]il](”‘“). Now, I'g = ||Js|[» /, where [ is chosen satisfying

9(z) = Js(2)(f os)(2). m
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natural unitary map

Let I': AW(G,) — AXN(D") be the operator defined by the rule:

(T)(=) = |65 Is(2)(f o 8)(2), [ e AN (Gn), z D™

The operator I' is an isometry.

Since Js(zo) =sgn(o)Js(z), o € 3, , the image of AN (G,,) under

the isometry I' in AM (D) is a subspace of AL (E") which is

m‘rl
the space of anti-symmetric functions.

Pick g in A (D"). Take h=._.'g on the open set
{(z1,...,2n) €D™ : 2; # 2, i # j}. It follows that g = Js(fos) for
some function [ defined on G,,.

Therefore, the range of the isometry ' coincides with the subspace
A\(]il](l[‘“). Now, I'*g = ||Js||x f, where f is chosen batisfying

9(z) = Js(2)(f os)(2). The operator ' : AM(G,) — AN (D) is m
evidently unitary. Wl



module isomorphism

The subspace Afﬁi(l\”) is invariant under the multiplication by the

elementary symmetric functions. It therefore admits a module action

via the map

®, ) = (@1, -, 0n)f> F€ALLDM, peClz]

over the polynomial ring C|z].
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module isomorphism

The subspace AL (D”) is invariant under the multiplication by the

anti

elementary symmetric functions. It therefore admits a module action
via the map

®, ) = (@1, -, 0n)f> F€ALLDM, peClz]

over the polynomial ring C|z].

The polynomial ring also acts naturally via point-wise multiplication
on the Hilbert space AV N(G,) .

The unitary operator [' intertwines the multiplication by the
(E”) with
the multiplication by the co-ordinate functions on A (G,,).

elementary symmetric functions on the Hilbert space A"

mlJ
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module isomorphism

The subspace AR (D”) is invariant under the multiplication by the

anti

elementary symmetric functions. It therefore admits a module action
via the map

®, ) = (@1, -, 0n)f> F€ALLDM, peClz]

over the polynomial ring C[z].

The polynomial ring also acts naturally via point-wise multiplication
on the Hilbert space AN (G,,) .

The unitary operator [' intertwines the multiplication by the

(E”) with
the multiplication by the co-ordinate functions on A*)(G,,).

elementary symmetric functions on the Hilbert space AL

11111

Thus the two modules A (G,) and A" (D") are isomorphic via
the unitary map I'. Moreover, AN (G,,) is contractive. @

el



A partition p is any finite sequence p := (py,..., pn) of
non-negative integers in decreasing order, that is,

D1 ZPQZ"'pr

Let [n] denote the set of all partitions of size 7. If a partition p
also has the the property p; > --- > p, > 0, then we may write
p=m+ 0, where m is some partition in [n] and
d=Mn-1n-2,... 1,0). Let [n] be the set of all partitions of the

form m + § for m € [n].

el



monomials

Let z™ :=z"*--.z"" m € [n], be a monomial. Consider the

“n

polynomial «,,, obtained by anti-symmetrizing the monomial z"":

am(2) := Z sgn(o) 2™,
o‘EZn

Mes(1) Mg (n)

where z" = z; oz 7. Thus for any p € [n], we have

ap(2) = am4s(2) = Z sgn(o) z(m+d)o
UEZH

m & [n] and it follows that
_ Piy\n
ap(2) = am5(2) = det ((22')i1 ) € [7]-

10



orthogonality

Lemma. Theset S {m,x) — mf/(k) Do,V € Ny, my > my,my > m)
for i < j,m; #mj,1 <k <n} isnot {0}.

It follows that the functions «,, p € [n] are orthogonal in the Hilbert
space [-TL(/\) (Ef‘“ )

11



orthogonality

Lemma. Theset S {m,x) — '”;/(A) o,V € X, m; > my, my > m;
for i < j,m; #m},1 <k<n} isnot {0}.

