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Then the restriction of the operator 7 —w to the two dimensional
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equivalence class of the operator 7.

While the norm bound for the operator 7 is not related to those of the
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Without any additional effort, may work with commuting tuples of

bounded operators on a Hilbert space possessing an open set of joint
eigenvalues w in some open set U C C™. _ﬁ}
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holomorphic functions

e Let .77 be a Hilbert space and 1D be the unit disc. Suppose that there
exists amap y:ID — ¢ which is holomorphic, that is, the complex
valued function

w— (y(w),8),weD,

is holomorphic for every vector { in 7.

e The derivative Y (w): C — 5% of the map y at w may therefore be
thought of as a vector in 7.

o Let I'(w) C 57, weD, be the subspace consisting of the two linearly
independent vectors y(w) and ¥ (w).
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is a natural nilpotent action N(w) on the space I'(w)
by the rule

Y ) o) Mo,

e Let eg(w), e1(w) be the orthonormal basis for I'(w) obtained from
y(w), ¥ (w) by the Gram-Schmidt orthonormalization. The matrix
representation of N(w) with respect to this orthonormal basis is of the

form (8 h%”).

e Itis easy to compute /(w). Indeed, we have

Iy 2 |
(1Y )70 I = 4 (), Yw)) )3

h(w) =
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contraction

w

0 w
contractive if and only if A(w) <1 — |w|?.

e Let # be the Hilbert space (*(N) and y(w) = (1,w,w?,...,w",...).
Clearly, (yo(w),8) =Co+w{i+---+w"E,+--- is holomorphic for
every choice of ¢ = (§,&1...¢,,...) in £2(N).

e Now, 7(w)=(0,1,2w,...,nw""',...). A simple computation gives
ho(w) =1 — |w|? and thus (g hog”) =1,

o This is the restriction of the unilateral backward shift operator to the
invariant subspace I'(w) C /?(N).

Now, the operator wl+ N (w) = ( h(w)> defined on T'(w) is
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curvature

omorphic function y admits a power series expansion in some
borhood of 0, say, y(w) =Y oG wh, { € 5. Then we

lYOn)I2 = (y(w), v(w)) = YA, Gow.

Jk

e Using the linearity of differentiation, we then find that
92
HW) = = log(y(w),¥(W))
0 (W), yw)
ow  (y(w),y(w))
Y PIYOII® = (g5 Y(w), () 2
lyw)lI* '
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negative curvature

° chy - Schwarz inequality implies that

d d
5= Y)Y = (= (9), YD) 2 0.

It therefore follows that the curvature ¢ (w) is negative.

e Since h(w)? = —%'(W), setting

. ._ 1 1
HoW) = =gty =~ T
we conclude that the inequality /(w) < (1 —|w|?) is equivalent to the
curvature inequality J£ (w) < % (w).
o Let £ be the trivial holomorphic line bundle over the unit disc D.
We can think of 7y as a frame for . with the induced metric given by
g(w) == |ly(w)||>, weD. Then ¥ is the curvature of the line bundle _
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a class of operators

.  — ¢ be a bounded linear operator for which
w € D is an eigenvalue,
— y(w), where y(w) is the eigenvector with eigenvalue w is
holomorphic.

c¢) the dimension of the eigenspace is 1.
The class of operators B (D) was introduced by Cowen and Douglas.
They showed, among other things, that the unitary equivalence class of
the operator 7 and the equivalence class of holomorphic Hermitian
bundle . determined by the holomorphic frame 7y determine each
other.

As a result, the curvature function %~ is a complete invariant for the
operator 7.

Also, they show that an operator 7 in this class is unitarily equivalent
to the adjoint M* of the multiplication operator M by the co-ordinate
function on some Hilbert space .7 of holomorphic functions on
Qf:={ze€C:z€ Q} possessing a reproducing kernel K.
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kernel function

>rnel function K is a complex valued function defined on

QF which is holomorphic in the first variable and anti -
holomorpRic in the second. Therefore, the map w — K(-,w),w € QF,
is holomorphic on Q* :={w:w e Q}.

It is Hermitian, K(z,w) = K(w,z) , and positive definite, that is,
(K (wi,wyj))) ;'7:/:1

is positive definite for every subset {wy,...,w,} of Q" neN.

The kernel K reproduces the value of functions in .77, that is, for any
fixed w € Q*, the holomorphic function K(-,w) belongs to .7 and

fw)=({,K(-,w)), feH, we Q.

The reproducing property of K ensures that M*K(-,w) = wK(-,w).
Therefore, we have a natural holomorphic frame y(w):=K(-,w) on
Q* for the operator M*.
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curvature inequality

operator 7 in the calsss B1(Q) , we have (T —wl)y(w)=0.
hating with respect to w, we see that

TY (w) = 7(w) +wy (w).

