The Bergman kernel

Gadadhar Misra

Indian Institute of Science
Bangalore

Indian Institute of Science Education Research, Pune
Sep 13, 2013



the Bergman kernel

e a bounded open connected subset of C” and A%(D) be the
Hilbert space of square integrable (with respect to volume measure)
holomorphic functions on D. The Bergman kernel B: D x D — C
is uniquely defined by the two requirements:

B, € A*(D) forallw € D
(f,B,) =f(w)  forallf € A*(D).
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the Bergman kernel

e a bounded open connected subset of C” and A?(D) be the
Hilbert space of square integrable (with respect to volume measure)
holomorphic functions on D. The Bergman kernel B: D x D — C
is uniquely defined by the two requirements:

B, € A*(D) forallw € D
(f,By) =f(w)  forallf € A*(D).

The existence of B,, is guaranteed as long as the evaluation functional
f — f(w) is bounded.

We have B, (z) = (B, B;). Consequently, for any choice of n € N
and an arbitrary subset {wy,...,w,} of D, the n X n matrix

(B, (wj))};—; must be positive definite.



Fourier series

Notice first if e,(z), n >0 is an orthonormal basis for the Bergman
space A’(D), thenany f € A?(D) has the Fourier series expansion
f(z) = > anen(z). Assuming that the sum

B, (z) := Z en(2)en(w),

n=0

isin A%(D) foreach w € D, we see that

<f(z)7Bw(Z>> :f(W), w € D.



an example

ergman space A?(D"), of the polydisc D", the orthonormal

basisis #1/[ [, (n: + 1)z : I = (i1, ..., in)}. Clearly, we have

oo m m

Bpn(z,w) = > (JJ(u+ )W = [J(1 — z:) 2.
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an example

ergman space A?(D"), of the polydisc D", the orthonormal
VT (ni+1)z' : 1= (iy,...,in)}. Clearly, we have

m
Bpn(z,w Z H Zw =

[I|=0 i=1 i

basis i

(1 — ziv‘v,-)*z

—.
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Similarly, for the Bergman space of the ball A”(B"), the orthonormal
basis is { (_"’}‘_1) ("' -1 = (ir,...,in)}. Again, it follows that

o0

B = Y () (X (e = -

[7]=0 |1]=¢



Quasi-invariance of B

Any bi-holomorphic map ¢ : D — D induces a unitary operator
U, : A*(D — A*(D) defined by the formula

(Uaf)(2) 2) (fop)(2), f € AX(D), z€D.

This is an immediate consequence of the change of variable formula
for the volume measure on C”.



Quasi-invariance of B

Any bi-holomorphic map ¢ : D — D induces a unitary operator
U, : A*(D — A*(D) defined by the formula

(Uaf)(2) 2) (fop)(2), f € AX(D), z€D.

This is an immediate consequence of the change of variable formula
for the volume measure on C”.

Consequently, if {2,},>0 is any orthonormal basis for A2(D), then
{en}n>0, where e, = J(y,-)(e, 0 ¢) is an orthonormal basis for the
Bergman space A%(D).



Quasi-invariance of B

ing the Bergman kernel By of the domains D as the infinite
en(z)e,(w) using the orthonormal basis in A%(D) , we see

sum

that the Bergman Kernel B is quasi-invariant, thatis, If ¢ : D — D
is holomorphic then we have the transformation rule

J(p,2)B5 (¢(2), (W) (, w) = Bp(z,w),

where J(p,w) is the Jacobian determinant of the map ¢ at w .



Quasi-invariance of B

ing the Bergman kernel By of the domains D as the infinite
e,(z)e,(w) using the orthonormal basis in A?(D) , we see

sum

that the Bergman Kernel B is quasi-invariant, thatis, If ¢ : D — D
is holomorphic then we have the transformation rule

J(,2)B5 (p(2), p(w))J (¢, w) = Bp(z,w),

where J(p,w) is the Jacobian determinant of the map ¢ at w .