It follows that the functions «a,, p € [n] are orthogonal in the Hilbert
space A (D"). The norm of the vector a, s easily calculated:

-1 . Pi\n
"= lopllan@ny = | det (<<Zz">>z»j=1)!mn)
H Doth) B n!p!
= Sgn HZ - -
Uzezn AQ) (D) (Mp

The vectors «, span the subspace Al et (l"’) and therefore
{ep =cpap :p e [n]} is an orthonormal basis for A llm( D™)



the reproducing kernel

Mo for Al (ﬂ"') is given by

anti nm

EQL(zw) = 3 ep(2)ep(w), for z,w € D™,

anti
pE[n]

So the reproducing kernel K"

For all 0 € X,,, we have e, (p)(2)es(p)(Ww) = ep(z)ep(w), 2z, w € D",
Therefore, it follows that

Kz w) = Y ep(2)ep@) = o S epleleple), (1)

pen] " p>0

where p > 0 stands for all multi-indices p = (p1. ..., pn) with the
property that each p; >0 for 1 <1i <n.

Proposition. The reproducing kernel &

lllll

is given explicitly by
the formula:

Kgit)l(z w) = —!det (1= zju’Jk)_A));ik:17 z,w e D". m



Schur functions

The determinant function «,, s is divisible by each of the difference
2 —zj, 1 <4< j<n and hence by the product

I[I;i{j;n(:’ — zj) = det («3,{' ‘/k),);'l.v/fl) = as(2).

13



Schur functions

The determinant function «,, s is divisible by each of the difference
2 —zj, 1 <4< j<n and hence by the product

[Ticicjcn(zi — 25) = det <(( A0 1) as(z). The quotient

Sp = Umrs/0s, p=1m + 0 is therefore well-defined and is called the
Schur function.
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Schur functions

The determinant function «,, s is divisible by each of the difference
2 —zj, 1 <4< j<n and hence by the product

[T« cicj<n(Zi — 2j) = det <(( A Ni = 1) as(z). The quotient

Sp = Qm+s / as, p=m + 0 is therefore well-defined and is called the
Schur function. The Schur function 5, is symmetric and defines a

function on the symmetrized polydisc &,,.

13



Schur functions

The determinant function «,, s is divisible by each of the difference
zi —2j, 1 <4< j <n and hence by the product

[Ticicjcn(zi — 25) = det (((:;' ‘/‘));’.j,l> = ag(z). The quotient

Sp = Umrs/0s, p=1m + 0 is therefore well-defined and is called the
Schur function. The Schur function 5, is symmetric and defines a
function on the symmetrized polydisc G,,. Since the Jacobian of the
map s: D" — G, coincides with ags, it follows that the Schur
functions {5, ‘= am5/as : p € [n]} is a set of mutually orthogonal

vectors in AM(G,, ). The linear span of these vectors is dense in
A (N
AL (\T”)



Schur functions

The determinant function «,, s is divisible by each of the difference
zi —2j, 1 <4< j <n and hence by the product

[Ticicjcn(zi — 25) = det (((:;' ‘/‘));‘74,/*1> = ag(z). The quotient

Sp = Umrs/0s, p=1m + 0 is therefore well-defined and is called the
Schur function. The Schur function 5, is symmetric and defines a
function on the symmetrized polydisc G,,. Since the Jacobian of the
map s: D" — G, coincides with ags, it follows that the Schur
functions {5, ‘= am5/as : p € [n]} is a set of mutually orthogonal
vectors in A(M) (G,,). The linear span of these vectors is dense in
AN (G,).

Also, the norms of these vectors coincide with those of a,, in
Js
map ['. Hence the set {¢, = ¢, S, :p € [n]} is an orthonormal

basis for AN (G,,), where ¢, = \/% @

13

\, via the unitary

AMN(G,,), modulo the normalizing constant |



the kernel function for

Theorem. The reproducing kernel B(ii\”')

space AM(G,) on the symmetrized poly-disc is given by the

for the weighted Bergman

formula:
B&B(s(z),s(w)) = pe€ [[n]]cf, Sp(z)Sp(w)
_ JsIR det((@ — 2j01) )7 ket
n! as(z)as(w)

for z,w in D".

14



The Hardy space

Let d© be the normalized Lebesgue measure on the torus T". The
Hardy space [1?(G,,) on the symmetrized polydisc G, consists of
holomorphic functions on &,, with the property:

I = el {supoc, [ 1f o5 @RI (rei®) a0} < o,

where || Js]|?> = [...]Js|?d© ensuring ||1] = 1.