Thus the restriction of 7 —w/ to the subspace I'(w) is nilpotent of
order 2. We therefore set N7(w) := (T —wI)r(,). We assign the
natural meaning to sy and J77.

e The backward shift S_ acting on the space ¢*(N) is easily seen to
satisfy all of a), b) and c) with y(w) = (1,w,w?,...,w",...). The
curvature %5 (w) coincides with .#y(w) = —(1 — |w|?) 2

PROPOSITION
If T isacontractionin B|(D), then Jtp(w) < A5 (w).

Proof. If T is a contraction, then clearly so is the operator w/ +NT( ) and
the contractivity of wl+ Nr(w) is equivalentto 7Z7(w) < .#5 ( O @
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7 be the space (*>(N), as before. Now, let 7 : /*(N) — /*>(N) be
ed shift, that is, T(ag,ay,...,dn,...) = (@1wo,...,ayWy_1,...)
oice of wy,...,wy,... € C. For we C with |w| small, it

is possible to find complex numbers 0, ¢,... such that

7 2 —w 2
’ Y yert) T I )y YL P
T(o, cyw, 0w, ...) = w(0p, 0w, 0w )

and having the additional property that the dimension of this

eigenspace is 1.

e Now, the operator 7 is contractive if and only if sup,w, < 1. Here

ly(w)|>
- L
e Thus
, 9
Hr(w) = - dwdw

assuming only that sup, w, < 1.

= H(OC(),OC]W,...,OCnW”,...)Hz

|OC,1|2|W‘2"

log||v(w)||* < J#5_(w),

o
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an alternative description

rvature inequality for a contraction becomes evident after we
following observations.

o Verify, g the two properties:

M*K(-,w)=wK(-,w) and the closed linear span of {K(-,w): we D} =7,
that
|M*|| < 1if and only if Ky(z,w) := (1 —wz)K(z,w)

is positive definite. But the curvature of the metric Ko(w,w) is always
negative, that is,

2

d
0 > “Seaw log Ko (w,w)
2

_ J 12\=2
= 5o logK(ww) + (1 |wf)

which is equivalent to the inequality #7(w) < —(1—|w|?) 2. @
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a counter example

the converse? We give an example to show that the
converse 1s false in general.

e Let W be the weighted shift operator with the weight sequence
{\/; A/ %, 1,1,...}. Evidently, it is not a contraction. However, in

) : . 2 _ 848w wl*
this case, we can pick y(w) with ||y(w)||* = P Clearly, we
have
92 8(8 —4|w|> — [w|*)
= 1 8+8 2w =- , weD,
aW&V_V Og( + |Wy‘ |W‘ ) (8+ 8“?"2 o ‘W‘4)2 g L

which is negative for |w| < 1. In this example, we therefore find that
Jw(w) < #s (w), although the operator W is not a contraction.
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is holomorphic and admits the power series expansion
+&w+Ew? + -+, then the norm ||y(w)]||? is a function of
It has the form

oo
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k=0

Polarizing ||y(w)]||?, we obtain a new function 7(z,w) := (y(z), y(w)).

e Thus ((77(zi,zj))) is non negative definite for all choices of zj,...z, in
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o Let 7 (z,w):= 9‘37 log 7(z,w) denote the function obtained from
polarization of the curvature 7.



polarization

is holomorphic and admits the power series expansion
+&w+Ew? + -+, then the norm ||y(w)]||? is a function of
It has the form

oo

Z <Cj=Ck>Wj"_Vk: o, 85,...€ .

k=0

Polarizing ||y(w)]||?, we obtain a new function 7(z,w) := (y(z), y(w)).

Thus ((77(zi,2j))) is non negative definite for all choices of zj,...z, in
D. This is just the positive-definiteness of the kernel function

K(z,w) = (v(2), v(w))!

The curvature %~ is a real analytic function and we have shown that
— % s positive.

Let g%//v(z,w) = % log 7(z,w) denote the function obtained from
polarization of the curvature 7.

What about positive definiteness of —H?



an example

positive definite kernel K =1+ Y, ;z% on D, we have

lo = log(l+ Za;ziwi)
i=1

_ iaiziwi (Z?:laiziwi)er (X5 aidw')?

i=1 2 3

2 3
= aw-—+ ((lg — %)ZZV_\/Z + (613 —ajax + %)Z3V_V3 + ...
Consequently,
2) 2 _ 3 _
(ﬁ logK)(z,w) = aj+4(ar — L)z +9(a3 —arar + %‘)zzwz S
Take K to be the function 1+ ziw+ z2%? + Y7 ;2%', and note that

t(2t—1
@=1) 50

K'(z,w) = 1+1tzw+ )

is not positive definite for 7 < %
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contractivity and infinite divisibility

positive definite kernel K is infinitely divisible if K’ is

nite for all 7> 0. Ask if assuming that the kernel K(z,w)
is is both necessary and sufficient for positive definiteness of the
curvature function —.J7".