If D admits a transitive group of bi-holomorphic automorphisms, then
this transformation rule gives an effective way of computing the
Bergman kernel. Thus

Bp(z,2) = V(¢ 2)]’Bn(0,0), z € D,

where ¢, is the automorphism of D with the property ¢,(z) = 0.



Quasi-invariance of B

jnvariance of B is equivalent to saying that the map

U, : A*(D) — A?(D) defined by the formula:

(Uef)(2) = Jpm1 (D) (F 0 07 (2), f € A*(D),z€ D

is an isometry.



Quasi-invariance of B

jnvariance of B is equivalent to saying that the map
U, : A*(D) — A*(D) defined by the formula:

(Uef)(2) = Jpm1 (D) (F 0 07 (2), f € A*(D),z€ D

is an isometry.

The quasi-invariance of the Bergman kernel B (z, w) also leads to a

bi-holomorphic invariant. Let Xp, (z) = %@BD (z,z). Then
det fKB3 (Z)
——>,2€D
Bp(z,2)

is a bi-holomorphic invariant for the domain D.
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the multiplier

Consider the special case, where ¢ : D — D is an automorphism.
Clearly, in this case, U, is unitary on A*(D) forall ¢ € Aut(D).

The map J : Aut(D) x D — C satisfies the cocycle property, namely

J(¢¢,Z) = J(‘)Oa 1!}(1))‘](1/)’1)7 v, € AUt(D)’ zeD.

This makes the map ¢ — U, a homomorphism.

Thus we have a unitary representation of the Lie group Aut(D) on
A%(D).



examples of cocycles

hism group M&b of the unit disc is the group
{¢04:0<60 < 2w, aec D},

where g ,(z) = ¢ (z —a)(1 —az)~'. As a topological group Méb is
T x D. More interesting is the two fold covering group G = SU(1, 1)

sut, ) ={ (5 2)1a 1o =1},

which acts on the unit disc D according to the rule
g-z=(az+b)(bz+a)~". For A\ >0, the map

0= (20) =Gera

defines a holomorphic multiplier on SU(1,1) x D.
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ations of the automorphism group Aut(D). Let B*(z,w) be
tion of the function B(w,w)*, w € D, XA > 0.
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Now, as before,

12BN (0(2), o (W) T (w) = B Nz, w), ¢ € Aut(D), z,w € D.

Let O(D) be the ring of holomorphic functions on D. Define
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more representations

it the quasi-invariance of the Bergman kernel to construct unitary
ations of the automorphism group Aut(D). Let B*(z,w) be
tion of the function B(w,w)*, w € D, XA > 0.

Now, as before,

12BN (0(2), o (W) T (w) = B Nz, w), ¢ € Aut(D), z,w € D.

Let O(D) be the ring of holomorphic functions on D. Define
UM : Aut(D) — End(O(D))
by the formula

UV E) = (1) (F oo™ )(2)

and note that ¢ — U, is a homomorphism.
When is it unitarizable?
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tive answer will ensure the existence of a unitary
representation /"), Fortunately, there are two different ways in
which we can obtain an answer to this question.



quasi-invariant measures

tive answer will ensure the existence of a unitary
representation /). Fortunately, there are two different ways in
which we can obtain an answer to this question.

For the map Ufa)‘) to be isometric on a Hilbert space of the form
A%(D,QdV), we must have

/ FR) PRI (0()dV()

- / FWQW)F (w)dV (w)
D

/Df(w(Z))Q(w(Z))f(s@(Z))|J<p(Z)Ide(Z)~
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Example: In the case of the unit disc D = ), the automorphism group
is transitive, picking a ¢ := ¢, such that ¢,(0) =z, we see that
0(z) = (1= [z)**2.

However, the Hilbert space
AXD, (1 - |z*)*%dV(2))

is non-zero if and only if 2\ —2 > —1. Thus we must have A\ > %

Butif \ = % the Hardy space appears!



quasi-invariant measures

Thi unts the transformation rule

Q(v(2)) = I3(2)Q) U ()W (2)| 2

for the weight function Q.

Example: In the case of the unit disc D = ), the automorphism group
is transitive, picking a ¢ := ¢, such that ¢,(0) =z, we see that
0(z) = (1= [z)**2.