15



The Hardy space

Let d© be the normalized Lebesgue measure on the torus T". The
Hardy space [1?(G,,) on the symmetrized polydisc G, consists of
holomorphic functions on &,, with the property:

I = el {supoc, [ 1f o5 @RI (rei®) a0} < o,

where || Js]|?> = [...]Js|?d© ensuring ||1] = 1.

As before, the operator I': [1?(G, ) — H?(D") given by
L(f) = ||Js||7 Js (f o) for f € H*(G,,) is an isometry.



The Hardy space

Let d© be the normalized Lebesgue measure on the torus T". The
Hardy space H? (G,,) on the symmetrized polydisc G, consists of
holomorphic functions on &,, with the property:

= el {spocsr [ 1F o5 @RI ®)Pd0} < o0

where || Js]|?> = [...]Js|?d© ensuring ||1] = 1.
As before the operator I': H*(G,) — H?*(D") given by
= ||Js|| 7t Js (f os) for f € H*(G,,) is an isometry.

The subspace of anti-symmetric functions /72 . (D) in the Hardy

space H?(D") coincides with the image of H?(G,,) under the

anti

isometry I'. Thus the operator I': H*(G, ) — HZ .(D") is onto
and therefore unitary. m



orthonormal basis

The functions a,. p € [n] continue to be an orthogonal spanning set
for the subspace HZ (D"). Now, all of the vectors a, have the
same norm, namely, /7!,
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orthonormal basis

The functions a,. p € [n] continue to be an orthogonal spanning set
for the subspace HZ (D"). Now, all of the vectors a, have the
same norm, namely, /7!,

Consequently, the set of vectors {e,(z) = \%up(z) :p € [n]} isan
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— 1Yl

Vn! ©

orthonormal basis for the Hardy space l l (G,,) of the symmetrized

the polydisc, while the set {¢,, : :p € [n]} forms an

polydisc G,, via the unitary map [



orthonormal basis

The functions a,. p € [n] continue to be an orthogonal spanning set
(ID™). Now, all of the vectors «, have the

same norm, namely, /7!

for the subspace /1°

anti

Consequently, the set of vectors {e,(z) = ﬁap(z) :p € [n]} isan

orthonormal basis for the subspace /77 (I\”) of the Hardy space on

anti

the polydisc, while the set {¢, = EA Sp:p € [n]} forms an

Vn!

orthonormal basis for the Hardy space //? (tu,,) of the symmetrized

polydisc G,, via the unitary map [

= /n! and therefore, Jhlé, = Sp,. Thus computations
similar to the case A > l yields an explicit formula for the
) (z,w) of the subspace H2 .(D").
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orthonormal basis

The functions a,. p € [n] continue to be an orthogonal spanning set
(ID™). Now, all of the vectors «, have the

same norm, namely, /7!

for the subspace /1°

anti

Consequently, the set of vectors {e,(z) = ﬁap(z) :p € [n]} isan

orthonormal basis for the subspace /77 (I\”) of the Hardy space on

anti

the polydisc, while the set {¢, = | /I”L Sp:p € [n]} forms an

orthonormal basis for the Hardy space //? (tu,,) of the symmetrized
polydisc G,, via the unitary map [

= /n! and therefore, Jhlé, = Sp,. Thus computations
similar to the case A > l yields an explicit formula for the
) (z,w) of the subspace H2 . (D"). Indeed,

T

However,

reproducing kernel K

HlTl
1) 1 1y
K iz, w) = Edet(((lfzg-wk) )y

This is the limiting case, as A — 1



the Szego Kernel

Let Sg, be the Szego kernel for the symmetrized polydisc G,,.

Clearly,

~ det(((1 = z@R) )T ams
Js(z)Js(w)

Now, using the well-known identity due to Cauchy, we have

S, (s(2),8(w)) = Y Sp(z)Sp(w

p€[n]

Se,, (s(2), s(w , z,w e D",

n
= H (1 —zjwg) ", z,w e D"
Jik=1
Therefore, we have a formula for the Szego kernel of the symmetrized
polydisc G,,.

Theorem. The Szegd kernel Sg,  of the symmetrized polydisc G,
is given by the formula m

el 4

n
Sg, (s(z H (1 — zjwg) ™, z,w € D™
g =1l

17



Thank you!
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