e The answer is affirmative!

o Putting all this together we have the following theorem:

Theorem

Let T : 57 — 2 be a bounded linear operator satisfying a), b) and c)
admitting a holomorphic frame y:1D — 7. Assume that (1 —z2w)¥(z,w)
is infinitely divisible. Then T is contractive if and only if the function

—Jr(z,w) + Hs_(z,w)

is positive definite. m
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e If the kernel K is infinitely divisible then log K must be conditionally
positive definite. This is the same as

Ko(z,w) :=logK(z,w) —logK(z,wo) — log K (wo,w) +log K (wo, wo)

is a positive definite kernel for a fixed but arbitrary wy € Q . After
differentiating K twice, we obtain .#~ which is positive definite.



the proof

e If the kernel K is infinitely divisible then log K must be conditionally
positive definite. This is the same as

Ko(z,w) :=logK(z,w) —log K(z,wo) —log K (wo,w) +log K (wo, wo)
is a positive definite kernel for a fixed but arbitrary wy € Q . After

differentiating K twice, we obtain .#~ which is positive definite.

e Conversely, anti-differentiating % , determines log Ky up to addition
of a holomorphic function ¢ and its complex conjugate. Recall that if
log Ky is positive definite then K is infinitely divisible.

O



curvature inequality, strong form

Definition
If K is a non negative definite kernel such that (1 —zw)K(z,w) is infinitely
divisible then we say that M on #k is infinitely divisible contraction.

Corollary

Let K be a positive definite kernel on the open unit disc. Assume that the
the adjoint M* of the multiplication operator M on the reproducing kernel
Hilbert space (A ,K) belongsto B|(D). Then the polarization of the
Sfunction awa, log (1 —ww)K(w,w)) is positive definite if and only if the
multiplication operator M is an infinitely divisible contraction.
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cted subset of C™, m > 1, and y(w) is a joint eigenvector
for T, thatis, (T; —w;)y(w)=wiy(w) forall we Q, 1<i<m.

o Examples are the adjoint of the commuting tuple of multiplication
operators on familiar function spaces like the weighted Bergman spaces
on Q.

e The curvature %~ of the corresponding line bundle . determined by
Y is given by the formula

m 2
-Y) ——1 N[> dw; A dw;.
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the multi-variate case

ulti-variate case, we consider a commuting tuple of operators
ich there is a holomorphic map y:Q — 77, where Q is an
cted subset of C™, m > 1, and y(w) is a joint eigenvector
for T, thatis, (T; —w;)y(w)=wiy(w) forall we Q, 1<i<m.
Examples are the adjoint of the commuting tuple of multiplication
operators on familiar function spaces like the weighted Bergman spaces
on Q.

The curvature %~ of the corresponding line bundle . determined by
Y is given by the formula

m 2

2 4= ).
- i.iZ:’1 widw; log [|y(w)l|dw; A dw;.

Again, the coefficient matrix K of the curvature (1,1) form is the

Grammian of the vectors: ¢;(w) = y(w) ® % y(w) — %y(w) @ r(w),

1 <i < n. This is the Griffiths negativity of the curvature.

el g



curvature inequality, again(?)!

Let Q be
QxQ. If

that the curvature matrix (( T I a —lo gK))u | s positive definite on €.

ain in C™ and K be a positive real analytic function on
is infinitely divisible then there exist a domain Qy C Q such

Conversely, if the function (( v (% lo gK)) =1 is positive definite on Q,

then there exist a neighborhood Qo cQ of wo and a infinitely divisible
kernel K on Q) x Qg such that K(w,w) = K(w, w), forall we Q.



curvature inequality, again(?)!

ain in C™ and K be a positive real analytic function on
Q x Q. If K s infinitely divisible then there exist a domain Qy C Q such

that the curvature matrix (( I aw logK )) is positive definite on ).

J=1
Conversely, if the function (( T I (% lo gK)) =1 is positive definite on Q,

then there exist a neighborhood QO cQ of wo and a infinitely divisible
kernel K on Q) x Qg such that K(w,w) = K(w, w), forall we Q.

Corollary

Let K be a positive definite kernel on the Euclidean ball B™. Assume that
the the adjoint M* of the multiplication operator M on the reproducing
kernel Hilbert space (7 ,K) belongs to Bi(B™). The matrix valued
Sfunction ((aza—é% log (1= (z,w))K(z,w)) )):’; . weB", is positive
definite if and only if the multiplication operator M is an infinitely divisible
row contraction.
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