However, the Hilbert space
AXD, (1 - |z*)*%dV(2))

is non-zero if and only if 2\ —2 > —1. Thus we must have A\ > %
Butif \ = % the Hardy space appears!
No such luck if A < 1. @

L



Berizin-Wallach set

, A > 0, the Hilbert space A?(D,QdV) # {0}, then the
corresponding reproducing kernel must be B*. But what about )\ for
which this space is trivial? Even for such a ), it is possible that B* is
positive definite. In this case, there is a recipe to construct a Hilbert
space H whose reproducing kernel is B*.
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which this space is trivial? Even for such a ), it is possible that B* is
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Wop = {\ > 0: B is positive definite }.
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Berizin-Wallach set

, A > 0, the Hilbert space A?(D,QdV) # {0}, then the
corresponding reproducing kernel must be B*. But what about )\ for
which this space is trivial? Even for such a ), it is possible that B* is
positive definite. In this case, there is a recipe to construct a Hilbert
space H whose reproducing kernel is B*.

Define the Berizin-Wallach set

Wop = {\ > 0: B is positive definite }.

In the case of the unit disc D, the Wallach set W, = R. Thus there
are representation spaces in this case for which the inner product is not
given by an integral.
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What O(D,C"), the space of holomorphic functions on D
taking values in C"?

QUESTION
Does there exist a positive definite kernel

B:DxD—C
satisfying the quasi-inavariance:
B(p(2), p(w)) = Jo(2) "' Bz, w)(Jp(w)) ",

for some cocycle J : Aut(D) x D — C"*"?



the unit disc, again!

Ac e J: Mib x D — C+D)x(m+1) g given by the formula:
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where S, is the forward shift with weights {1,2,...,m} and D(y)
is a diagonal matrix whose diagonal sequence is

{(@)"@, (@) @), 1



the unit disc, again!

Ac e J: Mib x D — C+D)x(m+1) g given by the formula:

In(0,2) = (#")* 2 (2)D(¥)? exp(cySm)D(0)?,

where S, is the forward shift with weights {1,2,...,m} and D(yp)
is a diagonal matrix whose diagonal sequence is

{()" (@, (@) @),- -, 1}

We now have the Hilbert space (™) of square integrable

holomorphic functions on the unit disc with respect to the measure
0(z)dV(z), where

0(2) = J,,(0)*Q(0)J,, (0) |2 (2)| 2,

where ¢.(0) = z. For this Hilbert space H{(*¢) to be non-zero, it is
necessary and sufficient that A > “-.

el g



the reproducing kernel

producing kernel B*™ for the Hilbert space H™) s
by polarizing the identity

BAM (z,2) = J,(0) "' BA™(0,0)(/,,.(0)*) "

]

obt

The possible values for the positive diagonal matrix B(*?)(0,0) are
completely determined by Q(0). Also, B(M¢) is a positive definite
kernel for each choice of Q(0).
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the reproducing kernel

producing kernel B*™ for the Hilbert space H™) s
by polarizing the identity

BAM (z,2) = J,(0) "' BA™(0,0)(/,,.(0)*) "

]

obt

The possible values for the positive diagonal matrix B(*?)(0,0) are
completely determined by Q(0). Also, B(M¢) is a positive definite
kernel for each choice of Q(0).

Are there any other quasi-invariant kernels??

One sees that

B = BT 4 1 (Q(0)BEA T 1 (0(0)) BN,

where 11(0(0)), ..., u,(Q(0)) are some positive real numbers and
BEA=m+2)) s a positive definite matrix which can be computed
explicitly:

0 0

0 ((8Z5k32)\—m+2j(z) W)))Zk_io

o
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No any A: A\ > 7 and an arbitrary m -tuple i, .., of
positi bers, the Hilbert space B(*¢) is non-trivial.

Thus we have unitarized a much larger class of representations than
what would be possible if we insist on integral inner products. But this
is an interesting issue on its own right.

Are the multiplication operators on these spaces bounded?
Answer: yes!
What is more, they are homogeneous.

o



Thank you!



